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1. INTRODUCTION

These notes are the expanded and detailed notes of the lectures given by the author
during the school entitled ”School on vector bundles and low codimensional subvarieties”,
held at CIRM, Trento, (Italy), during the period September 11-16, 2006. In no case do I
claim it is a survey on moduli spaces of vector bundles on algebraic projective varieties.
Many people have made important contributions without even being mentioned here and
I apologize to those whose work I made have failed to cite properly. The author gave
5 lectures of length 90 minutes each. She attempted to cover the basic facts on moduli
spaces of vector bundles over smooth projective varieties. Given the extensiveness of the
subject, it is not possible to go into great detail in every proof. Still, it is hoped that the
material that she chose will be beneficial and illuminating for the participants, and for
the reader.

Moduli spaces are one of the fundamental constructions of algebraic geometry and they
arise in connection with classification problems. Roughly speaking a moduli space for
a collection of objects A and an equivalence relation ~ is a classification space, i.e. a
space (in some sense of the word) such that each point corresponds to one, and only one,
equivalence class of objects. Therefore, as a set, we define the moduli space as equivalence
classes of objects A/ ~. In our setting the objects are algebraic objects, and because of
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this we want an algebraic structure on our classification set. Finally, we want our moduli
space to be unique (up to isomorphism).

General facts on moduli spaces can be found, for instance, in [59], [60] or [66] (see also
[55] and [56]). In this paper, we will restrict our attention to moduli spaces of stable
vector bundles on smooth, algebraic, projective varieties. We have attempted to give an
informal presentation of the main results, addressed to a general audience.

A moduli space of stable vector bundles on a smooth, algebraic variety X is a scheme
whose points are in "natural bijection” to isomorphic classes of stable vector bundles on X.
The phrase "natural bijection” can be given a rigorous meaning in terms of representable
functors. Using Geometric Invariant Theory the moduli space can be constructed as a
quotient of certain Quot-scheme by a natural group action.

Once the existence of the moduli space is established, the question arises as what can
be said about its local and global structure. More precisely, what does the moduli space
look like, as an algebraic variety? Is it, for example, connected, irreducible, rational or
smooth? What does it look as a topological space? What is its geometry? Until now,
there is no a general answer to these questions and the goal of these notes is to review
some of the known results which nicely reflect the general philosophy that moduli spaces
inherit a lot of properties of the underlying variety; essentially when the underlying variety
is a surface.

Next we outline the structure of the course. In Lecture 1, we introduce the crucial
concept of stability of vector bundles over smooth projective varieties, we give a cohomo-
logical characterization of the (semi)stability and we investigate the stability of a number
of vector bundles. The notion of (semi)stability is needed to ensure that the set of vector
bundles one wants to parameterize is small enough to be parameterized by a scheme of
finite type. In Lecture 2, we introduce the formal definition of moduli functor, fine moduli
space and coarse moduli space and we recall some generalities on moduli spaces of vector
bundles all of them well-known to the experts on this field. Lecture 3 deals with vector
bundles on algebraic surfaces. Quite a lot is known in this case and we will review the
main results some of them will illustrate how the geometry of the surface is reflected in the
geometry of the moduli space. In section 5, we introduce the notion of monad. Monads
were first introduced by Horrocks who showed that all vector bundles £ on P? can be
obtained as the cohomology bundle of a monad of the following kind:

0— @iOPS (az) — EB]'O]}DS (bj) — @nOPS (Cn) — 0.

Monads appeared in a wide variety of contexts within algebraic geometry, and they
are very useful when we want to construct vector bundles with prescribed invariants
like rank, determinant, Chern classes, etc. In Lecture 4, we will mainly study linear
monads (see definition 5.3). The last lecture is devoted to moduli spaces of vector bundles
on higher dimensional varieties. Very few results are known. As we will stress, the
situation drastically differs and results like the smoothness and irreducibility of moduli
spaces of stable vector bundles on algebraic surfaces turn to be false for moduli spaces
of stable vector bundles on higher dimensional algebraic varieties. We could not resist to
discuss some details that perhaps only the experts will care about, but hopefully will also
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introduce the non-expert reader to subtle subject. To this end, we present new results on
moduli spaces of stable vector bundles on rational normal scrolls of arbitrary dimension
(see [10]) with the hope to find a clue which could facilitate the study of moduli spaces
of stable vector bundles on arbitrary n-dimensional varieties.

During the School Laura Costa gave two exercise sessions where she made examples
and exercises and she introduced some topics that are complementary to the lectures. We
collect these exercises in Section 7.

Throughout these notes I have mentioned various open problems. Some of them and
further problems related to moduli spaces of vector bundles on smooth projective varieties
are collected in the last section of these notes.

The author is grateful to the main organizers of this School/Workshop, Gianfranco
Casnati, Claudio Fontanari, Roberto Notari and Maria Luisa Speafrico for giving her the
opportunity to speak about one of her favorite subjects: Moduli spaces of vector bundles
on algebraic varieties. She is also grateful to the participants for their hospitality and
mathematical discussions that made for a very interesting and productive week in the
lovely city of Trento.

Notation Let (X,Ox(1)) be a polarized irreducible smooth projective variety over an
algebraically closed field k of characteristic zero. Recall that the Euler characteristic of a
locally free sheaf E on X is x(E) := Y_.(—1)'h"(X, E) where h'(X,E) = dim; H'(X, E).
The Hilbert polynomial Pg(m) is given by m — x(E ® Ox(m))/rk(E).

2. LECTURE ONE: STABILITY AND ITS PROPERTIES

In this lecture, we introduce the notion of stability of vector bundles on irreducible,
smooth projective varieties and its basic properties. We give a cohomological characteri-
zation of the stability, we investigate the stability of a number of vector bundles and the
restrictions that the stability imposes on the Chern classes of vector bundles.

Definition 2.1. Let X be a smooth algebraic variety. A linear fibration of rank r on X
is an algebraic variety F and a surjective map p : £ — X such that for each z € X,
p~Y(z) is a k-vector space of rank .

Given two fibrations p : £ — X and p' : ' — X, a morphism of varieties f :
E — E'’ is a map of linear fibrations if it is compatible with the projections p and p/,
i.e. p'f =p, and, for each x € X, the induced map f, : £, — E. is linear. The bundle
X x k" — X given by projection to the first factor is called the trivial fibration of rank r.
For each open set U C X, we write E|; for the fibration p~*(U) — U given by restriction
to U.

An algebraic vector bundle of rank r on X is a linear fibration £ — X which is
locally trivial, that is, for any x € X there exists an open neighborhood U of z and an
isomorphism of fibrations ¢ : By — U X k.

Definition 2.2. Let p: E — X be a vector bundle of rank r over an algebraic variety
X. We define a reqular section of E over an open subset U C X to be a morphism
s: U — E of algebraic varieties such that p(s(z)) =z for all x € U.
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The set I'(U, E) of regular sections of E over U has a structure of module over the alge-
bra Ox(U). So, we obtain a sheaf of Ox-modules £ = Ox(FE) over X, locally isomorphic
to OY%; i.e. alocally free sheaf of rank r.

Proposition 2.3. The functor which associates the locally free sheaf € = Ox(E) to a
vector bundle E on X is an equivalence of categories between the category of vector bundles
of rank r over X and the category of locally free sheaves of rank r on X.

Proof. See [32]; Chapter II, Exercise 5.18. O

Remark 2.4. From now on, we will not distinguish between a vector bundle £ on X and
its locally free sheaf of sections.

As we said in the introduction, we would like to endow the set of vector bundles on X
with a natural algebraic structure. More precisely, we would like to classify holomorphic
structures on a given topological vector bundle. In general, we cannot expect that the set
of all vector bundles £ on X with fixed rank r € Z and fixed Chern classes ¢; = ¢;(E) €
H?(X,Z) have a nice natural structure of algebraic variety. The necessity of restricting to
some subset of the set of all vector bundles can be understood by the following well-known
example.

Example 2.5. We consider the set of vector bundles {Opi(n) & Opi(—n)}nez over PL.
Since 7k(Op1 (n) & Op1(—n)) = 2 and ¢1(Op1(n) ®Op1(—n)) = 0, the topological invariants
are fixed but we have infinitely many points which cannot form a nice algebraic variety.
Moreover, there exists a family of vector bundles {E;},cx such that E; = Op @ Op for
t # 0 and Ey = Opi(n) ® Opi1(—n). So the point corresponding to Op:1 & Op1 would not
be a closed point in the moduli space.

The natural class of vector bundles which admits a nice natural algebraic structure
comes from Mumford’s Geometric Invariant Theory. The corresponding vector bundles
are called stable vector bundles. However, if we want to get a projective moduli space
then we need to add some non-locally free sheaves at the boundary of the moduli space.
So, we need to define semistability and stability in the more general setting.

Definition 2.6. Let X be a smooth irreducible projective variety of dimension d and let
H be an ample line bundle on X. For a torsion free sheaf F' on X one sets

ci(FYH! F®Ox(mH
pu(F) = L, x(mH))
rk(F) rk(F)
The sheaf F' is u-semistable (resp. GM-semistable) with respect to the polarization
H if and only if

pa(E) < pp(F)  (vesp. Pe(m) < Pr(m) for m>0)

for all non-zero subsheaves F C F with rk(E) < rk(F); if strict inequality holds then F’
is u-stable (resp. GM-stable) with respect to H.

Pr(m) = X(

We will simply say u-(semi)stable (resp (semi)-stable) when there is no confusion on
H. One easily checks the implications

i — stable = GM — stable = GM — semistable = p — semistable.
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The notion of p-stability was introduced for vector bundles on curves by Mumford
and later generalized to sheaves on higher dimensional varieties by Takemoto, Gieseker,
Maruyama and Simpson. The notion of stability is natural from an algebraic point of view
as well as from a gauge theoretical point of view, for there is a deep relation between sta-
bility of vector bundles and existence of Hermite-Einstein metrics. This relation is known
as the Kobayashi-Hitchin correspondence and was established by works of Narasimhan-

Seshadri ([65]), Donaldson ([17], [18]) and Uhlenbeck-Yau ([79]).

Remark 2.7. The definition of stability depends on the choice of the ample line bundle
H. The changes of the moduli space that occur when the line bundle H varies have been
studied by several people in greater detail often with respect to their relation to Gauge
theory and the computation of Donaldson polynomials (see, for instance, [21], [25], [72]
and [73]). See next Example and Lectures 3 and 4 for more details.

Example 2.8. Let X = P} x P}, be a quadric surface. We denote by ¢ and m the standard
basis of Pic(X) = Z% So, Kx = =20 —2m, (> = m? =0 and ¢m = 1. Let E be a rank 2
vector bundle on X given by a non-trivial extension:

0#e: 0— Ox({—3m) — E — Ox(3m) — 0.
The non-zero extension e € Ext'(Ox(3m), Ox (¢ — 3m)) exists because
Ext'(Ox(3m), Ox (£ —3m)) = H'(X,Ox({ — 6m)) = k.
We easily check that ¢;(E) = £ and ¢3(E) = 3. We now consider the ample line bundles
L=/0+5mand L' =/¢+7m on X. We claim:
e F is not p-semistable with respect to L', and
e [/ is p-stable with respect to L.

In fact, F is not p-stable with respect to L’ because Ox (¢ — 3m) is a rank 1 subbundle
of I/ and L
1 (Ox (€ —3m)) L > 01(2) .
Indeed, ¢,(Ox (¢ —3m))L' = (£ — 3m)({ + Tm) = 4 and 22X — W“m) =1
Let us check that E is py-stable with respect to L, i.e., for any rank 1 subbundle Ox(D)
of ¥ we have

a(E)L  (({+5m) 5
Cl(Ox(D))L < 9 = 9 = 5

Since E sits in an exact sequence

0— Ox({—3m) — E — Ox(3m) — 0
we have
(a) Ox(D) — Ox(¢ —3m), or
(b) Ox (D) — Ox(3m).
In the first case £ —3m — D is an effective divisor. Since L is an ample line bundle on X,

we have ({ —3m — D)L >0 and ¢;(Ox(D))L = DL < ({ —3m)L = ({ —3m)({ + 5m) =

2 <3 =alil
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If Ox(D) — Ox(3m) then 3m — D is an effective divisor. Write D = ol + Bm. Since
3m— D is an effective divisor, we have a < 0 and $ < 3. On the other hand, (a, 8) # (0, 3)
because the extension e does not split. Putting altogether we get ¢1(Ox(D))L = DL =
(al+ Bm)(L+5m) =ba+ 3 < 2= # which proves what we want.

Restricting our attention to u-semistable torsion free sheaves is not very restrictive since
any torsion-free sheaf has a canonical increasing filtration with p-semistable torsion-free
quotients, the so-called Harder-Narasimhan filtration.

Proposition 2.9. Let E be a torsion-free sheaf on a smooth projective variety X and let
H be an ample line bundle on X. There is a unique filtration

0=k CFkE C---CFE,1CE,,=F

such that

(1) all quotients F; = E;/E;_1 are p-semistable with respect to H, and

(2) p(F1) > p(Fy) > -+ > p(For) > p(F).
This filtration is called the Harder-Narasimhan filtration and we define pima.(E) = p(F})
and fmin(E) = p(F).

Proof. We consider the set {u(F) | ' C E}. This set has a maximal element fi,q, and
the set {F' | F C E, u(F) = pimaz} contains a torsion-free sheaf E; of largest rank. This
element is the largest element in this set with respect to the inclusion relation and it is
called the maximal destabilizing subsheaf of E.

Now we consider the maximal destabilizing subsheaf F} in E/FE; and we set Fy = p~ ' E},
where p : £ — E/E; is the natural projection. Reiterating this process we obtain a
unique filtration

O=FkFKCEkE C---CFE,1CE,=F
with the required properties. 0

We have the following simple properties of stability and semistability (see [69]:

(1) Line bundles are always p-stable.

(2) The sum E) & Es of two p-semistable sheaves is p-semistable if and only if u(F,) =
(Es).

(3) E is p-semistable if and only if E* is.

(4) If Ey and Es are p-semistable with respect to H then E; ® Es is also p-semistable
with respect to H.

(5) E is p-semistable if and only if for any line bundle L, ' ® L is p-semistable.

(6) For rank r vector bundles with (c;(E)H® !, r) =1 the concepts of u-stability and
pu-semistability with respect to H coincides.

Notation 2.10. Let E be a rank r reflexive sheaf on P". We set E, o := E(kg) where
kg is the unique integer such that ¢;(E(kg)) € {—7+1,---,0}.

For rank 2 reflexive sheaves on P" we have the following useful stability criterion.
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Lemma 2.11. Let E be a rank 2 reflexive sheaf on P". Then, E s u-stable if and
only if H'(P", Enorm) = 0. If ci(E) is even, then E is p-semistable if and only if
HO(P", Epprm(—1)) = 0.

Proof. It H°(P", E,.opm) # 0, then there is an injection Oprn — Eyprm. Since pu(Opn) =
0 > pu(Eorm), we conclude that E,,., and thus also £ is not u-stable.

Conversely, suppose H*(P", Eprm) = 0. Let F© C E be a coherent sheaf of rank 1.
Without lost of generality we can assume that E/F is torsion-free and hence F' is a
reflexive sheaf and even more a line bundle, F' = Opn (k). The inclusion F' C E defines a
non-zero section s of E(—k). Therefore, we must have —k > kg because we have assumed
H(P™, Eporm) = 0 and we conclude that u(F) = ¢ (F) =k < —kg < u(E).

In exactly the same way we can see that F is rank 2 p-semistable reflexive sheaf if and
only if H(P", E,orm(—1)) = 0, provided ¢;(F) is even. O

The last result was generalized by Hoppe. In [36]; Lemma 2.6, he gave the following
useful cohomological criterion for the stability of vector bundles.

Proposition 2.12. Let E be a rank r locally-free sheaf on a smooth projective variety X
with Pic(X) = Z. We have:

(a) If HY(X, (AE)porm) =0 for 1 < q <r —1, then E is p-stable.
(b) If H*(X, (AE)porm(—1)) =0 for 1 < q <r —1, then E is u-semistable.

Proof. (a) For a contradiction, assume that £ is not u-stable, and let F' be the destabilizing
reflexive sheaf of rank ¢, 1 < ¢ < r — 1, with torsion-free quotient G. So, we have an
exact sequence

0 — F—F—G—0

and, moreover, u(F) = :}C((g > :IZE?) = u(E). The injective map F' — FE induces

an injective map Ox(ci(F)) = det(F) = (ANF)™ — AE, determining a section in

HY(X, NE(—c(F))). Since u(F) = 503 > 43 = u(E), it follows that H(X, A?Eyomn) #

0, as desired.

(b) The second statement regarding p-semistability is proved in exactly the same way.
O

Remark 2.13. The conditions of the above proposition are not necessary. The simplest
counterexamples are the nullcorrelation bundles N on P" (n odd) where by a nullcorre-
lation bundle we mean a rank n — 1 vector bundle N on P" (n odd) defined by an exact
sequence

0 — Opn(—1) — Qpa(1) — N — 0.
N is a p-stable (prove it!) vector bundle of rank n—1 on P* (n odd) and H*(P", (AN )orm) #
0 (in fact, (A2N),orm contains Opn as a direct summand).

Let us give some examples of stable bundles.

Example 2.14. (1) The cotangent bundle Q}, and the tangent bundle T« are p-stable.
Since Tpn is the dual of QL,, it suffices to show that Q. is u-stable. Applying Hoppe’s
criterion we have to see that

HO(P" (A% )norm) = 0 for 1 < q < 7k(Qpn) —1=n—1
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(Proposition 2.12). But (A%Qpn )norm = Qpa(q) and by Bott’s formula H°(P™, Q1. (g)) = 0
for all 1 < g < n — 1 which proves that 2}, is u-stable.

(2) Let Y be the disjoint union of d > 1 lines in P* and let £ be the rank 2 vector
bundle on P? determined by a general non-zero section s € Hwy (2) = Ext!(Iy(2), Ops).
So, E sits in an exact sequence:

O—>Op3—>E—>Iy(2)—>0
and ¢;(F) = 2. Therefore, E, o = F(—1) and
H(P?, Eporm) = H' (P, E(—1)) = H°(P*, Iy (1)) = 0

because Y is not planar. Applying Lemma 2.11, we conclude that F is p-stable. For a
generalization of this example see Exercise 7.11.

(3) The Schwarzenberger bundle Sy over P™ defined by the exact sequence
(2.1) 0 — Opn(—1)F — O+t g 0

is pu-stable. Indeed, we consider the long exact sequence of symmetric powers associated
to the exact sequence (2.1), twisted by Opn(—1):

k+q k+q—1

0 — Opa(—q — D)) = O+ @ O (—g)(F5) .

— ANTTTORH @ Opn (—2)F ! — A1Opa (—1)" ™ — A1S(—1) — 0 .
Cutting it into short exact sequences and passing to cohomology, we obtain
HO(P" N1S)(—1)) =0 for 1 < g <n = rk(Sk).

On the other hand, we have p(A9Sy) = q(k + 1)/n > 0, hence (A%Sk)norm = (ALSk)(t)
for some t < —1 and we have

(2.2) HO(A%Sk)norm) =0forall1 <g<n-—1.

Therefore, Sy is u-stable by Hoppe’s criterion (see Proposition 2.12). For a generalization
of this example see Exercise 7.12.

To end this first lecture let us consider the following question which naturally arises in
our context:

Question 2.15. Let X be a smooth projective variety of dimension n. Which Chern
classes ¢; € H*(X,Z) are realized by p-(semi-)stable vector bundles £ on X?

A partial answer to the above question is given by Bogomolov’s inequality.

Theorem 2.16. Let X be a smooth projective variety of dimension n > 2 and let H be

an ample line bundle on X. Then for any rank r torsion-free p-semistable with respect to
H sheaf E on X we have

A(E) = (2rco(E) — (r — )G (E))H™ ™ > 0.
The class A(E) := (2rco(E) — (r — 1)c3(E))H™ 2 is called the discriminant of E.
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Proof. Assume first that X is a surface. Notice that the double dual E** of F is still
p-semistable, and the discriminant of E and E** are related by A(E) = A(E*) +
2rlength(E**/E) > A(E**). Hence replacing E' by E**, if necessary, we may assume that
E is a locally free sheaf on X. Since End(E) is also p-semistable, A(End(E)) = 2r*A(E)
and ¢;(End(E)) = 0, replacing E by End(F), if necessary, we may also assume that
c1(E) =0 and F is isomorphic to its dual E*.

Let k> 0 so that k- H> > HKy and that there is a smooth curve C' € |kH|. Since
for any integer m the symmetric power S™(FE) of a u-semistable locally free sheaf with
c1(E) = 0 is also a p-semistable locally free sheaf and u-semistable sheaves of negative
slope have no global sections we have H°(S™E(—C)) = 0. Therefore, the standard exact
sequence

0 — S"E®Ox(-C) — S"E — S"Ejc — 0
and Serre’s duality lead to the estimates:

W(S™E) < WO(S"E(~C)) + W(S™Bie) = W(S™ Ey)
and
h*(S™E) = h°((S™E)Y @ Kx) = h°((S"E) ® Kx)
<RK(S"E® Kx(—C)) + h°(S"Ejc @ Kx|c) = h°(S™Ejc ® Kx|c)
where the last equality comes from the fact that S™(FE) is a p-semistable locally free sheaf

with ¢;(S™(F)) = 0 and k- H? > HKy. Therefore, we can bound the Euler characteristic
of S™E by

X(STE) < h(S™E) + h*(S"E) < h(S™Ec) + h°(S™Ejc ® Kx|c).
Considering 7 : Y = P(FE|¢) — C we see that
hO(SmE|C) = hO(Y, OP(E|C)(m))

by the projection formula. Since dim(Y') = r, there exists a constant A such that

h(S™E) < hO(Y, Oppiey(m)) < A-m"

for all m > 0. Similarly, one can show that there exists a constant B such that
W(S"E) = h((S"E)* ® Kx) < B-m’

for all m > 0. Therefore,

(2.3) X(S™E) < h°(S™E) + h*(S™E) < (A+ B)-m'.
On the other hand, by Exercise 7.13, we have
A(E r+1
(2.4) X(S"E) = — 2(r ) (:1 0 + terms of lower order in m.

If A(F) were negative, this would contradict (2.3).

The case of p-semistable torsion-free sheaves E on higher dimensional varieties follows
from the case of u-semistable torsion-free sheaves on surfaces taking into account that the
restriction of £ to a general complete intersection Y := DyN---ND,,_o with D; € |aH| and
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a > 0 is again a p-semistable torsion-free sheaf (Theorem of Mehta and Ramamathan,
see [52] and [53]) and a"2A(FE) = A(Ely). O

Bogomolov’s inequality A(E) := (2rcy(E)—(r—1)c3(E))H" 2 > 0if F is a u-semistable
vector bundle on a smooth projective variety was first proved for vector bundles on a
surface over a characteristic zero field by Bogomolov. As we have seen the result can easily
be generalized to higher dimensional smooth projective varieties over a characteristic zero
field using the Mumford-Mehta-Ramanathan’s restriction theorem which says that the
restriction of a p-semistable sheaf to a general hypersurface of sufficiently large degree
is still p-semistable. Bogomolov’s inequality was generalized by Shepherd-Barron [76],
Moriwaki [58] and Megyesi [51] to positive characteristic but only in the surface case and
recently by Langer [39] in the higher dimensional case.

In [19], Douglas, Reinbacher and Yau inspired by superstring theory made the following
conjecture which is a slight strengthening of Bogomolov’s inequality.

Conjecture 2.17. Let X be a simply connected surface with ample or trivial canonical
line bundle. Then, the Chern classes of any stable vector bundle E on X of rank r > 2
obey

2
—c(X) > 0.
peX) =

In [14], we provide two kinds of counterexamples. The first one concerning rank two
vector bundles on a generic K3 surface X (i.e. on a generic algebraic surface X with
¢(X) = 0 and trivial canonical line bundle). The second one is devoted to rank r > 3
vector bundles on a surface X in P? of degree d > 7 (and hence its canonical line bundle
is ample). More precisely, we have

2rco(E) — (r — )G (E) —

Proposition 2.18. Let X be a generic K3 surface and H an arbitrary ample line bundle
2
on X. For any Mukai vector v = (r,c1, 3 + 1 — ¢2) such that (r,c;H) =1 and

2rcy — (r—1)ct = 2r? — 2
there exist a py-stable rank r vector bundle E on X with Mukai vector v(E) = v.

Proposition 2.19. Let X be a smooth surface of degree d > 7 on P2. Then, there exist a
rank r > 3 vector bundle F' on X with Chern classes c1(F) = ¢ and co(F') = co verifying

7,,2

2rcy — (r —1)cf — ECQ(X) < 0.

3. LECTURE Two0O: MODULI FUNCTOR. FINE AND COARSE MODULI SPACES

In this lecture, we recall the formal definition of moduli functor, fine moduli space and
coarse moduli space and we gather the results on moduli spaces of vector bundles on a
smooth projective variety that are important to our study; all of them are well known to
the experts.

The first step in the classification of vector bundles on smooth projective varieties is
to determine which cohomology classes on a projective variety can be realized as Chern
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classes of vector bundles. On curves the answer is known. On surfaces the existence of
vector bundles was settled by Schwarzenberger; and it remains open on higher dimensional
varieties. The next step aims at a deeper understanding of the set of all vector bundles
with a fixed rank and Chern classes. This naturally leads to the concept of moduli space
which I will shortly recall.

Moduli spaces are one of the fundamental constructions of Algebraic Geometry and
they arise in connection with classification problems. Roughly speaking, a moduli space
for a collection of algebraic objects A and an equivalence relation « is a ”space” (in some
sense of the word) which parameterizes equivalence classes of objects in a ”continuous
way”, i.e, it takes into account how the equivalence classes of objects change in one or
more parameter families. In our setting, the objects are algebraic and therefore we want
an algebraic structure on our classification space A/ «~. Moreover, we want our moduli
space to be unique up to isomorphism. Let us start with the formal definition of a moduli
space.

Let C be a category (e.g., C = (Sch/k)) and let M : C — (Sets) be a contravariant
moduli functor (The precise definition of the moduli functor M depends on the particular
classification problem we are dealing with).

Definition 3.1. We say that a moduli functor M : C — (Sets) is represented by an
object M € Ob(C) if it is isomorphic to the functor of points of M, hy, defined by
har(S) = Home (S, M). The object M is called a fine moduli space for the moduli functor
M.

If a fine moduli space exists, it is unique up to isomorphism. Unfortunately, there
are very few contravariant moduli functors for which a fine moduli space exits and it is
necessary to find some weaker conditions, which nevertheless determine a unique algebraic
structure on A/ «. This leads to the following definition.

Definition 3.2. We say that a moduli functor M : C — (Sets) is corepresented by an
object M € Ob(C) if there is a natural transformation o : M — hy, such that a({pt}) is
bijective and for any object N € Ob(C) and for any natural transformation 5 : M — hy
there exists a unique morphism ¢ : M — N such that 3 = h,a. The object M is called
a coarse moduli space for the contravariant moduli functor M.

Again, if a coarse moduli space exists, it is unique up to isomorphism. A fine moduli
space for a given contravariant moduli functor M is always a coarse moduli space for this
moduli functor but, in general, not vice versa. General facts on moduli spaces can be
found, for instance, in [66] or [59].

Let us give an example.

Example 3.3. Let P” be the r-dimensional projective space over a field k. We want
to classify closed projective subschemes X C P". Let us first recall the notion of flat
family. A flat family of closed subschemes of P" parameterized by a k-scheme S is a
closed subscheme X C Py = P" x S such that the morphism X — S induced by
the projection Py = P" x § — S is flat. It is important to recall that flat families
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Py =P xS DX — § of closed subschemes of P" parameterized by a connected
k-scheme S have all their fibres with the same Hilbert polynomial.

Therefore, we fix a polynomial p(t) = >7_a;(*T") € Q[t] and we want to classify,
modulo isomorphism, closed subschemes of P" with Hilbert polynomial p(t). To this end,
we consider the contravariant moduli functor

Hilby ) : (Sch/k) — (Sets)
defined by
Hilb,, (S) := { flat families X of closed subschemes of P with Hilbert

polynomial p(t) parameterized by S}.
In 1960, A. Grothendieck proved (See [31]; Théoréme 3.2):

There exists a unique scheme H z'lb;(t) which parameterizes a flat family

of closed subschemes of P" with Hilbert polynomial p(t), and having the following universal
property: for every flat family f : X C P, = P" x S — § of closed subschemes of P"
with Hilbert polynomial p(t), there is a unique morphism g : S — H ilb;(t), called the
classification map for the family f, such that 7 induces f by base change; i.e. X =
S XHilb;(t) W.

In the usual language of categories we say that the pair (H ’ilb;(t),ﬂ) represents the
moduli functor M;(t), 7 is the universal family and the classification problem for closed
projective subschemes X C P" has a fine moduli space. Once the existence of the Hilbert
scheme H ilb]’;(t) is established we would like to know what does the Hilbert scheme look
like? Is it smooth or irreducible? What is its dimension? etc. In spite of the great
progress made during the last decades in the problem of studying the local and global

structure of the Hilbert scheme H ilb}’;(t), there is no general answer to all these questions.

From now on we will deal with the problem of classifying vector bundles on smooth,
irreducible, projective varieties. So, we are interested in providing the set of isomor-
phic classes of vector bundles on a smooth, irreducible, projective variety with a natural
structure of scheme. This leads us to consider the following contravariant moduli functor:

Let X be a smooth, irreducible projective variety over an algebraically closed field k
of characteristic zero. For a fixed polynomial P € Q[z], we consider the contravariant
moduli functor

ME (=) : (Sch/k) — (Sets)

S — ME(S),
where M%(S) = {S— flat families 7 — X x S of vector bundles on X all whose fibers
have Hilbert polynomial P}/ ~, with F ~ F’ if, and only if, F & F' ® p*L for some
L € Pic(S) being p : S x X — § the natural projection. And if f : S” — S is a morphism
in (Sch/k), let ML (f)(—) be the map obtained by pulling-back sheaves via fx = f X idx:

ME()(=) s MX(S) — Mx(S)
[F]— [/xF].
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Definition 3.4. A fine moduli space of vector bundles on X with Hilbert polynomial

P € Q[2] is a scheme M¥ together with a family (Poincaré bundle) of vector bundles U
on M¥ x X such that the contravariant moduli functor M% (—) is represented by (ML, U).

If ME exists, it is unique up to isomorphism. Nevertheless, in general, the contravariant
moduli functor M% (=) is not representable. In fact, as we already pointed out before
there are very few classification problems for which a fine moduli space exists. To get, at
least, a coarse moduli space we must somehow restrict the class of vector bundles that we
consider. What kind of vector bundles should we taken? In [46] and [47], M. Maruyama
found an answer to this question: stable vector bundles (see Lecture One).

Definition 3.5. Let X be a smooth, irreducible, projective variety of dimension n over

an algebraically closed field k of characteristic 0 and let H be an ample divisor on X. For

a fixed polynomial P € Q[z], we consider the contravariant moduli subfunctor M5 (=)

of the contravariant moduli functor M% (—):
MGP (=) 1 (Sch/k) — (Sets)
S — MGTE(9),

where M5 (S) = { S-flat families F — X x S of vector bundles on X all whose fibers
are p-stable with respect to H and have Hilbert polynomial P}/ ~, with F ~ F' if, and
only if, F = F' ®@p*L for some L € Pic(S), being p : S x X — S the natural projection.

In 1977, M. Maruyama proved:

Theorem 3.6. The contravariant moduli functor M;H’P(—) has a coarse moduli scheme
M;H’P which 1s a separated scheme and locally of finite type over k. This means

(1) There is a natural transformation
U M (=) — Hom(—, My™"),

which is bijective for any reduced point xq.
(2) For every scheme N and every natural transformation ® : M3™F (=) — Hom(—, N)
there is a unique morphism @ : M}?H’P — N for which the diagram

3\

M (=) Hom(—, My™")

k /
Hom(—,N)
commutes.
In addition, M)S(’H’P decomposes into a disjoint union of schemes Mj’(’H(r; €1, Comin(rn))
where n = dimX and M§(7H(T; Cl, " Cmin(rn)) 18 the moduli space of rank r pi-stable with

respect to H wvector bundles on X with Chern classes (cy, - - - 7cmin(r,n)) up to numerical
equivalence.

Proof. See [46]; Theorem 5.6. O
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Remark 3.7. (1) If a coarse moduli space exists for a given classification problem, then
it is unique (up to isomorphism). So, M;H’P is unique (up to isomorphism).

(2) A fine moduli space for a given classification problem is always a coarse moduli
space for this problem but, in general, not vice versa. In fact, there is no a priori reason
why the map U(S) : M3"F(S) — Hom(S, M3™F) should be bijective for varieties S
other than {pt}.

It is one of the deepest problems in algebraic geometry to determine when the moduli
space of p-stable vector bundles on X, M5 a(ric1, + , Comin(rm)), is non-empty. If the
underlying variety is a smooth projective curve C' of genus g > 2, it is well known that
the moduli space of u-stable vector bundles of rank r and fixed determinant is smooth of
dimension (r? — 1)(g — 1) ([37]; Corollary 4.5.5).

If the underlying variety X has dimension greater or equal to three, there are no general
results which guarantee the non-emptiness of the moduli space of p-stable vector bundles
on X.

Finally, if the underlying variety is a smooth projective surface X, then the existence
conditions are well known whenever X is P? (see Exercise 7.15) or P! x P! and, in general,
it is known that the moduli space M% ;(r;c1,ca) of p-stable with respect to H, rank
r, vector bundles F on X with Chern classes ¢;(E) = ¢; is empty if A(r;ci,c) < 0
(Bogomolov’s inequality) and non-empty provided A(r; ¢y, o) > 0 (see for instance [37],
28], [46], [47] and [67]).

We refer to [37]; §4.5 for general facts on the infinitesimal structure of the moduli space
M a(rici,  , Cmin(rm)). Let me just recall the results which are basic for us.

Proposition 3.8. Let X be a smooth, irreducible, projective variety of dimension n and
let E be a p-stable vector bundle on X with Chern classes c;(E) = ¢; € H*(X,Z),
represented by a point [E] € M y(r;c1,- s Cmin(rm))- Then the Zariski tangent space of
M35 g (rici, -+ Comingrny) 0t [E] is canonically given by

T M5 g (ric, s Cmingrny) = Ext'(E,E).

If Ext*(E,E) = 0 then M35 4 (r;c1,+ , Cmin(ra) s smooth at [E]. In general, we have
the following bounds:

dim,Ext'(E, E) > dim[E]M;H(r; C1, " Cmin(rn))
> dimExt'(E, E) — dim,Ext*(E, F).
Proof. See for instance [37]; Theorem 4.5.2. O

If F is a locally free sheaf on X, then the trace map tr : End(X) — Ox induces
maps tr' : Ext'(E,E) — H'(X,Ox). We denote the kernel of tr* by Ext'(E, E)y. Fix
L € Pic(X) and denote by M% y(r; L, ca,"+ , Comin(rn)) the moduli space of rank 7, u-
stable with respect to H vector bundles £ with fixed determinant det(F) = L € Pic(X)
and ¢;(E) = ¢; € H*(X,Z) for 2 < i < min(r,n). Note that M% y(r; L, ¢z, -+, Comin(r.n))
is the fiber of the locally trivial fibration M% (r;c1,¢2, , Cmin(rm)) — Pic(X), E —
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det(FE). Hence,
q¢(X) = dimPic(X) =
dzmMﬁ(,H(r, C1,Coy 7Cmin(r,n)) - dzmM;{,H(ra L7 €, 7Cmin(r,n))~

Concerning the moduli space M5 a(riL,co, -, Cmin(rn)), We have an analogous result
on its infinitesimal structure.

Proposition 3.9. Let X be a smooth projective variety of dimension n and let E be
a p-stable vector bundle on X with fized det(E) = L € Pic(X) and Chern classes
ci(E) = ¢ € H*(X,Z) for 2 < i < min(r,n). Then the Zariski tangent space of
My Lyca, -+ Coingrny) 0t [E] is canonically given by

TipgMx g (r; Ly cas -+ Coin(rin)) = Ext'(E, E),.
If Ext*(E,E)y = 0 then M g (r; Lo, - Coingrny) 18 smooth at [E]. In general, we
have the following bounds:
dimyExt'(E, E)y > dim[E]M},H(r; L,ca, , Comin(rn))
> dim Ext'(E, E)y — dimpExt*(E, E).
Proof. See for instance [37]; Theorem 4.5.4. O

e In case X is a smooth projective curve, we can make the above dimension bounds more
explicit. Indeed, for any u-stable vector bundle F on X, Ext?(E, E)q=0. Thus the moduli
space is smooth and according to the above proposition its dimension is given by

dimpExt'(E,E)y = —x(E, E) + x(Ox) = (r* = 1)(g — 1)
where the last equality follows from Hirzebruch-Riemann-Roch’s Theorem.

e In case X is a smooth surface, we can make the above dimension bounds more explicit.
Indeed, for any p-stable vector bundle E' € M% ;(r; L, co) we have

dimExt'(E, E)y — dimyExt*(E, E)y =
X(Ox) = > (~1ext'(E, E) = A(E) — (r* = 1)x(Ox) =

2res(E) — (r — 1L = (r? - 1)x(Ox)
where the last equality follows from Hirzebruch-Riemann-Roch’s Theorem. The number
2rca(E) — (r — 1)L* — (r* — 1)x(Ox) is called the expected dimension of M% (7 L, c3).

Remark 3.10. In spite of the great progress made during the last decades in the problem
of moduli spaces of p-stable vector bundles on smooth projective varieties (essentially in
the framework of the Geometric Invariant Theory by Mumford) a lot of problems remain
open and for varieties of arbitrary dimension very little is known about their local and
global structure. More precisely, what does the moduli space look like, as an algebraic
variety? Is it, for example, connected, irreducible, rational or smooth? What does it look
as a topological space? What is its geometry?
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See [66], [59] or [60] for the definition of categorical quotient of a variety by the action
of a group and its connection with moduli problems.

We will end this second lecture with an example of moduli spaces of vector bundles.

Example 3.11. Let X = P x P} be a quadric surface. We denote by ¢ and m the
standard basis of Pic(X) = Z% So, Kx = =20 —2m, (> =m? =0 and fm = 1.

We fix the ample line bundle L = ¢ 4 5m on X and we denote by My 1(2;¢,3) the
moduli space of rank 2 vector bundles E on X with det(E) = ( € Pic(X), c2(F) =
3 € HY(X,Z) = Z, and p-stable with respect to L. By Example 2.8, Mx 1(2;¢,3) is
non-empty.

Claim: MX,L(Q; 67 3) ~ PpY
Proof of the Claim: First of all we observe that for any F € My 1(2;¢,3) we have
E(—0+3m) = 1. In fact, c; E(—¢ + 3m) = —{ + 6m, coE(—( + 3m) = 0 and
aE(—0+3m)Kx  ciE(—{+ 3m)? — 2coE(—{ + 3m)
2 * 2
(—0+6m)(—2¢ —2m) (=L + 6m)?
2 + 2

Since YE(—{¢ + 3m) = 1, we have h°E(—( + 3m) > 0 or h*E(—{ + 3m) > 0 and
we will prove that the last inequality is not possible. Indeed, by Serre’s duality, 0 <
h*E(—{+3m) = hE*(—{ —5m). A non-zero section 0 # o € H'E*(—{ — 5m) defines an
injection

E(—(+3m)=2—

Ox(l+5m) — E* = E(—()
or, equivalently,
Ox (20 +5m) — E.
Since F is p-stable with respect to L we have

E)L
15 = (204 5m) (£ + 5m) < Cl<2) _ W*ﬁ”) :g

which is a contradiction. Therefore, h2E(—{ + 3m) = 0 and h°E(—{ + 3m) > 0.
A non-zero section 0 # s € HYE(—{ + 3m) gives rise to an exact sequence

0 — Ox({ —3m+ D) — E — Ox(3m) ® I;(—~D) — 0

where D = al + bm is an effective divisor on X (hence a,b > 0) and Z C X is a
locally complete intersection 0-dimensional subscheme. Since E is p-stable with respect
to L = £+ 5m, we have

a(E)L 5

(D+¢—3m)L = ((a+ 1)+ (b—2)m)({ +5m) =5a+3b+2 < 12 =5

Hence, a = b = 0 and we conclude that any vector bundle sits into an exact sequence

0— Ox({—3m) — F— Ox(Bm)®I; — 0

where Z C X is a locally complete intersection 0-cycle of length |Z| = co E(—¢+3m) = 0.
Thus Z = () and any vector bundle E € My 1(2;¢,3) is given by a non-trivial extension

0— Ox({—3m) — E — Ox(3m) — 0,
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ie., B € P(Ext'(Ox(3m), Ox(f —3m))). Since we have
Ext'(Ox(3m), Ox (¢ — 3m)) = HY(X; Ox (¢ — 6m)) = k'°

we conclude that Mx 1(2;¢,3) = P. In particular, Mx 1(2;¢,3) is smooth, irreducible,
rational and it has dimension 9.

Remark 3.12. By [9]; Theorem 3.9, for any two ample divisors Ly and Ly on X = P} xP},
the moduli spaces Mx r,(2;¢,3) and Mx 1,(2;¢,3) are birational whenever non-empty.
Nevertheless, we want to point out that the birational map between Mx r,(2;¢,3) and

Mx 1,(2;¢,3) is not, in general, an isomorphism. See, Example 4.8, Exercise 7.14 or [10],
Theorem 4.4.

Example 3.11 can be generalized and we have

Proposition 3.13. Let X = P} x Pi be a smooth quadric surface and denote by ¢ and m
the standard basis of Pic(X) = Z?. For any integer 0 < ¢y € Z, we fir an ample divisor
L =10+ (2co — 1)m. Then, we have

(1) The moduli space Mx 1(2;¢, c2) is a smooth, irreducible, rational projective variety
of dimension 4cy — 3. Even more, Mx 1(2;(,cy) = PA273,

(i) For any two ample divisors Ly and Ly on X = P x Pi, the moduli spaces
Mx 1,(2;4,¢0) and Mx 1,(2; 4, ¢co) are birational whenever non-empty.

Proof. (i) See [9]; Theorem 3.12 and Propositions 3.11 and 4.2.1.
(ii) See [9]; Theorem 3.9. O

4. LECTURE THREE: MODULI SPACES OF VECTOR BUNDLES ON SURFACES

Throughout this lecture X will be a smooth, irreducible, algebraic surface over an
algebraically closed field of characteristic zero and we will denote by Mx g (r; L, n) (resp.
Mx 1 (r; L,n)) the moduli space of rank 7, vector bundles (resp. torsion free sheaves)
E on X, p-stable (resp. GM-semistable) with respect to an ample line bundle H with
det(E) = L € Pic(X) and c3(E) = n € Z. Moduli spaces for p-stable vector bundles
on smooth algebraic surfaces were constructed in the 1970’s by M. Maruyama and quite
a lot is known about them. In the 1980’s, S. Donaldson proved that the moduli space
Mx 11(2;0,n) is generically smooth of the expected dimension provided n is large enough
([16]). As a consequence he obtained some spectacular new results on the classification of
C* four manifolds. Since then, many authors have studied the structure of the moduli
space My g (r;L,n) from the point of view of algebraic geometry, of topology and of
differential geometry; giving very pleasant connections between these areas.

Many interesting results have been proved and before recalling you some of them let
me just give one example to show how the geometry of the surface is reflected in the
geometry of the moduli space.

Example 4.1. Let X be a K3 surface. Then, the moduli space Mx g (r; L, n) is a smooth,
quasi-projective variety of dimension 2rn—(r—1)L*—2(r*>—1) with a symplectic structure.
In addition, if Mx g(r; L,n) is 2-dimensional and compact then, it is isomorphic to a K3
surface isogenous to X (see [61] and [62]).
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A more precise example could be the following:

Example 4.2. Let X C P? be a general quartic hypersurface. X is a K3 surface and its
Picard group is generated by the restriction, Ox (1), of the tautological line bundle on P?
to X. We have an isomorphism

p:X = Mxo,(20x(-1),3)

which on closed points y € X is defined by p(y) := F, being F), the kernel of the epimor-
phism H°(X,Z,(1)) ® Ox — Z,(1).

From now on, we will assume that the discriminant
A(r;L,n) :==2rn — (r — 1)L* > 0.

The moduli space is empty if A(r; L,n) < 0, by Bogomolov’s inequality and, on the
other hand, it is non-empty if A(r; L,n) > 0 (See, for instance, [47] and [26]). For small
values of the discriminant A(r; L,n) the moduli space Mx y(r; L,n) of vector bundles
on an algebraic surface X can look rather wild; there are many examples of moduli
spaces which are not of the expected dimension, which are neither irreducible nor reduced
(see, for instance, [26], [67] or [54]). This changes when the discriminant increases: the
moduli spaces of vector bundles become irreducible, normal, of the expected dimension
and the codimension of the singular locus increases. We have summarized these ideas in
next Theorem which is one of the most important in the theory of vector bundles on an
algebraic surface X.

Theorem 4.3. Let X be a smooth, irreducible, projective surface and let H be an ample
line bundle on X. If A(r;L,n) > 0, then the moduli space Mx g(r;L,n) is a normal,
generically smooth, irreducible, quasi-projective variety of dimension 2rn — (r — 1)L? —

(r* = 1)x(Ox).

Proof. Generic smoothness was first proved by S. K. Donaldson in [16] for rank 2 vector
bundles with trivial determinant, and by K. Zuo in [82] for general determinants. Asymp-
totic irreducibility was proved for the rank 2 case by D. Gieseker and J. Li in [27], and
for arbitrary ranks for D. Gieseker and J. Li in [28] and for K. O’Grady in [67]. Finally,
asymptotic normality was proved by J. Li in [41]. O

Remark 4.4. In [40], A. Langer has generalized Donaldson, Gieseker, Li and O’Grady’s
results on generic smoothness and irreducibility of the moduli spaces of sheaves with
fixed determinant and large discriminant to positive characteristic. He also shows optimal
bounds for the Castelnuovo-Mumford regularity of sheaves on surfaces and he uses it to
give the first general effective results on irreducibility of the moduli spaces.

Remark 4.5. For smooth, projective, anticanonical, rational surfaces (i.e. rational sur-
faces X whose anticanonical divisor —Kx is effective) and for the rank 2 case, we can
omit the hypothesis A(r; L, ¢3) > 0. The irreducibility and smoothness of Mx g (2; L, ¢2)
holds whenever Mx g(2; L, c) is non-empty. Indeed, assume Mx g(2; L, co) # 0. Since
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—Kx is effective, for any vector bundle £ € My y(2;L,c2), we have Ext?(E, E)y =
Hom(E,E ® Kx)o = 0. Hence, Mx 1(2; L, c2) is smooth at [E] and

dzm[E]MXﬂ(Q, L, CQ) = 402 — L2 - 3.

The irreducibility of Mx y(2; L, cy) follows from [4]; Theorem 2.2 and [7]; Theorem
2.1.10.

Another remark should be made. As we pointed out in Remark 2.7 the definition of
stability depends on the choice of the ample line bundle H and hence the following natural
question arises:

Question 4.6. Let X be a smooth, irreducible, projective surface and let H and H’ be
two different ample line bundles on X. What is the difference between the moduli spaces
Mx p(r;L,n) and Mx g(r; L,n)? Are Mx g(r; L,n) and My g/ (r; L,n) isomorphic or,
at least, birational?

It turns out that the ample cone of X has a chamber structure such that the moduli
space Mx g(r; L,n) only depends on the chamber of H and, in general, the moduli space
Mx g (r; L,n) changes when H crosses a wall between two chambers (see for instance, [21],
[25], [72] and [73]). Let me give you an example. To this end, we need first to introduce
some definitions from [72].

Definition 4.7. (See [72]; Definition 1.2.1.5) Let X be a smooth, irreducible, algebraic
surface over an algebraically closed field and let C'x be the ample cone in R ® Num/(X).
For any € € Num(X), we define

We:=CxN{r e Num(X)®R s.t. z-&=0}.

W¢ is called the wall of type (c1, c2) determined by & if and only if there exists G € Pic(X)
with G = £ such that G + ¢, is divisible by 2 in Pic(X) and ¢ — 4y < G? < 0. W*
is a non-empty wall of type (c1,cs) if there exits an ample line bundle L with L& = 0.
Let W (cy, co) be the union of the walls of type (¢1,¢2). A chamber of type (c1,¢2) is a
connected component of Cx \ W(cy, ¢2). A non-empty wall W* separates two ample line
bundles Ly and Lo if L1 < 0 < &Ls.

In [72], Z. Qin proves that the moduli space Mx y(7; ¢1, ¢2) only depends on the chamber
of H ([72]; Corollary 2.2.2) and that the study of moduli spaces of rank two vector bundles
stable with respect to an ample line bundle lying on walls may be reduced to the study
of moduli spaces of rank two vector bundles stable with respect to an ample line bundle
lying in chambers ([72]; Remark 2.2.6).

We are now ready to give an explicit example to illustrate how the moduli space
Mx 1(2;¢1,ca) changes when the ample line bundle H crosses a wall between two cham-
bers.

Example 4.8. Let X = P} x P}, be a quadric surface. We denote by ¢ and m the standard
basis of Pic(X) = Z?. Consider & = ¢ — 6m € Num(X) and & = £ — 4m € Num(X).
It is not difficult to check that & and & define non-empty walls of type (c1,c2) = (¢, 3).
In fact, §& + ¢ = 20 — 6m and & + ¢ = 2¢ — 4m are both divisible by 2 in Pic(X),
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C—dey=—-12< & =(L—-6m)?=—-12<0, >4y = -12< & = (L —4m)* = -8 < 0,
and there exist ample divisors L and L' on X such that L, = L'§; = 0 (Take L = (+6m
and L' = { + 4m).

We consider the ample line bundles Ly = ¢ +7"m, Ly = { +5m and Ly = ¢+ 3m on
X. Since L& < 0 < Lo& and Lo&; < 0 < L&, the wall Wé separates Ly and L; and
the wall W& separates L; and L,. We will denote by Cj (resp. C; and Cy) the chamber
containing Ly (resp. Ly and Ls).

Given an ample line bundle L = af + bm on X, we can represent L as a point of
coordinates (a,b) in the plane. The following picture gives us an idea of the situation we
are discussing:

Wfl
ol € Co

ol €(C

o/, c(,

We have:
(i) for any L € Co, Mx 1(2;¢,3) =0,
(ii) for any L € Cy, Mx 1(2;¢,3) = P?, and
(iii) for any L € Ca, Mx 1(2;¢,3) is a non-empty open subset of P? of codimension 2.

I

Proof of (i). Since the moduli space My (2;/,3) only depends on the chamber C of L, it
is enough to check that Mx 1,(2;¢,3) = 0. Assume Mx 1,(2;¢,3) # (). By Riemann-Roch
Theorem we have yE(—(+3m) = 1 for any E € Mx 1,(2;¢,3). Therefore, for any vector
bundle E € Mx 1,(2;¢,3), we have h° E(—{ + 3m) > 0 or h?E(—{ + 3m) > 0 and we
will first prove that the last inequality is not possible. Indeed, by Serre’s duality, 0 <
h*E(—(+3m) = h®E*(—¢—5m). Since F is a rank two vector bundle, E* = E(—det(E))
and hence, a non-zero section 0 # o € HE*(—{ — 5m) = HYE(—2¢ — 5m) defines an
injection
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Since F is u-stable with respect to Lo, we have

E)L L+ 7 7
19 = (20 + 5m)(¢ + 7m) < S0 LEETmM) T
2 2 2
which is a contradiction. Therefore, h2E(—{ + 3m) = 0 and h°E(—{ + 3m) > 0.
A non-zero section 0 # s € H'E(—{ + 3m) gives rise to an injective map

Ox(g — 3m) — B

and hence Ox (¢ — 3m) is a rank 1 subbundle of E. Since E is p-stable with respect to
Ly, we have
Cl(E)LO

4= (= 3m)(L+ Tm) = & (Ox (¢ = 3m)) Ly < L= :g

which again is a contradiction. Therefore, My 1,(2;¢,3) = () and also Mx 1(2;¢,3) = 0
for any L € Cy.

Proof of (ii). See Example 3.11.

Proof of (iii). Since Mx (2;¢,3) only depends on the chamber Cy of L, it is enough to
study Mx 1,(2;¢,3) and to compare it to Mx 1,(2;¢,3). To this end, we consider the open
subset U of Mx 1, (2;¢,3) = P? defined by

U:={E € Mxp,(2¢3)| HE(-2m) = 0}

and we will see that U is non-empty, dim(Mx 1, (2;¢,3) \U) =2 and U = Mx 1,(2;7, 3).
Let us first prove that dim(Mx r,(2;¢,3) \ U) = 2. To this end, for any vector bundle
E € Mx,(2;4,3) \U, we take a non-zero section 0 # s € H'E(—2m) and the associated
exact sequence

0— Ox(D+2m) — E — I;({—2m — D) — 0

where D = al + bm is an effective divisor on X (hence a,b > 0) and Z C X is a
0-dimensional subscheme. Since E is p-stable with respect to Li, we have
Cl(E)Ll 5

(D+2m)L1:(a€+(b+2)m)(€+5m):5a+b+2<T: :

2
Hence, a = b = 0 and we conclude that any vector bundle E € Mx 1, (2;¢,3) \ U sits into
an exact sequence

(4.1) 0— Ox(2m) — E — Iz({ —2m) — 0

where Z C X is a 0-dimensional subscheme of length |Z| = coE(—2m) = 1. Since the
irreducible family M of rank 2 vector bundles on X given by an exact sequence of type
(4.1) is a 2-dimensional family (check it!), we have got that dim(Mx 1, (2;¢,3) \U) = 2.

To see that My 1,(2;¢,3) = U we first prove that a vector bundle E' € Mx 1,(2;/,3) is
p-stable with respect to L, if and only if £ € U. Obviously, if £ € Mx 1, (2;¢,3)\U then
E is not p-stable with respect to Ly (Indeed, Ox(2m) is a rank 1 subbundle of E and

c1(Ox(2m))Ly = 2m(l + 3m) = 2 > Cl(b;)Lz = mf’m) = 3). Vice versa, assume E € U
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and let us see that F is pu-stable with respect to Lo. By Example 3.11, any vector bundle
E el C Mx,(2;¢,3) sits in an exact sequence

e: 0— Ox({—3m) — E — Ox(3m) — 0.

Hence, for any rank 1 subbundle Ox (D) of E we have Ox (D) — Ox({—3m) or Ox (D) —
Ox(3m). In the first case D = ¢ — 3m — C being C an effective divisor on X. Therefore,
we have ({ —3m — C)Ly < (€ —3m)Ly, =0 < 3 = @ In the second case, we have
Ox(D) — Ox(3m). So, 3m— D is an effective divisor. Write D = al+ [Sm. Since 3m— D
is an effective divisor, we have @ < 0 and # < 3. On the other hand, («, 5) # (0, 3) because
the extension e does not split and (a, ) # (0,2) because H'E(—2m) = 0. Putting
altogether we get ¢1(Ox(D))Ly = DLy = (ol + fm)({ +3m) = 3a + § < 3 = %
which proves what we want.

To finish the proof of (iii) we only need to see that Mx r,(2;¢,3) C Mx 1,(2;¢,3) or,
equivalently, that any £ € My ,(2;¢,3) sits into a non-trivial extension

0— Ox({ —3m) — E — Ox(3m) — 0.

But this follows from the fact that F is p-stable with respect to Ly, xE(—{ + 3m) = 1,
H?E(—(+ 3m) =0 and co(E(—{ + 3m)) = 0.

The change of Mx y(r; L,n) when H passes through a wall between two chambers can
be somehow controlled and we have (see [37]; Theorem 4.C.7)

Theorem 4.9. Let X be a smooth, irreducible, projective surface and let H and H' be
ample line bundles on X. If A(r;L,n) > 0, then the moduli spaces Mx g(r; L,n) and
Mx p/(r; L,n) are birational.

For rank 2 vector bundles on Fano surfaces the hypothesis A(2;L,n) > 0 can be
weakened and we have:

Proposition 4.10. Let X be a smooth Fano surface, L € Pic(X) and cy € Z. For any two
ample line bundles H and H' on X, the moduli spaces Mx y(2; L, c2) and Mx p(2; L, ca)
are birational whenever non-empty.

Proof. See [9]; Corollary 3.10. O

Remark 4.11. The Example 4.8 illustrates that, in general, the birational map between
Mx u(2; L, co) and Mx g/(2; L, ¢2) is not an isomorphism.

Theorem 4.9 and Proposition 4.10 imply that for many purposes we can fix the ample
line bundle H; and this is what we do for studying the birational geometry of the moduli
spaces Mx y(r; L,n). For example, we can reduce the study of the rationality of the
moduli space Mx g (r; L,n) for any ample line bundle H to the study of the rationality
of Mx g (r; L,n) for a suitable ample line bundle H.

Example 4.12. Let X = P} xP; be a quadric surface. We denote by ¢ and m the standard
basis of Pic(X) = Z? and we fix the ample line bundle L = ¢ + 5m. By Example 3.11,
the moduli space Mx 1(2;¢,3) = P? and hence it is rational. Applying Proposition 4.10,
we conclude that for any other ample line bundle H on X the moduli space Mx g(2;7,3)
is rational whenever non-empty.
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From the point of view of birational geometry the study of moduli spaces of vector
bundles on algebraic surfaces discloses highly interesting features. We will now see how
Serre’s correspondence (see Exercise 7.8) can be used, for instance, to obtain information
about the birational geometry of moduli spaces and more precisely to address the following
problem stated by Nakashima in the 90’s ([64]):

Problem 4.13. Let X be a K3 surface and let H be an ample line bundle on X. To deter-
mine invariants (r, ¢y, ¢a, 1) € Z X Pic(X) x Z* for which the moduli space Mx g (r; ¢y, c2)
and the punctual Hilbert scheme Hilb'(X) are birational.

Recall that a K3 surface is an algebraic surface with trivial canonical bundle Ky = Ox
and the vanishing irregularity ¢(X) = 0. Examples of K3 surfaces are provided by

(1) Smooth complete intersections of type as, ..., a,—o in P* with Y. a;, = n+ 1. In
particular, smooth quartics in P*, smooth complete intersections of type (2,3) in
P4, and smooth complete intersection of 3 quadrics in P?; and

(2) Kummer surfaces.

The first contribution to Problem 4.13 is due to K. Zuo who for the case of rank 2
vector bundles with ¢; = 0 proved the following result:

Proposition 4.14. Let X be a K3 surface and H an ample line bundle on X. For all
n €N, set k(n) =n?H? + 3. Then, there exists a birational map

®: My (2;0,k(n)) — Hilb**™=3(X).
Proof. See [83]; Theorem 1. O
Later on T. Nakashima generalized Zuo’s Theorem to the triples (r; L, co) = (2; L, k(n))
a

k
where k(n) := (n® +n+3)L?+ 3 and L is an arbitrary ample line bundle ([63]). L. Cost
(

generalized this last result to vector bundles of higher rank and she proved (see [8];
Theorem A):

Theorem 4.15. Let X be a K3 surface, H an ample line bundle on X, L € Pic(X) and
2<reZ. Forany 0 <<n €N, set

2

L
k(n) := 7—}— gn2H2+nLH+T—|—1

-1
—)n2H2 + (r —1)nLH.
Then, there exists a birational map
O : My (r; L, k(n)) — Hilb'™(X).

Sketch of the proof. First of all we consider F the irreducible family of isomorphism
classes of rank r torsion free sheaves F' on X, GM-semistable with respect to H with
Chern classes (L, k(n)) given by a non-trivial extension

0— O ' = F(nH)— Iz(L+rnH)—0
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where Z C X is a 0-dimensional subscheme of length |Z| = co(F(nH)) = co(F) + (r —
DnLHA+"D02 0% = k(n)+(r—1)nLH+""Yn2[1? = |(n) such that H°I;(c;+rnH) =
0.

For n > 0, F is non-empty (check it!), any £ € F is simple (check it!) and dimF =
20(n) (check it!). In particular, we have

dimF = dimHilb"™(X)
= 2/(n)
= 2rk(n) — (r—1)L*—=2(r* - 1)
= dimMx y(r; L, k(n)) = dimM x g (r; L, k(n)).

We give to F a natural structure of variety and we observe that we have a dominant
map ¢ : F — Hilb"™(X). From the universal property of moduli spaces we deduce the
existence of a morphism ¢ : F — M = My g(r; L, k(n)) which is injective (check it!) and
dominant. Hence, ¢ and ¢ are birational maps. Composing them we get a birational map

Y=q o' Mxpy(r; L, k(n)) — Hild™(X).

Since Mx y(r; L,k(n)) C Mxy(r; L, k(n)) is an open dense subset, restricting 1 to
Mx g (r; L, k(n)) we get a birational map

¢ = Vit utriimy - M (r; L k(n)) — Hilb'™ (X)
which proves what we want. ([l

Further birational identifications can be found in [6]. In this paper, by using a Fourier-
Mukai transform for sheaves on K3 surfaces, Bruzzo and Maciocia show that for a wide
class of K3 surfaces X the Hilbert scheme Hilb"(X) can be identified for all n > 1 with
suitable moduli spaces of GM-stable vector bundles.

In the last part of this section we turn our attention to the study of the rationality of
the moduli space Mx g (r; L,n). This geometric property of Mx g (r; L,n) nicely reflects
the general philosophy that the moduli spaces inherit a lot of geometrical properties of the
underlying surface. There is at present no counterexample known to the question whether
the moduli spaces are always rational provided the underlying surface is rational. For
X =P? M. Maruyama (resp. G. Ellingsrud and S.A. Strgmme) proved that if ¢ —4cy # 0
(mod 8), then the moduli space Mp2 o, (1)(2; ¢1, ¢2) is Tational ([49] and [22]). Later on, T.
Maeda proved that the rationality of Mpz o, (1)(2; c1, ¢2) holds for all (1, ¢3) € 7?2 provided
Mgz 0,,1)(2; ¢1, co) is non-empty ([50]). In particular, MPQ,@PZ(U(Q; ¢1,¢2) has Kodaira
dimension —oo. For some ruled surfaces X, Z. Qin also showed that MX, u(r; L,n) has
Kodaira dimension —oo. As for K3 surfaces X, a consequence of S. Mukai’s work [61]
shows that M x j(r; L, n) has Kodaira dimension 0. More recently, J. Li has proved that if
X is a minimal surface of general type with reduced canonical divisor then MX, u(r;Lyn)is
also of general type ([41]). All this indicates that the Kodaira dimension of M x g (r; L, n)
is closely related to the Kodaira dimension of X and moduli spaces associated to rational

surfaces should be rational. In fact, we have the following interesting problem (see [74];
Problem 2, [75]; Problem 21 and [71]; Problem 2):
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Problem 4.16. Let X be a smooth, rational, projective surface. Fix L € Pic(X) and
0 < ¢g € Z. Is there an ample line bundle H on X such that Mx g (r; L, c2) rational?

For r = 2 the answer to the above question is Yes! In fact, either using the criterions
of rationality for moduli spaces given by Costa and Mir6-Roig in [9]; Theorem 3.12 and
[11]; Theorem 3.8, or constructing irreducible families of stable vector bundles over a big
enough rational basis, we have got

Theorem 4.17. Let X be a smooth rational surface, L € Pic(X) and n € Z. Assume
that A(2; L,n) > 0. Then, there exists an ample line bundle H on X such that the moduli
space Mx g (2; L,n) is rational.

Proof. [11]; Theorem A. O

For arbitrary rank, despite the wealth of new techniques introduced recently, the above
problem remains open. For partial results in the arbitrary rank case, the reader can see

[42], [43], [44], [45], [12], [29], [77] and [81].

Although in this lecture we have missed many interesting results and we have not
considered the branch of beautiful results that works for special surfaces like abelian
surfaces, elliptic surfaces, ruled surfaces, ---, as well as Fourier-Mukai transformations,
symplectic structures, Gauge theoretical aspects of moduli spaces; we have seen many
subtle and interesting results regarding the moduli space My 1(7;c1,- -+, Cmin{rny) When
the underlying variety X has dimension n = 2. For moduli spaces of vector bundles
on higher dimensional varieties X, no general results are known and, as we will stress
in the last lecture, the situation drastically changes. Results like the smoothness and
irreducibility of the moduli space of vector bundles on surfaces, turn to be false for moduli
spaces of vector bundles on higher dimensional varieties.

5. LECTURE FOUR: MONADS, INSTANTON BUNDLES AND STABILITY

The main techniques to construct vector bundles on smooth projective varieties are
Serre’s construction (see Exercise 7.8), Maruyama’s elementary transformations (see Ex-
ercise 7.9) and monads. With these techniques at hand, one can produce vector bundles
with prescribed invariants like rank, determinant, Chern classes, etc. In this lecture, we
will focus our attention in the third method. So, let us start recalling the definition and
basic fact about monads.

Definition 5.1. Let X be a smooth projective variety. A monad on X is a complex of
vector bundles:

M, : 0—A-%B20c—0
which is exact at A and at C. The sheaf £ := Ker(3)/Im(«) is called the cohomology
sheaf of the monad M,. The set:

S ={z € X | a, is not injective}

is a subvariety called the degeneration locus of the monad M,. Note that S is also the
locus where the sheaf E' is not locally-free.
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Clearly, the cohomology sheaf E of a monad M, is always a coherent sheaf, but more
can be said in particular cases. In fact, we have

Proposition 5.2. Let E be the cohomology sheaf of a monad M,.

(1) E is locally-free if and only if the degeneration locus of M, is empty;

(2) E is reflexive if and only if the degeneration locus of M, is a subvariety of codi-
mension at least 3;

(3) E is torsion-free if and only if the degeneration locus of M, is a subvariety of
codimension at least 2.

Proof. Let S be the degeneration locus of the monad M, associated to the sheaf F. We
easily check that ExtP(F,Ox) =0 for p > 2 and

supp Ext'(E,Ox) = {r € X | a, is not injective } = S.

The first statement is clear; so it is now enough to argue that F is torsion-free if and
only if S has codimension at least 2 and that F is reflexive if and only if S has codimension
at least 3.

Recall that the m'™-singularity set of a coherent sheaf F' on X is given by:

Sp(F)={x € X | dh(F,) > n—m}

where n is the dimension of X and dh(F}) stands for the homological dimension of F, as
an O,-module:

_ R O
dh(Fy) = d <= { Ext, (Fi, Op) =0 Vp > d.

In the case at hand, we have that dh(E,) = 1if x € S, and dh(E,) = 0if z ¢ S.
Therefore So(E) = -+ = S,_2(F) = 0, while S,,_1(E) = S. It follows that [78, Proposition
1.20]:

e if codim S > 2, then dim S,,(E) < m — 1 for all m < n, hence E is a locally
1%*-syzygy sheaf;

o if codim S > 3, then dim S,,(E) < m — 2 for all m < n, hence E is a locally
21d_gyvzyoy sheaf.

The desired statements follow from the observation that F is torsion-free if and only if it
is a locally 1%'-syzygy sheaf, while E is reflexive if and only if it is a locally 2"%-syzygy
sheaf [69, p. 148-149]. O

A monad 0 — A -% B %5 ¢ — 0 has a so-called display: this is a commutative
diagram with exact rows and columns:
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|

)

O— Q+—— N0

OC— Q+— L +— m«— o
o

0 — A —

0 — A —

where K := Ker(() and @ := Coker(a). From the display one easily deduces that if a
coherent sheaf E on X is the cohomology sheaf of a monad M,, then

(i) 7k(E) = rk(B) — rk(A) — rk(C), and
(11) Ct(E) = Ct(B)Ct(A)ilct(C)il.
Monads were first introduced by Horrocks who showed that all vector bundles £ on P3
can be obtained as the cohomology bundle of a monad of the following kind:

O — EBiOPS (CLz) — EB]'O]}DS (bj) — @HOPB (Cn) E— O
Monads appeared in a wide variety of contexts within algebraic-geometry, like the
construction of locally free sheaves on P", the classification of space curves in P? and
surfaces in P*. In this lecture, we will focus our attention on the so-called linear monads
defined as follows:

Definition 5.3. Let X be a nonsingular projective variety over an algebraically closed
field of characteristic zero and let £ denote a very ample invertible sheaf. Given finite-
dimensional k-vector spaces V, W and U, a linear monad on X is the short complex of
sheaves

(5.1) M, : 0=VRL 'S Wo0x 2UL—0

which is exact on the first and last terms, i.e. o € Hom(V, W) ® HL is injective while
B € Hom(W,U) ® H°L is surjective.

Definition 5.4. A torsion-free sheaf E on X is said to be a linear sheaf on X if it can
be represented as the cohomology sheaf of a linear monad.

Note that if £ is the cohomology sheaf of a linear monad as in (5.1), then:
rk(E) =w—v—uand ¢;(E) = (v—u) /¢
where w =dim W, v =dimV, u = dim U and ¢ = ¢;(L).

These somewhat mysterious definitions are made natural once we recall that Manin and
Drinfield proved that mathematical instanton bundles £ on P? with quantum number &
correspond to linear monads of the following type

O—>V®Op3<—1) —>W®Op3 — U@O]pﬁ(l) — 0
with dimV =dimU = k and dimW = 2k 4 2.
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Using Penrose-Ward correspondence, Atiyah-Drinfield-Hitchin-Manin constructed all
self-dual solutions of the Yang-Mills equations over S* and proved the existence of a
one-to-one correspondence between linear monads

O—>V®Op3(—1)—>W®OPB—>U®Op3(1)—>0

with dimV =dimU = k and dimW = 2k + 2, and SL(2,C) instantons on R* with charge
k. More general, we define

Definition 5.5. An instanton bundle on P?"*! with quantum number k is a rank 2n
vector bundle E on P?"*! satisfying the following properties
() (B) = o,
(ii) F has natural cohomology in the range —2n — 1 < j <0, i.e., for every j in that
range at most one of the cohomology groups H?(P?"*! E(j)) is non-zero,
(ili) E has trivial splitting type, i.e., for a general line I C P>"*! we have Ej, & O;*".

The existence of instanton bundles on P?"*! was given by Okonek and Spindler in [68]
answering a question posed by Salamon. We have

Proposition 5.6. Any instanton bundle E on P?"*' with quantum number k is a linear
vector bundle; more precisely, E is the cohomology bundle of a linear monad

00— V®O0pznt1(—1) — W & Opzat1 — U ® Opzn+1(1) — 0

with dimV =dimU = k and dimW = 2k + 2n.
Conwversely, a linear vector bundle arising as the cohomology bundle of a linear monad

0 — V®Opznt1(—1) — W @ Opznt1 — U ® Opzn+1(1) — 0

with dimV =dimU = k and dimW = 2k+2n is an instanton bundle provided it has trivial
splitting type.

Proof. Tt follows from Beilinson’s spectral sequence. O

In [3], Proposition 2.11, Ancona and Ottaviani proved that any instanton bundle £ on
P?"*1 with quantum number k is simple (See Exercise 7.16). Moreover, if k=1 or n =1
then E is stable and the stability is left as an open problem when k > 2 and n > 3. The
existence of the moduli space M Ipzn+1(k) of instanton bundles on P*"*! with quantum
number k was established by Okonek and Spindler in [68]; Theorem 2.6. Determining
the irreducibility and smoothness of M Ipz«+1(k) is a long standing question far of being
solved, see [15] for a recent survey on the topic and next lecture for the proof of the
non-smoothness of the moduli space M Ipzn+1(k) for k > 3 and n > 2.

The existence and classification of linear monads on P* was given by Flgystad in ([23]).
He proved

Proposition 5.7. Let n > 1. There exist monads on P" whose entries are linear maps,
i.e. linear monads
0 — Opn(—1)"-08, L5 Opn (1)° — 0
if and only if at least one of the following conditions holds:
(1) b>2c+n—1andb>a+ec.
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(2) b>a+c+n.
If so, there actually exists a linear monad with the map o degenerating in expected codi-
mension b —a —c+ 1.
As an application of Beilinson’s spectral sequence, we will give a cohomological char-
acterization of linear sheaves on P". Let n > 1. Fix integers a, b and ¢ such that

(1) b>2c+n—1landb>a+c, or
(2) b>a+c+n.

We have:

Proposition 5.8. Let E be a rank b—a—c torsion free sheaf on P"™ with Chern polynomial

Ct(E> = m It holds:

(1) If b < ¢(n+ 1) and E has natural cohomology in the range —n < j < 0, then E is
the cohomology sheaf of a linear monad

0 — Opn(—1)*~* 08, ~Opn (1)° — 0.
(2) If E is the cohomology sheaf of a linear monad
0 — Opn(—1)"—508, L5 Opn (1)° — 0
and H°(P", E) = 0, then E has natural cohomology in the range —n < j < 0.

Proof. (1) Since E is a rank b — a — ¢ torsion free sheaf on P" with Chern polynomial
ct(E) = m—a—, using Riemann-Roch formula we get

(A=t (1+6)
b—c(n+1) if t=0
—c if t=-1
0 i —n+1<t< -2
(—1)""a if t=-n.
On the other hand, for any coherent sheaf F' on P", we have the Beilinson spectral
sequence with Ej-term

(5.3) EY" = HY(P", F(p)) ® Q7"(—p)
situated in the square —n < p <0, 0 < ¢ < n which converges to

g :{Ffori:()

(5.2) VE(t) =

> 0 for i # 0

Using the degeneration of this spectral sequence, the values of the Euler characteristic

xE(t) given in (5.2) together with the fact that £ has natural cohomology in the range

—n < j <0, we deduce that E is the cohomology bundle of the monad

(5.4) 0— Opn(—1)@U — A1) RV — Opn @ W — 0

where U = H" Y(P", E(—n)), V = HY(P",E(—1)) and W = H'(P", E) are k-vector

spaces of dimension yE(—n) =a, —xE(—1) = c and —xE = ¢(n + 1) — b, respectively.
Tensoring the Euler sequence

00— Q]%m(l) — Oﬁ,}jl — O]Pm(l) — 0
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with V' and combining it with the exact sequence (5.4) we get the following commutative
diagram (O = Opn, H'F = H'(P", F)):

(5.5)
0 0 0
l ! !
0 — OFHRH"'E(-n) — Qe (1) ® HE(-1) — O®H'E — 0
l ! I
0 — O@H'OQL(1)®E(-1) — 0@HO(1)®HE(-1) — O@HE — 0
! ! l
O1) ® H'E(~1) — oM e H'E(-1) — 0  — 0
l ! l
0 0 0

where H'(QL,.(1) ® E(—1)) is a k-vector space of dimension b. Since the first row and
the first column are monads with the same cohomology we get that E is the cohomology
bundle of a special monad of the following type

0 — Opa(—1)"-508, L5 0p. (1)° — 0.
(2) Assume that F is the cohomology bundle of a special monad
0 — Opn(—1)"—2508, —50p. (1)° — 0.

Considering the cohomological long exact sequences associated to the exact sequences

(5.6) 0 —s K :=ker(3) — O —50p(1)° — 0 and
(5.7) 0 — Op (1) — K — E — 0,
we get
(H'(P",E(t)) =0 for all t and 2 <i<n—2,
H" Y P E(t)) =0 forallt>—n+1,
(5.8) H{(P",E(—n)) =0 foralli#n—1,
H{(P",E(—1)) =0 forall i # 1,
| H (P, F) = for all « # 0, 1.

These equalities together with the assumption H°(P", ') = 0, prove that F has natural
cohomology in the range —n < 7 < 0. U

Following the ideas developed by Flgystead in [23], it is not difficult to determine when
there exists a monad on a hyperquadric @,, C P**! whose maps are linear forms. Indeed,
we have

Proposition 5.9. Let Q,, C P"™! be a hyperquadric, n > 3. There exist monads on Q.
whose entries are linear maps, i.e. linear monads

0 — Oq,(~1)*0p, 50q, (1) — 0
if and only if at least one of the following conditions holds:
(1) b>2c+n—1andb>a+ec.
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(2) b>a+c+n.

If so, there actually exists a linear monad with the map « degenerating in expected codi-

mension b —a —c+ 1.

Proof. First, let us prove the existence part.
sume that @, is the quadric hypersurface in P"™! = Proj(k[zo, 1, - , Zn41]) defined by
,Tpt1) = x5+ a3+ -+ 22, By [23]; Main Theorem, if b > 2c+n and b > a+c¢

f(xo7 R

orb>a+c+n-+1 then there exist linear monads

(5.9)

0— O[Pn+1(—1)a i) O]lfm+1 L OP7L+1(1)C — 0

with the map « degenerating in the expected codimension b — a — ¢ + 1. So restricting a

general monad (5.9) to @,, we get a linear monad

with the map a degenerating in the expected codimension b —a — ¢+ 1. So, it is enough

0 — Og, (~1)* % O, 2, 00,(1) — 0

to consider the cases

(a) b=2c+n—1land b>a+c.
(b) b=a+c+n.

Without lost of generality we may as-

(a)Assume b =2c+n —1 and b > a + c. We distinguish two subcases
(al) b=2c+n—1landb=a+c.
(a2) b=2c+n—1and b>a+c.

(al) b=2c+n—1and b = a+c Setn =
even. Consider the (n; +¢) x ¢, (n —1—mn; +¢) X

(n — 1+ ¢) X (ny + ¢) matrices

Alz

'Tnl—l-l

0

x’n1+1

0

0

To T
0 o

0 0

xn1+2
xnl—i-l

x’n1+2
xnl—i—l

0

X

xn1+2

x

$n1+2

n—1
2
C,

Tn, 0 0
. Ty O
To T
Ty 0
Iy
l'nl +1
Tn, 0 0
e Ty, 0
To T
Tn 0
xn

:Bnl-i-l

0

xn1+2

ifnisoddandm:"T”ifnis
(n—14¢)x(n—1-n;+c¢) and

Tn

Tn
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Define the complex

5.10 0— Og,(—1)* -2 0t 25 04, (1) — 0
Q Qn Q

where (3 is the map given by the matrix B = (A; Ajy) and « is the map given by

a=(4)

It is not difficult to see that o degenerates in codimension b —c—a+1 = 1.

(a2) If b = 2c+n —1 and b > a + ¢, we consider a sufficiently general injection
¢ : 0g,(—1)" — O, (—1)""¢ and the composition a¢ : Oq, (—1)* — OF "1 where «
is the map appearing in (5.10). Since for ¢ general enough, a¢ degenerates in codimension
b—c—a+ 1 we get the special monad

B

0 — O, (—1)* 2% 0% 2, 04, (1)° — 0

we were looking for.

(b) b =a+ ¢+ n. We may assume that b < 2¢+n — 1 since otherwise we are in one of
the cases already covered. Since b=a+c+n and b <2c+n—1 we get a < c— 1. Thus
b=a+c+n>2a+n—1 and there exists a special monad

with the map p degenerating in the expected codimension b —a—c+1>n-+1 and so p
does not degenerates. Dualizing we get a linear monad

0 — O, (—1)* 15 0h, -5 00, (1)° — 0

with the map n* not degenerating and we are done.

Pursuing the ideas developed by Flgystead in [23] and essentially changing the role of
P" by ),, we get that the numerical conditions on a, b, ¢ and n are indeed necessary. [

Linear monads and instanton sheaves have been extensively studied for the case X = P
during the past 30 years, see for instance [38, 69] and the references therein. In a recent
preprint, the authors have initiated the study of linear monads over smooth quadric
hypersurfaces @,, within P**! (n > 3) [13]. They have asked whether every linear locally
free sheaf of rank n — 1 over @, is p-stable (in the sense of Mumford-Takemoto) [13,
Question 5.1]. More general, they ask:

Question 5.10. Is any linear sheaf on a cyclic variety u-stable or at least p-semistable?

The main goal of the last part of this section is to give a partial answer to this ques-
tion showing that linear locally-free sheaves with ¢; = 0 and rank » < 2n — 1 on an
n-dimensional smooth projective variety with cyclic Picard group are p-semistable. Fur-
thermore, we also show that the bound on the rank is sharp by providing examples of
rank 2n linear locally free sheaves with ¢; = 0 on P™ which are not p-semistable.
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Proposition 5.11. Let X be a smooth projective cyclic (i.e. Pic(X) = 7Z) variety of
dimension n and let E be a linear sheaf on X associated to the linear monad

(5.11) 0— Ox(—1)" — 0% 25 Ox(1)° =0 .

Assume that wy = Ox () for some integer A < 0. Then, we have:
(1) H(E(k)) = HY(E*(k)) = 0 for all k < —1,
(2) HY(E(k)) =0 for all k < -2,

(3) H(E(k)) =0 for allk and 2 <i<n—2,

(4) H"Y(E(k)) =0 for all k > X\ + 2,

(5) H*(E(k)) =0 for all k > A+ 1,

and if E is locally-free:

(6) H*(E*(k)) =0 for all k > XA+ 1.

Proof. The crucial observation is that by Kodaira Vanishing Theorem we have
H'(Ox(k)) =0foralli <nand k < —1; and
H'(Ox(k) ®wx) =0foralli >0 and k > 1.
By Serre’s duality H (X, Ox (k) ® wx) = H" (X, Ox(—k)). So, we conclude that
H°(Ox(k)) =0 for all k < —1,
H'(Ox(k))=0forall kand 1 <i<n-—1, and
H"(Ox(k)) =0for all k> A+ 1.
Set IC = ker 3; it is a locally-free sheaf of rank b — ¢ fitting into the sequences:
(5.12) 0 — K(k) — Ox(k)" 2, Ox(k+1)°— 0 and

(5.13) 0— Ox(k—1)* % K(k) = E(k) — 0.
Passing to cohomology, the exact sequence (5.12) yields:
H(X,K(t)=0foralltand2<i<n-—1,
H™(X,K(k)) =0fort > A+1,
HY(X,K(k))=0fort< -1,
HY(X,K(t)) =0 fort < —2.
Passing to cohomology, the exact sequence (5.13) yields:
HY(E(k)) =0 for all k < —1,
HY(E(k)) =0 for all k < -2,
H'(E(k))=0forallkand2<i<n-—2,
H" Y (E(k))=0forall k >\+2,
H"(E(k))=0forallk>A+1.

Dualizing sequences (5.12) and (5. 13) we obtain:
(5.14) 0— Ox(—k —1)° 25 Ox (k) — K*(—k) — 0 and

(5.15) 0— E*(—k) — K*(=k) 25 Ox(—k + 1)* = Ext (E(k), Ox) — 0
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Again, passing to cohomology, (5.15) forces H*(E*(k)) € H(K*(k)) for all k, while (5.14)
implies H(K*(k)) = 0 for k < —1.

Finally, if F is locally-free, we have H"(E*(k)) = 0 for all k& > X + 1, by Serre’s
duality. 0

Finally, we have:

Theorem 5.12. Fvery rank r < 2n — 1 linear locally-free sheaf with ¢; = 0 on a cyclic
variety X of dimension n is p-semistable.

Proof. We argue that every rank r < 2n — 1 linear locally-free sheaf with ¢; = 0 on an
n-dimensional cyclic variety X satisfies Hoppe’s criterion (see Proposition 2.12).

Indeed, let E be a rank r linear locally-free sheaf with ¢; = 0 on X. Thus, E can be
represented as the cohomology of the linear monad

0— Ox(—1)° = 0% 2, 0(1)° = 0.

Consider the short exact sequences

(5.16) 0— K — 0% 2 04(1)° =0,
(5.17) 0— Ox(-1) %K —-E—0

and take the long exact sequence of exterior powers associated to the sheaf sequence
(5.16), twisted by O(—1). We have:

0— AK(—1) — A1(O™2) (1) — -

Thus H'(AK(—1))=0for 1 <g<r-+c.
Now consider the long exact sequence of symmetric powers associated to the sheaf
sequence (5.17), twisted by O(—1):

q ctq—2

0-0(—q—1)TT) S Koo(—g(Wh) - ...
— ANTTK @ O(=2)° — ANK(=1) — AE(—1) — 0 .
Cutting into short exact sequences and passing to cohomology, we obtain
(5.18) H(APE(-1))=0for1<p<n-—1.

Since F is a linear locally-free sheaf with ¢; = 0, the dual E* is also a linear locally free
sheaf with ¢; = 0 on X, so

(5.19) HY(AY(E*)(-1))=0for1<qg<n-—1.
But AP(E) ~ N"P(E*), since det(F) = Oy; it follows that:

HY(NPE(-1)) = H(AN"P(E*)(-1)) =0 for 1<r—-p<n-—1
(5.20) — r—n+1<p<r-—1.

Together, (5.19) and (5.20) imply that if E is a rank r < 2n — 1 linear locally-free sheaf
with ¢; = 0, then:

(5.21) HY(APE(-1))=0for 1 <p<2n—2
hence E is p-semistable by Hoppe’s criterion. 0
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We will end this section with an example which illustrates that the upper bound in the
rank given in Theorem 5.12 is sharp, in the sense that there are rank 2n linear locally-free
sheaves with ¢; = 0 on certain n-dimensional cyclic varieties which are not p-semistable.
To prove it we first need to provide the following useful cohomological characterization of
linear sheaves on projective spaces.

Proposition 5.13. Let F' be a torsion-free sheaf on P". F' s a linear sheaf if and only if
the following cohomological conditions hold:

e forn>2, H(F(-1)) =0 and H"(F(—n)) = 0;

o forn>3, HY(F(k)) =0 for k< —2 and H" Y(F(k)) =0 for k > —n + 1;

o forn>4, H/(F(k)) =0 for2<p<n-—2 and all k.
Proof. The fact that linear sheaves satisfy the cohomological conditions above is a conse-
quence of Proposition 5.11.

For the converse statement, first note that H°(F(—1)) = 0 implies that H°(F(k)) =0
for k < —1, while H"(F'(—n)) = 0 implies that H"(F(k)) = 0 for k > —n.
Claim:
(5.22) HI(F(-1)®@QP(—p)) =0forg#1and forg=1, p < -3.
Proof of the Claim: It follows from repeated use of the exact sequence
HIE(k)™ — HI(E(k+1) @ Q" (-p—1)) —

(5.23) — H™Y(E(k) ® Qpl(=p)) — H*H(E(k)™
associated with Euler sequence for p-forms on P" twisted by E(k):

(5.24) 0 — E(k) ® Qpf(—p) = E(k)™ — E(k) @ Q' (=p) — 0,
where ¢ =0,...,n,p=0,—1,...,—n and m = n+l (Prove it !).

Now the key ingredient is the Beilinson spectral sequence [69]: for any coherent sheaf
F on P, there exists a spectral sequence { EP?} whose Ej-term is given by (¢ =0,...,n
and p=0,—1,...,—n):

EP? = HY(F @ Qp(—p)) © Opr(p)
which converges to
Ei—{ F,ifp+q=0

0 otherwise

Applying the Beilinson spectral sequence to F(—1), it then follows that the Beilinson
spectral sequence degenerates at the Es-term, so that the monad

(5.25) 0 — HY(F(-1)®2%.(2)) ® Opn(—2) —
— H(F(=1) ® Qpn(1)) ® Opa (1) — H'(F(~1)) ® Op — 0

has F(—1) as its cohomology. Tensoring (5.25) by Opn(1), we conclude that F' is the
cohomology of a linear monad, as desired. O

We are finally ready to construct rank 2n linear locally-free sheaves with ¢; = 0 on P
which are not u-semistable.
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Example 5.14. Let X = P", n > 4. By Flgystad’s theorem [23], there is a linear monad:

5.26 0 — Opn(—=1)2 % 07 L Opa (1) = 0
P

whose cohomology F' is a locally-free sheaf of rank n on P" and ¢;(F) = 1.
Dualizing we get a linear monad:

0— Ope(—1) 5 022 & Opa(1)2 — 0

whose cohomology is F*, hence it is a locally-free linear sheaf of rank n on P" and
c(F*) = —1.
Take an extension E of F™* by F"

0—-F—F—F"—0.

Such extensions are classified by Ext'(F*, F) = H'(F ® F). We claim that there are
non-trivial extensions of F™* by F. Indeed, we consider the exact sequences

(5.27) 0— K =FKer(8) —»0n3 2 1) =0,

(5.28) 0— Opn(—1)* = K —F —0

associated to the linear monad (5.26). We apply the exact covariant functor - ® F' to the
exact sequences (5.27) and (5.28) and we obtain the exact sequences

0—-K®F—F" - F1)—0,

0= F(-1)—=K®F—-F®F —0.

Using Proposition 5.11, we obtain H (K ® F) = H(F ® F) = 0 for all i > 3. Hence,
X(FRF)=h(F®F)—h(F®F)+h*(F®F). On the other hand,

X(F@F)=x(KaF)=2x(F(-1)) =

n> n

(n+3)x(F) — x(F(1)) —2x(F(-1)) :8—7—5 <0,ifn>4.
Thus if n > 4, we must have h'(F ® F') > 0, hence there are non-trivial extensions of F*
by F.

Using the cohomological criterion given in Proposition 5.13, it is easy to see that the
extension of linear sheaves is also a linear sheaf. Moreover, ¢;(E) = 0. So, E is a rank
2n linear locally-free sheaf on P, n > 4, with (¢1,¢2) = (0,3) which is not p-semistable
because FF C E and pu(F) =1 >0 = u(E).

n
For X =P", 2 <n < 3, arguing as above, we can construct a rank 2n linear locally-free
sheaves with ¢; = 0 which are not p-semistable as a non-trivial extension E of F* by F,
where F' is a linear sheaf represented as the cohomology of the linear monad

0 — Opa(—1)* 2 0m7 2 05 (1) — 0.
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6. LECTURE FIVE: MODULI SPACES OF VECTOR BUNDLES ON HIGHER DIMENSIONAL
VARIETIES

Let X be a smooth, projective, n-dimensional variety over an algebraically closed field
of characteristic 0 and we denote by Mx 1,(r;¢1, -+, Cmin{r,n}) the moduli space of rank r,
vector bundles E on X, p-stable with respect to an ample line bundle L with fixed Chern
classes ¢;(E) = ¢; € H*(X,Z).

It was a major result in the theory of vector bundles on an algebraic surface S the
proof that the moduli space Mg 1(r;c1, co) of rank r vector bundles E on S, p-stable with
respect to a fixed ample line bundle L and with given Chern classes ¢; € H*(S,Z) is
irreducible and smooth provided c; > 0. The result is not true for higher dimensional
varieties and it is rather common the existence of moduli spaces of stable vector bundles
on X which are neither irreducible nor smooth. Indeed, in [20] (resp. [2]), L. Ein (resp.
V. Ancona and G. Ottaviani) proved that the minimal number of irreducible components
of the moduli space of rank 2 (resp. rank 3) stable vector bundles on P? (resp. P°) with
fixed ¢; and ¢y going to infinity grows to oco. Inspired in Ein’s result we have proved

Theorem 6.1. Let X be a smooth projective 3-fold, ¢1, H € Pic(X) with H ample and
d € Z. Assume that there exist integers a # 0 and b such that ac; = bH. Let Mx g(c1,d)
be the moduli space of rank 2 vector bundles E on X, p-stable with respect to H with
det(E) = ¢ and co(E)H = d and let m(d) be the number of irreducible components of
Mx p(c1,d). Then liminfi_.om(d) = +oo.

Proof. See [5]; Theorem 0.1. O

As examples of singular moduli spaces of vector bundles on higher dimensional varieties
we have the moduli spaces of mathematical instanton bundles over P?"*! (n > 2) with
second Chern class co =k (k > 3).

Theorem 6.2. For all integers k > 3 and n > 2, the moduli spaces, M Iy, 1(k), of
mathematical instanton bundles over P*" 1 with second Chern class co; = k are singular.

Idea of the proof. Let E be a mathematical instanton bundle on P?"*! with second Chern
class k. Then, E is the cohomology bundle of a monad of the following type (Proposition

5.6):
0 — O(=1)F 072k 01k — 0.
We fix coordinates g, T1, -+ , Tns Yo, Y1, - - » Yn o0 PZ** and we denote by E, the math-
ematical instanton bundle defined as the cohomology bundle of the monad (Proposition
5.6):

where
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To T1 e Iy Yo Y1 cee Yn
Bt L o I1 e Ty Yo U1 v Yn
o X1 ... . Iy Yo Y1 ... e UYn
and
Yn - Y1 Yo —Tpn ... —T1 —Xp
A = Yn Y1 Yo —Tp —Xr1 —X
M, .. .. My My .. .. M N, .. .. N, Ny .. .. N

with M; = (1—u)y;+uy;—1 fori =1,---n, My = (1—u)yo, M = uy,, N; = (u—1)x;—uwz;_1
fori=1,---,n, No = (u—1)xg and N = —uz,.

Ey is a special symplectic instanton bundle on P?"*!. The Zariski tangent space to
M5, 1 (k) at the point corresponding to Ej is isomorphic to the vector space Ext!(Ey, Ey)
and the obstructions to extending an infinitesimal deformation lie in Fxt?(Ey, Ep). From
[70]; Theorem 4.1, we get

dimExt' (Ey, Ey) = 4k(3n — 1) + (2n — 5)(2n — 1)
and, by [57]; Lemma 3.2, we have
dimExt' (Ey—1, Eu=1) < 4k(3n — 1) + (2n — 5)(2n — 1) = dimExt' (Ey, Ep).

Hence, we conclude that the moduli space M I, (k) is singular at the point corresponding
to Ey, which proves what we want.
See [57]; Theorem 3.1 for the details. O

Nevertheless, we will see that for a (d + 1)-dimensional, rational, normal scroll X and
for suitable choice of ¢; € H*(X,Z), i = 1,2, and a fixed ample line bundle L = L(cy, ¢3)
the moduli space Mx 1(2;c1,cs) is a smooth, irreducible, rational, projective variety. To
prove this, we need to fix some more notation.

Take & = @?:0 Opi(a;) with 0 =ap < a3 < ... < aq and ag > 0. Let
X :=P(€) = Proj(Sym(€))—P!

be the projectived vector bundle and let Op(g)(1) be the tautological line bundle. Opg)(1)
defines a birational map

X =PE)-LpY,
where N = d + Z?:o a;. The image of f is a variety Y of dimension d + 1 and minimal

degree (deg(Y) = Z?:o a;) called rational normal scroll. By abusing, we shall also call
to X rational normal scroll.



LECTURES ON MODULI SPACES OF VECTOR BUNDLES ON ALGEBRAIC VARIETIES 39

Let H be the class in Pic(X) associated to the tautological line bundle Op(gy(1) on X
and let F' be the fiber of 7. We have
d
Pie(X)®Z* =< H,F> with H™ = a; H'F=1; F*=0.
i=0
Moreover, a divisor L = aH + bF on X is ample if and only if a > 0 and b > 0. In the
following Lemma we will compute the cohomology groups of line bundles on a P?bundle
X :=P(€) where £ := 69;;1:0 Op1(a;) with 0 =ap < a3 < ... < aq and ag > 0.

Lemma 6.3. With the above notation we have

‘ 0 if —d—1<a<0
HY(X,Ox(aH+bF)) = < H' (P!, SYE) @ Op (b)) ifa>0
HI=Y(PL S 19(E) @ Op1 (=b+ 5 —2)) ifa< —d—1

where s == Y0 a;.
Proof. By the projection formula we have
R'1.Ox(aH + bF) = R'7.Op(¢)(a) ® Op:1 (D)

being R'm,Opg)(a) = 0 for 0 < i < d and all a € Z and R7,Op(gy(a) =0 for a > —d — 1.
Moreover, using the Base Change Theorem we get R'm,.Opg)(a) = 0 for i > d + 1.

Since, R'm,.Ox(aH + bF) = 0 for i > 0 and a > —d — 1, by the degeneration of the
Leray Spectral sequence

H'(P', Rim,Opg)(aH + bF)) = H'V(P(E), Ope)(aH + bF))
we obtain
H'(X,0x(aH +bF)) = H (P!, 7,0x(aH + bF)) for all a > —d — 1

with m,.0x(aH + bF) = S*(€) @ Op1(b) if a > 0 and 0 otherwise. The case a < —d — 1
follows from the case a > 0 and Serre’s duality. Hence, the Lemma is proved. 0

Let E be a rank 2 vector bundle on a (d + 1)-dimensional rational normal scroll X.
Since H*(X,Z) is generated by the classes H and F, and H*(X,Z) is generated by the
classes HF and H?; the Chern classes ¢;(E) € H*(X,Z), i = 1,2 of E may be written
as ¢(E) = aH + bF and ¢(E) = 2H? + yHF with a,b,x,y € Z. Moreover, since a rank
2 vector bundle F on X is u-stable with respect to an ample line bundle L if, and only
if, E® Ox (D) is p-stable with respect to L for any divisor D € Pic(X), we may assume
without loss of generality that ¢ (F) is one of the following: 0, H, F' or H + F.

From now on, X will be a (d+ 1)-dimensional, rational, normal scroll. We will compute
the dimension and prove the irreducibility, smoothness and rationality of the moduli
spaces M (2; ¢y, o) of rank 2 vector bundles F on X with certain Chern classes ¢; and
co; and p-stable with respect to an ample line bundle L closely related to c,. We want to
stress that the ample line bundle L that we choose strongly depends on ¢, and our results
turn to be untrue if we fix ¢;, L and ¢, L?~! goes to infinity. Indeed, for d = 2 and fixed L,
the minimal number of irreducible components of the moduli space M (2; ¢y, c2) of rank
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2, pu-stable vector bundles with respect to L with fixed ¢; and ¢o L going to infinity grows
to infinity (it follows from Theorem 6.1).

Our approach will be to write p-stable with respect to L, rank 2 vector bundles £ on
X, as an extension of two line bundles. A well known result for vector bundles on curves
is that any vector bundle of rank r» > 2, can be written as an extension of lower rank
vector bundles. For higher dimensional varieties we may not be able to get such a nice
result. (For instance, it is not true for vector bundles on X = P"). However it turns to be
true for certain p-stable with respect to L, rank 2 vector bundles £ on rational normal
scrolls. In fact, using this idea we construct big enough families of u-stable with respect
to L, rank 2 vector bundles E on rational normal scrolls.

Construction 6.4. Let X be a (d+ 1)-dimensional, rational, normal scroll, ¢, an integer
such that ¢y > (H*! + d +2)/2 and € € {0,1}. We construct a rank 2 vector bundle E
on X as a non-trivial extension

(6.1) e: 0 — Ox(H —F) — E — Ox((ca + €)F) — 0.
We shall call F the irreducible family of rank two vector bundles constructed in this way.

Lemma 6.5. With the above notation, let L = dH + bF' be an ample divisor on X with
b=2cy— H™ — (1 —¢). For any E € F, we have:

(a) H'E(—(cy +€)F) = 0.

(b) E is a rank two, L-stable vector bundle on X with ¢;(F) = H + €F and cy(F) =
(CQ + E)HF

(c) dimF = h'Ox(H — (2co+ €)F) — 1.

Proof. (a) Using Lemma 6.3 and the hypothesis ¢, > (H* +d+2)/2, we get H'Ox (H —
(2¢2 + €)F) = 0. Now we consider the exact cohomology sequence

0 — HYOx(H — (2c + €)F)) — HY(E(—(cs + €)F)) — H(Ox)—>

HY(Ox(H — (22 + €)F)) — H'(E(—(c2 + €)F)) — H'(Ox) — -
associated to the exact sequence (6.1). Since
H' (Ox(H — (2¢; 4+ €)F)) = Ext'(Ox(c2 + €)F, Ox(H — o F)),
the map
§: H(Ox) — H'(Ox(H — (2¢; + €)F))

given by 6(1) = e is an injection. This fact together with H*(Ox(H — (2¢c2 + €)F)) = 0
gives us HY(E(—(ca + €)F)) = 0.

(b) It is easy to see that for any E € F, ¢;(F) = H + ¢F and c(F) = (ca + ¢)HF.
Let us see that F is L-stable, i.e., for any rank 1 subbundle Ox (D) of E € F we obtain

DIL4 < ﬂ For any subbundle Ox (D) of E we have
(1) Ox(D) — Ox<H — CQF) or (2) OX(D) — OX((CQ + E)F)
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In the first case, D = H — co F' — C' with C' numerically equivalent to an effective divisor.
Hence,
DL = (H — cuF — C)L? < (H — coF)LY = d(H¥™ + b — ¢y)
d*HA 4btre) 1 (E)LY
< 5 = 5 -
Assume Ox (D) — Ox((cy+¢€)F). From (a) we have H'E(—(cy+¢€)F) = 0. Therefore,
D = (co + €)F — " with C" = nH + mF numerically equivalent to a non-zero effective
divisor. Hence,

DL = ((cy + €)F — C") L4

((co+€)F —nH —mF)L4
=d%co+e—2ncy +n(l —e) —m)
c1(E)L? _ d*(2ca42e—1)

2 2

A

if, and only if, —4nce + 2n(1 — €) — 2m < —1. Since C’ is numerically equivalent to a

non-zero effective divisor, we have —m < n(H%! +d) and n > 0 or n = 0 and m > 0. By

hypothesis ¢y > % + 1, therefore —4ncy 4+ 2n(1 — €) —2m < —1 and E is L-stable.
(c) dimF = dimExt'(Ox((ca+€)F),Ox(H—coF))—1 = hOx(H—(2co+¢)F)—1. O

Remark 6.6. The existence of big enough families of indecomposable rank 2 vector
bundles over P4-bundles of arbitrary dimension faces up to Hartshorne’s conjecture on
the non-existence of indecomposable rank 2 vector bundles over projective spaces P,
n > 6 (see [33]).

Now we are ready to state the main result of this section.

Theorem 6.7. Let X be a (d+ 1)-dimensional, rational, normal scroll and cy an integer
such that co > (H™ +d + 2)/2. We fiz the ample divisor L = dH + bF on X with
b=2c— H"' — (1 —¢) and e = 0,1. Then Mp(2; H + €F,(cy + €)HF) is a smooth,
irreducible, rational, projective variety of dimension 2(d+1)co — H¥ +e(d+1) — (d+2).

Sketch of the Proof. We divide proof in several steps.

15t step: We prove that any vector bundle E € My (2; H + €F, (c2 + €)HF) sits in an
exact sequence of the following type

O—>Ox<H—CQF)—>E—>Ox((CQ+E)F)—>O

The key point for proving the 1st step is the fact that any rank two vector bundle
E € Mp(2;H +€F,(ca+€)HF), E(—H + ¢ F) has a section whose scheme of zeros has
codimension > 2 ([10]; Proposition 2.8). Take a non-zero section 0 # s € HE(—H+cyF).
Since,

CoE(—H 4 cyF) = coFE + (H + €F)(—H + cyF) 4+ (—=H + ¢, F)? = 0,
the section s defines an exact sequence
0— Ox(H—cF)— E— Ox((ca+€)F)—0
which proves step 1.

2nd  step: For any vector bundle £ € M (2; H + €F,(cy + ¢)HF), we compute the
dimension of the Zariski tangent space of My (2; H +€F, (co+€)HF') at the point [E] and
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we get

dimTip My (2; H + €F, (co+ €)HF) = 2(d+ 1)es — H™*' + e(d + 1) — (d + 2).
In fact, by deformation theory Tis M (2; H + €F, (¢ + €)HF) = Ext'(E, E). Let us

compute dimFExt'(E, E). We have seen that any £ € My (2; H + €¢F, (c + €)HF) sits in
an extension

e: 0— Ox(H—cF) — FE — Ox((ca+¢)F) — 0.
Applying Hom(., E) to the exact sequence (6.1) we get
(6.2) 0 — H°E(—(cy +€)F)) — Hom(E,E) — H°(E(cyF — H)) —
HY(E(—(cy + €)F)) — Ext'(E,E) — H'(E(cyF — H)) — - -
Now, We consider the exact cohomology sequence
0 — HYOx(H — (2 + €)F)) — HY(E(~(cz + €)F)) — H*(Ox)—
H'(Ox(H — (2c;+ €)F)) — H'(E(—(c; + €)F)) — H'(Ox) — - -~
associated to the exact sequence (6.1). By Lemma 6.5, H*(E(—(cy +¢)F)) = 0. )So, using

0
the fact that H'Ox = 0, we get HY(E(—(cy + €)F)) = HY(Ox(H — (2¢5 + €)F)) — 1.
On the other hand, the exact cohomology sequence

0 — H°Ox — HYE(cyF — H) — H°(Ox((2¢c; + €)F — H)) —
H'Ox — HY(E(cyF — H)) — H*(Ox((2c3+ €)F — H)) — - -
associated to the exact sequence e, gives us h’(E(coF— H) =1 and H'(E(coF — H)) = 0.

Putting altogether, an taking into account that E is L-stable (and therefore simple),
we get

dimExt'(E,E) =hME(—(co+¢)F) — h°E(c;F — H) + dimHom(E, E)
= thx(H — (202 + E)F) —1
=2(d+1)cg — H™ +e(d+1) — (d+2).

3¢ step: We prove that
Mp(2; H + €F,(co + €)HF) 2 P(Ext' (Ox((co + ) F), Ox (H — o F))).

Using Lemma 6.5 and the universal property of the moduli space M (2; H + €F, (co +
€)HF'), we deduce the existence of a morphism

¢: F — Mp(2;H+€F,(co+€)HF)

which is an injection. In fact, assume that there are two non-trivial extensions

0 — Ox(H — CQF)LE&OX((CQ +e)F) — 0,
0 — Ox(H — ch)&EiOX((CQ +e)F) — 0.
Since Hom(Ox(H — coF),Ox((cz + €)F)) = H°Ox(—H + (2c5 + ¢)F) = 0 (Lemma

6.3), we have fyoa; = foas = 0. So, there exists A € Aut(Ox(H —coF')) = k such that
as = aq o X. Therefore, ¢ is an injection. By the first step of the proof, ¢ is surjective.
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In addition, dimF = dimTjp My, (2; H + €F, (co + €)HF) = 2(d + 1)c; — H*™ + e(d +

1) — (d + 2). Therefore, it follows that M (2; H + €¢F, (co + €) HF') is smooth at any point
E of M(2; H + €F, (c; + €)HF') and, moreover,

ML<2; H+ GF, (CQ + E)HF) = P(Extl<Ox((CQ+)F, Ox<H — CQF)).

It follows from the last isomorphism that the moduli space M (2; H + €F, (co + €)HF)
is a smooth, irreducible, rational, projective variety of dimension 2(d+1)cy — H* +e(d+
1) — (d 4 2) which proves what we want. O

Analogously we prove

Theorem 6.8. Let X be a (d+ 1)-dimensional, rational, normal scroll and cy an integer
such that co > H™' +d + 1. We fiz the ample divisor L = dH + bF on X with b =
co — H¥ — (1 —¢€) and e = 0,1. Then My (2;€F, (2cy + €)HF) is a smooth, irreducible,
rational, projective variety of dimension 2(ed + 1)cy — H4 + 2(e — 1) — e(d + 2) HL,

Remark 6.9. Using Bogomolov’s inequality (4cy(E) — ¢i(E)?) - H4™1 > 0, we can see
that the hypothesis 2c > (H*! +d +2) (resp. cg > H¥' +d+2) when ¢;(E) = H +¢F
(resp. ¢1(F) = €F) with € € {0,1} is not too restrictive.

Theorems 6.7 and 6.8 reflect nicely the general philosophy that (at least for suitable
choice of the Chern classes and the ample line bundle) the geometry of the underlying
variety and of the moduli spaces are intimately related. We hope that phenomena of this
sort will be true for other high dimensional varieties.
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7. EXERCISES

During the School Laura Costa will give two exercise sessions where she will make
examples and exercises and she will introduce some topics that are complementary to the
standard lectures. In this section, we collect these exercise sessions.

Exercise 7.1. Show that ¢;(7pn(—1)) =1 for all 1 < n. (Hint: Use Euler sequence).
Exercise 7.2. Compute ¢;(Q4.(2)) and show that ¢, (4. (2)) = 0 if and only if n is odd.

Exercise 7.3. Let E be a vector bundle of rank r on P". Define the discriminant of
by A(E) :=2rcyE — (r —1)c3(E). Show that A(E ® L) = A(FE) for any line bundle L on
Pn.

Exercise 7.4. Let X be a smooth irreducible surface and Z C X a 0-dimensional sub-
scheme of length [. Consider Dy and Dy divisors on X and let £ be the rank 2 vector
bundle on X given by

0— Ox<D1) — K — ]Z(DQ) — 0.
Prove that ¢;(F) = Dy + Dy and co(E) = D1Dy + 1.

Exercise 7.5. (a) Let E be a vector bundle of rank r on a smooth projective variety.
Show that p(S'FE) = tu(F) and u(A'E) = tu(FE).

(b) Let E and F' be vector bundles on a smooth projective variety X of rank e and f,
respectively. Show that ¢;(E ® F) = fei(E) + eci(F).

Exercise 7.6. (Char(k) = 0) Let X be a smooth, irreducible, projective variety and let

H be an ample divisor on X. Show that if F is a torsion free sheaf p-semistable with

respect to H then End(E), A"(E) and S™(E) are again p-semistable with respect to H.
Is it true for locally free-sheaves p — stable with respect H?

Exercise 7.7. A rank r vector bundle on P" is called simple if Hom(F, E) = k. A first

example for a simple vector bundle is the tangent bundle of P (Prove it!). Show that

p-stable bundles are simple. Show that any simple rank 2 vector bundle on P" is p-stable.
Is it true for vector bundles of higher rank?

Exercise 7.8. (Serre’s correspondence)

(a) Let X be a smooth irreducible projective surface, Z = {p1, -+ ,ps} € X a 0-
dimensional subscheme of distinct reduced points and L, L’ line bundles on X. Then,
there exist a rank two vector bundle £ on X given by a non-trivial extension

0—L—F—I;,0L —0

if and only if every section of L™!' ® L’ ® Kx which vanishes at all but one of the p;
vanishes at the remaining point as well. Notice that in this case, Z is the zero locus of a
non-zero global section of F ® L™ (For details see [24]; Section 2, Theorem 12).

(b) Let X be a smooth irreducible projetive variety of dimension n > 3, Y C X a codi-
mension two subscheme and L a line bundle on X such that H*(X, L™') = H*(X, L) =
0. Then, Y occurs as the scheme of zeros of a section of a rank two vector bundle £ on X
with det(E) = L if and only if Y is a locally complete intersection and wy = wx ® Oy ® L.
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In such case, F sits in an exact sequence
0— L — FE — Iy —0.

( See [34]; Theorem 1.1 and Remark 1.1.1 for the rank two case and [80] for a generalization
to the arbitrary rank case).

Exercise 7.9. (Elementary transformations) Let E be a rank r vector bundle on a
smooth irreducible algebraic variety and Z C X a hypersurface. Denote by ¢ : Z — X
the embedding and let F' be a quotient bundle of the restriction ¢*E. Show that there
exists a rank r vector bundle G on X given by the exact sequence

0 —G—FE— i, F—0.
The vector bundle G is called the Elementary Transformation of E along (Z, F).

Exercise 7.10. Let X = P, x P} be a quadric surface and denote by ¢ and m the
standard basis of Pic(X) = Z? Let Z C X a 0-dimensional scheme of length 6 and such
that H°(Iz(21 +m)) = 0. Consider E a rank 2 vector bundle on X given by a non-trivial
extension

0 — Ox(—l) — E — Iz(l4+m) — 0.

Prove:
(a) c1(F) =m and cy(F) = 5.
(b) WO(E(D) = 1.
(c) E is simple

Exercise 7.11. Let E be a rank 2 vector bundle on P? associated to a curve Y C P2, so
we have an exact sequence

0 — Ops(—c1(E)) — E(—1(E)) — Iy — 0.

Show that E is p-stable (resp. p-semistable) if and only if ¢1(E) > 0 (resp. ¢ (E) > 0)

and Y is not contained in any surface of degree < LQE) (resp. < @)

Exercise 7.12. Fix integers a; > as > --- > ax and by > by > --- > b,y such that
ay < bpi1, ag < bpyo, -+, ap < byik. Let E be a rank n vector bundle on P” sitting in an
exact sequence
0 — @1 0pn(a;) — @ Opn(b;) — E — 0.

Show that the following conditions are equivalent

(a) E is p-stable,

(b) HY(P", E(m)) = 0 for m < —u(F),

() b < p(E) = ()7 by — X0y ai)/n,

(d) HY(P", A?E(m)) =0 for all m < —qu(E), 1 < q¢<n—1.

Exercise 7.13. Let E be a rank r vector bundle on a smooth irreducible surface X with
c1(E) = 0. Using the Hirzebruch-Riemman-Roch Theorem prove that

A E r—+1
( )n— + terms of lower order in n.

R S (]
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Exercise 7.14. Let X = P, x P}, be a quadric surface and denote by ¢ and m the standard
basis of Pic(X) = Z?. Consider the ample line bundles Ly = ¢ + 11m, L; = £ + 9m and
Ly =0+ 7m on X. Prove:

(1) MX,L0(2; €7 5) = ®7

(i) Mx 1,(2;¢,5) =P and

(iii) Mx 1,(2;¢,5) is a non-empty open subset of P!7 of codimension 2.

Exercise 7.15. Prove the following statements:

(a) There exists a rank 2 stable vector bundle £ on P? with ¢;(E) = —1 and ¢3(F) = ¢y
if and only if co > 1.

(b) There exists a rank 2 stable vector bundle E on P? with ¢;(E) = 0 and ¢3(F) = ¢y
if and only if co > 2.

Exercise 7.16. Prove that any instanton bundle E on P?"*! is simple.

(Hint: Let 0 — O(—l)kLOZ””kLO(l)k — 0 be the monad associated to E. Apply
Hoppe’s criterion to see that K = Ker(f3) is stable and hence simple. Then prove that
hW(E ® E*) < h'(K @ K*)).
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8. OPEN PROBLEMS
In this section we collect the open problems that were mentioned in the preceding
sections, and add some more.
1. Is Mp2(r;cq, o) rational?
2. What is the maximal dimension of a complete subvariety S C Mp2(2; ¢y, ¢o)?
3. Are the moduli spaces M Ips(k) non-singular, irreducible and rational?
4

. Investigate the behavior of (semi-)stable vector bundles on P under restriction to
hyperplanes.

5. Estimates of Chern classes of rank r, u-semistable vector bundles on P". Even
more, which Chern classes ¢; € H*(X,Z) are realized by rank r, u-(semi-)stable
vector bundles £/ on a smooth projective variety X7

6. Let E be a vector bundle on P" such that for some k, 0 < k < n, h'E(x) = 0 for
0 <i<n with i # k, H*E(x) # 0. Does it follows that rk(E) > (})?

7. Let X be a smooth, irreducible, projective surface and let H be an ample divisor
on X. Denote by Mx g (r; L,n) (resp. Mx z(r; L,n)) the moduli space of rank 7,
vector bundles (resp. torsion free sheaves) E on X, u-stable (resp. GM-semistable)
with respect to H with det(E) = L € Pic(X) and c2(E) =n € Z.
(a) Assume that X is of general type. Is Mx g (r; L,n) of general type?.
(b) Assume Kod(X) = 1. Isit true that dimMx g (r; L,n) = 2Kod(Mx g (r; L,n))?.

8. The bigger n — r is the more difficult it becomes to find rank r vector bundles on
P". For which n and r are there indecomposable rank r vector bundles on P"?

9. Investigate the stability of a mathematical instanton bundle £ on P?"*! with
quantum number & (It remains an open problem when k& > 2 and n > 3 ).
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APPENDIX A. CHERN CLASSES

In this appendix we will outline the theory of Chern classes. All the details can be
found in [30] and [35].

Let X be a smooth irreducible projective variety of dimension n. By a cycle on X we
mean an element of the free abelian group generated by all closed irreducible subvarieties
of X. If all the components of a cycle have codimension r, we say that the cycle has
codimension r. It is possible to introduce an equivalence relation, called rational equiv-
alence, on codimension r-cycles which coincides with linear equivalence for » = 1. The
group of equivalence classes is denoted by A"(X). There exists an intersection pairing
A"(X) x A%(X) — A™5(X) making

A(X) = @ A'(X)
into a commutative graded ring, called the Chow ring of X.
Example A.1. If X =P" then

A(X) = Z[h]/ (™)

where h € A'(X) is the class of a hyperplane.

If £ is a vector bundle on X, we can define certain classes, called the Chern classes of
E: ¢(F) € A%(X), 0 < s <n with ¢g(F) =1 and ¢5(E) = 0 for s > rank(FE).
By the total Chern class of E we mean

c(BE)y=14c1(E)+cE)+ - +cu(F) € A(X)
and by the Chern polynomial we mean
c(E) =14 c1(EDt + co( ) + -+ + cp(E)t".

One can show that this theory of Chern classes is uniquely determined by the following
three properties:

(C1) If £ is a line bundle on X, then it is of the form £ = Ox (D) for some divisor D
on X and then ¢;(L) is the class of D in A'(X).

(C2) If

0—-F—-F—-G—0

is an exact sequence of vector bundles then ¢;(F) = ¢;(E) - ¢:(G).

(C3) If f: X — Y is a morphism and E a vector bundle on Y then

(f*E) = fre(B).

There are also formalisms for computing the Chern classes of exterior powers, tensor
product, etc.

Example A.2. If X = P" then A(X) = Z[h]/(h""!) =2 Z and we can view the Chern
classes of a vector bundle E over P" as integers.

Example A.3. If E is a coherent sheaf of rank » > 0 on a non-singular projective variety

X of dimension n and L is a line bundle on X then

w(B@L) =Y (Z - z) ci(E)L*.

=0
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Riemann-Roch’s theorem allows to express the Euler characteristic of a coherent sheaf
in terms of its Chern classes. In particular, we have the following useful formula

Theorem A.4. Let E be a torsion free sheaf of rank r > 0 on a smooth projective surface
X. Let ¢; and cy be the Chern classes of E. Then,

2
X(E) =Y (~1)'dimH' (X, E) = r(1 + p(X)) —

i=0
where K denotes the class of the canonical line bundle on X.

aK n c% — 2¢9
2 2
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