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CONSTRUCTIVENESS OF HIRONAKA’S RESOLUTION

By OrLanDo VILLAMAYOR (%)

Introduction

In [9] Hironaka develops the notion of local idealistic presentation for an algebraic
scheme X embedded in a regular scheme W. Here we take those results as starting
point and we exhibit a constructive resolution of singularities (see 2.2)

Roughly speaking, an upper semicontinuous function is defined on a fixed Samuel
stratum such that

(i) the function determines the center of a permissible transformation n;: X, — X.

(ii) for m,: X, — X as before, an upper semicontinuous function can be defined at X,
[as in (i)] such that either there is an improvement of the Hilbert-Samuel functions at
X, or there is an improvement on these functions. Repeating (i) and (ii) a finite number
of times, say

X, 5X, ;=>...>X, >X

one can force an improvement (at X,) of the Hilbert-Samuel function.

In section 1 we introduce the notation and some results (without proofs) required for
the construction. We refer the reader mainly to [9] for more details and proofs. The
definition of constructive resolutions and the development of these are given in section
2.

I thank Prof. Jean Giraud for important suggestions on this work.

§ 1. Throughout this article W will denote a regular algebraic scheme admitting a finite
cover by affine sets. [Each restriction to these being the spectrum of an algebra of finite
type over a fixed field k of characteristic zero. And all patching maps being k-algebra
maps.

A map W, - W will always mean a morphism of finite type.

(') Supported by the Alexander von Humboldt-Stiftung.
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2 0. VILLAMAYOR

We consider pairs of the form (J, b) where b is a positive integer and J = Oy, is a
coherent sheaf of ideals for which J,#0, Vxe W (J, denotes the stalk at x).

Given a valuation ring A and a principal ideal J = A let ord (J) denote the value of J
with respect to the valuation associated with A.

DeriNTION 1.1. — Assume that (J,, b,) and (J,, b,) are two pairs as before with the
property that for any morphism h: Spec(A) — W, where A is a noetherian valuation
ring, the following equality holds:

ord(J;A) ord(J,A)
b, b,

(at Q).

J; A the ideal induced by J; via h at A.

This condition defines an equivalence relation among such pairs. We shall say that
J;, b)) ~(J,, b,) and the equivalence class of a pair (J, b), say o =((J, b)) is called an
idealistic exponent at W (see Def. 3, p. 56 [9]).

Assume that (J,, b;) ~ (J,, b,) and let m: W, - W be any morphism of regular schemes,
then (J; Oyw,, b;) ~ (J, Oy,, b,) So we define for a given idealistic exponent o/ =((J, b))
at W, the idealistic exponent ™! (.2¢) as:

n~ " (#)=((JOw,, b)).

DEeFNiTION 1.2. — Let (J4, b,) and (J,, b,) be two equivalent pairs at W corresponding
to the idealistic exponent «/. If xe W then

where v, (J;) denotes the order of the stalk J; , at the local regular ring Oy, ,. We define
the order of o/ at x to be v, (/) =c and the order of o/ to be ord (&) = max {v, (¢)}.

xeW

DerFiNiTION 1.3, — Given a pair (J, b)) at W as in Def. 1.1 we define a reduced
subscheme:

Sing®(J)={xeW|v,(J) 2 b}

A transformation m: W; — W is said to be permissible for (J, b) if it is the blowing up
with center C, where C is a regular subscheme of W contained in Sing®(J).

In this case there is a coherent sheaf of ideals J c Oy, such that JOy, =JP® where P
denotes the sheaf of ideals O(—n~*(C)) < Oy,

We define the transform of (J, b) by = to be the pair (J, b) at W,.
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CONSTRUCTIVE RESOLUTION 3

One can check that if (J, b;) ~ (J,, b,) at W then:

(i) Sing®1(J,)=Singb2(J,) and if (J, b;) denotes the transform of (J, b)), i=1, 2 by a
permissible map n: W, —» W, then:

(ii) 3y, by) ~ (T, by) at W,

So now let (J, b) be a pair at W, m: W, - W permissible for (J, b) and & =((J, b)),
then we define the subscheme of singular points:

Sing (/) =Sing®?(J) c W

A transformation m: W, — W is said to be permissible for < if it is permissible for (J, b)
and the transform of o/ by the permissible transformation n to be <7, =((J, b)) at W,
where (J, b) is the transform of (J, b). Finally a sequence of permissible transformation
of o/ over W is a sequence

W=W, W, oW, ... oW,

r

d=do dl vdz d

where each 7; is permissible for «/;_; and &/, is the transform of «7;_,.
DEerINITION 1.4. — We define on W, for some index set A
E,={E,|AeA}

each E, being a smooth hypersurface of W or the empty set. We also assume that these

hypersurfaces have only normal crossings i.e. \U E, (< W) is a subscheme with only
AeA

normal crossings.

A monoidal transformation ©: W, - W is said to be permissible for (W, E,), if it is
the blowing up at a center C which is regular and has only normal crossings with
U E,.

AeA
In this case the transform of (W, E,) is defined as (W, E,,), where A; =AU {B} and

(i) for each Ae A = A, E; is the strict transform of E, =« W, by this we mean the
strict transform of the components of E, which are not components of C. E;=¢F if
E, =4, also if E,=C.

(i) Ez=n"1(C).

It is clear that \U E; consists of hypersurfaces with only normal crossings.
aeAq

A permissible tree is a data of the form:

W=W, oW, «...W,_, «W,
Ey= EAO EA1 EA,_ 1 EA
C=C, € G-y

T:

r

each m; permissible for (W;_,, E,,_,) and (W,, E,) being the corresponding transform.
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4 0. VILLAMAYOR

DEFINITION 1.5. — An isomophism I'=(6, v): (W, E,) - (W’, E,.) consists of:
(i) A bijection v: A - A”.
(ii) An isomorphism 6: W — W’ inducing by restriction an isomorphism

0: E,—>E,

for seach AeA.

Remark 1.6. — Given an isomorphism of pairs I': (W, E,) - (W', E,.) as before, and
a transformation n,;: W, > W permissible for (W, E,) (Def. 1.4) with center C, then

0(C) =« W’ has only normal crossings with \U E, and if n] denotes the corresponding
re A

transformation then there is a unique isomorphism I';=(0,, y,) of the transforms
(W, E, ) and (W1, E,)) such that the diagram

6
W, - Wi,
ﬂll lﬂl

0
W - W
is commutative.
Moreover if T is any permissible tree for (W, E,), then via I', T induces a permissible
tree over (W', E,.) and the isomorphism I" can be “lifted” by T.

Remark 1.7. — Let A=Spec(k[X]) and P, W,=W x A" > W the natural projection
(n=0). Given a pair (W, E,) as in Def. 1.4 we define on each W, a set (E,),, which
consists for each AeA of (E,), =P, ! (E,).

An isomorphism I'=(6: y): (W, E,) = (W’, E,.) (Def. 1.5) induces natural isomorphisms
=0, v): (Wp (Ep)a) = (W, (Ea)
for all n=>0.

DeriNiTION 1.8. — Consider now a 3-tuple (W, &/, E,) where o/ is an idealistic
exponent on W and (W, E,) is as in Def. 1.4.

A tree T is said to be permissible for (W, &/, E,) when the two following conditions
hold: '

(a) T is permissible for (W, E,) (Def. 1.4)
(b) the induced sequence of transformation

n n,
W=W,eW, ... <W,_, <W,

is permissible for (W, &) in the sense of Def. 1.3.

If m;: W, - W is permissible for (W, </, E,), let &/, denote the transform of .« (Def.
1.3) and (W,, E,,) the transform of (W, E,) (Def. 1.4), then (W,, «/,, E, ) is called the
transform of (W, o, E,).
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CONSTRUCTIVE RESOLUTION 5

The grove of (W, &, E,) consists of all possible permissible trees for (W, &, E,).

Let P, W,=W xA" > W be as in Remark 1.7 then the polygrove of (W, &, E,)
consists of the groves of (W,, P, ! (&), (E,),) for each n=0. P;!(«) as in Def. 1.1

An idealistic situation is a 3-tuple (W, &, E,) as before, together with its polygrove.

DEefFINITION 1.9. — An isomorphism from the idealistic situation (W, &, E,) to
(W', &', E, /) consists of an isomorphism

'=(0:v): (W, Ey) = (W', E,) (Def.1.5)
such that the induced isomorphism
rn=(9n: Yn): (Wn’ (En)A) - (W;s (En)A’)’ ngo

(Remark 1.7) establish a bijection between those trees of the grove of
(W,, P, 1 (), (E,),) and those of the grove of (W,, P, ! (&), (E,),) for all n20. The
correspondence of trees via an isomorphism being as in Remark 1.6.

DEerINITION 1.10. — Consider at W an idealistic situation (W, ., E,) and an etale map
e W,-W

then the restriction by e of (W, o, E,) is the idealistic situation (W, e™ ! (), (E;),)
where:

(a) for each AeA, (E,),=e ' (E)
(b) if o is the class of (J, b), then e™ ! () is the class of (JOy,, b) (Def. 1.1).

Given a closed point xeSing(%/), then an etale neighbourhood of (W, o, E,) at x
consists of an etale map e: W; — W, an idealistic situation (W, e~ (&), (E,),) as before,
and a point yeSing (e ! (=) such that e(y)=x.

Given two idealistic situations (W, &/, E, ), (W,, &5, E,,) and closed points
x, €Sing (&), x,€Sing(s,), then x, is said to be equivalent to x, if there are etale
neighbourhoods at x, and x, which are isomorphic i.e. there are etale maps
e: W;—> W, i=1,2, restrictions (Wj, e/'(#), e '(E),), i=1,2, closed points
y;€Sing(e; ' (#})), i=1, 2 and an isomorphism of idealistic situations (Def. 1.9)

T'=(6, 7): (Wi, er ' (1), (er ' (B))a) ~ (W3, e52 (), e (B)a,)

such that 6(y,)=y,.

Remark 1.10.1. — Let the notation and assumptions be as in Def. 1.9.
Let e: W; —» W’ be an etale map and

6
W, - W]
ell le

0
W - W

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



6 0. VILLAMAYOR

the commutative diagram arising from the fiber product of 8: W > W’ and e: W] - W".
Then e, is etale and 6, induces an isomorphism between the restricted situations (Def.
1.10).

This follows from the definition of excellence.

1.11 . — Let (Z, E,), (W, E,) be as in Def. 1.4 and i: Z - W be an immersion of
regular schemes Assume furthermore that the following condition holds:

(1.11.1) VieA: E,=E,NZ

In this case it is clear that a permissible tree T for (Z, E,) induces a permissible tree for
(W, E,), say i(T). And the final transform of (Z, E,) and (W, E,) by T and i(T) still
satisfy 1.11.1.

Let A (=Spec(k[X]), W,=Wx A" Z =ZxA" and (E,),, (E,), be as in Remark
1.7. 1If i: Z - W is such that condition 1.11.1 is satisfied, then the same will hold for

l.'l
the natural immersions Z, g W,

DeriniTION 1.11. — Let (Z, &, E,), (W, %, E,) be two idealistic situations (Def. 1.8),
assume that Z is a subscheme of W, i: Z c W, and that E, and E, satisfy 1.11.1. Then
i is said to be a strong immersion if Z, s W, induces a bijection between the grove of
(Z,, P, (), (E)),) and that of (W,, P, ! (®), (E,),) for all n=0.

THEOREM 1.12, — Let

- iy - i
(Zy, o1, (Ey)p) = (W, %, E,) and (Z,, o5, (Ex)a) = (W, %, Ep)

be two strong immersions (Def. 1.11), and let x; be a closed point at Sing(<#;) = Z; (i=1, 2)
such that i, (x,)=i,(x,).

If dim(Z,),, =dim(Z,),, then x, is equivalent to x, (Def. 1.10).

Proof. — Argue as in Theorem 11.1 [8] and construct a retraction from W to Z, locally

at some etale neighbourhood of i, (x,)=i,(x,) which induces an isomorphism of the
restricted idealistic situations (Def. 1.10).

THEOREM 1.13.1. — Let x; be a closed singular point of an idealistic situation
(Z, o, Ep) i=1, 2 (Def. 1.8). If x, and x, are equivalent (Def. 1.10) then

Ve (1) =V,, (,) (Def. 1.2)

Proof. — (see Prop. 8, p. 68 [9].

1.13.2. — We now refer to Definition 1.9, p. 59 [9] for the notion of tangent vector
space of an idealistic exponent ¢ at a closed point xeSing (&) c W (say T, ,). This
is a subspace of Ty, , (the tangent-space of W at x) and we shall denote its codimension
by 1(«, x). '
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CONSTRUCTIVE RESOLUTION 7

Tueorem 1.13.2. — Let (Z;, /;, By) i=1,2 and x; i=1,2 be as in the last
theorem. Then

(1, X1)=1(H 2, X3)

and (A, x)20 iff v, () =1 (Def. 1.2).
Proof. — The proof of this fact is similar to that of Theorem 1.13.1.

1.14. Let Zc W be as before a closed immersion of regular schemes and
Z,=ZxA"g W,=W x A" the induced immersions.

Let (W, &, E,) be an idealistic situation and

W AP=(W,)o < (W,); . . . <(W,),
Eda=Eday Edr,  E)a

a tree over W,, permissible for (W,, P, ! (=), (E,),) (see Def. 1.8). For any such tree
let (Z,);=(W,); denote the strict transform of Z,(=W,=(W,),)-

DerFiniTION 1.14. — With the notation as before, a regular subscheme Z< W is said
to have maximal contact with the idealistic situation (W, o/, E,) if, for any fix n=0 and
any tree T of the grove of (W,, P, }(«), (E,),) one has that C;c(Z,); 0<i<r, or
equivalently if o¢; denotes the transform at (W,); of &/ ,=P, * (&), then Sing (/) =(Z,),,
Yn=0.

THeOREM 1.15. — Let (W, &/, E,) be an idealistic situation (Def. 1.8), Z GW a
regular subscheme having maximal contact with </, and (Z, E,) as in Def. 1.4. If the
condition 1.11.1 holds for (Z, E,) and (W, E,) then, locally at any closed point
x € Sing (&), either

(a) Sing o/ =Z or

(b) for a convenient restriction of (Z, E,) at a Zariski neighbourhood of x (as in
Def. 1.10), say (Z, E,), there is an idealistic situation (Z, %, E,) such that i:Zg W is a
strong immersion (Def. 1.11).

Proof. — See theorem 5, p. 111 [9].
DeriniTION 1. 15. — If (a) ever holds at x, we shall say that x is a regular point of

Sing ().

THEOREM 1.16.1. — Let (W, &, E,) be an idealistic situation and assume that
ord()=1 (Def. 1.2). Then, locally at any closed point x € Sing (), there is a regular
hypersurface H having maximal contact with the restricted idealistic situation (Def. 1.10
and Def. 1. 14).

CoroLLARY 1.16.1. — Assume that xe W is not a point at which (locally) Sing(s¢)
is regular of codimension one (Def. 1.15). And assume also that H is a hypersurface

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



8 0. VILLAMAYOR

of maximal contact, (H, E,) is as in Def. 1.4 and that (H, E,) and (W, E,) satisfy the
condition 1.11.1. Then, after restricting to a convenient Zariski neighbourhood of x,
there is an idealistic situation (H, 4, E,) such that i:H o W is a strong immersion
(Def. 1.11).

THEOREM 1.16.2. — Let n: W, > W be permissible for an idealistic situation
(W, o, E)) (Def. 1.8), assume that ord(o/)=1 and let (W,, o/,, E,|) be the
transform. Then either Sing(/,)= or ord(«/,)=1. If x is any closed point of
Sing(&,):

(o, (X)) =T(H, X)

DeriNiTION 1.16.3. — Let (W, &/, E,) be an idealistic situation, we define

()= inf {1(, x)}

x € Sing (&)
and

R (1) (&) ={xeSing () |t(#, x)=7(=) and x
is a regular point of Sing (%) (Def. 1.15)}.

PrOPOSITION 1.16.4 (with the same notation as before). — (a) The set R (1) (<) is a
regular subscheme of W, of codimension t (/) at any point, and every irreducible component
of R (1) (&) is a connected component of Sing (/).

(b) Let n: W, - W be permissible for (W, o/, E,) (Def. 1.8) and let (W,, o/, E,,) be
its transform, then at a closed point x € Sing (/) both conditions:

(i) x is regular at Sing (%) (in the sense of Def. 1.15).

(i) (4, x)=1()
will hold if and only if m(x)€R (t()).

Theorem 1.16.1, 1.16.2 and Prop. 1.16.4 follow from Theorem 1 p. 104 [9].

1.17. WEIGHTED IDEALISTIC SITUATIONS. — Let (W, E,) be as in Def. 1.4 and P, the
sheaf of ideals (= Oy) defining E, (i.e. P,=0(—E,)) for each AeA.

DEerFiNITION 1.17.1. — A weighted idealistic situation is an idealistic situation
(W, o, E,) (Def. 1.8) together with:
(i) a set A, consisting for each A€ A, of a locally constant function

a(A):E, »(Q=0) (non negative rational numbers) such that if &/=((J, b) and
x € Sing® (J), then at Oy, ,:

= [ P®®J_ T.¢P, .  Vi/xeE,
{A|xeEy}
and B(A) (x)=b.(a(A)(x))e(Z=0), for some coherent sheaf of ideals J( = Oy,).

(ii) at each closed point xeSing®(J) define A,={AeA|xeE,}. Since these hyper-
surfaces have only normal crossings at W it follows that ¢ A <dim W. We assume

4¢ SERIE — TOME 22 — 1989 — N° 1



CONSTRUCTIVE RESOLUTION 9

the existence of a total order at any such A, say <, subject to the following conditions:

x

(1.17.1.1) Given two closed points {x,, x, } <E, NE,, then o, S, if and only if

Ay S 0% We denote this weighted idealistic situation by (W, <, E,, A,).

We also define the weighted order of o/ at x

w—v, (&)= V‘T(J) (check consistency).

The weighted order of «/:

w-ord (&)= max {w—v,(¥)}.

x € Sing o
And the weighted singularities of </
w-Sing (&/) ={ x e Sing () | w—v, () =w-ord () }
which is a closed subset of Sing (/).

DEeFINITION 1.17.2 (notation as in Definition 1.9). — Two weighted idealistic situa-
tions (W, &, E,, A,) and (W', &', E,.A,,) are said to be isomorphic if there is an
isomorphism of the underlying idealistic situation (W, </, E,) and (W', &/, E,.), induced
by an isomorphism

r:6,v):(W,Ey)—>(W,E,) (Def.1.9)

such that:
(i) for each AeA let a(A)eA, and o’ (y(A)) e A, be the corresponding functions, then

a(}) =o' (Y(1) °(8g) : E, > (Q20)

(ii) at any closed point x€Sing(%/), A, <A, (at A)) if and only if Y(A,) < y(x,) (at

0 (x)
Aé (x)) .

(From Theorem 1.13.1 it follows that only (ii) must be checked)

DermNiTION 1.17. 3 (notation as in Def. 1.10). — Consider a weighted idealistic situa-
tion (W, «, E,, A,) and an etale map e: W, — W then the restriction by e consists of:

(i) the restriction of the idealistic situation
(W, e71 (), (Ey)a) (Def. 1.10)
(ii) (e *(A)r={a'(A)|LeA} where

C (M=o oe|-1g, VAEA

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



10 0. VILLAMAYOR

(iii) At a closed point xeSing (¢! (#)), given A, A, €A,, define A, <A, if and only
if A, <A,. The restriction by e of (W, &, E,, A,) is again a weighted idealistic situation.
e(x)
Given two weighted idealistic situations (W, o/;, E,, A,) i=1,2 and closed points
x;eSing(s/;), then x, and x, are said to be equivalent (as singular points of weighted
idealistic situations) if there are restrictions at etale neighbourhoods of x;(i=1,2) and an

isomorphism as in Def. 1. 10 which is also isomorphism of weighted idealistic situations
(Def. 1.17.2).

Remark. — So far we have not defined a notion of transform of weighted idealistic
situations, at least not as weighted idealistic situations.

DerFiNiTION 1.17.4. — Let (W, &/, E,, A,) be as before. A transformation
n: W, - W is said to be w-permissible if: '

(i) = is permissible for the idealistic situation (W, &, E,) (Def. 1.8).

(ii) In the case that w-ord («/)>0 (Def. 1.17.1), and if = is the blowing up at center
CcW then Ccw-Sing ().

If n:W, > W is a w-permissible transformation as before and (W,, E,,) is the
transform of (W, E,) (see Def. 1.4), then A;=AU{B} and we define now A, as
follows:

(i) for each AeAcA,, let ct’()»)=ct(k)o1t|,3'l where E; is the strict transform of E,
(Def. 1.4).

(i) CB)l-te@= X o« (A)en+w-ord(s)

{A]cicEp}

where the c; are the connected components of C, so o’ (B):n *(C) - Q is a locally
constant function. Now we define at each closed point x € Sing (7,) [/, the transform
of o/ (Def. 1.3)] a total order at (A,),:

(i) If Be(A,), [i.e. if xen~*(C)] and B#ae(A,), then B<a.

(ii) Given o, #p#a,, then a, <a, if and only if a; < a,.

x n(x)
(W, o, E,,, Ay,) is now a weighted idealistic situation called the transform of
(W, «, E,, A,) by mn, which we also denoted by (W,, o/, E,,, A,)) -“»(W, o, E,, Ay

Remark 1.17.5. — Let T': (8, y):(W, A) > (W', A’) define an isomorphism of the
weighted idealistic situations (W, <7, E,, A,) and (W', &', E,.,, A,/) (Def. 1.17.2). Let
n: W, > W be a w-permissible transformation for (W, &, E,, A,) (Def. 1.17.4). Then
there exists a unique isomorphism of weighted idealistic situations I such that the
diagram

r ,
(W, #,, EAls AAI)_’(W,D A, E;\I, AJ\I)
nl ln'
(W, o, Ey, Ay) = (W', o, By Ay)

4¢ SERIE — TOME 22 — 1989 — N° 1



CONSTRUCTIVE RESOLUTION 11

commuts, where n’ corresponds to n via I and (W}, /9, Ey, A,y) is the transform of
(W', ', E\r, Ap).

Remark 1.17.6. — With the notion as in Def. 1.17. 1.

Let (W, o/, E,, A,) be a weighted idealistic situation and t=w-ord (&). If
o/ =((J, b)) then:

(a) ty=b.t=max {v,(J)} and

xeW

(b) w-Sing () ={xeSing(&)|v,(T)=t,}.

When t>0 we attach to (J, b) a new idealistic pair w(J, b) as follows:

If t=1, then: w(J, b)=(J, t,).

If 0<t<]1, then: w(J, b)=( TIPEM™)1, TP~"1 % ¢, (b—t,)) where t;=tb, and J and
P8® are as in Def. 1.17.1. Now we can check:

@G If (J, b)~(J, b)=w(, b)~w({’, b’) (check first that (J, b)~(J’, b’), notation as
before).

(i) If w(s) denotes (w(J, b)), then Sing(w(&))=w-Sing(s/). So m:W, ->W is
w-permissible for (W, &7, E,, A,) if and only if it is permissible for (W, w(«), E,)
(Def. 1.17.4 and Def. 1.8).

(iii) Let m: W, —» W be as in (ii) and let (W,, &, E,,, A,,) be the transform of
(W, o, E,, A))(Def. 1.17.4). Then:

w-ord (/) S w-ord (&)

and if the equality holds, then w (&) is the transform (simply as idealistic situation) of
w () (Def. 1.8).

Remark 1.17.7. — Given a weighted idealistic situation (W, &, E,, A,), assume w-
ord (/) >0, and let w (&) be as before, then: ord (w(«))=1.

Remark 1.17.8. — If (W, &, E,) is an idealistic situation (Def. 1.8) and ord (#)=1
(Def. 1.2) then it can be given a structure of weighted idealistic situation, taking A, to

consists of the functions a(A) which are constantly equal to zero along E, for each Ae A
(Def. 1.17.2).

Note also that in this case w-Sing (/) =Sing(&/). So the notions of w-permissibility
and of permissibility coincide (Def. 1.17.4 and Def. 1.8).

If #: W, > W is permissible for (W, &/, E,) [w-permissible for (W, &, E,, A,)] and
(W, o, Ey)) (W, &4, By, Ay))) denotes the transform. Then again A, consists of
functions a () : E, — Q such that a(A)(x)=0 VxeE,, YAeA,.

1. 18. IDEALISTIC SPACES

DeriniTioN 1.18.1. — By (C(m), A) we denote a category, where the objects are
those weighted idealistic situations (W, <7, E,, A,) where dim W=m (Def. 1.17.1) and
amap (W, &, By, Ay) = (W, o, E,, Ay is an etale map e: W, — W such that idy,
induces an isomorphism (Def. 1.17.2) between (W, o/,, E, , A, ) and the restriction
of (W, &, E,, A,) by e (Def. 1.17.3).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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To simplify the notation, given an object a e C(m, A) we denote

a=(W (%), (), Ey, Ap)-

A subset C of C(m, A) consists, for each aeC(m, A) of a locally closed subset
C (o) =Sing (Q(a)) =W (o) subject to the following conditions:

1. Given a A B in C(m, A), then e (j) ! (C(B)) =C (o) where e (j): W (a) = W(PB) is the
associated etale map.

2. Given a,, a,eC(m, A) and closed points x;e W(a,), if x, and x, are equivalent
(Def. 1.17.3), then x; eC(a,) <> x,€C(a,).

DEeFINITION 1.18.2. — An idealistic space of dimension m is a map y, from a set I to
C(@m, A) (dim y=m).

A closed subset C of y consists of a subset C of C(m, A) such that for each ael
C(x (o)) (=W (¢ (a))) is a closed subset. A closed subset C of y is said to be permissible
for y if C(y (o)) is w-permissible for y (o) in the sense of Def. 1.17.4. In such case the
transform of y, by C is defined by x":1 - C(m, A) where () is the transform of y ()
by C(a) (Def. 1.17.4). This we denote by ¥’ — x and = is said to be a permissible
transformation with center C.

A point xey consists of a closed point x, e Sing (& (x()) =W (¥ () (for some ael)
together with all those xgeSing(s/ (x(B)) =W (x(B))(Bel) such that x, and x; are
equivalent (Def. 1.17.3).

DEerINITION 1.18.3. — A m-dimensional idealistic space y:I— C(m, A) is said to be
restrictive to an n-dimensional idealistic space if n<m and there are idealistic spaces
Ym: 1= C(m, A) and x,: T - C(n, A) such that:

1. Points of y are locally equivalent to points of ¥, and the converse also holds (local
equivalence always as in Def. 1.17.3).

2. For each acl there is a strong immersion (Def. 1.11), disregarding the weighted
structure, induced by W (y, (o)) ié?W(xm (o)) such that two points
x; € Sing (& (X, (%)) = W (¥, (2:)),

i=1,2 are equivalent points at C(n, A) (Def. 1. 18.2) if and only if i (&) (x;) are equivalent
as points of y,, [at C(m, A)].

Remark 1.18.4. — Given Y, and Y, as before, permissible center for ¥, and ¥, coincide
(via i) and if ¥, » %, and ¥, — ¥, are the permissible transforms at an identified center,
then (1) and (2) hold for y,, and %,

Remark 1.18.5. — Suppose that for each ael,
Xm () =(W (X (), & (i (®)), Ep gy Apay)

is such that all functions a (L) (Def. 1.17.1) [for all Ae A ()] are constant functions equal
to zero i. e.
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a(M): E, — Q is such that a(A) (x)=0, VxeE,, VAe A(a). Assume that this also holds
for any aeT at y, (o), then (2) of Def. 1.18.3 can be replaced by:

(2") For each ael there is a strong immersion, disregarding the weighted structure,
induce by:

W (%, () s W (om ()

1.19. When we consider a fixed idealistic space y:1 - C(m, A), and ael we denote
X(Cl)=(W(X((1)), 'M(X(a))’ EAx(u)’ AAx(u)) by (W(CX), d(d), EAaa AAu)

DEerINITION 1.19.1. — An idealistic space y: I — C(m, A) is said to be quasi-compact if
there is a finite subset {ay,...,a,}<I such that for any ael and any closed point
x e Sing (o (o)) =W (ar) there is an index i, 1<i<n and a point yeSing (< (;)) such x
and y are locally equivalent (Def. 1.17.3).

If x is a point of y (Def. 1.18.2), say that x, e W(a,) belongs to the class of x, then
we define the order of y at x

ord, (x)=V,, (« (a)) (Def. 1.2)

and
(X X)=1(H (2y), x;), (Def. 1.13.2)
the consistency of these definitions are given by Theorems 1.13.1 and 1.13.2.
The order of 7 is:

ordy=max {ord /(o) } (Def. 1.2)

ael

The weighted order of y is:

w-ord () =max {w-ord (= (®)) } (Def. 1.17.1)

ael

and

t(x) =inf {t( (&), x)|x € Sing( () }.

ael

1.19.2. One can check that the following are closed subsets of y in the sense of
Definition 1.18.2.

1. Sing y:(Singy) (o) =Sing (x (a)) =Sing (& (o)) = W (at), Yae L.
2. w-Singy : (w-Singy) (a) =w-Sing (& ()) =« W (o), Yae L.
3. If t=1(x) then F(1)(y) :

F (1) (%) () ={ x e Sing o (o) | 1 ( (&), x)=71}

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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4. If t=1(y) then R(7)(y) :
R (1) (x) () ={ xeSing o (o) | 1( (), x)=7
and

x is regular at Sing &/ (o) (Def. 1.15) }.

Remark 1.19.2. — R (7)(y) is a component of Sing y in the sense that Ya eI, R (1) (¥) (o)
is a union of connected components of (Singy) (o) =Sing (7 (a)) (see Proposition 1.16.4).

DeFNiTION 1.19.3. — Given x: I - C(m, A) such that w-ord (y) >0 (Def. 1.19.1), define
w(y):I- C(m, A) by:

w () (@) =(W(a), w(# (1)), Epey Ak

w(/ (o)) as in 1.17.6 and all functions of A)}, being constantly equal to zero (see
Remark 1.17.8).

Now one can check that w(y) is an idealistic space for which:
(1) ord(w(y))=1 (Def. 1.19.1).
(ii) Sing(w(x))=w-Sing(x).
(iii) If m:y, — x is a permissible transformation (Def. 1.18.2) then w-ord y; <w-ord y.
(iv) If the equality holds at (iii) then naturally m:w(y,) > w(y) is a permissible
transformation. :

THEOREM 1.20. — Let 3: 1 - C(m, A) be a quasi-compact m-dimensional idealistic space
of order 1 (Def. 1.19.1). If E,,=QVael, then t1(x)>1, and ¥ is restrictive to a quasi-
compact idealistic space of dimension m—1 (Def. 1.18.3).

Proof. — Follows from theorems 1.16.1 and 1.12.

§ 2. Constructive Resolutions

2.1. Recall from 1.19.3 that if m:x; — x is a permissible transformation of idealistic
spaces, then

w-ord () S w-ord (y).

DeriniTioN 2.1, — Fix a sequence of idealistic spaces and permissible trans-
formations (1.18.2):

1 n2 T

(2.1.1) Yo X1 X2e oo <X

and assume that w-ord (o) =w-ord (y,) >0, we shall say that y, is a new space and ¥, is
the birth of y,.
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In this case [(2.1.1) being fixed], we define t(wy,)) to be T(w ()0)) [t (%) as in Def. 1.19.1
and w(y,) as in 1.19.3].

Let xo:1—> C(m, A), then (2.1.1) induces for each ael a sequence of w-permissible
transformations of weighted idealistic situations

1
(W(O)(a)’ d(m ((1), Ex)zu)i AE\Oza)) « (W(l)(a)a d(l)(a), Ef\lzay Ai\lza)) e

:‘: (w(’) (q'), oA ® (CX.), EX)(a)a AX)(a))
For each a.eI we define (EQ,)*, (EQ) " such that
EX)(a) = (EX)(a)) * U(EX)(u)) .

(i) (EQq)~ consists of the strict transform at W® (a) of elements of EY}, [as in (i) of
Def. 1.4].

(i) (EQq)" consists of the strict transforms at W® (a) of the exceptional locus of
j=1,2,...,r[as in (ii) Def. 1.4].

A partial resolution of y consists of a’sequence of permissible transformations

1 n2 g Tr+1

A=Aoe A< A2+ <X < Ar+1
such that w-ord () =w-ord (x,)>w-ord (%,.).- And a resolution is a sequence
XO AT XS

of permissible transformations, and Sing y,= .

2.2. At this point we want to establish the meaning of a constructive resolution of quasi
compact idealistic spaces of dimension m.

On any partially ordered set (D, <) consider the discrete topology, then a constructive
resolution of y consists of:

(i) An upper semicontinuous function @ : Singy — D such that

Max ¢ ={ xeSingy | ¢(x) is maximum }

is the center of a permissible transformation
LSRN Sy 8

(i) If =, : %, — % [as in (i)] is not a resolution of y (Def. 2.1), then there is an upper
semicontinuous function @, : Singy, — D, such that:

(@ o (n, (x))2 ¢, (x), VxeSingy,

(b) If n(x)¢ Max ¢ then ¢, (x)=0 (n(x))

(c) Max o, is permissible at y,
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(iii) Assume that a sequence
X=Xo< X1 X2+ <X

has been defined, that Sing x,# J, and also that the functions @;:y; » D are given
i=0,...,r. Then Max(¢,) is the center of a permissible transformation say =, , ;:

Tr+1
Xr « Xr+1

such that either y,,, is a resolution of y, or there is an upper semicontinuous function
®,+1:%+1— D and conditions (a), (b) and (c) of (ii) (with the obvious adjustement of
subindices) hold.

(iv) For some r, Sing y,=Ji.e.

T n2 Ty

X=Xoc X1 oo <X

is a resolution (Def. 2.1).

T

(v) Suppose that ord(y)=1, that Sing(x)=R (t)(x) (1.19.2) and XE X1 oo <%
have been constructed, and assume that only hypersurfaces arising as exceptional locus
from this sequence of permissible transformations intersect Sing(y,) [which is also regular
(Prop. 1.16.4)], then

Max @, =Sing ¥,

i.e. @, is constant at Sing,.

Remark 2.2.1. — Let y, be as in (v) then o, is constantly equal to some ceD. If

"’
Xr < Xr+1

is any permissible transformation and Singy, . ; # & then all conditions on ¥, hold also on
Y+1, and if we define ¢,,,:Singy,,; =D by 0,,,=c (the constant function), then
condition (iii) still holds.

Remark 2.2.2. — On a ordered set (D, <) we may assume the existence of an element
o0p€eD such that A< oop, VAeD, A#00p. If not we can “add” such an element to D.

Given D, and D, as before we consider on D, x D, the lexicographic order, then
®Op, xD, =(OOD1’ OODZ)'

Z (or Z\U{ o0 }) will be considered with the usual order.

2.3. We begin by constructing an upper semicontinuous function T from which ¢ will
derive.

First we consider the case of an idealistic space of dimension m, say y:I — C(m, A)
and weighted order zero (Def. 1.19.1).

2.3.1. Case dimy=m and w—ord y=0.
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At each closed point xeSingy define A,={aeA | xeE,} [see Def. 1.17.1 (ii)] and
recall that ¢ A, Sm.

Let now T: Singy — Z* x A™ be defined as follows
T(1)(x)=0
T(2)(x)=—%(x)  where % (x)=min{k|Ii,<i,<...<i
eN.j=1,2,.. .,k and ai)X)+...+al)(x)=1}.

If =2 (x) then
T(3) (x)=max {a(iy) (x)+. .. +cx(i_g)(x)|i1<. .. <lg
and

E eA,i=12,...,8}
Now consider AZ=A_x ... x A, (#-times) with the lexicographic ordering, and:
B=(Bs, - .. Bo)=max{(B; ... Ba)|B1>Bs... > BurhieA,
i=1,2,...,% and a(B)(X)+...+a(Bg) (x)=T(3)(x)}.
Define:
T(4) (x)=(B, ©)eA"(BeA®?cA®and 0 = o m-2€ A" %)

We shall now define at Ing T<Z; x A™ a partial order, without a notion of order at
A, but extending the lexicographic order at Z3,

It suffices to defines a notion of T (x)<T (y) at closed points x, yeSingy for which
TG (x)=TG (»)=a; j=1, 2 and 3 (a, =0 by assumption).

Let J={xeSingy|T()(x)=a; j=1, 2, 3 }. One can check (at each ael) that the
irreducible components of J are open subset of irreducible components of Singy of
dimension m+a, [at W(a)]. Now we say that T(4) (x)<T(4)(y) if there are closed
points { xo=X,, ..., X,=y}<J such that:

(@ TH(x)eA 2, i=0,...,1-1

(b) for some i as before T (4) (x;)<T(4)(x;,,) at A%

Xi+1°
The consistency of this definition follows from (1.17.1.1) and Def. 1.17.2 (ii).

This order is not a total order at Img T, and the existence of maximal elements follows
from the hypothesis of quasi-compactness on y.

The maximal elements might not be unique as shown in the following examples:

Examples. — Consider at W=Spec(C|x, y, z]) hypersurfaces
E,={x=0}, E,={x=1}, E;={y=0}, E,={z=0},

and given {i, j}eA,, let i <j iff i<j (at 2).
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Define also T;;=E;NE;.
Example 1. — Let (J, b) be defined at W by J={x(x—1)z)> and b=2. Then
Sing® (J)=T,,UT,,, T is maximal along Sing®(J) and
maxT={(0, —2,1, (1, 4, 0)); (0, —2, 1, (2, 4, o0)) }.
Example 2:
J={x(x—-1).y.2), b=2.
Sing?J=T,,UT,,UT;3,UT;3UT,;

in this case max T={(0, —2, 1, (3, 4, o)) } is reached exactly along T,,.

Remark 2.3.1. — One can check that T is upper semicontinuous, moreover for a fixed
deZ3 x A™ the condition T>d is closed at Singy.

Recall now from Def. 1.17.4 the notion of total order at A, after a permissible
transformation and check that T =¢ satisfies all conditions of 2.2.

2.3.2. Case of dimy=m and w—ord(x)>0. Consider y together with a fixed sequence

x“"t'x“’*”*— o x(—l)"{_‘ 1@ =y
in the conditions of the sequence (2.1.1) of Def. 2.1, so that x"" is the birth of y and
E,=E{ UE} (E, () =E} (2) + E (@), Vael) are defined.
Now let T: w-Singy — Z> x A™ be defined for each x e w-Sing y by:
T(1)(x)=w—ord(y) (Def. 1.9.1)

if xeR(t)(w(x)) (1.19.2 and 1.19.4)

0
T(2) (x)={ 1 if x¢R()(w®))

OBSERVATION 2.3.2. — R(7)(wy) is a “component” of w—singy (Remark 1.19.2), this
fact can be checked at any Sing(w (< o)) =W () (aeeI)). Moreover the definitions of
t(yx) (Def. 2.1) together with Proposition 1.16.4 and 1.19.3 assert that a point
xeR (1) (w(y)) if and only if the final imagen of such point at (™" is a point of

R (1) (w(x"")).
Now define:

n(x)=¢{aeA,|E,eEf}
m(x)=¢{aeA,|E,eE; and w-“Sing(x) ¢E, locally at x }
and finally

n(x) if x¢R(7)

TG) (x)z{ m(x) if xeR(7)

And T(4) (x)=00 €A™
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The function T, takes values at Q, but since we assume that y is quasi-compact there
is neZ such that ImgT,c1/nZ<cQ, and 1/nZ~7Z as ordered sets.

Remark 2.3.2. — The fact T is well defined follows from the notion of equivalence of
points at weighted idealistic situations (Def. 1.17.3) and Theorems 1.13.1 and 1.13.2.

OBSERVATION 2.3.3. — If dimy=m=1 (Def. 1.18.2) then T= o satisfies all conditions
of 2.2,

Remark 2.3.4. — If w—ordy>0 then T reaches a unique maximal value along
w-Sing(x). And for a fixed element deZxA™ both {xew-Singy|T(X)=d} and
{xew-Singx[T(X)>d} are closed subsets (Def. 1.18.2) included in w-Sing x. In fact
the values of T are taken in the totally ordered discrete subset Z> x oo (< Z3 x A™).

DEriNiTION 2.4, — A preparation procedure of an idealistic space y of weighted order
bigger than zero, constists of a sequence of permissible transformation

1 S+1
X A1 As < As+1

such that w—ord y=w—ord y, and either w—ord y,,.; <w—ord y, or, if w—ord
¥s+1=w—ord y, then T(3)(x)=0, Vxew—Sing (%)

DEFINITION 2.5. — Let

n_
By " &y ey @=y

be as in 2.3.2, i.e. X" is the birth of y (Def. 2.1), and let my — x{"” denote the
composition of the intermediate transformation. Then given x € w-Sing () we define the
birth of x to be the point m(x)ew-Sing(x‘~").

2.6. Here we define a notion of an inductive procedure. Let the assumptions and
notation be as in Def. 2.5. Assume also that T (3)(x) =0, V xew-Sing (%), and that this
condition does not hold at x(~%.

Now fix xew-Sing(y) and let yew-Sing(x'™”) denote the birth of
x.x"":1- C(m, A). Choose ael such that

yew-Sing (" () c W (o).

Now w-Sing (/™" (o)) =Sing (w (/™" (o)) (Remark 1.17.6), and ord(w (/™" (a)))=1
(Remark 1.17.7).

So Theorem 1.16.1 asserts that there is a regular hypersurface H, such that
yeH < W™ (a), having maximal contact with W (/=" (o)) locally at y.

After a convenient restriction assume that H has maximal contact with W (/" (a)).
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The sequence of permissible transformations B : (™" « ... « x@ gives rise to:
(1) a sequence of w-permissible transformations over

(W (@), /77 (@), Ex(=7), Ax(=7)) (Def. 1.17.4y:
(WD (@), o7 (), EpAGn gy Ap-n ) < - - -
« (WO (0), £ (@), Ey (0), Ap o (0).

(2) a sequence of permissible transformations over
(W (@), w(# (@), Ep(—,y)  (Def. 1.8).

Since ord (w(&/‘™”(a)))=1 (Remark 1.17.7), it can be interpreted as a sequence of
w-permissible transformations (see Remark 1.17.8).

(WEP (@), w(# (), EpA-n gy Ap-ng) < - .
(WO (0), w(L (), Ex0 g Ap® ).

Let H, denote the final strict transform of H( < W( " (a)) at W (a), and let
E\© o =E{® 4 UEz0 ) be asin 2.3.2.

Now we consider two cases

2.6 (a) Case T(2)(y)=1. In this case, y¢R (t(w (£ "))). Since R (t(w(L ")) is
a connected component of w-Sing(%/ ~")=Sing(w(&/~")) (Proposition 1.16.4), we may
assume after shrinking that R (t(w (")) = (at W (a)).

Now one can check at W@ (a) that E,=E, N H, is empty or a smooth hypersurface
for E, €Efo,, and E, = if E, e E o, [at least locally at w-Sing(x)].

Let E,={E,|reA}, then the inclusion Hs W®(o) and (H,, E,), (W (), E,)
satisfy the condition 1.11.1.

On the other hand H, has maximal contact with w(/@(a)) at W (a). One can
check that the conditions are given for Theorem 1.15, (b) to hold, so that there is an
idealistic situation (Def. 1.8) (H,, %, E,) such that i : H; c W®(a) is a strong immer-
sion from (H,, 4, E,) to (WO (o), w(#? (), E,) (Def. 1.11).

% might have order bigger than 1=ord(w(«°(a))) (Remark 1.17.7). We define
the weighted idealistic situation (H,, 8, E,, A,) where A,={a(A)|AeA} such that
a(M) (x)=0, ¥xeE, (VE, cE,).

Arguing as before at each point y, we construct a restriction of w(y) to an m—1
dimensional idealistic space x© (Def. 1.18.3). Theorem 1. 12 asserts that @ is quasi-
compact (Def. 1.19.1). And Singx‘® =(Singw (x‘®)) —R (1) (w (x°)) which consists of
“connected components” of Singw (x*) (Remark 1.19.2).

In this case we define the restriction of w(y°) to be x.

2.6 (b) Case T(2)(3)=0i.e. yeR (1) (w(x'"")).

After a convenient restriction we may assume that R (t)(w(x{™"))=Sing(w(x'™"))
(Def. 1.19.3).

4¢ SERIE — TOME 22 — 1989 — N° 1



CONSTRUCTIVE RESOLUTION 21

Let o and H =« W7 (a) be as before. Since H has maximal contact with w (/""" (a)),
apply Theorem 1. 15 case (b) if possible (see Remark I below) and let (H, %, Eg, Ay)
induce a strong immersion with (W(™"(a), w(/"”(a)), Eg, Ap) (We do not assume
that E{" " =¥ at (™" (w)).

One can check that, by this procedure an m —1 dimensional idealistic space x~" has
been defined such that:

(i) x~" is quasi-compact
(i) Singx~"=Singw (x~"=w-Sing(x("")
(iii) The permissible sequence B : X" « ... « x induces a permissible sequence

Br XM ... 7O

(iv) SingxY=Singw (), j=—-r, ..., 0.

(v) w(x°) is restrictive to x° (Def. 1.18.3).

In this case we define the restriction of w(°) to be x° (with birth ("),

Remark 2.6.1. — Let x° be the restriction of w(x°) as in 2.6 (a) or 2.6 (b), then:

(i) Sing(x°)=w-Sing(y) (disregarding eventually connected components of the second
term).

(ii) the function T : w-Sing(x) = Z3 x A™; is constant along Sing (%)
Remark 1. — The procedure of 2.6 is not defined at x if and only if
() t(x""=1
(i) TR (=T (x)=0

since, in that case and only in that case Theorem 1. 15 b) does not apply.
2.7

2.7.1. Before going into the development of this section we sketch the strategy to
follow in a simplified form.

So we start with a pair (J, b) and E={E,, ..., E,} hypersurfaces with only normal
crossings in a regular scheme W of dimension m (asin § 1). Recall that if x is the induced
idealistic space, then permissible transformations over ) correspond to w-permissible
transformations over (J, b), E (Def. 1.18.2). Say

X A X
3, b))y, b) ... <@, b)
E E, E,

where: (i) (J;, b) is the transform of (J;_,, b) (Def. 1.3).
(ii) J;=MJ® M a monomial (Def. 1.17.1).
(iii) w-ord(J)= ... = w-ord(J,) (Remark 1. 17.6 (iii)).
(iv) w-Singy;=Sing(w—y,;)=Singw(J,, b) [w(J, b) asin 1.17.6].
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The notion of birth of y, (and of E,.=E  \UE}) of Def. 2.1 corresponding to the
smallest index k for which w-ord ((J,, b)) =w-ord((J,, b)).

If the weighted order of (J,, b) is zero i. e. if J, is locally a monomial, the resolution of
(J,, b) will follow easily. So assume that w-order(J,, b) >0 (as in 2.3.2).

For further simplification we restrict our attention to the functions on w-Sing y, defined
by T (1) [constantly equal to w-order (J,, b)] and T (3), T(3)(x)=n(x) (as in 2.3.2).

These two functions turn out to be substantial for this procedure of resolution.

In 2.7.2 we study the maximal value of this function (in a lexicographic sense) along
w-Sing(y,), say MaxT,=(w, n). We set

Max T, = { xew-Sing(x,)/T(x)= (@, n)}.

Fix xeMax(T,), then n(x)=n, and say {E,, ..., E,} ={E;eE /xeE,;}, E, locally
defined by x;=0. :
Then Max T, is the singular locus of a new pair of order 1 (Def. 1.2), say T,(J,, b),

where: i
\/

T,J, ) ~w(l, )N Kx D, DN oo N(Kx, D, 1)
or equivalently, if w(J,, b)=(, d)
T,J, )~ (L +D+ ... +(x9), d)

[ ~: isomorphic in the sense of idealistic situations (Def. 1.9)].

If n=0, in 2.6 we showed that the problem of resolution of w(J,, b) (the problem of
“lowering” the weighted order), is a problem of resolution of an idealistic space of
dimension smaller then m.

n is to be thought of as an obstruction in this sense.

The main results in this section are: [see conditions (1), (2), (3) and (4) of 2.7.3 for
precise statements].

(a) The lowering of n [or of ®=weighted order of (J,, b)), is equivalent to the resolution
of the pair T,(J,, b).

(b) The problem of resolution of T,(J,, b) is a problem of resolution of idealistic spaces
of dimension smaller then m.

Of course the number n, or any n(x) is bounded by m. There cannot be more then
m-hypersurfaces with normal crossings at xe W.

2.7.2. Consider a sequence
—r Ter -r —"-t
B:x ™ e T ey e =y

of permissible transformations over an m-dimensional idealistic space x™" : I - C(m, A)
such that

w-ord (x'~") =w-ord (y) > 0.
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We assume, inductively on r, that each =; is a permissible transformation with center
C;, uniquely determined by an upper semicontinuous function on the “closed” sets w-
Sing (/).

In 2.3.2 we have constructed a function T on each w-Sing(x“) which is upper
semicontinuous. Now define for each such T : Max (T (x“)) or simply.

Max (T) =maximum value of T at w-Sing(x"), and

Max(T)={xew-Sing(x?) | T(x) =Max T}

(see Remark 2.3.4).

Assume that the following conditions hold:

(i) C; = MaxT < w-Singx"

(i) for any xew-Sing (xY*"); T (n;(x))=T(x).

DEeFNITION 2.7.2. — When these conditions hold then for each xeMax(T) < w-
Sing(y) we define:

1. m-Sing(x)=T (x) (=Max(T)).

2. the m-birth of x as the image y of x by the natural map n : x — x'~? where —j is
the smallest index for which T (x)=Max (T (x~%).

Remark. — Given x as before, let y be the m-Sing birth of x and z the birth of x
(Def. 2.5). Then z is also the birth of y.

2.7.3. In 2.6 we studied a sequence B (as before) such that w-ord (") =w-ord (%) >0
and the additional hypothesis that T (3) (x)=0, Vxew-Sing(x). In this section we con-
sider the case that Max T=(d,, d,, d;, o) (T : w-Sing(x) = Z> x A™) where d;>0 and
we want to construct now a preparation procedure (Def. 2. 4).

Let —j and y be as before and F("?=Max(T) = w-Sing(x'~?), let z denote the birth
of y and let a €I be such that ze w-Sing (™" (a)) =« W " (o) where % ™" (o) =(W " (),
(@), EA¢-D (g ApC-P(a)-

Now w-Sing (/™" (ar)) = Sing (w (/" (o)) and ord (w (™" (a)))) =1 (Remark 1.17.1).
Again by theorem 1.16.1 there is a smooth hypersurface H™” < W("?(a) such
that zeH” and H” has maximal contact with w(e/‘"”(a)) [after shrinking
WD (@),

If H"9 denotes the strict transform of H™” at W("?(a) by the maps induced over
WO (o), then ye H? and H™? has maximal contact with w(2/"? («)) (which is the
transform of the idealistic exponent w(&/‘™”(x))) at W' ?(a) [Remark 1.17.6
(ii)]. Recall (as in 2.6) that H"” has normal crossings with Eju (2.1). If
w (" (o)) is defined locally at y by a pair (J, b), then consider the idealistic exponent

K=+ Y PB.,b), TI'=(Es)"~

yeEsell

(2.1) where P, © Oy, is the sheaf of ideals O (—E,).
One can check that:
(a) SingK=F? (locally at y).
(b) K is well defined independently of the election of (J, b).
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Remark. — Assume that T(2) (y)=(=T(2)(z))=0 then
d+ Y PLb~J+ Y P,b) (Def 1.1)

yeEsel yeEieI”
where I = { E,e(E,0) ™ | w-Sing (x"?) ¢ E, } (locally at y).

Since HY has maximal contact with w (/" ())=((J, b)), then it also has maximal
contact with K.

Now consider at W 9(a) the weighted idealistic situation (W9 (w),
K, (Ex¢-9 @) "> Ap- () Where (Ex-p o))" is as before and A y-5 ,, consists of functions
a(M) : E, > Q, for each E, €(Ey-5 o) " wWhere a(}) (x)=0, Vx€E,.

Now for each E, €(Exu o) * let E,=E, "H"? and define Ez={ E, (as before) } and
Az={a(}) : E, - Q (E, as before) such that a(}) (x)=0, VxeE, }.

E; consists of hypersurfaces (at H"?) with only normal crossings.

We claim that the conditions of Theorem 1.15 (b) are given (see Remark II below),
so that there is an idealistic exponent # at H"? and a strong immersion

(H), 8, E3) & (W2 (@), K, (Ep-p ) *)-

Arguing in the same way for all points xeMax(T) < x°=y and all election of
hypersurfaces H"”, we construct an m—1 dimensional idealistic space x'~” which is
quasi-compact and satisfies the following conditions:

(1) Singx'~?=Max(T) = w—Sing(x' ™).
(2) The permissible sequence

iy O AL D Ny
induces a permissible sequence
(A): Py itD 3@
over ‘™2 such that Sing(x”)=Max(T) = w-Sing(x®) for all I=—j, —j+1, ..., 0.

Q) If x Pyt h e« 3D %® is a permissible sequence [extending that
of (2)] then it induces a permissible sequence

O PR PV boF RPN ) DY ¢ PP

at permissible centers C,(—r=<I<k) such that (i) and (i) of 2.7 hold. Moreover
Sing x» =Max (T) = w-Sing(x*) 0<I<k and

Max (T : w-Sing () = Z3 x A™ >Max (T : w-Sing(x*) = Z3 x A™)

if and only if Sing x® = .
(4) Conversely, if x™Me... 3PP . . x® is an extension of
X"« ... « %=y by permissible transformations at centers

C;c MaxT < w-Sing(x"), 0<j<k
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such that (i) and (ii) of 2.7 hold, and if
Max (T : w-Sing(x®) — Z3 x A™) =Max (T : w-Sing(x) = Z3 x A™)

then it induces a sequence of permissible transformations

S DS, DA~/ C DI~

and Sing (x®) =Max T < w-Singx®1=0, .. ., k.

Remark II. — The construction of the restricted situation at y would not be possible
if and only if:

(1) (") =1

(2 T()()=0

(3) T3 (=0
(see Remark I) but we assumed in the construction of 1.7.2 that T(3) (y)#0.

2.8. Now let D, =Z*xA™ J,=D, xD,,_; x ... x D, and suppose that the theorem
of constructive resolutions (2.2) holds in dimension smaller then m.

We assume that the sequence (A) is a constructive sequence, i.e. that there is a
resolution

Gt P O L U () A€ I R Y

together with functions Y%, : Singx® —J, _,, —j<k <l satisfying the conditions at 2.2
(see observation 2. 3. 3). Recall that Sing(x*)=Max(T) < w-Sing(x*) where now:

L PR U ¢ PPN U RV () S

is the permissible sequence constructed with these centers.

Moreover this maximum value of T along w-Sing(x!™*) is the same, say c, for all
—j<s<l

So if ¢, is the maximum of T along w-Sing(x®) (assuming that the birth of ¥ is still
x™"), then ¢, <c. But this simply means that

Max { T(3)(x) | x e w-Sing () } < Max { T(3) (x) | xe w-Sing (x"¥) }

But T(3)(x)<m=dimy® (Def. 1.18.2). So repeating this argument we are left in
the situation at which either w-ord(x"”) <w-ord(x'™®) orw-ord (x®) =w-ord (x'"®) and
T(3)(x)=0, Vxew-Sing (x"). In this way we have constructed a preparation procedure
(Def. 2.4) and now the inductive procedure of 2.6 can be applied.

In either case at F® = {xew-Sing (x*)|F(x) is maximum} =Max (T) define
V9 (x)=(T(x), ¥¥_, (x)); this defines a map:

YR FY 5D, x T,y (=1,)
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We are still left with the case (within w-ord (y) >0) where:

T(2)(x)=0, V x e w-Sing ()
T(3)(x)=0, V x € w-Sing (%)

and t(w(y)=1.

In this case and only in this case, the procedure introduced before are of no use. But
then w-Singy is regular at each point and w-Singy itself is a center of a permissible
transformation and such transformation defines a resolution of w(x). On the other
hand the function T : w-Sing(x) —» D,, is constant. So we define

V¥, (x)=(T(x), ©)eD, xJ,_,=17,
Finally, if w-ord () =0 define
v, : Singy — J,,
by
Y (%) =(T (x), 0)
(Remark 2.3.1 asserts that a resolution of y can be “‘constructed”).

2.9. With the assumption of constructive resolutions of singularities for idealistic
spaces of dimension smaller then m, we have produced in 2.8, for any m-dimensional
idealistic space y a unique resolution:

o,
o A1 <X < An

A
*) Y, Y, Y

r

n’ . . . . . .
where each y, « ¥, is a permissible transformation with center Y, = Singy,.

DEerFiNITION 2.9.1. — Given a point xeSingy,, if x¢Y, we identified it with a point
xeSingy,,; in such a way that Il;: Singy,,, — Singy, is locally an isomorphism
(at x). Since (A) is finite there is a well defined number ' >r which is maximal with
the condition that IT7: Sing, — Sing %, (the composition of all intermediate maps) is an

isomorphism locally at x. We say that “xeSingy,”. In this case xeY, < Sing(x,),
because of the maximality of #/, ' is called the level of x.

DEFINITION 2.9.2. — Given an upper semicontinuous function h: F — (D, <), if (D, <)
is totally ordered then set Maxh={maximal value of h} (a unique element) and
Maxh={x|h(x)=Max(h)}. If D is not totally ordered, then Max h might consist of
more than one element. We will assume moreover that for each x e F, there is a totally
ordered subset (D,, <) = (D, <) and that Img(h) = D, locally at x.

Examples of these maps are given by

T: Singw () — D as pointed out in 2.3.1 and 2.3.2.
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Now Max h becomes a disjoint union of closed sets

Maxh= U Max()(@), Max(h)(@={x|h(x)=d)

deMax h

LEMMA 2.9.3. — Suppose we are given the following data:

no 1!1 H}
X < X1 < A € <An

(B)
YocF, Y,<F, Y;cF;

and upper semicontinuous functions k,: F, - (D, <) such that:
(i) the data (B) is a resolution of .

(ii) F, = Singy, is closed, Y, is the center of Il, and Y, = Max (h,).

(iii) if xeF,,; and II(x)€eF, then h, , (x)<h,(II,(x)) and the equality holds if more-
over I1(x)¢Y,.

(iv) ST (F,) < F, ., [ST(F,) strict transform of F,], (ST(F,)=J if Y,=F,).

(v) If xeY,(s>r) and IT} (x) €Y, than h,(x) < h, (IT; (x).

(vi) If s>r, VxeF,3deMaxh, such that h,(x)<d and if equality holds then
IT; (x) e Max h, (IT;: the composition of all intermediate maps).

Define now H,: Singy, — (D, <) as follows: given xeSingy, let 7 be the level of x
(Def. 2.9.1) then xeY,, and we define H, (x)=h,. (x). We claim that

(a) If xeF,, H,(x)=h,(x) i.e. H, extends h,.

(b) H,(x)<H, _, (II(x)) and equality holds if IT(x)¢Y,_;.

(c) H, is upper semicontinuous, Max H,=Max h, and Max H,=Maxh,.

Remark 2.9.3.1. — In the conditions of (vi), if h,(x)=d then x€ Maxh,.

Proof (of the Lemma). — (a) Let xeF, and r’ be the level of x. We must prove that
h,(x)=h,.(x), this follows from (iv) and (iii).

b) If I(x)¢Y,_,, then level of x and II(x) concide, so H,_; (II(x))=H, (x). If
I1(x)eY,_, then the level of I1(x) is r—1 and H,_, (IT(x))=h,_, (IT(x)). Let r" be the
level of x, then x€Y, and clearly IT_, (x)=I1 (x) so

H,(x)=h, (x)<h,_; [T (x))=H,_, (T(x))

[inequality due to (v)].
(c) Given deD, we define
U={xeSingy,/H, (x) 2d}
V= U IG(F(s, d)

(s,d)el’
I'={(s, d')/d’ eMax (h)d’2d and s2r},
F(s, d)=Max (h) (&)= {xe Max (h)/h, (x)=d}.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



28 0. VILLAMAYOR

We claim that U=V. In which case, since each ITf is proper and the F (s, d') are
closed, U is a finite union of closed sets.

Fix xeU, H,(x)=d’=d and let " be the level of x. Then xeY, (S Maxh,) so
d’eMaxh,) and d'2d i.e. (v, d)el, so xeIl’ (F(r, d)) i.e. xeV.

If xeV there is ye Max (h) (d") ((s, d")€T') such that IT{(y)=x, so h,(y)=d’ € Max (h,)
and d’'=d.

Let s’ be the level of y and r’ the level of x. Clearly s'2>7, II¥(y)=x€Y, and yeY,,
SO

Hr(x)=hr'(x)ghs(y)=hs’ (y)=d/gd

[inequelity do to (v)] i.e. xeU.

Let us show that Maxh,=MaxH,. First we prove that: YdeMaxH,, 3d’e Maxh,
such that d<d’. Infactif H, (x)=d for some point x € Sing y, of level ¥, then xeY,. c F,.
and h, (x)=d. By (vi) there is d’eMax(h,) such that d<d’. Since (a) is proved it
follows that Max h,=MaxH,. Again because of (¢), Max h, < Max H, and the equality
is clear from (vi). _

Remark 2.9.4. — Suppose that the sets F, are replaced by F® satisfying:

(a) Max (h,) =« F” c F, and F® is closed

(b) Condition (iv) of Lemma 2.9.3.
and (c) h.: F® - D are defined by restricting h, to F®.

With this conditions we assert that:
(1) the statement of the Lemma still holds.
(2) If H; is defined as in the Lemma then H;=H,.

Proof of (1) is straightforwards [see Remark 2.9.3.1 for (vi)] and (2) is due to the fact
that the construction of H, depends only on h,|y,Vs2r, and Y, = Max h, = F®.

PROPOSITION 2.9.5. — Given the resolution (A) of 2.9, let F, be defined as:

(A) F,=Singw (y,) if w-ord (y,)>0.

(B) F,=Singy, if w-ord (1,)=0
and set T,: F,—>D as in 2.3.1 and 2.3.2, then all the conditions of Lemma 2.9.3 are
satisfied.

Proof. — (i) and (ii) follow by construction.

(iv): If w-ord(y,) >0 and the strict transform of F,=Sing w(y,) is non-empty, then the
w-ord (¥, + ;) =w-ord (y,) and w(y,,,) is the transform of w(y,) (2.7). Now (iv) is clear
in this case.

If w-ord(y,) =0 then F,=Singy,, w-ordy,,,=0 and F,,,=Singy,,,, so also in this
case (iv) is clear.

(iii) We prove it by considering different cases:

(a) w-ord (, +,) <w-ord (y,). In this case it is clear that w-ord (x, >0 and as discussed
above [in the prove of (iv)], F,=Singw(y,) must be Y,, (iii) is now obvious from these
remarks.

4° SERIE — TOME 22 — 1989 — N° 1



CONSTRUCTIVE RESOLUTION 29

(b) w-ord (%, ,+,) =w-ord(y,) =®>0. The first coordinate of T, is constant alonog F,
(equal to @) and the some holds at F,,;. The second coordinate is T(2), the good
behavior of this function is given by Prop. 1.16.4 which states that T (2) (x) =T (2) (IT (x)),
VxeSing(x,+,).- So that we are left with proving (iii) by looking at the function T (3),
now the statement follows from the fact that E, , is the strict transform of E;~ and by
the construction of (A) in terms of T [condition (1) (2) (3) and (4) of 2.7.2].

(¢) If w-ord (%, 4,)=w-ord(y,) =0 we refer to Remark 2.3.1.

(v) (a) w-ord (y,) <w-ord(y,) there is nothing to prove. We must consider the cases.

(b) w-ord () =w-ord (,) >0 and (c) w-ord (y,) =w-ord (y,) =0 both undergo essentially
the some proofs as those given above for (b) and (c) of (iii).

(vi): is clear from the construction of (A) in terms of T.

ProposiTiON 2.9.6. — Let (A), F,, Y, be as in Prop. 2.9.5, if each F, is replaced by
F®=MaxT,, then the conditions of Remark 2.9.4 hold.

Proof. — the non trivial point is to show that condition (iv) of Lemma 2.9.3 still holds
i.e. ST(F)) < F;,,.

If w-ord(y,)>0, there is an n—1 dimensional idealistic space ¥ such that
Sing () =Max (T,) (=F"), and if Max(T,)=d then the lowering of d is equivalent to

the resolution of ™ [conditions (1), (2), (3) aond (4) of 2.7.2], so we look at x,g e+ 1-

If MaxT,,;<d, Y, must be Singx® (=F,) and there is nothing to prove. If
MaxT,,,=d then MaxT,,, is the singular locus of x'*! which is the transform of '
by a permissible map ' < x'*!, but then the ST (Singy') = Singy'*! as was to be shown.

If w-ord (y,) =0 then F® is the center i.e. F” =Y, and there is nothing to prove.
2.9.7. In 2.8 we defined at F® =Max T, a function

¥, =F® >D=D, xJ,,

in such a way that pf o\, =T, (p] projection on D,,).
THEOREM 2.9.7. — The data

(A) Xo « X1 < Xi “Xn
Y, < F© Y, < FW Yj < FW

together with the functions \: F® — D satisfies the conditions of Lemma 2.9.3. In
particular there are, for each s, functions \r;,: Sing x, — D,, x J,, making of (A) a constructive
resolution in the sense of 2.2.

Proof. — After Prop 2.9.6, (i), (ii) and (iv) deserve no proof (vi) is clear from the
construction of (A) [recall that Y,=MaxV;, and for s>r, x and d as in (vi) then
hy(x)<d].

(iii) (@) If w-ord (y,) =0, then V;, is basically T, and again this case is in Prop. 2.9.6.

(b) If w-ord(y,) >0 and Max T,>MaxT,, ,, then Y,=Max T,(=F®) and the assertion
is clear.
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(¢) If MaxT,=MaxT,,,, there is x' (as in the proof of Prop 2.9.6) such that
F®=Sing (¢'), F*=Sing (¥'*").

Now T (x)=T(II(x)) so one must prove (iii) for ¥,_, and now x and II(x) are
singular points of an m — 1 dimensional resolution.

But V,,_, is constructive and (iii) follows from (ii), of 2.2.
(v) Reduces immediatly to the case T, (x)=T, (I{ (x)) and undergoes essentially the some
argument of the proof of (c) given just above.

2.10

Remark 2.10.1. — Why T(2)?

As pointed out in 2.7, the role ot T(2) is not essential for our constructions i.e. we
can define T(2)(x)=1 whenever T(1)(x)>0 without affecting the general
strategy. However if we consider (J, 1), E, J={x,y><C|x, »,z|, E={E;},
E,;={z=0} = C?, then one can check that the number of unnecessary quadratics transfor-
mations applied before solving the pair, will diminish if we do consider this function.

2.10.1. — At this point we give a punctual construction of the functions V,, defined at
2.8.

Let x an idealistic space of dimension m, if w-ord x=0 i. e. if % is locally a monomial,
V,, reduces to T (2.3.1).

We consider therefore the case w-ordy>0. In order to simplify set (J, b) as in
paragraph 1 and (J,, b) aristing from (J, b) < (J, b) ... «({J,, b)... < (J,, b) with the
notations and assumptions of 2.7.1, where only the functions T(1) and T(3) where
considered [i.e. T(2)(x)=1 if T (1) (x)>0].

So let (o,n) be MaxT, and k=r be the smallest number for which
MaxT,=(w, ny). Recall from 2.7.1 that T,(J,, b) was an “m— 1-dimension” idealistic
pair such that Max T,=Sing T, (J,, b) and that

m
Job)e—=...<(J,b)

induces a sequence of permissible maps:

I
T,(Jp b))« ... <T,QJ, b),

each T;(J,, b) being the transform of T;_, (J;_,, b) (Def. 1.3), for i>k.

Given x e Sing(J,, b) we express %, (x) by three coordinates, the first two corresponding
to T,, the third to Y5 _,. We begin by defining, inductively on p, sets E_ , as follows:

(1) if o=v,(J,, D)<®—V, y J,-1, b) IT=1II,_,) (Def 1.17.1), or if p=0:
E_ ,={E;eE,/xeE}
(i) if @—v,(Jp, D)=0—V, (y J,—1, b)

E. ,={ST(E)/E;€E,_; 5 and xeST(E)}
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(as usual ST denotes the strict transform).

Now we claim that:

@ T, (1) ) =0, (1, b)

®) T,(3) (x)=E,.

(o) If g(=p) is the smallest index for which T, (IT¥ (x))=T,(x). Consider at a neigh-
bourhood of y=TII%(x) the pair:

(d’ d):W(Jq,y’ b)m(xl, l)m(xb l)m LR m(xha 1)

[notation as in 2.7.1, where h=T,(3) () and x;=0 defines E;€E, , locally at y]. Then
the third coordinate is \, _, (x),t=p—q and \,_, arises from the constructive resolution
of the m —1 dimensional pair (<, d).

Let r denote the level of x(r=p) (Def. 2.9.1) and recall the definition of Y (x) in
terms of the level of x (2.9.3 and 2.9.7).

Point (a) is clear and (b) will follow by proving inductively on p, that:

(d) E. ,={E;€E /xeE}.

In the case (i), either p=0 or the weighted order of (J,, b) is smaller then that of
(J,—1, b) and (d) follows in this case from the definition of E,” in terms of the weighted
orders of the pairs (2.1).

In the case (ii), if s is the level of IT(x), clearly s<r and (with the identifications of
Def. 2.9.1)

w-ord (J) =0 —vg i,y (J,, b)=0—v,(J,, b)=w-ord(J,)

since IT(x)e Y, =« MaxV{,, and xeY, = MaxV,,. So (d) follows now from the relations
between E; and E given in 2.1.

Now that (d) is settled (for any p) we prove (c). So let s(=q) be the level of y and r
as before that of x. Clearly s<r. On the other hand yeY;c MaxT, and
xeY, c MaxT, so:

MaxT,=T,(»)=T,(x)=Max T,=(w, n,).

In particular k <s (k defined as above).

Consider the composition of the intermediate maps: Il and the point z=II; (y). If
the level of z is the level of y, I} is the identity map locally at y and (c) follows from (d)
and the construction of T, (J,, b) (2.7.1).

If II; would not be an isomorphism at y, since IIj=id, then k <q contradicting the
minimality of q.

So if x is considered as a point of Sing(J,, b), the point IT},(x) e Sing(J;, b) (which is
the m-birth of x Def. 2.7.2) has the same level as y.

Suppose now that the function T, is replaced by T,(1) and g by g, (Zp): the smallest
index for which y,=T,(1)(I1f (x))=T,(1)(x). Then the same argument as above will
show that the birth of xeSing(J,, b) (Def. 2.5) has the same level as y,. Therefore in
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the construction of 2.7.3 the election of the hypersurface of maximal contact can be done
locally at y,.

REFERENCES

[1] S. S. ABHYANKAR and T. T. MoH, Newton-Puiseux Expansion and Generalized Tschirnhausen Transformation
(Crell Journal, Vol. 260, 1973, pp. 47-83 and Vol. 261, 1973, pp. 29-54).

[2] J. M. Aroca, H. HIRONAKA and J. L. VICENTE, The Theory of Maximal Contact (Memo. Mat. del Inst.
Jorge Juan, Vol. 29, Madrid, 1975).

[3]1 J. M. ArRocA, H. HIRONAKA and J. L. VICENTE, Desingularization Theorems (Memo. Mat. del Inst. Jorge
Juan, Vol. 30, Madrid, 1977).

[4] B. M. BENNETT, On the Characteristic Function of a Local Ring (Ann. Math., Vol. 91, 1970, pp. 25-87).

[5] J. GIRAUD, Sur la théorie du contact maximal (Math. Zeit., Vol. 137, 1974, pp. 285-310).

[6] J. GIRAUD, Remarks on Desingularization Problems (Nova acta Leopoldina, NF 52, Nr. 240, 1981,
pp- 103-107).

[71 H. HIRONAKA, Resolution of Singularities of an Algebraic Variety Over a Field of Characteristic Zero, I-1I
(Ann. Math., Vol. 79, 1964).

[8] H. HIRONAKA, Introduction to the Theory of Infinitely Near Singular Points (Memo Math. des Inst. Jorge
Juan, Vol. 28, Madrid, 1974). ’

[9] H. HIRONAKA, Idealistic Exponents of Singularity (Alg. Geom., J. J. Sylvester Symp., John Hopkins Univ.
Baltimore, Maryland 1976, John Hopkins Univ. Press 1977).

(Manuscrit regu le 31 octobre 1986,
révisé le 7 juillet 1988).

O. VILLAMAYOR,
Algebra y geometria,
Facultad de Ciencias,

Universidad de Valladolid,

Valladolid - Spain.

4¢ SERIE — TOME 22 — 1989 — N° 1



