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AN EXTENSION TO FIELDS
OF POSITIVE CHARACTERISTIC OF MATHER’S CONSTRUCTION
OF THE THOM-BOARDMAN SEQUENCE (")

By OrLANDO E. VILLAMAYOR (h)

0. Introduction

In [3] J. Mather gives the relation between the numbers introduced by Thom in [7]
and certain numbers that he obtains for an ideal in the power series ring on n indeter-
minates over a field k of characteristic zero.

The main tool in this direction is the concept of Jacobian extension of ideals.

Also Mount and Villamayor have introduced this concept in [6] making use of the
Fitting invariant theory ([2], [4]).

The object of this work is to extend the numbers associated by Mather for a given
ideal I < k [[xy, ..., x,]] where k is now a field of positive characteristic.

So the first concept to extend was the one of Jacobian extension of ideals and this was
possible making use of the Fitting ideals [6] corresponding to the ‘higher order differen-
tials *°, and certain operators introduced by Dieudonné in [1].

1. Modules of differentials [8]

In this work ring or k-algebra will mean unitary and commutative.

1.1. Given a k-algebra A we define ® : AxA — A ® (a, b) = a.b which is k-bilinear
so there is a well defined linear morphism ® such that the diagram

AxA — A

commutes.

(*) This work was partially supported by a fellowship of the Consejo Nacional de Investigaciones
Cientificas Técnicas (Argentina).
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2 0. E. VILLAMAYOR

Let I (A/k) be the kernel of ®. If we give to A ® A the natural structure of a left

k
A-module the ideal I(A/k) is generated (as a submodule) by {1 ® a—a ® l/ae A }.
In fact given x e I (A/k) :

x=3 a;®b; and ®(x)= ) a;b;=0,
i=1 i=1
x=x—0=2‘(ai® bi)_(zi:aibi)®1

=a,®b—a;b;®1=Ya,(1®b—b;Q1).
1 i
Q.E.D.
We define now T, : A—I(A/k) by T, (a) =1 ® a—a ® 1 which has the following
properties:

(@) T, (1) =0;

(i) T, is k-linear;

(iii) Ty (a.b) = a Ty (b) +b T; (@) + Ty (@) T; (B).

The application T, will be called the universal Taylor k-map. If B is an A-algebra
a map L: A — B which has properties (i), (ii) and (iii) will be called a Taylor k-map.

PrOPERTY 1.1. — Given A, B k-algebras and L: A — B a Taylor k-map, then there
is one and only one A-algebra morphism F: I (A/k) — B such that F- T, = L ([5]).

LEMMA 1.2. — If ®: A — M is a k-linear morphism from a k-algebra A to an A-module
M such that ® (1) = 0, then there is one and only one A-morphism 0: I (A/k) — M such
that 0o T = @.

Proof. — First of all let us show that A® A = A (1 ® 1) @ I (A/k) direct sum of
: k A

left A-modules.

The map T, : A — I (A/k) can be extended to an A-linearmap 1, @ T,: A ® A —1(A/k)
where (1, ® T)) (@ @ b) = a T, (b). And 1, ® T, is a natural projection of A-modules,
in fact I (A/k) is generated as an A-module by the set {1 ® a—a ® 1/a€ A } and

(1a®TH(1®b-b®1) = 1T, (b)—bTi(1) = Ty (b).
On the other hand whenever ye A ® A:
y=2a®b=2a(10b-b@)+Ya;b®1
i=1 i i
= ZaiTk(bi)+(Z a;b)(1®1)

as it was to be shown.
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THOM-BOARDMAN SEQUENCE 3
Given ®: A — M k-linear we extend to 1,  ®: A A—-M
1, ®D)(a®b) =a. @(O).

The condition ® (1) = 0 assures that (1 ® ®) (1 ® 1) = 0 then 1 ® @ is A-linear and
factorizes through I (A/k).

Q.E.D.

Let R be a ring, {4y, ..., a, } a set of elements of R we will denote

A A

a; ... a;...4a; ...

r

a, = H ak.
k#iy ouir

DEerFINITION 1.3. — Given R and % rings, R a k-algebfé and M an R-module. An
n-derivation or derivation of order n, k-linear from R to M will be a k-linear L, which
verifies:

(i) for any set {ag, ..., o, } = R:

L,,(ao...a,,)=_§1(—1)'“( Y oy eee o L0 O B, );

J1< «e <Jji

(i) L, (1) =0.
Given the map T,: R — I (R/k) defined in 1.1 we will denote

D" (R/k) = I (R/k)/I (R/ky"**
and by T}, or simply T the map p o T, p the natural projection from I (R/k) to D" (R/k).

THEOREM 1.4. — Let R, k be rings, M a R-module R a k-algebra and L: R - M a
k-linear derivation of order n. The k-linear map T*: R — D" (R/k) (def. 1.3) is a k-linear
derivation of order n and there is a unique R-linear morphism h: D" (R/k) — M such that
hoT" =L.

Conversely, if h: D" (R/k) — M is an R-linear morphism then h - T*: R — M is a k-linear
derivation of order n.

. Proof. — First of all let us show by induction on n that given a set { xo, ..., x, } in R
and { T, (xo), ..., Ty (x,) } in I (R/k) we have

n

Tk(xo)...Tk(xn)= Z(_l)i Z ‘le...xjiTk(xo...;le...%j‘...x,,)
Ji

i=0 J1<..<

ifn=1; T, (x0 x1)—x0 Ti (x1) —x1 Ty (x0) = Ty (x,). - Ti (x0) by definition.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



4 0. E. VILLAMAYOR

If the formula is valid for n:

Ti(xo) - - - Tie(xn)- Tic (xps 1)

SDICHD)

e <Ji

xh . XJ‘T(X(), .

)

J1<g... <Ji

A

= ¥ (-1
i=0

_(xo .« e le “oe )'Ej' oo x")T(x"+1)_x"+1Tk(xo “ e

n+1

ces Xj e

Xj oo X5, [Te(xo .- . X;

~ ~
cXj e Xy

cXj e X)) T (X4 )

~

Lo Xy Xg Xptq)
Xjyooo Xgen X))

e Xy e Xjy e Xy q)

< Xpt1)

= Z (_l)i Z x.h...xj‘Tk(xo..
i=0 J1< e <Jji
-2 (=1 Z X -+ Xy Te(Xp41)
i=0 J1< ..o <ji
n+1 ;
= .2;)(—1) ) <Z . Xjy oo %, T(Xo ..
i= 1< ooa 1
since:
X (-0 X
i=0 J1< «ea <ji i=

and T (xp) ... T(x,) = 0in D*(R/k) so

)

J1< .o <ji

T:(xo...x,)=i=zl(—1)“‘

Let L: R — M be a k-linear derivation of order n.

one morphism A*: I(R/k) - M of R-modules
the proof we note that 4* is zero on I (R/k)"*1:

B*(T(xo) . .. T(x,)

=h*(i=io(—1)‘_ ¥

J1< o <Ji

le ...xji

Xjgo-

Xj, o0 X,

L(xg...Xj ...

1= (—1)‘(’;)=(1—1)"=0

5P TN Y{C 7 TR P 3 )

By Lemma 1.2 there is one and only
such that A* o T, = L. To complete

because L is a k-linear derivation of order n (Def. 1.3).

CoOROLLARY 1.4. — The pair (T}, D" (R/k)) is well defined (up to isomorphisms) with

the properties of Theorem 1.4.

1.5. If R is a local ring with radical M then the R-module

D"(R/K)/ () M"D" (R/k) = D" (R/K)

neN

is separated in the M-adic topology.
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THOM-BOARDMAN SEQUENCE 5

Let 0: D" (R/k) — Dr (R/k) be the natural projection 6 T} = ”f; is obviously a k-linear
derivation of order » and a pair (’f‘;", Dr (R/k)) is universal with the properties of
Theorem 1.4 if we restrict ourselves to the subcategory of separated modules in the M-adic
topology [8].

Note 1.6. — Let A, B be k-algebras, a k-algebra morphism A: A — B gives B a struc-
ture of A-algebra and D" (B/k) becomes an A-module.

Since Ty, is a k-linear derivation of order » there is a unique A-module morphism d (\)
such that the diagram

A—— B

| =

D" (A/k) ~B D" (B/K)
commutes.
An analogous proof will show that given A, B local k-algebras and A: A — B a local
morphism of k-algebras there will be a morphism d ): Dr (Alk) — Dr (B/k) such that
the diagram

A—k—>B

?;:l lfz

D" (A/k) B D" (B/k)
commutes.

PROPOSITION 1.7. — In the conditions of Note 1.6, given the diagram

A—" B

| |

B® D"(A/k) — D"(B/k)>C -0
A

with a commutative square and a lower exact row, then (p o Ty, C) ~ (T}, D" (B/A)) in
the sense of Corollary 1.4.

Proof. — Let A: B— M an A-linear derivation of order » in a B-module M, since A
is a k-algebra morphism A becomes k-linear because it is A-linear, so there is one and
only one morphism of B-modules y such that the diagram

B M

™ // .

D"(B/k)
commutes.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE 2



6 0. E. VILLAMAYOR

By hypothesis
AA(@) =0, VaeA, y@dMT(@)=7Tc(RA(@)=AL()=0, VaeA,

so Image d (A) < kernel y and vy factorizes by C.

The unicity becomes because p is an epimorphism, in fact if ¥ and y’ are B-module
morphisms form C to M and:

YopoT; =y opoT; = A and by the universal property of D" (B/k);
Yop =7 op soy =7 because p is an epimorphism.

PROPOSITION 1.8. — Given a multiplicative system S of a k-algebra R, then:

D"(R,/k) ~ R, ® D" (R/k).
R

2. Modules of higher order differentials for the ring
of power series in n-variables over a field k

2.1. Dieudonné has pointed out in [1] that given the ring k [[x]] of series on one inde-
terminate over a field k£ and f (x) € k [[x]] then: f(x+Y) = T f (x) where T f(x) is the
Taylor expansion on the variable Y. Let us say that if we develop f (x+Y) we obtain

fa+Y) =Y A ()Y

i20

If the characteristic of k is zero then it is well known that

18 f(x)

it é'x

'
A (X)) =

But whenever the characteristic of £k = p = 0 then i! = 0 for any i = p and the operator
00" x is also trivial.

However these operators Aj are always well defined and if we take A, = A} for
t=p°e =0, given ne N:

n=dota; pt...+0,p, 05<p,
for some r, we have
A=A . LL AT AR,
the product denoting the composition of operators [1].
The operator A, has the following properties (e = 0):

(i) In the restriction to the subring k [[F® (x)]] of formal series it acts as 9/0F° (x);
@) If fek[[F°(x)]] and g€k [[x]]:

A.(f.8) = fA.(9)+gA.(f).

4¢ SERIE — TOME 11 — 1978 — N° 1



THOM-BOARDMAN SEQUENCE 7

F denotes here the Frobenious morphism F (x) = x? and F° means the composition
of the operator e-times.

Given a local regular k-algebra R with maximal ideal M we will denote R* the comple-
tion of R in the M-adic topology.

Suppose A: R — N is a k-linear derivation of order n (1.3) on a complete separated
R-module N.

PROPOSITION 2.2. — Under the above conditions the derivation A of order n can be
extended to a k-linear derivation of order n A: R* — N.

Proof. —: The k-linear derivation A of order » is continuous in the M-adic topology, in
fact given {mg, ..., m, } =« M:

Amg...m)= Y (=" Y my...mA(mg...m; ...mj...m,)
i=1 < <i
so A(mg ... m,) =« MN and A (M"*!) =« MN.

Let 7* be an element of R* and {r,} =R, r,—r* we will define

A(r) =lim A(r,),

neN

which is well defined because A is continuous and N is a complete separated R-module.
Given a set {r§, ...,r¥} cR* and {ri/k 20} <R,i=0,...,n such that
ri — rf then:

A(ré ... rH=A(imr) ... 7]
k

n
=lim Y, (=1t Y rft A D)
k i=1 J1< ... <ji

M=

1 N n
(—1) Y PN TRAGE . T,
1 J1< .. <Jji

i

so A: R* — N becomes obviously a k-linear derivation of order n.

PROPOSITION 2.3. — The natural inclusion i: R — R* gives the following commutative
diagram (Note 1.6):

R——R*

nl l-r'.:

R* ® D" (R/k) —=3 D" (R*/k).

If D (R/k) is a finitely generated R-module then 1 ® d (i) splits.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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8 0. E. VILLAMAYOR

Proof. — Since Dr (R/k) is a finitely generated R-module then R* ® Dr (R/k) will be
R
a completely separated R-module so there is D: R* — R* ® D* (R/k) such that
R R
Doi=T". Now by the universal property of D" (R*/k) there is a R*-linear morphism

y: D"(R*/k)—>R*® D"(R/k),
such that D = y T}.
We will show that v (1 ® d(i)) = identity of R* ® D (R/k).
R

v and 1 ® d(i) are R*-linear and R* ® D" (R/k) is generated over R* by the set
{1®T"(HeR}. We can show that [y(1 @ d())](1 @ T* (")) = 1 @ T (r) in fact:

1®d@).T"=Ti yA@dM)ART'N=yTi(() =D()=1Q@T"(7).
QE.D.

2.4. Let us take A = k[x,, ..., X,], a polynomial ring with »n indeterminates over a
ring k and go back to the definition of I (A/k) and T,: A—I(A/k) of 1.1:

ARA~K[Xy, ..os Xps Y15 « -5 Vu)s
k

where x; ® 1 corresponds to x; and 1 ® x; to y; so T, (x;) = x;—y;.

PropoSITION 2.5. — (i) If x belongs to A, a k-algebra and T,: A —1(A/k) is the
universal Taylor map (1.1) then: T, (x™) = (x+T, (x))"—x" in A ® A (where x means
R

x® 1.

Proof. — In fact a— a+T (@) =1 ® a is a ring homomorphism, so
a"+T(@") =(a+T(a) and T(a")=(a+T(a))"-a"

(ii) On the conditions of the last proposition if { x,, ..., x, } are r elements of A then
for nonnegative integers a,, ..., o,:

TP ... %) =0 +Tx)™ ... (x,+Tx)"—x3...x"
Proof. — Again, since a — a+T (a) is a ring homomorphism
T ox)+x Xy =0 +Tx)™. .. (x,+Tx,)
as was to be shown.

COROLLARY 2.6. — Taking A =k(x,, ..., x,] the ring of polynomials in n-indeter-
minates over a field k then the universal Taylor map:

Te: A—ok[Xy ooos Xn V15 oo o5 Val

4¢ SERIE — TOME 11 — 1978 — ~N° 1



THOM-BOARDMAN SEQUENCE 9

satisfies
. Tk(f(xl’ RS xn)) = f(xl +Tx1’ ey x,,+Tx,,)—f(x1, ey xn)
in
AQAXK[Xy, ..oy Xy Yio s Vul-
k

2.7. Since T (x;) = x;—y;i =1, ...,n is an algebraically independent set over the
subring k [xy, ..., x,] of k[xy, ..., X,, Y1, ..., ¥,] then by the last corollary and 1.1
we can assure that the module I(A/k) is freely generated by the monomials in
{Txy...,Tx,}andif N*=NuU {0}.

Te(f (x5 - - -5 X))

= z A, -« a(m).(N)-(Tx)* D (Tx) @,
(@ (1), ....a(n)) e (N*)»

where A (a0 (1), ..., a (n)) (f) is obviously zero for almost all (o (1), ..., & (n)) € (N*)".
(This was introduced in 2.1 [1].)

COROLLARY 2.7. — Given A in the above conditions then D" (Alk) = 1 (A/k)/I (AJk)"*?
is the A-module freely generated by the image of the set

(T3 T®a()+... +a(m) Sr}
with dual base

{y@@)...a@)/a@)+...+am@=r}
and

Y@, ..., a@)Te=A(x(D), ..., a(n)).

Ifwetake R = k[xy, ..., x,] , M = (x4, ..., X,) the localization of the ring of polyno-
mials in n variables over k on the complement of M, the completion of R in the M-adic
topology will be

R*=k[[xy, ..., x,]]
the formal power series in n variables over k.
PropoSITION 2.8 ([9] Lemma 4.7). — Under the above conditions
D" (R*/k) ~ R* ®g D" (R/k).

Proof. — D" (R/k) is finitely generated by Corollary 2.7 and Proposition 1.8 so
D" (R/k) = D" (R/k).

Applying now Proposition 2.3: D (R*/k) ~ R* @, D* (R/k) @ N for some R*-sub-
module N.

If y: D (R*/k) > P is a R*linear morphism of separated modules and if
R* ®z D" (R/k) — ker vy then y corresponds to a k-linear derivation of order n, A:
R*—Pfor A =7.Tjso A(i(r)) =0if reR,i: R— R* the natural inclusion.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



10 0. E. VILLAMAYOR

Since A is continuous then A is the zero operator and so is y. Let d(i):

R* ® D" (R/k) — D" (R*/k)
be the natural inclusion and
p: D'R¥K)->N,
the natural projection.
We showed above that given any separated R*-module P and a R*-linear map

y: D"(R*k)—P

such that yod (i) = 0, then vy = 0.
Since pod (i) =0, then p =0, so N = 0 as was to be shown.

3. Jacobian extensions

3.1. Let us consider a finitely generated A-module M and the following exact sequence

0— R — A" % M — 0 where R is the set of n-tuples such that their image by ¢ is zero.
We can form a matrix whose rows are vectors that generate R as A-module, and for any
natural number s; 1 £ 5 < n we define f; M) = { det (M,) > ideal generated by deter-
minants of M,, where M, runs over all (n—s+1) X (n—s+1) sub-matrices we can obtain
from that matrix. And f,(M) = A if # > n.

Fitting [2] shows that these ideals are independent of the solution given before.

n
3.1.1. Let {v;, ..., v, } = A" such that )’ Av; = A"and {v;,...,v,} =R.
i=1

If
n B
p: A"—’ Z ;Av,-zA"-'
i=r+1
is the natural projection then 0 —p (R) - A""— M — 0 is also an exact sequence.

Given a prime ideal P = A the rank of M, is s if and only if j;(M) < P and
for1 (M) & P, it can be immediately proved that

fs(M)  f,(M) whenever s < t.

The ideals f, (M) will be called Fitting ideals.
If A is a local ring we will denote by f (M) the biggest proper Fitting ideal. .

3.1.2. If A is a local ring I = rad (A) and R < IA” then f (M) is the ideal generated
by the coefficients of the n-tuples that belong to R, i. e. f(M) = f, (M).

In what follows A = k [[x,, .. . x,]] will be the formal power series in n independent
variables over a perfect field k of characteristic p > 0, F as before will be the Frobemous
morphism, F (a) = a”. : :

M = rad (A) and R.S.P. will mean a regular system of parameters.

4° SERIE — TOME 11 — 1978 — ~N° 1



THOM-BOARDMAN SEQUENCE 11

An ideal will always mean a proper ideal and rank of an ideal I will mean
dim, (I+M?2)/M2,

LeMMA 3.2. — Given an ideal I < k [[yy, ..., y,]] = A generated by a set

{y17 ey ys}UB, 0§S§n, Bck[[yj]]j>s(k[[ys+1’ ey yn]])’
then:

Ink[[y]]i>s=Bk[[y;]]i>s

Proof. — If we consider the isomorphism o = 0

k[[yj]]j>s'i)Alk[[yls HERE) yn]]/(.yl, ] ys>'

Since <y, ..., ¥s» = I we can identify I nk[[y;]];>s with 6 (D) = B.k[[;1];>s
as was to be shown.

LemMA 3.3. — Ifanideall < A admits a set of generators B < k [[F (xy), ..., F (x,)]]
then:

IAK[[FGxy), .. FG)]] = B.k[[F&), - .., FGx)]]-
Proof. — Suppose Z hifiek[[F(xy, ..., F(x)]], h;eB, fieA. Since A is a
free finitely generated k [[F (x1), ..., F(x,)]]-module with basis:

{x*=x7...xp a=(0y, ..., %) 0o, < p}

let ‘
fi=Yaux"a,ek[[F(x), ..., F(x)]], Eilh,-fs =2 X ha)x

SO
Yhat=0 of a#(,...,00=0 and Y hfi=) hab.
Q.E.D.
COROLLARY 3.4. — Let A =k [[yy, ..., ya]] and an ideal

I=<y1, e ys(0)>+<F(y1)9 ""F(ys(1)>+"'+<Fe(yl)s L) Fe(ys(e) )>

+{(B)s(O)=s()=...=s(¢) and Bck[[FW)]li>se
then:

Lak[[F)]liss@ = B-k[[F* Gn]iss o
Proof. — By induction on e.
For e = 0 it was proved in Lemma 3.2. k= k+1.
Let
I=Cy1 o0 Vst +<CFG0), -, FE00) )
+CF Uy, o B e ) > (B,

s@Oss()= ... Ss(k)<s(k+1)  and B k[[F"'n]lssar1)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUEPRIEURE



12 0. E. VILLAMAYOR

By hypothesis

I r\k[[Fk(y;)]]jN(k)
={F*"' 0rw+1)s - F Osaer ) FUBYE[[F O] 50 0
by Lemma 3.3:

A N k[[F* 0PIl sa) 0 k[[F 01550
= {{ | (ys(k)+1)’ cees | (s (k+ 1))} vB } N [[Fk“ (yj)]]j>s(k)'

Now by Lemma 3.2

[{{Fk+1(ys(k)+l)’ cees Fk“(}’s(kﬂ))} UB}k[[Fk+1(yj)]]j>s(k)]
A k[[F p]ss aer 1y = Bk [[FF )]s aer 1)

as it was to be shown.

LeMMA 3.5. — If I < A is an ideal in the conditions of Corollary 3.4 then

I nk[[Fc(yl)s LR ] Fe(yn)]] = <Fe(y1)’ LI ] Fe(ys(e))>+<B>
(the ideals generated in the subring k [[F¢(»y), ..., FE(»)]D.
Proof. — Clearly

<Fe(yl)’ RS Fe(yx(e))> cl n k[[Fe()ﬁ), RS Fe(yn)]]
if
SELAk[[F ), - .., FFO]]
then

f=r+f, F edFe (), s F () f"eInk[[F‘yj]]j>s(e)=Bk[[Feyj]]Ps(e)
by Corollary 3.4.

We will say that an ideal I = A = k [[xy, ..., x,]] is closed by the action of the deri-
vations if it has the following property: 0 f/ox; eIV fel,i=1, ..., n.

LEMMA 3.6. — An ideal I = A is closed by the action of the derivations if and only if
it admits a family of generators in the subring k [[F (x,), ..., F (x,)]]-
Proof. — Since the sufficient condition is trivial we will show the necessity.
Let PcZ', P={a=(,...,%)0So;,<p,i=1...,n} we have already
pointed out that A is a free k [[F (xy), ..., F (x,)]]-module with basis
{x*=xpx3 ... 5" o =(, ..., 9)eP}

if feLf=Y a,x*a,€k[[F(xy), ..., F(x,)]], there is o € F such that

aeF
0 |o]=2a; < |ag| if g, # 0;
(i) a,, # 0,

4° SERIE — TOME 11 — 1978 — N° 1



THOM-BOARDMAN SEQUENCE 13

if ¢y = (B, ..., B,) it can be shown that

o Pt o TIBn
[5;] ...[ax ] f=p'oplae 50 a,el:
1 n

and since F is finite we can assure that g, eIVaeF,

PROPOSITION 3.7.. — Given any ideal 1 — A there is a regular system of parameters
(R.S.P.) {y1, ..., yn } Such that

I={yi s Vs HFW)s - s FOsa) D+ - -
+{F 0 s FO (5 0) > H(BYs(0) Ss() S ... S5(e),
B crad (k[[FC(y)]]>s )’

Proof. — It is enough to show that for any ideal the proposition is true taking e = 0.
Let {1, ..., ¥s ) } = I such that {y, ..., ¥, )} is a base of the k-vector space

I+M*)/M?%, M =rad (A). {yy, -..5 s (o) } Can now be extended to a set of generators
of I taking a set B = (kK [[¥;]]j>s (o) Since rank I = s5,, we can take
B crad(k [[yf:l]j>s (0))2-
Given an ideal I in the conditions of Proposition 3.7 we will denote

Y={{y 02} {s0),....,5(};B}.

DEFINITION. — Given an ideal I and Y in the above conditions

0g .
FM={(1 y B, .
0 < 8 ;>s<e)>

PROPOSITION 3.8. — In the above conditions if 1 =38} (I) then B can be chosen in
rad (k [[Fe+1 (}’j)]]j >s (e))' ‘
Proof. — If I = &2 (I) then: for any geB, r > s(e):

0g
oF¢(y,)

el nk[[F*Wp]lj>s@ = BE[[F e(yj)]]jn(e) (Cor. 3.4)

but B.k [[F°(¥;)]]j>s () closed by the derivations means that B’ can be taken in
rad (k [[F** (;)1];>s o) Such that ,

B . k[[F p]li>s@ =BE[[F G)]li>s @ =T 0 k[[FW)]li>s oy
(Lemma 3.6). - ’

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE . - SR 2



14 0. E. VILLAMAYOR
CoROLLARY 3.9. — If 1 =2082(1) then there is a new set Y ={{y}, ...,y };
{sQ),....,5€+)}; B}, {y,....,»,} an RS.P.;

50 =<... =5 (e+]),B crad(k [[Fe+1 (yj)]])j>s (e+1))2
such that '

I=<Y1 - s sy ) +<F QD - 5 FOsa) >+ -
+<{F°(y1), cees Fe(J’;(e))>+<Fe+l(y'1), cees Fe+1(}’.;(e+1))>+<B'>-

Proof. — In fact since B can be chosen in rad (k [[F*** (»)]];>,() (Prop. 3.8)
then there is a number s (e+1) = s (e) such that

Bk[[Fe+1(yj)]]j>s(e) = {Fe+1(ys(e)+1)’ cees Fer! (s (e+1))} k[[Fe+1(yj)J]j>s(e)
+B k[[F )]s ey
and B’ < rad (k [[F*** (11> e+1))>- (Prop, 3.7 applied to

BE[[F  5)]1] j>s @<= k[[F " 0)])i>s er
NOTATION. — Let Q (¢) be D" (A/K) if n = p®(e = 0) (1.5),

THEOREM 3.10. — Given I = A an ideal and a system of parameters { Vis « - s y,,}
such that

I=<y1’- - 3YVs(0) >+<F(yl)’ . -’F(ys(l))>+ s +<Fe(y1)" . '7Fe(ys(e))> ot
+(B), SO S s S ... S 5()B < rad (k[[F* 7)]] s )’

then:

R0 fMﬂ@Q@MD=< _of

rr ) , fel, J>s(e)>

(ii) 7 (A/1® Q(e)/AL) = < ; a,(; 5 geB,'j>s(e)>.

Where Al is the submodule generated by the elements {1 ® Tf/ f eI} and T:
A—D" (A/k) is the natural derlvatlon

Proof, — By induction on e € Z e =70

Given an ideal a = A and a regular system of parameters { Y1s - -+ Vo } such that
a = <y1’ ) ys 0) >+< B> Bc rad (k [[yj]])j>s 0) then

{Ty, . s Ty 0} < Aa = D! (A/k) = Q (0)

the hypothesis assures that (9 f/dy;) (0, ..., 0) = O for any fea, j > 5(0), So we know
that .

f(A/a®Q(0)/Aa)=<a,;l,feaj>s(0)> (3.1.1, 3.1.2).
Vi

4° SERIE — TOME 11 — 1978 — N° 1



THOM-BOARDMAN SEQUENCE 15

On the other hand, given gea, feA, T (fog) =fTg+gTf where T: A— Q(0)
is the natural derivation, so given any family G of generators for a then

G={1®TggeG}

is a family of generators for the submodule Aain A/a ® Q (0) and using Fitting theory (3.1):

f(Ala ® Q(0)jAa) = <a, ;Egij > s(0)> .
Vi

k=k+1.

Since the natural derivation T: A — D" (A/k) satisfies
T(fg) =fTg+gTf+Tf.Tgif n=2,

then given an ideal I = A the A-submodule of A/I ® D (A/k) generated by the family

{1 ® Th/hel} is also an ideal in the n-truncated algebra D" (A/k). In fact given g el

and feA, T(g).T(f) =—gTf.—fTg+T(f.g) so
(1®Tg).A®TH)=-f@Tg+1@T(f.g) in A/I®D"(A/K),

where both g and g.f belong to I,
Now let I = A be an ideal such that

I=<{y1 o s Y52 +FQ, . Fysa) D>+ - .. +{F*" 1 (yy), ..., Fk+1()’s(k+1))>
+<(B), s =s(D)=... Ss(k)=s(k+1),Bc rad(k[[Fk+1(yj)]]j>s(k+1))2'

For every t, 0 <t < k+1 we have
I=<yp s Vs @2+ FO)s - FOsa) >+ .. +CF' 00, oo s F (5 () >+ <B; )

where B, < rad (k [[F*** (¥))]];>« () S0 combining (i) and (ii) of the inductive hypothesis
we have

of
oF'y;

J

(A) el, Vfel, j>s, t=0, ... k

On the other hand we have an ideal, E of the p**! 4 1-truncated algebra Q (k +1),

E=C(Tyy ..oy Tys) 2 +TF (), .. s TE(¥51y)>
+ .. +<{TF* Y (yy), ..., TFk+1(ys(k+1))> < AL
We will consider as a base of Q () the monomials on {Tyy ..., Ty, } of degree at most
p°, since :

TFi(}’j):Fi(TYJ)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



16 0. E. VILLAMAYOR

for the Fitting theory we will restrict our attention to the coordinates of the elements of Al
which do not belong to the ideal E, let us say to the coordinates on the monomials of the
form

(TJ’j(o.n-T)’j(o.z) <o TYj(o.,(O)))-(TFYju. 1)+ -+ TF.Vj(l.;(l)))x ce
X(TF  yigeanny - TR Y gnaeny)s J(s D) (s, i),

if h<i,s=0,..,k+1,j(m1)>smm=0,...,k+1 and where none of the
TF* (3} (1, 1)) is reepeated p-times (3.1.1),

By the result (A) we know that the coordinates of an element T f when f €1 on this
coordinates are again elements of I [zero on the module A/1 ® Q (e)] except, may be,
the coordinates on the elements TF**! p; ;> s (k+1).

If we can show then that (0f/0F**'y)) (0, ..., 0) =0 whenever fel j> s(k+1)
then by Fitting theory (3.1.2):

f(A/I®Q(k+1)/AI)=< aF'ifl /feI]>s(k+1)>

In fact suppose fel such that (0f/0F**'y)(0, ..., 0)# 0 for some fixed
j>sk+1), if n<p*t, n=a@)+aQ)+...+ak)p* 0 < a(i) <p, using once
again the result (A):

a o« (0) a o (k) I f
"= — el, i el,
d [a)’j] [6F"yj] / d

then f ! (04 0) = 0. Since this can be done for any n < p**1, the order of the series
fO, ...,0,5;0,:..,0 ek [[y]] is p*.
By Weierstrass preparatlon theorem there is u € A and

, {vgpl=0’ ey Pk+1—1} Ck[[yl: ey yj—l: yj+13 DRIEY yn]]
such that -

+1eq

R ot uf=Fk+1yj+ zo giy}
=
and since I is closed by the action of (9/0F'y;), t =0, ..., k(A) we have

{gft=0,..,p" -1} c1

so F**1y, T which can not be since:

Ink[[F* J’r]]r‘>s_(k+ »=Bk[[F* y]]>s e

(Cor. 3.4) and B < rad (k [[F*** 3,1],-s (,,H))Z’..

k+1s()

feLf=Y Y a F‘y_,+2b h, {a;}u{b} <A, {h}<B.

=0 j=1
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THOM-BOARDMAN SEQUENCE 17

Hence only the last summand will affect the coordinates of T f on the monomials
TF* Yy, j > s(k+1).
Now, T(Zb;h) =2 b; Thi+Zh; T (b)+ZTb; T h; since:
hieBc k[[F** 'y, ..., F** Yy 1] T(h)e(@Q(k+1)) p*** then Th,T(b)=0
i
n the p**1 +1 truncated algebra Q (k+1) so in A/I ® Q (k+1) we have

and using once again Fitting theory (3.1):

FAD®Q(k+1)jAD) = <I, -—,ih—heB, j>s(k+1)).
OF*ly,;
CoROLLARY 3.11. — Given an ideal I = A as in Proposition 3.7 the ideal 8 (I) does

not depend on the system of parameters but only on e. And 1 = & (1) if and only if there
is a family B’ < rad (k [[F*** ;1155 () Such that

Ink[[Fy]]iss@ =BE[[F y]]i>s0
=B'k[[F y]]i>sc0
and in this case we can find a number i(e, 1) = s (e) and a family

B” < rad (k [[Fe*? y,-.]])f» (e, 1)
such that

I={ys, o0y Vs +--- +‘(F“(y1), e F (Vs
+<{F* (yy), o L F (;, 1> +<(B" ).
Proof. — This is a consequence of Theorem 3.10 (ii) and Lemma 3.6.
NOTATION. — Given an ideal I as is Proposition 3.7 let §, (I) = &2 (I).

COROLLARY 3.12. — The numbers s (t)0 < t < e of Proposition 3.7 are well defined
as: s, =tank I n k [[F* (»), ..., F*)]]) as an ideal of k [[F* (»y, ..., F*(y)]1]
Proof. — See Lemma 3.5.

COROLLARY 3.13. — Given I = I’ ideals of A such that

rank(I nk[[F*(yy), ..., FF(y)]]) = rank @’ nk[[F’y,, ..., Fy,]]),

s=0,...,e and I=5,(I), T =35,(I) for 0<sZe—1,
then:

(i) there is a system of parameters { Yi» ...,~ Vu } s =... Zs(e) and a set
B c rad (k [[F® »;1D7>s (o) Such that

I={yi -0 Ysy>+ - +{Fps, .., FOys D +(B) |

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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and there is a set B' < rad (k [[F y;1];55 ()* such that
() I =< P oes Yooy Dt < F P oy Fo 3 ) >+(B'> and B < B,

Proof. — (i) by successive applications of Theorem 3.10 (ii), Corollary 3.4 and
Lemma 3.6. '

(ii) This is a consequence of Corollary 3.12 and Corollary 3.4, in fact B’ must be such that

B'k[[F° (.V_i)]]j;s ©
=1 Ak[[FOllmew 2 LA k[IFO)Tlms 0 = BEITE Ol 0

so we can take B’ o B.

4. Thom-Boardman singularities

4.1, Let us make some remarks on Mather’s construction of the Thom-Boardman
sequence [3],

Given an ideal I = C[[xy, ..., x,]] a set {yy, ..., s} = I can be found such that
{¥1, ..., ¥, } is a base of

I+M?

Vo M =rad(C[[xy, ..., x,]]-

Extending the set { y;, ..., J; } to a regular system of parameters { y;, ..., », } he shows
that the Jacobian extension of I is

80(1)=<I, Qfelj>s>.
0y;

What we do in Proposition 3.7 and the definition that follows is to extend the cbncept
in such a way to obtain a good definition in series over fields of positive characteristic of
the operator B also introduced in [3]

B =TI+@M)>*+...+GE@M " +...

For which there is a R.S.P. {y,, ..., y,,} and a sequence of non-negative numbers
0<s0)=s()=... £s(k) £ ... £n such that

B = _;0 Ot o Ve T {0 o0 Ve } = 3D,
J=

G M+M?)

s(j) = dim, e i.e.s(j) = rank of & (I).

This is not true in general when the field k is of positive characteristic p > 0, take
I=(x% ...,xP) 8,(I) =1I and there will be no R.S.P. such that B (I) =I has the
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THOM-BOARDMAN SEQUENCE 19

form described above. If we take a principal ideal 1 = ( F)FeM? F = F!4+F!!

such that F'' e (x%, ..., xP): .
80(I)=<I,aa—bj=1, n>

Xj

since (x%, ..., x?) is closed by the action of the partial derivations (it is also the biggest
ideal with this property as shown in Lemma 3.6), then F” and his partial derivations will
always be in (x%, ..., x?) = M? so will never affect the numbers s (k) obtained in [3].

Another important difference of the operator 8, in positive characteristic is the following,
If characteristic of k is zero, let s (k) = rank (8% () if m is such that

s(m) =s(j)Vj= m then 87 (1) = &} (.
It is enough to prove that 8, (8% (I)) = 8% (I) in fact
8,(')' (I) = <.V15 cees Vs (m) >+< B >1 B < rad (k [[yj]]j>s (m))2

(Prop. 3.7 for charac k = 0) s (m) = s(m+r)V r = 0 means that

Pe o . ‘
{B, — 8 g€B9J(l) > s(m), N é r} < rad(k[[yj]]j>s(m))2’
0¥ 1)9Y;j s - : )

Vr =0 fixed.

If charac k = 0 this assures that B = 0. Again this is not true in general if characteristic
is p > 0. Take the ideal

I=(x Yy adxE, .., xE>cM?, M, ...,x)cM?, Vk=0,

sosk)=0,Vk=1butd,(I) =<xf>#L

We have to define the operators 8, B and the Thom-Boardman numbers in order to solve
these problems when characteristic of k is not zero.

NoTE 4.1. — Given an ideal D < A such that D = 8 (D) = ... =38,_, (D) there
will be a R.S.P. {y, ..., ¥» } and nonnegative numbers s(0) < s(1) £ ... S s(e—1)
such that

e—1

D= Z (F'ygono Frys(r)>+<B>B Crad(k[[Feyj]]j>s(e—1))

r=0

(applying Prop. 3.8 several times). Now modifying the set {y 5 }j > s(e—1) if necessary
we can take

B={FYe-1)+1s - » F Vs VB, B crad(k[[F°y;]];>s()’

e b
Vi

8,(D) = D+<a§g geB,j> s(e)>.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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Since

2 . . :
e ck[[Fy]lse if g€B,o>s(e)
OF%y,

then:
3. (D)=38(. (D) =...=28,-1(8.(D)).

Even if we have to modify the subset {7 }i>s e-1) since the chains
(D) = 1 (D) < ...

are stationary we can define D, = 8 (D) for k big enough, now D, = §,(D,) so we are
in the conditions of Corollary 3.11 and we can define §, ., (D,) and obtain an increasing
chain:

DeCDe+1C RS

a R.S.P. can be taken so we can define:

DEFINITION 4.1. — If 8% = §.8*" 1 let:

(i) I-.; =T and given eeNe = 0:

I,=38%1,.,) for k big enough.

(i) s(I,e): Z =2 0— Z = 0 non decreasing applications s (I, e) (k) =p(e) < n for k
big enough and ‘

)= T P s Fay 4 E s s PR 4B,
B c rad (k[[F* yj]]j>,,,)2, w=s(, e)(?).
For some R.S.P. {y;, ..., », } (Note 4.1). So s(I, e) (¢) is the rank of
O Te-y) Nk [[Fyy, ..., Fop,]]

as an ideal of k [[F*y,, ..., F¢y,]] (Lemma 3.5). If the ideal I is fixed we will write:
i(e, k) =s(, e (k).

NoTE 4.2. — By successive application of result (i) of Theorem 3.10 we have

SL(Ie_1)=<I,[ o . _ 0 ][ o __° ]f/fel>
9Yj0.00  9¥j0,n0) OF°yie,00  OF°Yj(e,neen

jis, B Zj(s, i) if h<i,s=0,...,e and Jj(u, v) > s, u)(v).

Note4.3. — IfI=I,=... =I,_,thens(,¢) =s56,(),2)t=0,...,e—1 and
s®.(M,e) k) =s,e) (k+1). In fact by hypothesis I=81) = ... =8,-; (I) and
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as we noted out before (Def. 4.1) there is a RSP. {y;,...,y,} of A and
0Zp0=... £p(e—1) £ s(e) £ n such that

e—1
I= —ZO<F'y1, “ ey nyp(r)>+<‘F¢y1’ e sy Feys(e)>+<B>,

Beradk[[Fy]lmew? and 8,0 =I+{ % geB, j>s(0) ),
0F%;
since

0 e
aF"g erad (k[[F°y,]];>s )

J
then:

rank(I nk[[F yq, ..., Fy,]D
=rank(3,(I) nk[[F'yy, ..., Fy,]]), 0=t=<e-1.

I= ;M and 5, =38,0, D)t =0,...,e—1s0s(,¢t) k) =p(t), Vk and

5@ (1), 1) (k) =p (), VEk.

Ift=e:
s (8. (D), ) (k) -
=rank (353, (M) nk[[F°yy, ..., Fy,]D
=rank (3,1 (D) NEk[[Feyy, ..., Fy,]] =5, e)(k+1).
PROPOSITION 4.4, — Suppose 1cl, I=I,=...=L_, I'=1,=... =1I,_,

s(It)=s,)0=st=<e—1 and s(I';e) (0) =s(, e) (0) then: 3,(I,-,) =3, I.~,).

Proof. — Since we are in the conditions of Corollary 3.13, then there is a R.S.P.
{9 - ¥u}, s0) = ... <s5(e) and B = B’ < rad (k [[F°y;]1];>s () such that

I= Zo<Fry1, ooy F’y“(')>+<B>; II= Z()(Fryl, ey Frys(,.)>+<Bl>,

s(=p(r)(Def. 4.1)r=0,...,e—1,5() =5, e) (0) =s(1, e) (0)
and

’

Jg ; ] 98 o ns
8. (D) =1+ €B, j>s(e))=T'+ eB'j>s(e) Y=95.(1
O=1+( 2 geB j>50) <T+( g eB>s5 ) =80

e
J

Vi

(Th. 3.10). If characteristic of k is zero only s (I, 0) will have sense. Mather in [3]
assigns to an ideal I a non increasing sequence of natural numbers M (I):

MD@F)=i,=n—s1,0)(r-1)

then it is found that M (8, (I)) (r) = i, ;, which we generalize in Note 4. 3.

This concept together with Proposition 4.4 assures us that if I and I’ are as in Propo-
sition 4.4 and s (I, &) = s (I, ¢) then:

kel
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in fact I, = §; (I). for k big enough and so is I.. Applying once more Proposition 4.4
we have: o ‘

COROLLARY 4.5. — Suppose 1 = 1 ideals of A such that

sL)=s,n0stse~1 and  s@ oK) =sT, k), 0SkSko—1,
then:
5§°(Ie—1) < 820(12—1)-
NOTE 4.6. — Let {;, ..., 7, } be a RS.P. of A,

SOSsMS...Ss(NS...sn and A=Y Py oo Vo) S A
. r=0

& is an ideal generated by monomials then given fek [[yy, ..., ¥.]]1 = A, f¢ «:

f= Z kaMu’ (X,=(Cll, RS ] oc,,)oc,_Z_O, Mu=ya1" ey y:"‘

aeZ®

There must be o € Z" such that k, # 0 and M, ¢ «:
M, = YianyVi e yj(r)j(l) §j(2) ... énj(r)
by direct computation if M, ¢ & = j(1) >s(1),j(2) >s52), ...,j(r) > s(r).

THEOREM 4.6. — Given an ideal 1 = A and a regular system of parameters (R.S.P.)
{y1, ..., ¥a } in the conditions of Definition 4.1 then:

0) Icot =Y (X <Fyy . FYen)™, i(e, k) =s(, e)(k).

ez0 h20
(i) For each e 2 05 (L, e) = 5(, e).
(iii) &/ is maximal among the ideals B such that s (B, e)=s5(L,e)Ve=0.

Proof. — (i) Every fe A may be written

f=Y koM,M=yM, ™ kg

aeZ?
and
‘N
a(i)= Y a(i, )p,0Sad, ) <p
. -

=0

(p-adic notation). Let feI and

, a a (1, 0) a « (n, 0) a a (1, N) a o (n, N
| RS R = R =l B
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then: (0,0, ...,0) = ([Ja G, j)!) &, and
i, J )

N
t j(t,1),t t \ t,h),t
M, = HM;, Mu':'(Ftyj(!,l))u(J( "D LL(F yj(r,h))u(j( ",
=0 ~

1jti<jtksn  if 0Si<kZn—1.

Now
M¢d =>Me¢ Y, (F'yy, oo, Frien)™s =01, ..., N.

k>0

So j(t,h)>i(@t h) =s(,t¢t)(h). for évery h (Note 4.6). But then going back to
Note 4.2 we have

f'el, crad(A), then f'(0,...,0)=0 so k,=0 and fed.

(ii) Mather shows in [3] that given

B=

(yly"-’ys(t))t+11 S(O)éS(l)ééS(t)é
¢ .

™Ms

IIA

n,

0
8,(‘)(B) = Zk (yla ce ey ys(r))r—-k-‘-1

if we make use of this fact together with the definition of the operators 3., since

r
OFy; =0 if r>e,
oF¢ y,
we have
0 . ’
8,(‘)('%)= Z (yl, RS Yi(o,:+k))t+1+ Z (Z <FeYI, RS ] Feyi(e,r)>r+1)
t=0 exz1 rz20
SO

-9[0:()’1» R yp(0)>+ Z (Z <Fe.)"1’ -'-;Feyi(e,r)>r+1)'

ex1 r20
Applying now thé operator §; we have
6'i(-ﬁ{o) =Yt -+ s Vpy )+ 220<Fy1’ sy Fyi(l,t+k)>t+1
. t>

-+ Z Z (Fyqonny Feyi(e,r)>r+1'

exz2 r20
In general

Aoy =<V -+ Yp) 2 F<EV oo Fypayp2+. 4+
HCF Ty B BT e+ 2 2 KF s s oy

hze r20
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and

e—1

Sﬁ(deq):.;) (F'yg ..oy Fiyp(i)>+ Z (Fyq onns Feyi(e,r+k)>’+1

- 2 Z(Fh)’n---, ih, r)>1+r

hZe+1 r20

then rank (8% (of,_;) nk[[F°y;, ..., F®y,]1]) =i(e, k) in fact it will be given by:
CF o s Fo i 90
(iii) Suppose anideal B > o such that s (<, ) = s (B, ) ¢ = 0, then by Corollary 4.5:
. 7 SZ(Be—O > 8 (Ho-1)
and by Corollary 3.13:

8,e‘(Be—l) = <,V1’ L] yp(0)>+"'+<Fe—1(y1)s CRE ] Fe—l(yp(e—1)>
+<Fey1’ R ] Feyi(e,k)>+<Bl>
B’ crad(k [[Feyj]]j>i(e,k))2; i(e, k)=s(, e)(k)

0 { ¥1, ..., Y } is also a R.S.P. in the conditions of Definition 4.1 for the ideal B. Then
using (i) of this theorem
Bcw

as it was to be shown.

PROPOSITION 4.7. — Let {y,, ..., y,} be a RS.P. of A, I, =(F°y,, ..., F°y,>
0 =< e fixed:
0<sO)ss()<...<s(k)S...<n,

i+1—k\k+1 i+1
(X L6 c Y LY.
iz0

le

then:

In fact
i —k\k+1
(XL
izk

k+1

— j()+1-k j(l)+1 k J()+1-k j(k+1)+1—k

= )y L G ay I RS —( H Isu(t)) YL Gary )
K<) ()S o i (k1) i=1

since Iy ) < Iy if i £ js; and j() = k:

. D+1-k _ Tk
jD+1-kz1 = and | CHEASSLECS PP
1sisk »
s0
k+1
l_I I] H+1- k _](k+1)+1
s (D) I (J (k+1))

and this proves the proposition.
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NoTE 4.7. — We will now extend what Mather defines in [3] as the ideal B (I), if
characteristic of k is zero B O = Z (8% (D)**! and the ideal B (I) is what we called &/

in Theorem 4.6 (taking p = charac k = 0).

We will show that the ideal & depends only on I and not on the RS.P. {y,, ...,y }
in the conditions of Definition 4.1.

PROPOSITION 4.8. — Given I and of ideals of A as in Theorem 4.6.
Ie,k = Sz(le_l) N k[[Fexl, ceey Fexn]],

= > IO

e20 k=0

then:

Proof. — Since the R.S.P. {y,, ..., y, } was taken such that

{Fe.)’p <y Feys(i,e)(k)} <l

c Y X LL O

ez0 k20

then obviously

We proved in Theorem 4.6 that I < & and s (I, e)=s5(H,e)Ve =0 then by
Corollary 4.5:
Be(le-1) = 8E(Ho—y), Ve, k20,

sol, yc, Ve k20(H,  defined as I, k):
Z Z <Ie k>k+1 < Z Z <‘de k>k+1

e20 k2 ez0 k20

it will be enough to prove that

Y LA Mo, (.=

e=0 k20
e—-1
= i_zo <Fly1, ey Fiyp(i)>+ §0<Feyl, Teey Feyi(e'r+k)>r+l
+ X XAFy, u Pyt i(h ) =s(o, b)(r) [Th. 4.6 (ii)],
h2e+1 r20 X
SO

A= §0<Fe)’1a cees Fa}’i(e,r#k))’“
re ‘. .

+ Z Z <th1’ ""Fh)"i(n,r)>'.'.1 (Lemma 35)

hze+1 rz0
Let us show that { &, , Y**! < o since:.

Z Z <FhJ’1, ces Fh.}’i(h,r)>r+1 cof

hZe+1l r20
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it is enough to verify:

(X (Fyss ones Feyi(e,r+k)>'+1)k+% cd

r=0
in fact

(Z <F2J’1, R ] Feyi(e,r+k)>'+l)k+1 < Z <FB,V1, '-',l:“eyi(e,r)>r+1 Cd

r20 rz0

by Proposition 4.7.

DEFINITION 4.8. — Given I and & ideal of A as in Theorem 4.6 we will define: -
B() = «.

DEFINITION 4.9. — For a given ideal I = A we have defined the ideals {1, }e g -1
(Def. 4.1), let: h (e) be the smallest k such that 8% (I,_,) = 8** (I,_,). We will define
non-increasing applications.

TB(IL e): {0,1,..., h(e)}>Nu{0},
TB(L, e)(k)=n—s(, e)(k)e=0

that we will call the Thom-Boardman numbers associated to the ideal I. Since
I, c1,,, c ... then for e big enough I, = I,,; = ... and

Ie = 8¢a+1 (Ie); Ie+k = 8e+k.+1 (Ie+k) V

so h(e) = 0 for e big enough.

Example 1. — Let A = k[[t]], k of characteristic p, the ideals I, = { ¢t?*!) and
{tP*2> =1, (p = charac k) are such that s(e, I)=s( I,)Vez2 0 ‘but there
Thom-Boardman numbers are different, in fact :

So(l)=<Fy=8(A), Vnzl, .
S =<FYy, B =<F>=8T), VYnz2,
also 8, (<t7%) = <t?> for e 2 1 so: \ |
s(Iy, 0)(k) = s(I, 0)(k) =0, Vk=0, _
s(Iy, e)(k) =_s(12, e)k)=1, Vk=0, ex1,

butTB(1,0) =(1,1); TBI;, 1) = (0) TB (I, e) = (b) e>2andTB(1,,0) = (1, 1, 1);
TB (I, I) = (0); TB (I,, €) = (0) ¢ = 2, so the monomials 7**! and ¢?*? will have the
same sequences s (e, I), but different Thom-Boardman numbers.’

By =Bds) = <t">
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Example 2. — 1 = { xy+27) < k [[x, y, z]] characteristic of k = p:
8o (D) = (x, y; Py = sg(lj =I,k=2 (Def. 4.1)
| 8;Iy)=1, and 3§.(I)=1,, e=1,
SLOO=0  sLO®=2Ykz1; s@ek=3 Vkz20, exl,
| TB(, 0) = (3, 1); TB(I, 1) =(0)=TB (I, e), e=2,
B =<x, p>*+{x% )7, 2%).
Example 3. — k[[x, y, z]] as before I = { x?, y?, 22 :
I=1,Vez=0; s, 0)(k)=0, Vk=0; s(I, e)(k) =3, Vk, ex1,
TB(1, 0) = (3); TB(I, 1) = (0) = TB(, e), e=2,
B(D) =1

Note. — The only information that we have of these 3 examples in characteristic
p # 0 using the same method that in characteristic zero is the one given by TB (I, 0)
with the last integer repeated infinite times.

In examples 2 and 3 if we define the ideal B (I) as in characteristic zero:

B = i;} Bo@m)™?

there will be no R.S.P. { y, ¥, y3 } of k [[x, y, z]] such that
B = Z D15 -5 Vs (i))i+1
i=0

for any non decreasing sequence 0 < s(0) < s(1) £ ... <3 asin [3]
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