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1. Introduction.

Dans ce travail, nous étudions le probleme de décomposition sui-
vant: Etant donnés deux ouverts bornés de Cr, Q et Q (vérifiant
certaines conditions) et étant donnée une matrice A(z), carrée d’ordre
n, dont les coefficients sont des fonctions holomorphes dans 2, N 2,
ayant un prolongement C'* &1’adhérence Q; N §22, peut-on trouver deux
matrices A;(z), A2(z) holomorphes dans 2; et 2, respectivement et se
prolongeant de maniére C* a Q0 et Q0 telles que sur ; N, on ait

A=4,4,.

On connait 'importance de cette décomposition dans la classifi-
cation des fibrés analytiques (voir par exemple [1], [8] et leurs biblio-
graphies). Dans [8], une décomposition a déja été obtenue en utilisant
la structure topologique de I'espace A®°(2) des fontions holomorphes
dans Q qui se prolongent en des fonctions C* sur Q. Cet espace est
une limite projective d’espaces de Banach E, et grace a un théoréme
de Mitagg-Leffler, on se rameéne a établir la décomposition dans chacun
des E,,, ce qui se fait a ’aide du théoréme des fonctions implicites dans
les espaces de Banach.
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La métohode porposée ici est plus directe, nous travaillons di-
rectement dans les espaces de Fréchet en développant ’argument des
fonctions implicites dans ces espaces. On met alors en évidence cer-
taines propriétés intéressantes de l’espace de Frechét A*°(§2) permet-
tant I'introduction des opérateurs de régularisation de Nash [6] et de
montrer un théoréme des fontions implicites de type Nash-Moser. Nous
suivons pour cela la présentation de R. S. Hamilton [4] et de S.
Lojasiewicz et de E. Zehnder [5]. La présente méthode est antérieure a
celle de [8] et peut sembler plus compliquée, mais elle est plus effective
et peut s’appliquer a d’autres types de factorisation (de type Birkhoff
par exemple, voir [7, Théorémes 8.1.1 et 8.11.5]).

Les notations sont celles de [8] auquel nous revenons pour tous
les résultats d’analyse complexe que nous utilisons dans le présent tra-
vail. Le second paragraphe est consacré a 'introduction des opérateurs
de Nash et a poser le probléme de la décomposition dans le cadre des
matrices. Le troisiéme paragraphe traite du théoreme des fontions im-
plicites dont nous avons besoin pour la décomposition. Le quatriéme
paragraphe étudie la décomposition des sections de certains fibrés ana-
lytiques, certains calculs -a la formule de Campbell-Hausdorff- sont
nécessaires, ils seront traités en appendice.

2. Cas de la propriété (P)

Dans cette section, nous considérons deux ouverts §2; et {22, pseudo
-convexes, bornés et a bord lisse et C™ tels que

2\Q2N2\Q =9,
Q, U, =N est pseudo-convexe a bord lisse et C°.

Les bords de §;, 2, et Q vérifient la propriété (P) suivante:

Pour tout M >0, A € PSH(Q) N C*®(N) (respectivement
PSH(Q:)NC™(), i =1,2),0< X <1 telle que
pour tout z € b2 (respectivement z € b§2;,7 = 1,2)

(P)
PL 9% _ )
Y. goas () bl 2 MIiP.

1,7=1
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L’intérét de cette condition est formulé par un résultat de D. Catlin [2].

Théoréme [2]. Soit Q un ouvert pseudo-conveze, borné, ¢ bord lisse
et C>® dont le bord bSY vérifie la propriété (P), il existe une constante
Cm > 0 telle que pour toute (0,1)-forme a, O-fermée et d coefficients
dans H™(Q), la solution u de Ou = a, qui est orthogonale auz fonctions
holomorphes satisfait d l’estimation

lull < Cm (el + llull®)

ot ||ul|® = ||ull}2(q) - En particulier, si a et dans Cg5 (), u est dans

C=(%).

Dans le méme travail [2], 'auteur montre que la propriété (P) est
satisfaite par une classe tres large d’ouverts de C?.
Suivant la terminologie de [9], on pose

Définition 2.1. Un bon espace de Fréchet E est un espace dont la
topologie est définie d 'aide d’une famille croissante de normes || -||o <
[“|[i <:-- et ot il existe une famille d’opérateurs Sy : E — E, t > 0
tels que il existe ng € N, tel que pour tout ¢ € E

|Sezli < Cij 777 ||2]l, i+ng>7,
|Sez — z||; < Cijt* 7 *"||z)|;, i4+mno<y.

Les C;; sont des constantes dépendant de ¢ et j, mais non de x, ni de
t.

Proposition 2.2. Soit Q un ouvert borné, pseudo-conveze d bord lisse
et C™ et tel que b satisfait d la propriété (P), l’espace de Fréchet
A>®(Q) est un bon espace de Fréchet.

Nous avons besoin du résultat qui suit.

Lemme 2.3. Soit L°(R"™) l’espace des fonctions bornées sur R™ et
B(R"™) = {f € C°(R™): D*f € L*(R"), pour tout o € N*}, on mu-
nit B(R™) de la topologie définie d l’aide de la famille de semi-normes

|flln = sup |D*f(z)|.
z€R

laf<m
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L’espace de Fréchet B(R™) est un bon espace de Fréchet, en conséquence
Uespace C>®(Q2) est un bon espace de Fréchet.

REMARQUE. Le fait que C*°(Q) soit un bon espace de Fréchet résulte
aussi de l'isomorphisme bien connu C®(R) ~ S ou S est lespace
des suites a décroissance rapide, qui est bon ([4]); ici, nous avons be-
soin d’inégalités explicites faisant intervenir directement le systéme de
normes définies dans C*°(Q).

PREUVE DU LEMME 2.3. On remarque que la construction de Nash [6]
s’adapte. Soit ¢ une fonction C°°, a support dans B(0, 1), boule centrée
en 0 et de rayon 1, ¢ = 1 sur B(0,1/2) et soit ¥ = ¢ la transformée de

Fourier de ¢, alors ¥ € S(R") et [;. P(z)¥(z)dz = P(0) pour tout
polynéme sur R™. Pour f € B(R") et ¢ > 0, on pose

Sef(@) =t [t —u)iwitn= [ ¥wf@e-Y)dr.
On vérifie, comme dans [6] que

ISeflli < Cst T 1ALy, i 2,
ISef = fll: < Cij 77| fll; 724,

et donc B(R™) est bon. Puisque § est a bord régulier, le Théoréme de
Seeley permet de trouver un opérateur linéaire £,

c=@) 5 cr@)
ot Q est un ouvert borné de R®, Q C Q et
ERNla=F 1 ma < Cullflma, feC®(Q),meN.
Ainsi, on a une suite
c=() 5 BR") B c=(@)

ou R(f) = flg,f € B(R") et Ro& = Ipe(gy. Soit (S )t>o la famille
d’opérateurs dans B(R"), définie précédemment, on pose

S;=RoS/o&.
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(S)t>0 est une famille d’opérateurs dans C>(%Q), vérifiant aussi, f €
C=(Q),
ISl < C 7 Nfll, 24,
ISef = flli < Cij t77 |l 1 <7,

d’ou le lemme.

Revenons a la Proposition 2.2. Puisque le bord de Q vérifie la
propriété (P), on peut considérer le projecteur de Bergman

P:C™(Q) - A®(Q)

alors Pf = u — f ot u est la solution de du = Jf, qui est orthogonale
aux fonctions holomorphes, par le Théoréme de D. Catlin: pour tout

m entier,
IPfllam@) < llullam@) + | fllam (@)

< Cm || fllHm+1(0) -

(En effet : ”“”%{m(g) < Cm (“f“z;]m+l(9)+”u”%2(9)) < Com ([ fllzrm+1(0)
+ |lullz2(e))? on utilise ensuite [|ul|r2(@) < ||fllzz) < |fllam+1(a))-

Considérons a présent la suite
A®(Q) EA C>(Q) £ A4%(Q) (J injection canonique)
ona PoJ = Igxq). Sil'on pose
S0t A%(Q) - A%(9),
{ S¢y=PoSjoJ.
On a grace au lemme d’injection de Sobolev H™*?(Q) — C™(Q), que

IS flli = 1P o Sio T(f)ll:
< Ci Sy iy
< C; HSi(f)||p+i+1
S Cii 7N flli+p+1 s

sit > et

I1Sef = flli = 1P o (St — 1) o T(£)ll;
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< Cill(S; = 1) o T ()l er+i+1(
< C; H(.SQ— D)o T(H)llp+i+1
SCi 7 fllj4p+1 -

si ¢ < j. Les constantes intervenant dans ces inégalités changent a
chaque étape mais ne dépendent que de : et de j (et aussi de p, qui est
fixé, p = dim CP), la proposition est démontrée.

REMARQUES 2.4. 1) Soient a < # < 7 trois entiers et f € A%(Q) C
C>=(Q), f vérifie

Iflls < NSef — flls + 11Seflls
< Coyt" 7V Ifllytp + Coa ™ |Ifllatp, >0,

En minimisant par rapport & t la fonction

t— Cg th= “f”*/-’rp + Cﬂ,vtﬂ*v ”f||a+p

on a

B—v)/(a— (B— —a
1flls < Capr IAILSY 7 ) £SO

et si 'on considére f comme élément de C°(Q), il vient

1fllg < 1ISif = flls + 11Siflls
< Co iyt fll4 + Cpat” (| flla
< Copry ”f”gﬂ—v)/(a—*/) ”f“gﬂ—a)/('y—a)_

Dans la toute la suite, on ne retiendra que la deuxiéme inégalité qui est
plus précise.

2) La seule existence d’opérateurs (S;); sur A*°(Q) montre, grace
a un théoréme de Vogt [10] que A*°({2) est un sous-espace de S, espace
des suites a décroissance rapide. En effet soit ap un entier quelconque
fixé et B > ag un autre entier, I'inégalité obtenue dans la Remarque
1) avec ag < # < 28 — ay devient || f[3 < Cap | llagep | Fllz5—arts
pour toute f dans A°°({2), ceci est exactement la propriété (D.N.) de
[10].

3) L’existence de régularité globale pour les solutions u de Ju = «
dans les ouverts {2 dont le bord vérifie une propriété telle que (P) fait de
I’espace A*°(§2) un quotient de S. En effet, dans [10], on caractérise les
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espaces de Fréchet nucléaires qui sont quotients de S par la propriété
-dite propriété (§2)- suivante:

Pour tout ¢, il existe gy tel que pour tout k,

il existe n et une constante positive C = C(q, go, k,n € N)

(€2) tels que pour tout r > 0
1
Ugo CCT"U};"I‘; U, .

On montre dans [10] que C*®(Q) vérifie la propriété (), avec pour
tout entier m, Up, = {f € C®(Q) : ||fllm < 1}. Pour voir que A®(£)
vérifie aussi (§2), fixons un entier ¢ et soit gy I'entier associé a g +p+1
et écrivons l'inclusion précédente avec k +p + 1 (p = dim C?),

1
Uy, C C'r" Ukapts + —Ugtptr, (1 >0).

Soit f € Uyy N A®(R), il y a donc fi € Ur4p41 €t f3 € Ugqpt1 tels que
f=C'r"fl + fi/r. La (0,1)-forme w = —C'r"3f, = 9f}/r est O-
fermée et & coefficients dans C°(Q2), il existe a € C°(Q) telle que
Oa = w. On pose

1
f1=f1'—5;;01, fa=fy+ra, f1,f2 € AZ(Q).
Soient C},... les constantes intervenant dans le lemme d’injection de
Sobolev ou dans les majorations des normes H**?(Q) par || - ||+, on a

5l = |- e,

< Ck Hfll -

-_—
c'rn “H”+P(Q)

n 1
< i (I lmsssar + C* " g il amsrny)

< Crllfillktp+1

de méme

If2llg £ Cq f2llg+p+1 5

comime

f=C'r"fi+ %fz € Crr™(Ur N A%(Q)) + % C,(U, N A®(Q)).
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11l vient
oo trpin 1 T\ oo C; oo
Uy N A=(Q) € C'(CL)" Ch ()" Ui N A™(Q) + —2(Uy 1 A(%))
q
puisque r est positif quelconque, avec C = C' (C})" Cy,

U, NA®(Q) C Cr™ (Ux N A™(Q)) + %(Uq NA®(Q)).

En résumé, on a montré la proposition suivante.

Proposition 2.5. Si Q est un ouvert pseudo-conveze borné, i bord
lisse et C™° dont le bord vérifie une propriété telle que la propriété (P),
Uespace de Fréchet nucléaire A®(S2) est d la fois un sous-espace et un
quotient de l’espace S des suites complezes ¢ décroissance rapide.

(L’espace A*°(2) est nucléaire puisque c’est un sous espace fermé de

C*°(Q) qui lest).

Dans la suite, nous aurons besoin du lemme simple suivant,.

Lemme. Soit X un espace métrique compact et soit E un bon espace
de Fréchet, Uespace C(X, E) des applications continues de X dans E
est bon.

Rappelons que la topologie de C(X,FE) est définie & 'aide des
normes suivantes, pour f € C(X, E),

|flli =sup [[f(z)i, i€N.
z€X

Si (S})t>0 est la famille d’opérateurs sur E, on définit sur C(X, E) les
opérateurs

S :C(X,E)— C(X,E)
f=Sf

ou (S:f)(z) = Si(f(z)), on en déduit aisément des inégalités sur Sy
analogues a celles données sur Sj.

Comme conséquence immédiate et pour un ouvert {2 dont le bord
vérifie (P).
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Corollaire 2.6. Soit s un entier > 2, M(s; A*(Q)) lalgébre des ma-
trices s X s @ coefficients dans A®(Q), s1 X est un métrique compact,
lespace C(X,M(s,A>®(Q))) est un bon espace de Fréchet.

Tout d’abord, remarquons que si E; et E; sont deux bons espaces
de Fréchet avec deux familles d’opérateurs (S} )i>o0 et (S7)e>o0 corres-
pondantes, ’espace produit E; x E; est, lui aussi bon, il suffit de poser
Si(z,y) = (Siz,S%y), (z,y) € E; x E; en munissant ce dernier, par
exemple, du systéme de normes

(z,y) € Ex X Bz : ||(2,9)lli = sup {Jlz]ls, llyll:}, i €N.

Sibien quessi f € M(s; A%(Q)), f = (fij)ij et en posant encore: ||f||, =
sup; ; || fijlln - On a pour f,g € M(s, A~(R))

If +glln < I flln +llgll=
1£9lln < s1Ifllnllglln -

Si SY : A(Q) — A®(RQ), on définit
S!: M(s, A®(Q)) — M(s, A%(Q))

par (Sif)i; = Si'(fij) et
Si: C(X, M(s, A(Q)) — C(X, M(s, A®())

par (S.f)(z) = S!(f(z)), ot f € C(X, M(s, A®(Q)) et z € X. Ainsi

ISeflli < Cij 77 || falljapsr, 27,
I1Sef = flli S Cij 7 [ Flljaptr,  1<7.

Les C;; sont des constantes ne dépendant que de ¢ et de 5. Si maintenant
S est un fermé de X et E un espace de Fréchet, on note par: Cs(X,E) =
{f: X — E, f continue et f(t) =0, t € S}, c’est aussi un espace de
Fréchet, quand on le munit de la topologie induite par celle de C(X, E).
Il est aussi bon si C(X, E) est bon, c’est-a-dire si E est bon. Avant
d’énoncer le théoréme principal de cette section, précisons la situation.

On consideére deux ouverts ©;, Q2 de CP, pseudo-convexes, bornés
et a bord lisse et C™ tels que

OO\ N\ =2,
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i) @4 U$; est pseudo-convexe, a bord lisse et C°,
iii) les bords de Q;,9Q; et Q = Q; U Q, vérifient (P).

Dans ces conditions, on a le
Lemme 2.7. Pour tout s entier > 2, on a la suite ezacte sutvante

0 — Cs(X, M(s, A®(Q; U,)))
2, Cs(X, M(s, A%())) ® Cs(X, M(s, A=(Q3))
E Os(X, M(s, A®(Q, N 0))).

avec de plus R inversible a droite et d’inverse linéaire et continu.

PREUVE. La suite 0 — Aoo(gl UQz) N Aw(ﬂl)@Aw(Qg) RN Aoo(Ql N
23) — 0 est toujours exacte sous les seules hypothéses i) et ii). L’hypo -
these iii) implique que de plus a est inversible a droite, d’inverse linéaire
et continu, en effet si ¢ € Cg°(CP), p = 1 sur ;\Q; et ¢ = 0 sur
Q,\Q4, la forme (0,1)-forme w = f Oy est O-fermée et & coefficients
dans C*®(f2; U Q) et le fait que ©Q; U 2 ait un bord vérifiant (P)
montre qu'il existe un opérateur Ty : Cé’j(Ql UQy) = C°(Q2UQ,)
tel que O(Ty(fOp)) = fOp, pour tout f € A®(Q; N Q) et

IT1(fO0) | rm(@yn02) < Cm || fO2| Hm(@,002)

ce qui montre, grace au lemme d’injection de Sobolev et le fait que
fOp soit a coefficients dans C°(Q; UQ,), que Ti(fOp) est dans
C®(Q UQ,). Evidemment, si fi = (1 — ¢)f + Tu(fOp) et fo =
T(f-gc,p) — f, le couple (f1, f2) € A®(Q1) x A®(Q3) dépend linéaire-
ment de f. Soit

£: AR N Q) — A%(R) x A°(Qy)
f = (fl,f?)

on a

[€(lln < Callfllntp, n€N.
Si maintenant f € C(X, M(s; A%°(21 N Q2)), on pose

L(HE) =L(f(), telX,
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alors

L: C(X,M(s, A°( N D)) |
S O(X, M(s, A®(1)) x C(X, m(s, A®(2))

est linéaire et R o L(f)(t) = a, (L(f)(t) = a o £(f(t)) = f(t), t € X)
c’est a dire
Ro L = Ic(x,M(s;4% (2:092))

on vérifie facilement que

”‘C(f)”n S Cn ||f||n+p ’ n e N

Enfin, a cause de la linéarité de £, I’application £ induit une application
notée encore L

Cs(X, M(s; A®(0 N Q)
— Cs(X, M(s, A®()) x Cs(X, M(s, A()).

avec
Rol = Ics(x,M(s;4%(Q:Q2)) -

Le théoréme principal de cette section est

Théoréme 2.8. Soient E; = Cs(X,M(s; A®(Q)),s = 1,2; E =
Cs(X,M(s; A2 NQ)) et U; = {f € E: |fllix < s7'}. Sigp

est Uapplication

p: U1 xUy CE; xEy - E
(z,y)—zy—z—y

il existe § > 0 et so € N tels que si V ={y € E: ||yl||s, < 6}, il existe
une application continue ¥ : V — Uy x U, p(¥(y)) = y, pour tout y
dans V.

Avant de démontrer ce théoréme signalons qu’il entraine un “lem-
me de matrices holomorphes” dans la classe A>®. Siz € C(X, M(s, A®
(21 N Q2))), 2(t) = e pour tout t € S et ||z — ¢|ls,,< &, s0it 2' =
z —e, z' est dans V, il va donc exister ' € U; et y' € U, tels que
'y’ —z' —y = 2'. Solent t =e—z' et y =e—y alors zy = z et
z(t) = y(t) = e pour t € S ot e est la matrice identité de M (s, A=(£;))
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i =1,2, de plus, si § < s™! (situation qu'on va réaliser en construisant
le voisinage V'), z est inversible. La norme de matrices considérées ici
est ||A|| < sup;<; j<,laij|. Les antécédents z,y sont aussi inversibles.
Enfin, le théoréme ne donne de factorisation que pour les z qui sont
voisins de la matrice identité dans C(X, M (s, A®(Q2,NQy))) et 2(t) = e,
t € S mais si par exemple X = @ ou X est contractible en un point
et GL(s; A®(§2; N Q;)) est connexe (par exemple si ; Ny est con-
vexe) on montre facilement que C(X, GL(X, A*(2;N{;))) est connexe
par arcs, et en raisonnant comme dans la premiére partie, tout z €
C(X,GL(s,A>(Q2; NQy))) s’écrit alors z = xy ou z (respectivement y)
est dans C(X, GL(s,A>®(£y))) (respectivement C(X,GL(s, A>(Q22)).)

Pour montrer le théoréme, on a besoin de quelques inégalités.

Lemme 2.9. Dans Ualgébre C(X, M (s, A®(Q)) = A, Q étant un ou-
vert @ bord lisse (sans conditions supplémlentaires), on a les inégalités
suivantes:

a) Si (a,8,7) EN?, a< B <7, fEA,
1A < CUAE*IAIZ7.

b) Si (i,5) € N x N appartient au segment joignant (k,£) et (m,n)
etsi f,ge A,

IFll:llglls < € ULFN L F e + 1LFllm Nlglln)

c) S f,g € A et n est un entier,

[1fglln < C ([ flln ligllo + 1 fllo llgll=) -

Les constantes C' intervenant dans ces inégalités dépendent na-
turellement des indices a, 3, ...,7,7 mais non des éléments f € A. Les
inégalités de b) et ¢) se déduisent de celles de a) par des méthodes
habituelles. Pour montrer les inégalités de @), on se ramene facilement
au cas ot f, g sont dans C*(9), le résultat se déduit alors de I’existence
des opérateurs (S;) sur C*®(Q2) comme on 'a fait dans les Remarques

2.4 (voir [4]).

Lemme 2.10. Soit B un élément de C(X, M(s, A>®(Q))) tel que |B —
I||; < € ou € est assez petit, B est inversible dans C(X, M(s, A>®(£2))
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et pour tout entier n > 1 il existe une constante C, ne dépendant que
de n (et de s) tels que

1B~ ln < Cn||B|ln -

PREUVE. On procéde essentiellement comme dans [8]. Remarquons
d’abord que B! existe dans C(X, M(s, A°(Q2)) o A°(Q) est ’algébre
des fonctions holomorphes dans € et continues sur et & cause de
la présence du déterminant, B! est en fait dans C(X, M(s; A®(Q)).
D’autre part, il existe une constante C, indépendante des éléments B
vérifiant ’hypothése du lemme telle que |B|lo < C. Eneffet sie < s71,

B -I=> (I-B)"

n>1

et
SE

IB™ =1l < > s 1B~ I||p <

n>1

1—se

et donc se
1B~ o < IIZ]lo + T = O <too.

Pour montrer les inégalités d’ordre supérieur ou égal & 1, on iden-
tifie B & une matrice s X s en la variable z € Q et dépendant du
paramétre t € X. Pour ¢ fixé et puisque B~1(¢,2)B(t,z) = I pour
tout opérateur différentiel du premier ordre D sans terme constant on
a DB™1(t,z) = —B~(t,z) (DB(t,z)) B7(t,z) donc

IDB7}(t,)llo < 1 [DB(t,)llo et |DB™[o < Cy | DB,

ou encore |[B7!||; < Cy||B|

Supposons que P'on ait prouvé |[B7Y||, < C,||B|l,, p < n —1,
n>2.

Soit n' un multi-indice, |n'| < n et D™ un opérateur différentiel

d’ordre n'
O = D" I = D" (B(t,z) B™\(t,z))
= D" B(t,z) B7(t,z) + B(t,z) D™ B~(t,z)

+ > C,, D? B(t,z) D! B1(t,2).

ptg=n’
lpl<n—1, |¢|<n-1
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On en déduit, grace aux hypotheses ||B™!||, < C, || Bllp, p < n—1, que
1B Mipt 1B gt < 1Bllipt 1B~ gt < CllBlljp 1Bl

et par 'inégalité a) du Lemme 2.9,
n' - n' n' 1— n'
1B, I1Bll, < C | BIEA™ Bl B2 By jg et/

< OBl < C||Blln

et comme ,
D™ B(t,-)llo < [|B(t, )ljn) < [|Blln

il vient que

B~ ln < CallBllx -

On est en mesure de montrer que ’application ¢ du théoréme principal
est différentiable (au sens de Gateaux), que sa différentielle est une
“bonne” application linéaire, qu’elle est inversible a droite et que son
inverse est aussi bon (au sens de [9]).

Proposition 2.11. Soient E; = Cs(X,M(s,A®(Q,))), ¢ = 1,2,
E = Cs(X,M(5,A®(Q:1 N Q) et U; = {x € E;y : |z|[i1 < s}
L’application ¢ : Uy x Uy — E, p(z,y) = zy — = — y est différentiable
au sens Gdteauz et il existe une application linéaire L,
L: U] XUQXE—-)E]XEQ
((z,9),m) = L(z,y)n

telle que do(z,y)L(z,y)n=n;n € E, (z,y) €Uy x Ua.

Par définition

(z,y) +t(h, k) —o(z,9)l

dp(a,y)(h, k) = lim lleo( :

On en déduit que
do(z,y)(h,k) =h(y —e) + (z —e)k.

Afin de déterminer 'application L, on résoud en (h,k) € E; x E,,
Péquation do(z,y)L(x,y)n = 7, c’est-a-dire que h(y —e)+(z—e)k = 7.



DECOMPOSITIONS DANS CERTAINES ALGEBRES DE FRECHET 15

Comme z —e et y—e sont inversibles si (z,y) € Uy x Uy, il est équivalent
de résoudre

(z—e)htk(y—e) =(z—e)Tn(y—e) .

Mais si n est donné dans E, nous savons qu’il existe ({1,£2) € Eq x E,
tel que

Lt+b&=(—e) 'n(y—e",

de plus le couple (£1,£;) dépend linéairement de (z — e)~1n(y — e)™?
lorsque 7 varie. On pose

h=(z—e)& € Ey, k=& (y—e)€E;.
Ceci définit une application

LZU]XUQXE—)EIXEQ,
L(z,y)n = ((¢ — e)é1,&(y —¢)),

telle que dp(z,y)L(z,y)n = n, d’ou la proposition.
On désigne par R(z,y) le reste dans le développement de ¢,

R(z,y)(h, k) = o((z,y) + (h, k) — ¢(z,y) = df (z,y)(h, k) = hk.
Dans la suite, nous aurons besoin des estimations simples suivantes.

Proposition 2.12. Pour tout n, il eziste Cp, > 0 tels que s (z,y) €
Ui xUs, (hyk)€ Ey xE; etn€E

a) [le(z,y)lln < Coll(2,9)lln

b) llde(z,y)(h, E)lln < Ca (IR, E)llo (2, 9)lln + I(h, )ll=) ,

¢) I1L(z,y)nlln < Ca (I(2,9)lln+p [17llo + lI7lln+s) ,

d) [|B(z,y)(h, k)lln < Call(R, B)lo (R, F)lln -

Ces inégalités résultent de ce qui précede, a titre d’exemple, mon-

trons comment on obtient ¢). Par construction de L, si (z,y) € Uy X
U27 n € Ea

L(z,ym=((z - e)ér,&(y—¢), &+b=(@—e) ny—e)",



16 A. SEBBAR
avec de plus; ¢t = 1,2,
I€illm(2:) < Crm l(z =€) 'n(y =€) am(ary, mEN,

oll on a noté pour simplifier Q' = Q; N Q,. Par le lemme d’injection de
Sobolev,
I€illng: < Call(z =€) n(y — )7 [lntp.0r

et par le Lemme 2.9.¢)

Iz — &) 'n(y — ) Hlntpr < Ca (I = ) lloe Iy = ) llntp 0
+l(z = &) lntp,0r

Ny =€) Mo, 0r)

< Cr (IInllo.e Ity — €)™ lntp.0r
+ (= &) llntp,0) s

carsi (z,y) €Uy x Uy ||[(z —€) Mo < Cet |(y—e) o < C.
En utilisant deux fois le méme lemme, on trouve

Iz = )" lntp,0r < Cr (Illntp, 0 + (2 =€) lnsp, lInllo)

et
Iz —e)"'n(y — €) lntpo < Cu (Inllogr Iy — €)llnp,0r
+ |7lln+p,0/
+I(z = €)llntp,2 lInllo,e’)
comme

Iz = )llntp SN@=llntpar et N@=lntpar <UY—e)llntpas

il vient enfin

€ille: < Ca (I1(2, 9)llntp Inllo + lInlla) -

En recommancant de la méme fagon avec

I(z = e)rllntpar et [&2(y = €)llntp.0n

on aboutit a 'inégalité c).
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3. Preuve du théoréme principal.

Dans ce paragraphe, on montre le théoréme principal du Para-
graphe 2, il s’agit d’un théoréme des fonctions implicites dans les espaces
de Fréchet. On sait qu’en toute généralité, un tel théoréme ne peut étre
vrai. De nombreux contre-exemples se trouvent dans [4]. Cependant, on
a pu dégager depuis [6], une classe d’espaces de Fréchet ou un théoréme
des fonctions implicites est possible (voir [4], [5] et [6] et leurs bibliogra-
phies). L’espace A*°({2) -qui est limite projective d’espaces de Banach-
fait partie de cette classe si le bord de I'ouvert 2 est régulier et vérifie
une propriété telle que la propriété (P) du Paragraphe 2. Notre situa-
tion est voisine de celles déja étudiées a un décalage d’un entier p pres
dans la définition des opérateurs S; et dans les estimations portant sur
P'inverse L de la différentielle. Ce décalage est dii aux estimations dont
on dispose a ’heure actuelle sur le projecteur de Bergman.

La situation est formulée par le théoréme suivant.

Théoréme. Soient E; et E; deuz espaces de Fréchet, on suppose qu’il
eziste des opérateurs Sy : E; — E, tels que pour p entier non nul

1Sie — zlli < Cijt* 7 ||zllj4p, 1<

ISezli < Cij t7 |lzlljzp, P27,

Soit U louvert de E,, U = {z € E : ||z|l1 < a} ot a est un réel
inférieur ou égal d 1 et soit o : U — E, une application différentiable
au sens de Gateauz, p(0) = 0 et dont la différentielle dp est inversible
@ droite, d’inverse L, vérifiant en outre pourx € U ety € E1, y2 € Es
les inégalités

le(@)ln < Cn (1 + |Iz]la),
lde(2)y1lln < Cn (llzlln lly2llo + [Iy1ln) ,
[L(z)y2ln < Cn (l[zllntsp lly2llo + 1y2lln+p) »
IR(@)y1lla < Co (llzlla lyallg + llyllo llyalln) -

Alors ¢ admet une section locale: il existe V, voisinage de 0 dans E; et
une application y de V dans U telle que, pour tout y dans V, p(¢(y))=
u.
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PREUVE. On veut montrer que si y est dans un voisinage de 0 dans F;,
il y aun z dans U tel que ¢(z) = y. Posons, comme dans [5], [9] et [4],

zog =0, To+1 = Tq + Se, L(2p)2,, zg =y —p(zq)

et

Azg =Tg41 — T4,
ol (t,), est la suite suivante: Si 7 = 3/2,t, = 27" desorte que ty4; = tg-
Avant de montrer que la suite (z,) est convergente vers un élément
z de V vérifiant p(z) = y, on renforce sensiblement 1’inégalité sur
¢ |le(@)||ln £ Ch(1+ ||z||n) en utilisant le fait que p(0) = 0 et que
pour tout z dans U, y; dans Fj,

llde(2)y1ll < Cn (Il [l llo + llyalln) -

La formule de Taylor avec reste intégral appliquée a ¢ donne, U étant
convexe

o(z) = ¢(0) + /0 do(tz)z dt = /(; do(tz)z dt.

Sizel,

(@)l < /0 |de(te)z||n dt < C;, (l|zlln lIllo + [ ]lx)-

Comme ||z]lp £ a £ 1, on a, avec une nouvelle constante C,, = 2C}, ,
le(2)lln < Callzlln, z€U.
Dans toute la suite, c’est cette derniére estimation qu’on utilisera.

Lemme 3.1. §i ||y|l; < a et ||zj]; L apourj=1,...,9—1, pour tout
entier n, il eziste une constante K,, indépendante de q, telle que

12glln < Kt [lylln -

PREUVE. Commengons par remarquer que 'élément z; = y — ¢(z;)
vérifie
Izilln < 1Ylln + lle(zi)lln < llylln + Cn llz;ln -
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Sans diminuer la généralité, on va supposer que, pour n entier donné, les
constantes C,, intervenant dans les majorations du théoreme précédent
sont égales & une méme constante, notée encore Cy,, supérieure ou égale
a 1. Ainsi,

[Zilla < Ca (lylln + [I5l=) -

En particulier ||z;||; < 2C}, dés que ||z;||; < a. Grace aux estimations
sur les opérateurs Sy, nous avons, si n > 2p,

2
1AZ;]ln = 1St L(2)25]ln Cnyne2p £ | L(25)2 |l nmsp
2
< Cryn—2p Crp tjp(”xj”n lzjillo + ”sz|")
< 2C) Crnzp Cnp t57 (I[2jlln + [125]ln) -
D’autre part ||z}]ln + ||2;]la < 2Ca(||Z;]|n + ||y]|n) donc
|AZ;|ln < 4C1 Cr Cnmp Conezp t37 (IIZ5lln + [1¥lln) -

On va poser pour simplifier A, = 4C,C,Cpn_pCh n_2p- Revenons au
lemme. Soit 5,1 <j < g¢—1, puisque z; =z;_; + Arj,ona

25lln + llln < llzj=1lln + lln + |1A2-1]la
2
< Ant? ) (lz-1lln + N9lln) + (zi—1lln + llylla)
< 24a 72 (lzj-1lla + llylln) -

Car A, et t?’i , sont supérieurs a 1. En itérant, il vient

2p 42
1Az5]ln < (24n)* 57 52, (i1l + llylla)

< (24n) (titj-1 1) lylla, (20 =0).
Remarquons que si j <¢g-—1
(t]t]—l . t0)2p S 22p(1’q—1)/(1'—1 S 24pfq

et que

g—1
zg = (2 —Tg-1) + -+ (71 _$0)=ZA’31'

§=0



20 A. SEBBAR

il vient alors

g—1
Izglla < 3" 1AzZ5]ln < 4 (240)72°7 Iyl -

j=0
On veut trouver K,, indépendant de ¢ tel que
q(24n)72 |lylln < Kn t?* [lylln
pour cela on écrit t‘;"‘*’l = 2(4p+ 17 ¢t il suffit alors que
q(24,) < K,27".

Ce qui résulte facilement d’un passage 2 la limite apres division par 27°.
Afin d’alléger quelque peu les calculs qui vont suivre on introduit

C'=C*C, Cyp C23p Ca4p Cop 22p Ky, ,
C"=22Cy, C:CE,,, C=C'+C", M=C+2'

et on fixe §, 0 < § < (a™*M?3)~L.
Proposition 3.2. §i ||y||24p < 6, tous les z, vérifient ||z4||2, < a.

PREUVE. On va prouver par récurrence sur ¢ et sous ’hypothése
lyllz4p < 6 les implications (Ry—1)4>1 suivantes

(Rg=1)  lzjllzp < a, 0S5 < g =12 ||zgllap < Mt ||yl2ap -

Admettons pour un instant que (Ry) est vraie pour ¢’ > 0, on va
prouver la proposition, par récurrence sur q. Sig =0,z =0et il n’y
a rien a démontrer. Supposons que ||z;]|2, < a, 0 < j < g. Cela veut
dire en particulier que R, _; est vraie pour tout ¢' < ¢ + 1. Pour j,
0<j<gona

1Az} l2p < [ISy; L(2;)z;l2p
< Copo t?’ ||L($j)zj”p
< Copo Gy tﬁp (”%‘”2? llz;llo + “21‘”2;:)
< 2C3p,0 Cp 7 ||2;l2p -
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Comme Rj_; est vraie ||zj||2p < Mtj_w” llyll24p, par suite
q
legallzp < - 11Az5112
=0
s
<2C; Copo M |lyl|24p th ?

=0

< 2Cp Copo M||yll2sp

car

q +oo +oc0 . oo

-8 —8p _ —8prI —8p(1+3/2

YSURED LIS Sl SR

7=0 7=0 7=0 7=0
Comme 6 < (a7 M3)~!

I2g+1ll2p < C" M |lyll24p < .

La proposition sera donc démontrée si ’on prouve les implications

(Rg-1)g>1- Pour ce faire, en notant ¢'(z) = dp(z), on établit d’abord
une identité. On a, par définition de la suite (z;); ,

o(zj+1) = p(z;) + ¢'(z;) Azj + R(z;) Az;
et donc

zip1 =Y — ¢(zj41) = z; — ¢'(z;) Azj — R(z;) Az
= zj — ¢'(;) Sy; L(z;)z; — R(z;) Az;
= ¢'(z;)L(z;)z; — ¢'(z;) Sy; L(z;)z; — R(z;) Az,
= ¢'(z;)(I = S4;)L(;)z; — R(z;) Az; .
Cette identité, pour 7 = 0 donne,
l21ll2p < CoplI(I = Sto)L(z0)20ll2p + || R(z0)AZol2p -
On majore successivement chacun des facteurs dans le second membre
Cop (I = S10)L(20)20l2p < Cap Caprpts” " [IL(z0)¥ 23y
< Cop Cap 22p Casp tg 207

- (Ilzollz3p llyllo + l1¥ll24p)
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< Cap Cap22p Cazpty P =0
< C2p Cap22p Ca3p ity * |[Yll2gp , (20 =0).
Le second facteur se majore comme suit

| R(z0)Azollzp < Cap | Azo]I3, < Cop [|St, L(zo)yllz,
2 2
< Cop (Cap0ty” | L(zo)yllp)
4
<C 022‘),0 to ||L(zo)y||,2,
< Cyp Copyo C,f tgp ”y”gp .
En remarquant que ty? = 2% < M et ||y|l2p < ||y|l24p il Vient que
Cap ”A%”gp < Cap szp,o Cz M? to_lﬁp "3/”%4;; .
En ajoutant les deux majorations obtenues, on a

lIz1]l2p < (Cap Cap22p Caspty "

-16
+ Cop C3p 0 Cp M2 1577 lyll24p) llyll2sp -

—20 —20
Cop Cop22p Cazpty T < C'tg "7

— Cl t;—20p-(2/3) — Cl t1—40p/3 S Cl t;—lﬂp
et

Cap Csp o Cp MP 5% < C" MP £57°7
— CII M2 t1—16p-(2/3) S_ C" M2 t;lOp

donc

lz1ll2p < (C' + C" M? ||yll2ap) t7 7 Ilyll24p
< C 1+ M?*|yll2a) 17 ||yll24p -

et d’apres le choix des constantes C, M et é
C(1+ M?|lyllagp) < C (1 + M?8) < M,
il vient finalement

-10
lz1ll2p < M e |lyll2ap -
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A présent, montrons que R,_; implique R, . Supposons que ||z;||2p < a
pour j, 0 < j < g, il s’agit de montrer que ||zg41]l2p < Mtq__ig" lyll24p-
On procede exactement comme pour z;, en partant de

2041 = @' (2)(I = 5,,)L(z)24 — R(z,)Az,

' () = St ) L(q)2llzp < Cop (I = St ) L{24)2glo llgll2
+ (L = S¢,)L(zg)2ql2p)
<2C |[(I — St, ) L(zq)zqll2p
< 2C2p Cop,22p ;27 || L(4)2gl23p
<20, Cop22p Ca3p tq_zop

“(Ilzqll2ap llzgllo + ll7gll24p) »

(Jlzgll2zp £ @ £ 1), 0n a vu que
llzgllo < llyllo + lle(zg)llo < llyllo + Co flz4llo < 2Co

(Jlylle £ 6 <1< Co) par suite

I 2qllz4p l|zqllo + l|zgll24p < 2Co(llzqll2ap + l|7qll245)
<2 Co(||zq||24,, + ly||24p + Caap [|]|24p)
< 22 Cy Caap (||zgll2ap + [|¥ll24p)
< 22C, Casp (K24p t3p+1 +1) llyll2ap
< 2% Co Caap Koap t37H ||yll2ap

(Lemme 1). Si bien que

lle" (@)L = St,)L(24)2gll2p < 2% Co C3p Casp Caap
: C2p,22p .’24}) tq—16p+l ”y”24P

” -10
<O lyllaap < C't 37 Iy lloay
Reste & majorer le terme [|R(z,)A z4|[2p ,

”R(xq)qull?p < C2p (”xq”2p “qu”g + ”A:’:qHO ”qu”b)
< 20y, || Az,
S 20213 ”Sth(xq)zq“gp
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< 2Cy, (Capo 12 | L(2)2glp)

< 2Cy €0 C2 12 (Ilzqllzp l1zgllo + llzql2p)
<20y, C3, , C2 2% |1 7|13,

< 2C" 4P ||z|13, ,

(lzgllzp < a < 1 et ||Azgllo < ||Azg|l2p). Comme R,_; est vraie
ll2gll2p < Mt ||y||24p, par conséquent

1R(2q)Aqllzp < 2C" M? 1% |ly|l3,, < 2C" Mt 77 |lyll3, -
En définitive,

Izg+1ll2p < (C" +2C"M? |lyll2ap) t 741" ll24p
S C(1+2M%8)t 7 lyll24p
—10
< Mtq+1p yll24p -

Ceci achéve la preuve de la proposition.

Lemme 3.3. Pour tout entier k, il existe une constante C = C(k), un
entier n = n(k) tels que st ||y|| < &

llzgll2p < th_k IYllnck) » geN.
PREUVE. Si k < 10p, la proposition précédente affirme que ||z4|l2, <
Mt_m” ||y||24p, on prend alors C = M et n(k) = 24p. Supposons le

lemme vrai pour un entier £ > 10p et montrons le pour k + 1, posons
pour simplifier @ = 2(k + 1) + 6p + 1. On sait que pour ¢ > 0.

l2g+1ll2p < Cop (I(1 = St,)L(24)7gll2p + | R(z4)AZgll2p) -
Mais

(I = St,)L(zq)zgll2p < Cop,a t2P ™% |L(zg)Zg||atp
< C2,0 Catp,2Co t§"_“ (lzgllat2p + “zq”a+2p) J

ol, dans la derniere inégalité, on utilise ||z4]lo < 2C,. Comme

llzglla+2p < Cat2p (”y”u+2p + ||"’3q||a+2p) )
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on en déduit, grace au Lemme 1 que

(I = St,)L(zq)zqll2p < C(,p) 1227 (llzgllat2p + |Yllat2)
< C(a, p) P22 |y|layap

avec une constante C(a,p), dépendant de o et de p, non de q¢. On
remarque a présent, par définition de a, que tg”"’l"" < tq__,(,lfﬂ). Ceci
donne

—(k+1
Copll(I = St )Lz q)2ll2g < Co(B) 1™ ullacirnyvspen -
Quand au terme |R(z4)Az,l|2p, il se majore comme suit
| R(zq)Azg|l2p < 2Cyp IIA%H%,, <2 C"t:p llqulip .
Comme le lemme a été supposé vrai a ’ordre k, on a
-k
l2qll2p < C(R) 2" lyllncay »
c’est-a-dire,
—2k
IR(zg)Azql2p < 2C"C? (k) > |lyl7 ) -
Le Lemme 2.9 entraine, par interpolation entre 0 et 2n(k),
Iyl < C'(k) 19ll2nc) »
il vient finalement, avec une nouvelle constante Cy(k),

1R(zg)Azqllzp < Ca(k) 127> |lyllaner) -

L’hypothése 0 < 10p < k montre que t‘;”‘“’ < tq__*(_lch). Donc

lzg+1llzp < CEY ™ Nyl et
ou C(k) = max {C;(k),Ca(k)} et n(k 4+ 1) = max {2n(k),2(k + 1) +
8p +1}.

Lemme 3.4. Pour tout entter n > 0, pour tout entier k > 0, il
eziste une constante C = C(n,k) et un entier 0 = o(n,k) tels que

st [|yllzap <6,
—k -
Az|ln < Cllyllo et lzglln < Cllyllot;*.
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PREUVE. Fixons deux entiers k et n, par le Lemme 2.9,

1Azl < C l|Az,|ls"? | Az,|32

“qu”0 < ”St,L(xq)quO
< Coo l1L(zq)zglp
< Co,o (llzqll2p l12gllo + ll2gll2p) -

La Proposition 3.2 implique que ||z4|2, < a <1 et alors
lAzqllo < 2Co,0 [I2]l2p -
On applique le Lemme 3.3 avec k' = 2k + 6p + 2, il vient
1Azg]lo < 2C0,0 C(R) 7% [[yllnges) -

D’autre part 2441 = T4+ Az, et ||Azgllan < ||Tg41]l2n + ||Z4]l2n’ Par le
Lemme 1,

IZgt1llzn < Kon g5 yllzn,  lIzgllzn < Kanti?* ||yl|2n -

et on a [|Azg|lzn < 2 K2, t:ﬂ-l lyllzn et

—k! 4p+1)/2 1/2 1/2
1Az [la < C(n, k) t7* 124882 1y |02 Nyl

par le choix de k' =2k'+6p+2,0n a

—k' /2 ,(4p+1)/2 _ ,—k'[2 ;r(4p+1)/2 —k
t] /tq-{—l _tq /t;‘(P )/ Stq

et si donc o = o(n, k) = sup {2n,n(k")},
1/2 1/2
Wllgery 19125° < Nellota

et finalement
1Az4]ln < C(n, k) ;% |Yllo(n k- -

Les inégalités sur ||z||, se prouvent de la méme maniére en écrivant

que
1/2 1/2
Izglla < Ca llzglle”? llzqll3%
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par le Lemme 1: ||zg|l2n < K2n t3?t! ||yll2n, par le Lemme 2, ||zgllo <
l12gll2p < th‘k' l¥]ln(k+) €t on conclut de la méme fagon.

Conclusion: Dans le Lemme 3.4, on prend k > 1, comme o = o(n,k)
ne dépend pas de g, la suite (z,) est de Cauchy dans E;, on désigne
par = sa limite. Le méme Lemme 3.4 montre que la suite (z,) tend
vers 0 dans E,, lorsque ¢ tend vers plus I'infini et on a y = ¢(z), par
continuité de . Enfin si y est dans E, vérifiant ||y||24p < o, tous les
sont dans U C E;. L’algorithme définissant la suite (z4) a un sens
4 mite « est nécessairement dans U. L’application ¥ définie sur

V =1{u< Ez: |ly|l2ap < 6}, qui & y associe = répond aux exigences du
théoreme.

Ty

4. Fibrés vectoriels A®. Espaces des Sections.

Dans ce paragraphe, nous précisons quelques notions et établissons
quelques lemmes techniques dans la catégorie des fibrés A®°. Le résultat
principal est le théoréme dont voici ’énoncé: Soient {2 un ouvert borné,
pseudo-convexe, a bord lisse et C* vérifiant la propriété (P) et E un
fibré vectoriel A® sur Q, ’espace des sections A* de E est un bon
espace de Fréchet.

Définition 4.1. Soit Q un ouvert quelconque de CP et X = Q. Un
fibré vectoriel topologique E, de rang n sur X est dit fibré A>® s le
fibr€ restreint d@ Q, Elq, est un fibré analytique tel que si {U;, h;} est
un atlas holomorphe de trivialisations locales, le cocycle associé

gij : UiNU; —» GL(n,C),
(2,9i(2)v) = h,-h;'l(z,v), zeU;nU;, veCr,

est dans le groupe GL(n, A®(U; NU;)) des matrices n x n, inversibles
et d coefficients dans A*(U; N U;).

Comme d’habitude, on note par: E 5 X de tels fibrés. Si w est
un ouvert de X et u : w — E est une section, u est dite section C*
(respectivement, A*) si les applications h; o u = u; de w N U; dans C”
sont des éléments de C®°(w NU;, C*) = C*°(w NU;)" (respectivement,
A®(wNQNU;)").
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Soient ¢ et 5 deux fibrés vectoriels A sur Q de rangs respectifs n
et m, on peut trouver un recouvrement & = (U;);, ouvert, de Q et des
homéomorphismes h; : (y, = pzl(U,-) —U; xC"et g; :qu, - U; xC™
tels que poh; = p; et pog; = p,oup: U xCF - U, k =m ol
k = n est la premiére projection. Un morphisme f : ( — 75 est une
application continue telle que p; = p, o f et pour tout i, g;o fo A7 ! :
U; x C* - U; x C™ soit de la forme g; o f o k7' (z,t) = (2, Ai(2)t) ol
A;(z) est une matrice m x n a coefficients dans A*°(U;). Si U; est une
carte, gj o f o hj'l : U; x C® — U; x C™ I'application associée, par
restriction a Uj;, on a le diagramme commutatif suivant

U,“XC U,'J'XC"

? CU.‘,‘

_q‘,-o_fohj'1 l _q.-o_foh'-'1

nu;;

U,']' x C™ U,‘j x C™

On désigne par A®(Q, E) I'espace des sections A* d’un fibré vectoriel
A® E sur Q et si f : ( — n est un morphisme de fibrés A, on note par
L(f): A>(Q,() — A*(Q,n) I'application entre les espaces des sections
définie par I'(f)(s) =so f, s € A®(Q,(). On a d’apres [8],

Lemme 4.2. Soient f,g : ( — n deuz morphismes tels que I'(f) =
I'(g), alors f =g. Et si F : A®(Q,() = A®(Q,n) est une application
A linéaire, 1l eziste un unique morphisme f : ( — n tel que I'(f) = F.

Et toujours d’apres [8], on a le
Corollaire 4.3. Soit E un fibré vectoriel A% sur Q, il eziste un entier

N assez grand et un épimorphisme f : E' = QxCN — E. D’autre part
il eziste un morphisme g: E — E', fog=1Ig.
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On peut résumer cela dans le diagramme commutatif suivant

=l

avec f o g = Ig, ceci donne une suite
A%, E) "9 a~@)¥ 'Y a>~(q, E).

Comme I'(f o g) = I'(f) o I'(g), il vient que I'(f) o I'(g) = I4=(q,E)-
Disons maintenant un mot sur la topologie qu’on met sur A*°(£2, E): on
fixe un recouvrement fini i/ = (Uj)1<j<s et ouvert de §, par des ouverts
de trivialisations. Soient ¢; : E 'U,- — U; x C" les isomorphismes

de trivialisation. Toute section s de E sur  s’identifie & 1’aide des
applications ¢; & un systéme (s;);<;<s O pour tout j, s; est un n-uple
(s},---,5%) de fonctions sk € A*®(U;). Pour tout entier m et pour
s € A®(Q, E), on pose

k
S|lm = sup ||s] w(U;) -
l|sllm 5y |55 1lm, 4 (U;)
1<k<n
Les normes || - ||» dépendent du recouvrement U choisi, mais tout autre
choix donne des normes équivalentes a celles-ci. Sur U; l'application
[(g): A=(Uj, E) — A®(U;)V est de la forme
D(9)(si)(2) = 4j(2)si(2),  s; € A%(U;,E), 2 €Uj,
ou Aj(z) est une matrice N x n, a coefficients dans A*°(U;). Donc

IT(9)slim,a(@)v < sup [|T(g)s]lm,a=(w;)~
1<j<s

< sup ||4; sjllm,a% @iy
155
S Cm sup ”'sfum,A""(U,') = Cm ”S”m .
1<j5<s
1<k<n
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L’application I'(g) est donc une bonne application linéaire continue en-
tre les espaces de Fréchet A®(Q, E) et A°(Q)", on procéde de méme
pour I'(g), on a ainsi le

Théoréme 4.4. Si Q est un ouvert borné, pseudo-conveze, 4 bord
lisse C*°, vérifiant (P). L’espace A™(2, E) des sections A d’un fibré
vectoriel A sur ) est un bon espace de Fréchet.

On va préciser maintenant la notion de fibré A principal et prou-
ver un “lemme de matrices holomorphes” pour certaines sections de ces
fibrés, c’est le lemme fondamental dans la terminologie de Cartan [1].

Nous remplagons I'argument d’équations différentielles de [1], non
commode pour A® par un argument de fonctions implicites qui utilise le
Théoréme 4.4 mais auparavant, nous énongons une proposition relative
aux fibrés vectoriels.

Proposition 4.5. Soient (0 un ouvert pseudo-conveze dont le bord
vérifie (P) et E un fibré vectoriel A sur Q, on suppose que =
Q; U Qs avec

i) §; et §2y sont pseudo-conveze d bords vérifiant (P),
i) Q3 NQy est d bord lisse et C,
111) 91\92 N Qz\Ql = .

81 C est un espace métrique compact, S un fermé de C et F est le
faisceau des germes des sections A de E, on e l’ezactitude de la suite

C — Cs(C,F(Q)) > C(C, F()) x Cs(C, F(Q))
8 cs(C, F(9, N Q) — 0,

a(f)(t) = (f®)la,, F(t)la,),
ﬁ(fl,f2)(t) = fZ(t)|Q1092 - fl(t)'ﬂll"lﬂz ’

pour t dans C, f dans Cs(C,F(R)), fi dans Cs(C,F(R)), 1 = 1,2;
Cs(C,F(-)) étant Uespace des fonctions continues surC, d valeurs dans
F(-) et nulles sur S. De plus ( est inversible d droite, d’inverse linéaire.
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PREUVE. On procéde essentiellement comme dans le Lemme 2.7 du
Paragraphe 2. Puisque F est A>-cohérent ([8, Définition 2.1]), il résulte
de la suite de Mayer-Vietoris et du Théoréeme B ([8]) I'exactitude de la
suite

0 — F(Q1 U Q) S F(Q) x F() S F(un0)—0

pour montrer la proposition, il suffit de montrer que 3’ est inversible a
droite. On sait que la propriété (P) de §2; U Q, fait que I'application
B" dans la suite exacte

0 = A®(Q; U Q) — A®(Q)) x A(Q) 5 40 N Q2) - 0

est inversible, d’inverse linéaire et continu (Lemme 2.7). Notons par
b = (b, b5) : A®(Q21NQ2) — A®(Q;) x A>(£22) cet inverse. Grice au
Théoréme A ([8]), il existe (Ga)i<a<n : N sections de F sur (2, UQ2)
tel que pour tout f dans F(Q2,NQ,) s’écrit f = T fo G4, fa € A1 N
Q2) et avec les notations du Paragraphe 2, on a la commutativité du
diagramme suivant,

ﬁ'

AOON(Ql) X AooN(Q2) AOON(Q ! 92)
(T1(£),T2(£)) I'(f)
ﬁl
.7'-(91) X .7:(92) .7'-(Q1 ﬂQg)

ou I'i(f) = Ta,(f), i = 1,2 et I'(f) = Ta,na,(f)- Sil(g): F( N
Q2) — A®N(Q) N Q) est application I'(g) = T'g,ng,(g9) vérifiant
I'(f) o T(g) = Irq,ne,), on définit un inverse b’ : F(Q; N Q) —
F(2) x F(S2) de B' en posant

b = (T1(f),T2(f)) 0 " 0 T(g)
= (T1(f) o b 0 T(g), T2(f) 0 b3 0 I'(g)).

La proposition en résulte.

Définition 4.6. Soient G un groupe de Lie compleze, G son algébre de
Lie, Uy un voisinage de 0 dans G telle que Uapplication ezponentielle
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so01t un biholomorphisme de Uy sur un voisinage U, de l’élément neutre
e de G et V un autre voisinage de e, VE C V, C U, , on considére une
suite (g;) d’éléments de G, dense dans G et {V; = g; Ve, ¢;} Uatlas de
G correspondant d (g;) et Ve. Une application f continue d’un ouvert U
de C? dans G est dans A®(U,G) si et seulement si, pour tout j, pjo f
est dans A®(U; 5)™, ou Uj s = f~(Vj) et m = dim G.

REMARQUE 4.7. On peut munir A®(U,G) d’une distance invariante
par translation pour laquelle le groupe topologique A®°(U, G) devient
métrisable et complet. Si (L¢)¢ est une suite exhaustive de compacts
de U et log = (exp)™! : U, — Uy, pour f, g deux éléments de A°(U, G)
on pose

ajeM
b
+ ajeMm

1
d(f,9) = vy
— 2IHAM

¢,3,

ajem = sup  sup |[D¥log(g;" f(2)9(2) " g;)l-
z€Uj yNLe |a|<M

Si maintenant C est un espace métrique compact, on munit ’espace
C(C,A>(U,QG)) des applications continues de C dans A®(U,G) de la
topologie définie par la distance 6(f,g) = sup,cc d(f(t),9(%)), f,g9 €
C(C,A>=(U,G)). Les groupes topologiques A*(U,G) et C(C, A®(U,G))
est complets puisqu’ils admettent des voisinages des éléments neutres
respectifs qui sont complets.

Définition 4.8. Soit Q un ouvert pseudo-conveze, & bord lisse et C™
(non nécessairement borné). La donnée d’un fibré E — X =Q, A® et
d fibre caractéristique un groupe de Lie compleze G est la donnée d’un
recouvrement U = (U;)icr de X et pour tout ¢ et tout 3 de fij : (Ui N
Uj)xG — G, fij(z,-) est analytique dans G pour z dans U;; = U;NU;
et pour tout g fizé dans G, fi;(-,g) est dans A®(U;;,G) satisfaisant en
outre d

1) fii(z,fix(z,9)) = fi(z,y), z2€UiNU;NUk, y €G,

ii) pour tout z dans Ujj, fij(z,-) est un automorphisme de G tels
que E soit quotient de U;(U; x G) par la relation d’équivalence R: si z
est dans Usj, on définie le point (z,y) de U; x G au point (z, fij(z,y))
de U,' x G.

A un fibré A E, afibre un groupe de Lie complexe G, on peut as-
socier un fibré A vectoriel noté Ad E, dont les fibres sont les algébres
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de Lie des fibres de E ([1, Section 7]). L’application exponentielle
définie sur ’algebre de Lie G de G, a valeurs dans G induit une appli-
cation exp de Ad E dans E. Il existe un voisinage © 44 g de la section
nulle de Ad E et un voisinage © g de la section neutre de E tels que exp
soit un isomorphisme au sens des fibrés A® de O 44 g sur Og. On note
encore log, 'inverse de exp, qui est définie sur Og.

Si w est un ouvert de X, A®F(w) (respectivement A®4?E(w))
est ’espace des sections A® de E (respectivement, Ad E) sur w. De
méme si ’on remplace le faisceau 4> par C*°. Si C est un métrique
compact et S un fermé de C, AXF(w) (respectivement, AFA?E(w)) est
I’espace des applications continues de C dans A% (w) (respectivement,
A>®A42E(4,)) neutres (respectivement, nulles) sur le fermé S.

Dorénavant, on prend G = GL(n,C), G = M(n,C), I'application
exponentielle de G dans G est ’exponentielle habituelle. Nous sommes
en mesure d’énoncer le lemme fondammental de décomposition.

Lemme 4.9. Soient Q,Q; et Qy comme dans la Proposition 3.1. Il
eziste un voisinage X de lapplication neutre dans A°C°SE(91 N§Q,) et des

applications
oj + T AZEQ)), =12,

tels que f = o1(f) 02(f) sur Q3 N Qa, pour tout f dans .

PREUVE. Pour démontrer le lemme, il suffit de montrer que ’applica-
tion

& ARAE(Q) x AZATE(Q,) — ABAE(Q) N Q)
q’(fl,fz)(t)=logef1(‘) ef2(t) tec,

admet une section au voisinage de 0 dans A%‘;Ad E(Q,nQ,). Puisque les
espaces A*°42E(Q) sont des bons espaces de Fréchet (Théoréme 4.4)
nous utilisons notre théoréme des fonctions implicites dans les espaces
de Fréchet (Paragraphe 3, Théoréme). En premier lieu, nous montrons
que 'application @ ci-dessus est différentiable au sens de Gateaux, que
sa différentielle est inversible en tout point (zo,y0) € AZA4E(Qy) x
AZALE(Q,), voisin de (0,0). Les estimations nécessaires pour utiliser
le théoréme des fonctions implicites et qui nécessitent 1'utilisation de
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formules & la Campbell-Hausdorff seront faites en appendice. Nous
rappelons quelques propriétés utiles pour les calculs qui vont suivre,

a)Siz €3G, ade® = e*¥% ou adz(y) = [z,y], 2,y € G et adz y =
zyz 'siz €G.

b) (expz)~lexp'z = g(adz), z €G,

1—e7% n 2"
9(2) = — =n§(—1)m, (z €C, z #0)
et g(0) = 1.
¢) Si
z log = z—1)"
Ue) = 28 =z§<—1>"(n+1) o l-1<1,

on a pour z € G, voisin de 0: g(z) ¥(e®) =1 = ¥(e®) g(x).
Posons G; = AZAYE(Q), i =1,2, G = AFAYE(Q) et établissons
la

1) Différentiabilité de @ : Gy x G2 — G, ®(z,y) = loge®e¥. (On
note e* = expz pour simplifier). Soit (z,y) € Gi X Gy, voisin de
(0,0), on fixe (h,k) € G x G2 et t € R suffisamment petit. Posons
H(t) = log e**th e¥*tk Par dérivation de la fonction ¢ — ef(*)

exp' H(t) H'(t) = exp'(z +th) h exp(y+tk)+exp(z +th)exp'(t+tk)k.
En multipliant a gauche par exp(—H(t)), il vient par le rappel b)
glad H(t)) H'(t) = exp(~ H(2)) exp' (H (1)) H'()
= exp —(y + tk) exp —(z + th)
-exp(z + th) h exp(y + tk)
+ exp —(y + tk) exp'(y + tk)k
= e~ W) g(ad(z 4+ th)) he¥+* + g(ad (y + tk)) k
=" WM g(ad (z +th)) h + g(ad (y + tk)) k.

Le rappel ¢) permet d’écrire

H'(t) = (e W) (e72¢ 0+ g(ad (z + th)) h+ g(ad (y + tk)) k) .
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En faisant ¢t = 0 il vient
H'(0) = ¥(e** H ) (e72?Y g(ad z) h + g(ad y) k) .
Or

eadH(l')) = ad eH(O) — ad €% &Y = eadz: eady — ead‘1>(:c,y)

et
ad ®(z,y) e2? 2(=¥) _ ad®(z,y)

d H(0)y __ d¥(z,y)\ —
‘I/(e“ ) = \I/(Ca oy ) = ead ®(z,y) _ 1 T 1 — e2d®(z,y)
Ceci donne
d&(z, — e—ad
H,(O) _ ea. (I y)ad@(x, y) e_ady 1 (A aazx h

e2d®(z,y) — 1 adz
e?d®(z,y) 1 _ g—edy
+ ad ®(z,y) ead®(z,y) — 1

ady
_ad®(z,y) e®ds —1 b ad®(z,y) 1—e 4y 5
T e2d®(zy) —1  adzx + 1—e2d®(=y)  ady )

Cela montre que

6% _ ad®(z,y) er-—1
Oz (‘T’y) T eed®(zy) 1 adz

0® ad ®(z,y) 1—e 24y
——(‘Tv y) = —ad ®(z :
dy l1—e (zy)  ady

2) Surjectivité de la différentielle en (z,y) € Gy X G, voisin de
(0,0). 11 s’agit de résoudre en (h, k) dans G; x G, et pour  donné dans
G ’équation

ad®(z,y) e¥* -1 ad®(z,y) 1-—e 24y

h +

e®d®(z,y) _ 1 adz 1—e 242y  ady £=n

posons
' —adz ead,Q(:)y) -1

T=e ad, ¥(z,y)

c’est un élément de G (Appendice), il existe, par la Proposition 4.5 un
couple (7;,72) dans Gy X Gy, 71 + 12 =17'. On pose

adzx ady

k= —rt—

h=1_e—adzn1’ eady_l
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et on a

ad®(z,y) e*?*—1 adz
eed®(z,y) _ 1 adzx 1 — e—adz m

ad @(.’IZ, y) adz
cad®(zy) _ 10 Mo

od
a(m,y)h =

ad®(z,y) 1—e %Y ady
1— e 2%y ady esdv — 11
ad Q(‘7:7 y) adz

T eedezy _1° Mo

0d
a—y(:l),y)k =

par suite

od od
g(w,y)h + a—y(w, yk=n.

On posera dans la suite L(z,y)n = (h, k).

L(z,y) est ainsi un inverse a droite de d®(z,y), pourvu que (z,y)

soit voisin de (0,0) dans AFACE(Q;) x AFAYE(Q,). On verra aprés

S
les estimations de I’Appendice, que si U; = {z € .Ag?s'%ég tlzlles <

a}, 1 = 1,2, avec un réel a suffisamment petit et si ® est ’application
&:U; xUpy — A?SAdE(Ql nQy),
®(f1, f2)(t) = log ef1(8) f2(2) ,
alors I'image de ® couvre un voisinage V de l'application nulle dans

AZATE(Q) N Q). Si a est comme ci-dessus, on a le diagramme com-
mutatif

.ASZ.AdE(Ql N Qz)

ASZ,AdE(Ql) X AZ';A"E(QZ)

exp exp

U, x Up —_— v

On prend ¥ = exp(V'), ceci donne le lemme fondamental.
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Soit C' un autre espace métrique compact, C C C' ; pour tout
ouvert U de X on note par F(U) le groupe des applications continues
de C' dans C*=E(T) telles que f|¢ soient dans AZ,(U).

Si (U;) est une famille d’ouverts de trivialisation de E, U; NU #
@, on munit chaque groupe C®E(TU NT;) de la topologie indiquée
dans la Remarque 4.7 et F(U) de la topologie produit de celles des
C>E(T NT;). Tous ces groupes topologiques sont alors métrisables et
complets.

Voici maintenant le résultat de décomposition, pour la définition
de la A*°-convexité, on se referera a [8].

Corollaire 4.10. Soient Ky, K2 deuz compacts de X, A®(Q)-convezes
tels que Ky U K, soit A®(Q)-conveze. Soit Uy un voisinage de K1 NK,
dans X, si f est un élément de F(Uy) suffisamment voisin de I’élément
neutre de F(Uy) il existe des voisinages U; de K;, + = 1,2, UNU, C Uy
et il eziste des f; dans F(U;) tels que pour tout t dans C', on ait sur
U1nU;

A LT = f1).

Avant de donner la démonstration du Corollaire, on rappelle une
généralisation du Théoreme d’extension de Tietze, due a Dugund;ji ([3,
Théoréme 4.1)).

Lemme. Sotent X un espace métrique, A un fermé de X, L un espace
vectoriel topologique localement conveze et f une application continues
de A dans L. 1l existe une extension continue F' de f, de X dans L
dont l'image F(X) est contenue dans U’enveloppe conveze de f(A).

PREUVE DU COROLLAIRE 4.10. On raisonne comme dans [1]. Puisque
K, K; et K1NK; sont A*(2)-convexes on peut trouver un voisinage U
de K, UK et des voisinages U; de K;,: = 1,2; U, U; et U; sont pseudo-
convexes, a bords lisses et C*°, bornés vérifiant (P), U;uU; = U,U;NU;
est pseudo-convexe a bord lisse et C°, Uj\U;NU\U; = @ et U;NU; C
Us. Si f est suffisamment voisin de I’élément neutre dans F(Uj), par
le lemme fondamental, il existe f] dans AFE(U}),i = 1,2 tels que
f(t) = fi(t) f3(t)~! pour tout ¢t dansC. Si dans les données du théoréme
des fonctions implicites, on prend a suffisamment petit, on peut définir
pour tout ¢ dans C les sections log f}(t) éléments de AFA¢E(U}). On

dispose ainsi de deux applications log o f], définies sur C et a valeurs dans
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les espaces de Fréchet Aa"d E(U!) et qui sont voisines des applications
nulles dans C(C, AZA?E(U})), i = 1,2. D’aprés le lemme ci-dessus, elle
se prolongent en deux éléments g; de C(C', AZA?E(U})) en prenant
X =C', A=C et L = AZA*E(U]) et de plus les applications g; sont
aussi voisines des applications nulles. En considérant fi' = expg;, les
applications f]' sont définies sur C', a valeurs dans AE?sAdE (U}), voisines
des applications neutres dans C(C', AZA4 £(U})) et vérifient

fy =1 HH™

pour tout ¢t dans C. Considérons 1'élément v de C(C',CEE (U] N Uy)),
v(t) = fi'(t) f3(#)~! f(¢)~! pour t dans C’, en diminuant si besoin est le
parametre a du théoreme des fonctions implicites et en prenant f suff-
isamment voisine de 1’élément neutre dans F(U), on peut alors définir
log v(t) pour tout t' dans C’. On considére maintenant des voisinages U;
de K;, U; CC U}, et une fonction ¥ de classe C°, ¥ = 1 sur U; N U,
¥ = 0 au voisinage du complémentaire de U; N U et on définit une ap-
plication w de C' dans CZF(U,) par w(t)(z) = exp(¥(z)log(v(t)(2)))
et des éléments de F(U;) en posant f; = w™!f]', f» = f5, alors pour
tout t dans C’, on a sur U; N U, : f(t) = fi(2) f2(£) 7!, ce qui acheve la
preuve du corollaire.

Appendice.

Pour terminer la preuve du lemme fondamental, il reste a voir
que ’application @ satisfait aux conditions du théoréme des fonctions
implicites (Paragraphe 3, Théoréme).

La situation est décrite ainsi: les espaces A>®(Q;, Ad E) sont des
bons espaces de Fréchet, on considére un voisinage U; de la section nulle
dans A*°(Q;, Ad E) donnée par: U; = {r € A®(Q;, AdE): ||z|1,; < a}
avec un réel a assez petit, afin que ’application

P U] X U2 — Aoo(Ql N Qz,AdE),
®(z,y) =loge® ¥,

soit définie et on veut prouver que I'image de U; x U par ® contient un
voisinage de la section nulle dans A*°(Q; N 23, Ad E). On fixe une fois
pour toute un recouvrement U = (U;) de Q; U Q,, constitué d’ouverts
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de trivialisation du fibré AdE (ou E). On a vu que la topologie de
A*(Q, Ad E), lorsque 2 est borné, ne dépend pas du choix d’un recou-
vrement. Pour (z,y) élément de U; x U, (a petit), on a au dessus de
Vi =U; N Q4 NQ, le diagramme

Ad Ely, — Vi x My(s,C)

\ /' w\
T pioz|y; oy
[ (1

Vi x GLe(3,C)—2+V; x Mo(s,C) Z% Ad By,

V;
,V wgl"-‘ %;

Ad E|y, ——=V; x My(s,C)

ou exp : V; x My(n,C) — V; x GL(n,C) est définie par exp(z;A) =
(z,exp A) et, dans le second membre, exp est I’exponentielle habituelle
qui envoie un voisinage My(n,C) de la matrice nulle sur un voisinage
GL.(n,C) de la matrice identité. Au dessus de V;, I'application @
admet la représentation

B(zlv,, vlv;) = i |v; (log e#Ivoslviewilvevlve)

Vu les normes définies dans les espaces des sections des fibrés vectoriels,
ona

12(2, Y)lln,vi = ||log e®* Y|, v;

et si ’on prouve que
|| log €:°% €¥*°¥||n,v; < Cn (1 +[|(i 0 ,90:i 0 Y)lln,vi)
ot ||(¢1,¢2)lln = ll¢1lln + [IC2]ln, on aura
[2(z,9)lln < Cn (14 [I(,9)lln) -

Le méme raisonnement vaut pour la différentielle d®, pour 'inverse L
de dy et pour le reste R(z,y)(h, k) dans le développement de Taylor de
®(z+ h,y+ k). Le probléme des estimations se raméne donc au cas des
matrices, on peut méme supposer que ; = {2, dans les majorations sur
®(z,y),d®(z,y)(h, k) et R(z,y)(h, k) (on s’occupera de ’application L
un peut plus tard).
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Lemme 1. Soit s un entier, s > 1 et soit Q un ouvert borné de R™,
soit U ={reM(s,C®(R)): |lz|o <}, Vapplication

®o:U xU — M(s,C®(Q)), ®o(z,y) =loge” e¥

vérifie les estimations || o(z,y)||n < Crn (1+||(z,¥)|ln), (z,y) €U x U,
avec des constantes C, indépendantes des = et des y.

PREUVE. On va utiliser les deus faits suivants.

a) Si z € U, le spectre de chaque matrice scalaire z(t),t € Q est
contenu dans le disque D(0,1/2), de centre 0 et de rayon 1/2 et on a la
représentation pour t € 2

o=t — L/ (AT —z(t))terd),
Co,1

2w

ou, comme dans toute cette appendice C,, = {z € C: |z —a| =71},
Le terme (AI — z(t))™! est une fonction C*® en t et si A € Cy 1, par le
Lemme 2.10 (Paragraphe 2): ||\ — 2)7!||, < Cn (1 + ||z||»); par suite
avec une nouvelle constante Cj,, ne dépendant qu de n

le*lla < Cn (1 +[lln) -

b)SizeU,yeU,onale”e?—1|lp < s~!/2 et alors Sp(e*(Ve¥("))
C D(1,1/2) pour tout ¢ dans 2, si log z est la détermination principale
de la fonction log et si r est unréel 3/4 <r < 1. On a

—l—/c (A — e*Me¥ )" og X dA
1,r

z() oy(t) —
21

loge

et donc || loge®e¥||, < Cr (1 + ||e®e?||n), par le Lemme 2.9 inégalité c)
(Paragraphe 2) et grace a a),

[log e®e¥|ln < Ca (1 + [le%[|n [l€¥]lo + [le*lo [l€¥]l)
< Cr (L4 lzlln + lylln)
S Cr(1+1(2,9)lln) -

Lemme 2. Si z,y,h,k sont des éléments de U et R(\,z) = (Al —z)~!
on a
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1 —
i)  Sp(e*(+r( v+ c D(1, 5), pour tout t € Q,
i)
1
eth — o7 4 / RO\ z)hR(\z)e* d)
2mi Jo,,

+—1-./ R(\,z)hR(\,z 4+ h) R R(\,z) et dX,
2mi Con

ili) On désigne par D,(z,h) Uezpression

L / RO\ z)h R(\,z)d).
Co,1

2m
Alors pour tout n, on a avec une constante uniforme en z,h

1D1(2, h)lln < Ca(llzlln lIRllo + [|Alln) -

PREUVE. Comme on va avoir besoin dans toute la suite des techniques
de majorations nécessaires pour ce lemme, on va les faire avec quelques
détails. Puisque la norme || - ||o vérifie ||[AB|lo < s||A|lo||Bllo, A,B €
M(s,C*®(Q)), on a

lle* e *® —1llo < s [|e"* —Iljo ||l lo + [le** —1llo

< s (elethllo _ 1) gollythllo | golly+ilo _ 1

Comme z,y, h et k appartiennent a U

log(1 +s72) log(1 + s~2)
hllo £ —=———— kllo < —=————
”.T + ||0 — 43 I ”y+ ”0 —_ 43 ’

et alors
S (69||I+h||o _ 1) esllytkllo + esllyt+kllo _ 1 < s (63(||I+hllo+||y+k||o) _ 1)

<s((1+s72H)1Y2 1)
8—1
2 b

<

d’ou le point i).
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Pour établir la formule ii) du lemme, on remarque ceci: Si R(A,z)
=(\-z)ona

R\, z +h) = R(\,z)+ R(\,z) hR(\,z + h),
R\, z +h) = R(\,z) + R(\,z + h)hR(\, 7).

Donc si f est analytique au voisinage de D(a,r) et si = et h sont deux
éléments de U, avec Sp(z + h) CC D(a,r), on a la formule

fz+h)= -2-372 /C (AL =z — h)"1f(X) dA

T o

— —1—/ RO\, =+ h) f(A)dA
Cﬂ,r
et donc

fath) = f@)+ 5= [ RODRRO2) F) )

*)

b / R(\z)hR(\z + h)hR(\,z) f(\)dA.
27{'2 Ca,r

Cette derniere formule, avec f(A) = e* est la formule ii) cherchée.
Prouvons maintenant le point iii) du lemme, on procéde comme dans
le Lemme 1

1D1(2, )l < Ca (14 l12ll) l1Rllo (1 + lizllo) + (1 + [|z[lo)* lIAll=)
comme z est dans U, 1+ ||z]jo < (1 + ||z|lo)? < C, C est indépendant
de z et alors
ID1(2, )]l < Cr (1 + l|2[ln) [IRllo + IIAlln)
< Ca (lllln l1Rllo + lI7lln) -

Naturellement, les constantes C,, changent a chaque étape, mais restent
indépendantes de z et h, éléments de U.

Lemme 3. L’application &g : U xU — M(s,C=(Q)) est différentiable
au sens de Giteauz et pour (z,y) € U x U et (h,k) € M(s,C®(Q))? et
on a

0P
|52 (@ 9B B)lla < Ca (l(2,9)lln [1kllo + lkl)

oo
1522 )k k)l < o (2,0l Do + 1) -
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PREUVE. Les calculs de ce lemme vont donner des estimations et
compléter ceux faits dans la preuve du lemme fondamental et qui perme-
ttaient de construire I’application L(z,y), inverse a droite de d®(z, y).
On conserve les notations des lemmes précédents. Posons

Ri(z,h) = -1—/ RO\ z)hR(\z + k) hR(A,z) e d,
27 Co
de maniére que e*t* = e + D, (z,k) + Ry(z,h), z €U, h € U. Si
Daw k) =5 [ ROWERO A,
27 Je,,
(yeUkeU)et

1
Ra(w k)= 50 [ ROV)EROLy+ B EROY) i,
0,1

(yeU, keU)on a aussi
eVt* = e¥ 4 Dy(y, k) + Ra(y, k)
et alors
e*theytk — eTe¥ L Dy (z,h) e + e*Dy(y, k) + R'((z,y))(h, k),
avec

R’((.’E, y))(hs k) = ezRZ(yv k) + Rl(m’ y) eY + Dl (IB, h) D2(ya k)
+ Dl(‘z, h) R2(yv k) + Rl(z’ y) D?(yv k)
+ Ra(a,h) Ra(y, k).

On posera pour simplifier
T =T(z,y,h, k) = Di(z,h) e? + e*Da(y, k) + R'((z,y))(h, k)

et ainsi
e*thevtk — ezey 4 T
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D’apres le Lemme 2, Sp(e***e¥**) C D(1,1/2) si z,y, h et k sont dans
U, il en est de méme de Sp(e®e?) d’apres le point b) du Lemme 1, par
suite, avec r, 3/4 < r < 1, et d’aprés la formule (*),

log e*thevtE = log(e®e? + T)

=loge®e¥ +L/ R(\, e®e?)T R(A,e"e?) log A dA
2mi Jo, ,

1
z, Yy z, Yy
+ 2t Jo,. R(),e"e?)T R(A,e®e? +T)

T R(\, e®e?) log A dA

= loge®e?

+ —1— R()\,e"e¥)Dy(z,h)eYR(A,e"e?) log A dA
2mi Je, ,

+ —L R()\ e"e?)e®Di(y, k) R(\, e"e?) log A dA
271 Ci»

+ R((z,y))(h, k).

Cette derniére expression est le développement de Taylor de
log e**t* e¥*+k avec les variables non commutatives z et y et R((z,y))
(h, k) vaut

R((z,y))(h, k)

= i/ R(\, ee¥) R'((z,y))(h, k) R(\,e%e?) log A dA
Ci,r

2w

+ L R(X,e"e¥)T R(M,e"e¥ + T)T R(\,e"e?) log A dA.
2m Jo,

Ces calculs donnent de nouvelles expressions des dérivées partielles de
®q, par exemple

0%, 1 y v sy
52 (z,y)h = 57 /;;,, R(X,e"e¥) Di(z,h)eYR(A,e"e?) log A dA

pour obtenir les estimations du Lemme 3, il suffit de les avoir pour les
h dans U. Si h est quelconque, Ak est dans U pour ) réel petit et on
utilise I’homogénéité de degrés 1 en h, de I’expression 0% (z,y)h/0z.
Il en est de méme pour 9%¢(r,y)k/0y. On utilisera cette idée dans les
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estimations du reste R((z,y))(h,k) qui est homogene de degrée 2 en
(h,k). Or

L

<L [ IR\ e%eY) Di(z, h) RN, %) |log A| dA]-
27 Ci,r

On utilise ensuite & plusieurs reprises I'inégalité ¢) du Lemme 2, I'inéga-
lité sur ||e”e?||, du Lemme 1 et celle sur |Dy(z,y)||n du Lemme 2, pour
trouver finalement

1522, y)la < o ((1+ (@ )l Il + 14l)

< Ca (I, 9)lln llRllo + [[~lla) -

De méme

|23kl < Ca 290l el + 1)

et donc pour (z,y) € U x U et (h, k) € M(s,C>(Q))?
[d®o(z, y)(h, k)lln < Cn ((2,9)lln (R, E)llo + [|(R; k)|n) -

Le Lemme 3 est démontré. Par les mémes méthodes, on obtient aussi
le

Lemme 4. Si (z,y) € U x U, (h,k) € E?,

IR((z,9))(hs Bl < Ca (I, 9)lln (s IS + IR, K)o IR, K)ll) -

Nous passons maintenant aux estimations sur I'inverse L(z,y) de
d®(z,y) dont I’expression a été obtenue dans le lemme fondamental.

Si z et y sont voisins de la section nulle dans A*49E(Q;) et
A®44E(Q,) respectivement, si 7 appartient a A®49E(Q; N Q,), on

L(z,y)n = (h, k),

avec
adz ady

h=i——m=zm, k=_gy—m
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et n1,72, dont l'existence est assurée par la Proposition 4.5, vérifient

d®(z,y) _
! _ _—adz e’ 1
Mt == ad ®(z,y) -

Il convient de préciser ce que l’on veut dire par = et y sont voisines
de la section nulle dans A®42E(Q,) et A=44E(Q,) respectivement:
on prend z dans U; = {z € A®(Q;,AdE) : |z|1,0, < a} et y dans
Uz = {y € A®(,AdE) : |y|l1,0, < a} avec un réel a suffisamment
petit de sorte que pour chaque ouvert de trivialisation U;, U; N Q; #
2, (5 = 1,2), si p; : AdElg, — Ui x M(s,C) est I'isomorphisme de
trivialisation, la composée ¢, o SIU'_TQ’, soit dans le voisinage de matrice
nulle

log(1 + 3'2)} ,

{x € M(s,C=(Tin D) : llell, gmmy < o < 22—

de méme pour la section y. Ceci est possible puisque £2; et 2, sont
bornés et le recouvrement U = (U;), est fini. D’autre part, nous savons
d’apres la Proposition 2.12 que

e2d®(z,y) _ 1
ad ®(z,y)

e—adt

n:lln0; < Crllnlln+p.2:00, = Cn

" n+p,21NN> ’

ou p est la dimension de I’espace. Pour estimer en norme || -||, le couple
(h, k) en fonction de la norme || - ||, de 7, on estime h en fonction n;, k
en fonction de 7, et
etd®(zy) _ 1

ad®(z,y)

en fonction de n. Comme on I’a remarqué au dédut de cet appendice
il suffit de faire les calculs dans le cas des matrices. Nous commencons
par des observations simples:

a) Soit A € M(s,C(R)), Q est un ouvert borné dans R™, soit Ad A

I'opérateur linéaire

—adz

Ad A : M(s,C(Q)) — M(s,C(Q)),
AdAX)=[A,X]=AX — XA.

Alors
|Ad Allo < 25]|Alfo -
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b) Soit A € M(s,C>®(RQ)), ||Allo <1/(4s). Si A € C, |A| =1, pour
toute matrice ¢ dans M(s,C*°({2)) et tout entier n non nul

I(A — Ad A) " zln < Ca ([|Alln lIzllo + l|z]ln) -

2

En identifiant les matrices z & des vecteurs 7 a n° composantes, on peut

trouver une matrice A, n2 xn?, & coefficients dans C°(Q): AdA z = %
avec de plus ||A|| < 2||A||~ et alors

(Ad Ay

ZPN TI\—1~
v x=/\va=(/\—A) z,

(A—AdA)T'z=2)

p>0

donc
(A = Ad A)"2]ln < Ca ([I(A = A) M ln [Zllo + 1A = A)7 o [E]1)
en tenant compte de ||Z||x = ||z||x et le Lemme 2. On obtient

(A = Ad A) | < Cu ((1 + 14]ln) lizllo + IF]|)
< Cu (| Alln lIzllo + l|z]n) -

log(1 + s72)

on a
8s ’

¢) Si m,z € M(s,C=(Q)), [l]lo <

adz
|2z m|, < Callizlnlimllo + lmll) -

On écrit pour cela

d 1 Y
e o= | (M —ada™)m —— dA

T _o—adz N = 5~
1 —e—ac® 2m Jeo

et on utilise ’observation b) précédente.

d) Si z,y € M(s,C=(Q)),

log(1 +s72)

log(1 + s72)
88 ) )

Ilzllo < llyllo < B

et sin € M(s,C®(Q)), on a

” —adz etd®(z,y) _ 1 I <Cul Y | il
¢ sad®(z,y) Mlntp < Ca ([1(2:Y)lnsp 17llo + l[7lln+p) -
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On écrit pour cela

ead ®(z,y) _

—adz -
¢ ad ®(z,y = omi / (M + adz)

1 etd®(z,y) _ 1

A
2d%(z.7) ne dX.

Cela donne, par b)

wds etd®(zy) _ 1 e2d®(zy) _q
= 1)), < Cn (lellmss | gz
ad@(w Y) ad ®(z,y) 0
N etd®(zy) _ 1 )
ad ®(z,y) 7 nt+p/’

on utilise le Lemme 1, point b) pour estimer

eadd>(z,y) -1
Ilmnllk

en fonction de 1+ ||(z, y)||x, on utilise ensuite que ||z||n+p < |[(Z,Y)|ln+p
et ||®(z,y)|lo < C a cause des hypotheses faites sur z et y.

On estime finalement

dz adz
12z, )l = | (7= 1 g =g )l -

L’inégalité du point ¢) ci-dessus, ainsi q’une autre ou z est remplacé
par y et n; par 72, permettent d’écrire

1Lz, y)nlln < Ca (2, )lln (715 12)ll0 + [1(72,72)]5)
< Co (i@ Wlinlin'llo + l17'lln+s)

avec d%( )
e z,y) _
! —adz y 1

T=¢ ad®(z,y)

I'inégalité de d) donne enfin
IL(2,9)lln < Ca ([I(z,)lln+p lInllo + [7lln+p) »

d’ou les estimations voulues.
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REMARQUES FINALES.

1) Nous venons de voir que si z est une section de AdE sur Q;
et y est une section de Ad E sur ;, toutes deux voisines de la section
nulle, alors (Lemme 1)

|[log e*€?||n 2,02, < Cn (1 +I(2,9)lln)
(@)l = llzlln.2: + ll¥lln.0 -

Si maintenant C est un compact et A4 £(Q) I’espace des applications
continues de C dans .A°4¢ E(Q) dont la topologie de Fréchet est définie

par le systéme de normes
,AdE
[ flln.0 = Sup If®llne,  feAZ"(Q), n€N,

alors pour toute application f; de C dans A& ’AdE(Ql) et toute appli-

cation f, de C dans AZ Ad E(Q2) toutes deux voisines de 'application

nulle, pour tout ¢ dans C
I log e/t Vel2V||, 0,00, < Cu (L4 [|(£1(1), f2(t)a)
donc
I2(f1, fa)lln = sup || log e Ve, 0,00,

<Cn.(1+ sup I f1(2), f2()]] ) -

Il en est de méme pour

92E0) h, ), ?%(h,k), Lz,y) et R((zy))(hF)

et le lemme fondamental est démontré.

2) Nous aurions pu démontrer le théoréme des matrices holomor-
phes du Paragraphe 2 en faisant intervenir ’application (z,y)~ log e®e¥
pour des raisons de clarté, nous avons travaillé avec I’application (z,y)
— zy qui, du point de vue “calcul différentiel” est nettement plus sim-
ple.
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Calderén-type
Reproducing Formula,
and the T'b Theorem

Yongsheng Han

Abstract. In this paper we use the Calderén-Zygmund operator theory
to prove a Calderén type reproducing formula associated with a para-
accretive function. Using our Calderén-type reproducing formula we
introduce a new class of the Besov and Triebel-Lizorkin spaces and
prove a T'b theorem for these new spaces.

Introduction.

Let ¢ be a function with the properties: ¢ € S(R™), supp $ C{¢e
R™: 1/2 < |¢] £ 2}, and |¢(€)] > ¢ > 01if 3/5 < |¢] < 5/3. The
classical Calderén Reproducing Formula can be stated as follows:

Theorem. (The Calderén Reproducing Formula) Suppose that the
function ¢ satisfies the properties above. Then there exists a function
1 satisfying the same properties as ¢ such that

F=) texdexf,

kez

where Yr(z) = 25" (2%z) and the series converges in L? morm or in
S'/P, the test functions modulo polynomials.
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It is well known that the classical Calderén Reproducing Formula
plays an important role in harmonic analysis and wavelets analysis as
well. For instance, this formula can be used to study classical func-
tion spaces, namely the Besov and Triebel-Lizorkin spaces, and obtain
atomic decompositions of these spaces, and prove the boundedness of
Calderén-Zygmund operators, namely the T'1 theorem for the Besov
and Triebel-Lizorkin spaces. Further applications of this formula can
be found in [C1], [C2], [CF], [FJ1], [FJ2], [FIW], [GM], [P] ,[R] and
[U]. Since the classical Calderén Reproducing Formula is given by the
action of convolution operators, the Fourler transform is the basic tool
for proving such formula.

Our concern in this paper is to establish a Calderén-type repro-
ducing formula associated to a para-accretive function introduced in
[DJS], which are not convolution operators. The new idea to establish
the Calderén-type reproducing formula associated to a para-accretive
function is to use the Calder6n-Zygmund operator theory. More pre-
cisely, we will introduce a class of “test functions” which will be said to
be the strong b-smooth molecules, b is a para-accretive function, and a
class of the Calder6n-Zygmund operators whose kernels satisfy a strong
smoothness condition. We then prove that the Calderén-Zygmund op-
erators in the class above are bounded on “test functions”, that is, these
operators map the strong b-smooth molecules into the strong b-smooth
molecules. Using the approximation to the identity associated to a
para-accretive function introduced in [DJS] and a Coifman’s idea (see
[DJS]), we will construct a Calderén-Zygmund operator whose kernel
satisfies the strong smoothness condition mentioned before and use this
Calderén-Zygmund operator to establish our Calderén-type reproduc-
ing formula associated to a para-accretive function.

As an application of this reproducing formula we prove a T'b the-
orem. To be precise, suppose that T satisfies the hypotheses of the T'b
theorem of [DJS], where b; = b, = b. Suppose also that Tb = T*b = 0.
The results of [L] and [HJTW] state that TM; is bounded on B:'q
and F*9 for 0 < a < € and 1 < p,q < oo, where ¢ is the regularity
exponent of the kernel of T and M} denotes the operator of multipli-
cation by b. Hence T maps bB,"? into By*? and bF;"? into F»? for
0<a<eand 1< p,g< oo Applymg th1s to T, we obtain by du-
ality that T maps B 4 into b~ 1B 9 and Fp 94 into b~ le 9 for
0O<a<eandl< p,q < oo. However the results of [L] and [HITW]
can not be applied to the case where @ = 0. As in the case of R", using
our Calderén-type reproducing formula associated to a para-accretive
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function, we will introduce a new class of function and distribution
spaces, namely the Besov and Triebel-Lizorkin spaces associated to a
para-accretive function, and prove the T'b theorem for these new spaces,
which includes the case where a = 0.

The paper is organized as follows. In Section 1 we describe the no-
tations, definitions and some known results to be used throughout and
prove a boundedness result of a class of the Calderén-Zygmund opera-
tors. In Section 2 we establish the Calderén-type reproducing formulas
associated to a para-accretive function. The Besov and Triebel-Lizorkin
spaces will be introduced in Section 3 and a T'b theorem will be proved
there. In the last section we make several remarks.

Section 1.

We begin by reviewing some basic facts about the Calderdn-
Zygmund operator theory.

Definition 1.1. A singular integral operator T is a continuous linear
operator from D(R™) into its dual that is associated to a kernel K(z,y),

a continuous function defined on R™ x R™ \ {z = y}, satisfying the
following conditions: for some constants ¢ >0 and 0 <e <1,

(12i) K@yl <cla—yl™,  foralz £y,
(1.2.1) |K(z,y)— K(z',y)| < clz = 2'|f|lz —y|™"°,

for all z,z' and y in R™ with |z — 2'| < |z — y|/2, and
(1.2.ii) |K(z,y) — K(z,y")| S cly —y'|*le —y| "%,
for all z,y and y' in R™ with |y —y'| < |z — y|/2.

Moreover, the operator T can be represented by

(13) (Tf.9)= [[ K(z,v) f(z) g(z) dr dy
A

for all f,g € D(R™) with supp f Nsuppg = @.
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Definition 1.4. An operator T is called weakly bounded if there ezxists
a constant ¢ > 0 such that for all f and g € S supported in a cube
Q C R™ with diameter at most t > 0,

(1.5) (T f,9)] < et (| flloo + IV flloo) (lglleo + 2 IVglloo) -

It was shown in [DJS] that if T is a weakly bounded operator as-
sociated to a kernel satisfying (1.2.i) then T has a continuous extension
from Cy into its dual, where C7 denotes the space of continuous func-
tions f with compact support such that

f(@) = S@)l _

|z —y|7 oo,

Iflly = sup

z#y

and for such operator T the weak boundedness property in Definition
1.4 can be described as follows.

Definition 1.6. Let T be a continuous operator from C{ into its dual
for each m > 0 . We say that T is weakly bounded if, for each n > 0,
there 13 a constant ¢ > 0 such that for all cubes Q with diameter at
mostt > 0 and all f,g € CJ supported in Q,

(1.7) (T, 9)] <t fll,llglly -

It was shown in [DJS] that if the kernel of T satisfies the condition
(1.2.1), then (1.7) holds for all » > 0 whenever it holds for some n > 0.
David and Journé gave a general criterion for the L? boundedness of
singular integral operators defined in (1.1) ([DJ]).

Theorem 1.8. (The T'1 Theorem of David-Journé) Suppose that T is
a singular integral operator defined in (1.1). Then T is bounded on L?
if and only if: a) T1 € BMO, b) T*1 € BMO, and ¢) T has the weak
boundedness property defined in (1.4).

Suppose that ¢ is a function with the properties as in the classical
Calderén Reproducing Formula. The classical Besov spaces Bp'7(R")
for « € R and 1 < p,q < oo are the collection of all f € §'/P such that

1£llgge = (3225 ldk * £11,)9)"* < +oo,

kezZ
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and Triebel-Lizorkin spaces FP"’?(R") for a € Rand 1 < p < oo,
1 < ¢ < oo are the collection of all f € §'/P such that

1£ e = 1S (24165 % £)9) 7], < 400

kez

The T1 theorems for the classical Besov spaces B;"q(R") and
Triebel-Lizorkin spaces F;”q(R") were proved in [L] and [HITW] , re-
spectively.

Theorem 1.9. (The T'1 Theorems for the Besov and Triebel-Lizorkin
Spaces) Suppose that T is a singular integral operator whose kernel
satisfies the conditions (1.2.1), (1.2.11) and T1 =0, and T has the weak
boundedness property. Then T is bounded on the Besov spaces Bg"q(R")
and Triebel-Lizorkin spaces Fp"‘*q(R") for0< a<el<pgqg< oo,
where ¢ 13 the regularity exponent of the kernel of T.

Replacing the functionl in the T'1 theorem by more general bound-
ed function David, Journé and Semmes proved the T'b theorem ([DJS]).
To state their T'b theorem we need the following definitions.

Definition 1.10. A complez-valued bounded function b defined on R™
18 said to be a para-accretive function if there exists a constant ¢ > 0
such that for every cube @ C R™, there i3 a subcube I C Q with

(1.11) ‘Té—lflb(z)dzi >¢>0.

Definition 1.12. Suppose b; and by are complez-valued functions
whose inverse are also bounded. A singular integral operator is a con-
tinuous operator T from byC into (b2Cyg)' for all n > 0 for which there
ezists a kernel K(z,y) satisfying the conditions (i), (ii) end (iii) of (1.2)
such that for all f,g € CJ with supp f N suppg = B,

(Thy f,bag) = 9(z) ba(z) K(z,y) bi(y) f(y) dz dy .
AL

David, Journé and Semmes proved the following T'b theorem.
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Theorem 1.13. (The Tb Theorem of David-Journé-Semmes) Sup-
pose that by and by are para-accretive functions and T is a singular
integral operator from b;Cy into (boCJ) defined in (1.12). Then T is
bounded on L? if and only if: a) Thy € BMO, b) T*b, € BMO, and
c) My, TMy, has the weak boundedness property defined in (1.6).

We now introduce our “test functions”.

Definition 1.14. Fiz two ezponents 0 < f < 1 and v > 0. Suppose
that b is a para-accretive function. A function f defined on R™ is said
to be a strong b-smooth molecule of type (B,7) centered at xo € R™ with
width d > 0 if f satisfies the following conditions:

dY
(1.15.) [f(z)]| <c @tz =z’
) , =o'\ @
(1.15.11) lf(]:) - f(l' )I S c <d+ |fL‘ — Iol) (d+ )1‘ _ xol)n+7 ’

for la —2'| < (d+ & — z0])/2, and

(1.15.iii) /m f(z)b(z)dz = 0.

This definition was first introduced in [M1] by considering the con-
ditions (i) and (iii) of (1.15), and (ii) of (1.15) replaced by

#e) ~ S < e (2221

(116) " o
. + .
(@ )

We call such f a b-smooth molecule of type (3,~) centered at o € R"
with width d > 0. The collection of all strong b-smooth molecules of
type (B,7) centered at zo € R™ with width d > 0 will be denoted by
MBN (g, d). i f € MP(zy,d), the norm of f-in MBV(zy,d) is
defined by

(L17) (| fllprcemze.a) = inf{e > 0: (1.9) (i), (ii) and (iii) hold } .

We denote M) the class of all f € M(#7)(0,1). It is easy to see that
M is a Banach space under the norm || f||pss., < +00. We then
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introduce the dual space (M(#7))' consisting of all linear functionals £
from M to C with the property that there exists a finite constant
¢ such that for all f € M)

(1.18) IO < ellfllareom -

We denote (h, f) the natural pairing of elements h € (M#7)" and f €
M@ Tt is easy to check that for zo € R™ and d > 0, M) (z4,d) =
M with equivalent norms. Thus, for all A € (MM (h, f) is well
defined for all f € M (z,,d) with zo € R and d > 0.

We now state and prove the main result in this section.

Theorem 1.19. Suppose that b i3 a para-accretive function and T 13 a
singular integral operator from Cg(R™) into its dual for all n > 0 such
that T and b='(T*)M, satisfy the hypotheses of Theorem 1.9 and fur-
ther, K(z,y), the kernel of T, satisfies the following strong smoothness
condition

(K (2,9)b7" (y) — K(z',9)b7" ()
(1.20) — (K (z,y")b7(y') — K(z',y" )b~ ("))l

S Cl:l) __xllely _ yllelm _ y|-—n—2£

for all z,2'\y and y' in R™ with |z —2'| < |z — y|/3 and |y — | <
2 — 913

Then T maps the strong b-smooth molecules of type (B,7) centered
at x9 € R™ with width d > 0 to the strong b-smooth molecules of type
(B,7) centered at zo € R™ with width d > 0 for 0 < B,y < € where ¢
18 the regularity ezponent of the kernel of T. Moreover, denote ||T|| the
smallest constant in the estimates of the kernel of T, then there exists
a constant ¢ > 0 such that

(1.21) IT fllarce. v (zo,ay < T Nl arco. v (zo,a) -

In [M2] it was shown that if T satisfies the hypotheses of Theo-
rem 1.19 except (1.20), then T maps b-smooth molecules of type (3,7)
centered at zo € R™ with width d > 0 to b-smooth molecules of type
(B',7') centered at zo € R™ with width d > 0 for 0 < 8’ < 8 and
0 < v' < ~, which is not available for our purposes.

To prove Theorem 1.19, we follow Meyer’s idea, [M2]. Fix a
function § € D with suppf C {z € R : |z]| < 2} and § = 1 on
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{z € R® : |z| < 1}. Suppose that f is a strong b-smooth molecule
of type (B,v) centered at zo € R™ with width d > 0. We first prove
that T(f)(z) satisfies the size condition (i) of (1.15). To do this, con-

sider first the case where |z — zo| < 5d. Set 1 = £(y) + n(y) where
€(y) = 6(y — 0/(10d)). Then, as in [M2],

Tf(z) = [ K(z,) (F(0) = £(=)) €w) dy
+ [ K, fw)n(w) dy
+f(:c)/K(w,y)§(y)dy — 1411+ III.
Using lemmas 2 and 3 in [M2], we have

I<e

K(z,y)| |f(y) — f(=)| dy

|z—y|<25d

—n o=yl
<clfluwonen [ lo-umEgEa

|z—y|<25d

<cllfllmen(zea @ s

and
| < c|f(2)] < el fllaen(zo,ay 4 -

For the term II we have
d7

—_—d
Iy — zo|" 7 y

1] < el Fllatomen.d / o~y
|ly—zo|>10d

< C“f”]\l(ﬂr")(zo,d) d—nv

since |z — z¢| < 5d. This shows that T f(z) satisfies (i) of (1.15) for the
case |z — zg| < 5d. Now consider the case where |z —z¢| = R > 5d. Set
1= I(y)+J(y)+L(y) where I(y) = 8(8|z—y|/R), J(y) = 8(8|y—zo|/R),
and fi(y) = f(y) I(y), f2(y) = f(y) J(y), and fa(y) = f(y) L(y). Then

it is easy to check the following estimates
dY
(1.22.a) 1AW < ellflime ot Friy -

y — y' B g
(1.22.b) |fi(y) — L) < el fllmen(zo,a) lTL ok
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for all y and y' € R",

[fs(¥)l < cllfll e (zo,a)
dv

(1.220) . ly——m X“,_,M)n/s} ’
d
(122) 15214y < el s ianr 5
| [ <e( [1nwia+ [1n0)1dw)
d
(1.22.¢) < cl|fllmev(zo,a) R_: )

since [ f(y)b(y)dy = 0. We now have

59

ThH(z) = /K(%y) (fl(y)-fl(w))u(y)dy+fl(x)/K(x,y)U(y) dy

= ri(z) + r2(z),

where u(y) = 6(4|z —y|/R). Applying the estimates in (1.22), we obtain

_y|ﬂ d

—alz
Ir1(2)] < ellfllaeen(z0,0) / e~y e W

lz—yI<R/2
dv
< el fllpmev(zo,d) Rats

d>
Ir2(2)] < elfa(@)] < cllifllmemzo.ty Frgy -

For f, we have
Tfa(z) = / (b~ (y)K(z,y) — b~ (20 K (z,0)) f2(y) b(y) dy

+ b7 Y(zo) K(z, z0) / f2(y) b(y) dy

= o1(z) + o2(x).
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Using the estimates of the kernel of b™!T* M, and f; in (1.22),
ly —zol®  d7
lo1(2)] < el fllaee(zo,d) Rrte Ty oot dy
ly—zo|<R/4

dr
< c||fll M (zo,a) R

since v < ¢, and

—n d”
o2() < e R | [ olw) M0 o] < el ot oy T -
Finally,
e

TA@I < Moo [ =yl o iy

|z—y|>R/8

ly—zo|>R/8

d>

<c “f“M(ﬂv“l)(xo,d) Rnt+v’

This proves that T f(z) satisfies (i) of (1.15) for |z —zo| > 5d and hence
the estimate (i) of (1.15). It remains to prove that T f(z) satisfies the
smoothness condition (ii) of (1.15). Set |z — zo| = R and |z — z'| = é.
We consider only the case where R > 5d and 6 < (d+ R)/20 (see the
proof in [M2] for the case where R < 5d). As in the above,

Th() = [ K(e,w) (fily) = F(a)) o) dy
+ [ Kaw) fiv) ) dy
+ (=) [ K@y,
where 1 = ((y)+ u(y) and {(y) = 6(|z—y|/(26)). Denote the first term
of right hand side above by p(z) and the sum of the last two terms by

g(z). Then the size condition of K and the smoothness of f; in (1.22)
yield

nle—ylf _d
pe)l < elflsnon [ o= ol EEe T dy
lz—y|<46
& dv

< cllifllmeizot) 75 Fmrs -
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This estimate still holds with z replaced by z' for |z — z'| = §. Thus,

&8 dr
[p(z) = p(2)]| < ellfll e (zo.0) T5 Tt -

For ¢(z), using the condition that T'1 = 0, we have

o(z) - q(a") = / (K(z,y) - K(=',9)) (A(y) - fi(2)) u(y) dy
+ (@)= @) [ K6 cw)dy
=I+1I.

Again, using lemmas 2 and 3 in [M2], and the smoothness of f; in
(1.22), we obtain

88 dv
1] < el f(2) = () < ellf Inmom oty T Tt -

Notice that

—ylB  d
Ty
) = A < Nl g o

for all y € R”, term I is dominated by

|K(z,y) — K(z',y)| [i(y) — fi(z)] dy
26<|z—y|
o—a' [a—yf d
<clflwonen | ot g o
|z—y|>26

88 dv
< c|lfllmev(zo,0) 7P Ry

since B < €. This shows that T f;(z) satisfies the condition (ii) of (1.15)
for the case R > 5d. Note that z and z' are not in the supports of
f2 and f3 and 6 < (d+ R)/20 < R/16. Using the strong smoothness
condition of the kernel of T in (1.20) and the estimates of f, and f3 in
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(1.22), we then have
ITx(2) = Tha(a")]
= | [ (K@)t @) - K@ 0)b ™ @) 20 b b
<| [ (E@wr ) - KEwp )
— (K(2,20)b™(@0) - K(2',20)b™(20))) fal(y) b(y) dy|

+[(E (2, 20) — K&, 20))b™(20)) | / F2(y) () dy|

< c|lfllarem(zo,a)

|z — 2"|°ly — 2ol* dr
| — zo[*+2e (d+ |y — zo|)"*7

dy
ly—zo|<R/4
|z —z'|*  d7
+ c || fll M@ (zo,4) m iz

88 d
< cllfllmem(zo,a) 7P Rty

since f,v < ¢, and

The)-TaEI=| [ (K@ -KEw) A6
|z—y|>R/8>26

_ e
<ec I‘T_:f_l._.
- |$_y|n+e

|[z—y|>R/8

|f3(y)| dy

6° d7
<c ||f“M(B,7)(zo,d) —R; W .

These estimates show that T'(f)(z) satisfies the condition (ii) in (1.15)
for the case where R > 5d and § < (d 4+ R)/20. The fact that
JT(f)(z)b(z)dz = 0 follows from the condition T*(b)(z) = 0. This
completes the proof of Theorem 1.19.
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Section 2.

In this section we construct a Calderén-Zygmund operator whose
kernel satisfies the strong smoothness condition (1.20) and use this op-
erator to establish the Calderdén-type reproducing formula associated
to a para-accretive function. We first introduce the following definition

(see [DJS]).

Definition 2.1. A sequence (Sk)recz of operators is called to be an
approzimation to the identity associated to a para-accretive function b
if Sk(z,y), the kernel of Sk, are functions from R™ x R™ into C such
that for allk € Z and all z,2',y and y' in R", and some 0 < e <1 and
c>0,

(2.2.1)

Se(z,y) =0, if [z —y|>c27%  and  ||Si|leo < c2F",
(2.2.11) |Sk(z,y) — Se(z,y')] < e2KF |y — )7,
(2.2.iii) 1Sk(z,y) — Si(z',y)| < 2K+ |z — 2')5

|(Sk(.’l,‘,y) - Sk(‘T,» y)) - (Sk(l‘,'y’) - Sk(-’F’, y'))l
(2.2.iv) < 2K g — gl |y — o7,

(2.2.v) / Se(z,y)b(y)dy =1, for allk € Z and z in R™,
Rn

(2.2.vi) / Sk(z,y)b(z)dz =1, forallk € Z and y in R™.
R"

In [DJS] such operators were constructed and all conditions except
for (iv) in (2.2) were checked. Note that in [DJS] S; were given by
P}{Pyb}~' Py where P; satisfy the conditions (i), (ii), and (v) with
b(z) =1 in (2.2). We have

(Sk(z,y) — Sk(z',y)) — (Sk(z,y") — Sk(z',y"))
- / (Pk(z7 ‘z') - Pk(zvx,)) (Pkb(z))_l (Pk(z,y) - Pk(z,y')) dz.

The condition (iv) in (2.2) then follows from simple calculation.
We can now state our Calderén-type reproducing formula.
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Theorem 2.3. Suppose that (Sk)rez i3 an approzimation to the iden-
tity deﬁned in (2.1). Set Dy = S — Sk—1. Then there ezists a family of
operators (Dk)keZ such that for all f € M®B:)

(2.4) f=25kaDka(f),

kezZ

where the series converges in the norm of LP, 1 < p < oo, and MEA)
with B < B and v' < . Moreover, Dk(x y), the kernel of Dk, satisfy
the following estimates: for €',0 < €' < €, where ¢ is the regularity
ezponent of S, there exists a constant ¢ > 0 such that

—ke'

CF+le =)

(2.5.1) |l3k(a:, y)| <c

|Di(z,y) — Di(z',y)|

) e I o
(2.5.11) <c (2 k + |$ _ yl) (2-—k + ll. _ yl)n+a’ )

for la —2'| < (2% + [z — y])/2,

(2.5.iii) /]R ] Di(z,y)b(z)dz =0,
for all k € Z and y in R™,
(2.5.iv) . Di(z,y)b(y)dy =0,
for all k € Z and z in R™.

The similar formula on spaces of homogeneous type for the case
where b(z) = 1 was established in [HS2]. To prove theorem (2.3) we
begin with a Coifman’s idea. By non-degeneracy condition (v) and the
size condition (i) in (2.2),

(2.6) I=Y DiM, in L*(R").
k€ezZ
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Coifman’s idea is to rewrite (2.6) in the following way
1= (> Dets) (3D M)
k€EZ jEL

(2.7) = > D Di+i My D My

li|>N keZ
+3° > Diyj My Dy My = Ry + T
kEZ |jI<N
where
Ry =Y > Diyj My D M,
li|>N keZ
and
Ty = > _ D{ My D M,
k€Z
with
Dljcv = Z Dk+j,
li1<N

and N is a fix positive integer. It was shown in [DJS] that limy_..c TN
= I in L? and hence Ty is bounded on L? for large N. Our goal here
is to show that Ty ! maps the strong b-smooth molecules of type (3,7)
centered at z¢o € R™ with width d > 0 to the strong b-smooth molecules
of type (f,~) centered at xo € R™ with width d > 0. To be precise, we
prove the following theorem.

Theorem 2.8. Suppose that (Di)rez 13 as in Theorem 2.3, and Ty =
> kez DY My Di My where DY = >_1j1<n Dk+j and N is a large posi-
tive integer. Then Tﬁl maps the strong b-smooth molecules of type
(B,7) centered at zo € R™ with width d > 0 to the strong b-smooth
molecules of type (B,7) centered at xo € R™ with width d > 0. More
precisely, for 0 < B, < € there exists a constant ¢ > 0 such that if N
18 sufficiently large,

(2.9) IR (e zo,ay < €llfllaen(zo.a) -

The proof of theorem (2.8) is based on the following technical
lemma.
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Lemma 2.10. Suppose that the hypotheses of Theorem 2.8 are satisfied,
and Ty and Ry are as in (2.7). Then for 0 < €' < € there ezist a
constant ¢ > 0 and § > 0 such that

(2.11) |RN(z,y)] < 27 |z —y| 7",

(2.12) |Rn(z,y) — Rn(z',y)| <27 |z — 2’| |z —y| ™",
for |z —a'| < |z —y|/2,
|(Rn(z,9)b7 (y) — Rn(2',9)b7 (y))
(2.13) — (Rn(z,y" )b (y') — Rn(z',y" )b~ (y"))]
<c2 e — 2| ly —y'| Jo —y| "2
forlz —2'| < |z —y|/3 and [y — y'| < |z —y|/3,
(2.14) (RN f,9)| < 27N *20/ |1 £l gl ,

for all f,g € CJ(R™), n > 0, supported in Q with diameter at most
t>0.

Assuming Lemma 2.10 for the moment and applying the same proof
of (2.10) to b=!(Rn)*Mp, and using the facts that Ry(1) = 0 and
(Rn)*(b) = 0, by Theorem 1.19,

(2.15) IRN (Pl aren(zoty < €27V NIl a6 20,y »
for all f € M(F7(z9,d). Using the fact that Ty' = 3, (Rn)™, we
obtain
1T N M (zo,) < Z(C2_N6)m||f||M(B’“f>(ro,d)
(216) m=0
<c ”f”M(ﬂﬂr)(zo,d) )

for a fixed sufficiently large integer N, which shows (2.9) and hence
Theorem 2.8.
It remains to prove Lemma 2.10. In fact, we prove the following
estimates: for 0 < €" < ¢ there exists a constant ¢ such that
|Dk+j My Dy My(z,y)|
o—[(k+i)AK]e
(2_[(k+j)/\k] + Ix — y,)n+€ ’

(2.17) < c27lile

|Di+; My Die My(z,y) — Diyj My Dic Mi(2', y)|

p—a] 7 2l
(2.18) <c (2—[(k+j)/\k]) (2—[(k+j)/\k] + !1. _ yl)n+e” ’
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for |z —2'| < |z —y|/2,
|(Dk+; My Di(2,y) — Di+j My Di(2',y))
— (D4 My Di(z,y') — Diyj My Di(z',y')|

E" €"
2.19 |z — '] ly —¢'|
( ) Se (2—[(k+:‘)/\k] 9—[(k+5)AK]

o—{(k-+) AR]"
. (2__[(k+J)/\k] + lw _ y')n+5“ ’

for [t —2'| < |z —y|/3 and |y — ¥'| < |z — y|/3, where D; are as in
Lemma 2.10 and a A b denotes the minimum of a and b.
It is easy to see (2.17). For instance, suppose j > 0, then

|Ditj My Dy My(z,y)|
- l/Dk.H-(x,z) (=) Di(z,y) b(y) ds|

- ) /DH,- (z,2)b(z) (Dk(2,y) — Di(z, y)) b(y) dzl

<ec / o(k+j)n |z — z|° ok(nte) 4.

]z—zls2"(k+i)
< —jE kn
<e2 2 X{|=-yn5cz~")

which shows (2.17) for the case 5 > 0. To see (2.18), suppose 7 > 0.
Then there exists a constant ¢ such that for |z — z'| < |z — y|/2 and all
a,0<a<e,

|Di+j My Die My(z,y) — Diyj My Di My(z', )]
= ‘/ (Ditj(z, 2) = Ditj(2', 2)) b(z) Dr(z,y) b(y) d=

= | [ (Derse2) = Dyt 2)) b2

- (Di(2,y) — Di(z,y)) b(y)dZ‘

<e 2(k+j)(n+e) ':L‘ _ xlle lz _ z_le 2k(n+s) dz

|lz—z|<c2-(k+)

ve [ IDues) = D' 2)
|z —z|<c2-(k+i)

. IZ _ x,e 2k(n+e) dz
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<ec |.’L‘ _ zlle 2k(n+s)

(2.20) ve [ Dess(e,2) - Duas(a'2)
|z’ —z|<c2—(k+i)
(Jz —2'|* + |z — 2'|%) ok(nte) 4,
<ec lx _ 'Tlle 2k(n+s)
+ec 2(k+j)(n+a)|$ —z'|*

|z' —z|<c2—(k+i)
|z — o[ 2K+ g

<ec I‘T _ ‘T'ls 2k(n+e) + c2°‘|z _ xl|(a+s)2k(n+a+e) .
Note that for |z — 2’| < |z — y|/2 the estimate of (2.17) implies

(2.21) |Dgy; My Dy My(z,y) — Dyyj My Dy My(z',y)| < c277¢ 2k

If choose a small enough, the geometric mean of (2.20) and (2.21) and
the fact that the support of Dy ; My Dy My(z,y)— Dy My Dy My(z')y)
is contained in the set {|z —y| < c27F}U{|z' — y| < 27} yield (2.18)
for the case j > 0. The proof of (2.18) for the case § < 0 is similar but

easier.

The proof of (2.19) is similar. Suppose j > 0. Then there exists a
constant ¢ such that for |z — 2’| < |z —y|/3, |y —y'| < |z —y|/3 and

alla |0 < a<e,
{(Dk+j My Dy, My(z,y) — Diy; My Dy My(z',y))
~(De+s My Dy My(2,y) = Der; My Di My(a',9'))|
= ’/(Dk+j($,2)—Dk+j($',z))
b(z) (Di(z,¥) = Da(z,¥) bly) 2|
=| / (Disj(z,2) — Diyj(2', 2)) b(z)

' ((Dk(zvy) - Dk(z’y’))
—(Dk(l‘,y) — Di(z, y’))) b(y) dz}
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<ec 2(k+j)(n+€) |IL' _ .’L"le

|z—z|<c2-(k+i)
. |Z _ z,le |y _ ylle 2k(n+2e) dz

(2.22) te / |Dit (7, 2) — Dig (', 2)|
|z'—z|<c 2= (k+i)
e — 2l Iy — o] 2429 dz

<ec |.’1,' _ x/le |y _ ylls 2k(n+26)
+e 2(k+j)(n+a) I‘T _ IL"Ia
Iz’—zlScZ'(“+j)

. !’13 _ $l|e ly _ ylle 2k(n+2£) dz

<clo—a'|f |y —y'|e 2429

+ czja lw _ w'l(a+5) Iy _ ylle 2k(n+a+25) )

Note that for |z — 2’| < |z — y|/3 and |y — y'| < |z — y|/3 the estimates
of (2.18) and (2.21) imply
(2.23)

|(Di+j My Di My(,y) — Di+j My Dy My(2',y))

— (Di+j My Di My(2,y") — Ditj My Di Mi(2',y/')) |
< C(l.’l) _ $I|E’ 2k(n+e') A 2—j52kn) i
If choose a small enough, the geometric mean of (2.22) and (2.23) and
the fact that the support of
(Dk+j My Dy Mb(:t, y) - Dk+]' My D, Mb(:r', y))
— (Dk+j My Dy My(z, y') — Dy My Dy ]\fb(.’l?’, y'))

is contained in the set
{lz—y| < c27F}u{la’ —y| < c27F}u{|z—y'| < c27F}Uf|a' /| < 27}

yield (2.19) for the case j > 0. The proof of (2.19) for the case j < 0 is
similar but easier.

Considering the cases ;7 > 0 and j < 0 separately, and summing
over k, and then, (2.17) implies (2.11), (2.18) and (2.19) imply (2.12)
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and (2.13) with constant ¢2~? replaced by a constant c, respectively.
By taking the geometric means with (2.11) we obtain (2.12) and (2.13).

We leave these details to the reader. Finally, the estimate of (2.14)
follows the following simple calculations.

(Baf,9) = 3 3 [[ Dess Mo D Mia,9) 1) (@) du e

|iI>N k€z

Since

I /Dk+j My Dy My(z,y) f(y) dy'
mn

S|

—l7le k+7)Akln
<o [Ny im0 = £@)] dy
]Rn

< c27ble o= l(k+DAK ) £
|/Dk+]~ My Dy My(z,y) f(y) dy
]Bn

—l7le k47 Ak
< 0/2 lile ol(k+i)Ak]n X (jomyice 2145 AK], |f(y)| dy
Rn
< c27lile DA £ Q)

and denote |Q| = 27%"  we then, by the estimates above, have
’ /Dk+j My Dy My(z,y) f(y) dy
]Rn

c27lile 2= ((k+DAKI=ko)n | £ |Q|7/™;
| c2-lile 9[(k+5)AK]—ko)n I £llo Q™.

Thus,

‘ / Dit; My Dy My(z,y) f(y) g(z) dy dz

< c2lile 9= ([(k+j)Ak]—ko)n 11l |Q|l+2n/n Nglly
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and
| / Diy; My D My(z,y) f(y) 9(2) dy da
< c 2~ lile o([(k+5)Ak]—ko)n NNl |Q|1+2n/n gl -

which yields (2.14). This shows Lemma 2.10.

Now we turn to the proof of Theorem 2.3. Let Dy = Ty ID,ICV , where
DY is defined in (2.7) and N is a fixed large integer such that 7' maps
the strong b-smooth molecules of type (8,v) centered at zo € R™ with
width d > 0 to the strong b-smooth molecules of type (8,v) centered
at 7o € R™ with width d > 0 by Theorem 2.8. It is easy to see that
DYN(z,y), the kernel of DV, is a strong b-smooth molecule of type (¢, ¢)
centered at y with width 2=% > 0. Thus, 5k(z,y) =Ty DN (-, v)](2),
the kernel of bk, is a strong b-smooth molecule of type (¢, ¢’) centered
at y with width 27% > 0for 0 < &' < £ by Theorem 2.8. This shows that
Dy(z,y) satisfies the conditions (i), (ii) and (iii) of (2.5). The condition
(iv) of (2.5) follows from the fact that (D2 )(b) = 0. All we need to do
now is to prove that the series in (2.4) converges in the norm of L? and
M® ") Suppose first that f € M), Then the convergence of the
series in (2.4) in M%) is equivalent to

(2:24) Jim || Y7 Di My Di My(f) = fllgesr. o =0,
IKl<M
for 0 < B/ < B and 0 < 4' < 7. Since
> DMy DiMi(f) =T ( > DI My D Mi(f))
|[k|l<M |k|<M
=75 (Tn — 3. DY My D My(f))
|k|>M
= f~ lim RR(f)
_T];I( Y DY M, Dy M,,(f)),
|k|>M

to show (2.24), it suffices to prove

(2.25) Jim Rl =0,

(2.26) |T§1( > DY M,D; M,,(f))”M(ﬁM =0

lim l
M—oo
|k|>M
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By (2.15),

IRF (A arerry < €27V ™ I fllpgesrany < €27V ™ | fll s

since 0 < ' < f and 0 < 4’ < «, which gives (2.25). The proof of
(2.26) is based on the following estimate

2.27) || D> DY My Dk My()llpeoran < €27M7 || Fll e
|k|>M

forall 0 < ' < 3,0 < 4’ < v and some o > 0, and a constant ¢ which
is independent of f and M.
Assuming (2.27) for the moment, by Theorem 2.8, for 0 < ' < 8

and 0 < 7' <7,

ITR* > DY My Die My(£)l|pgcor. 0y
|k|>M

<cl Z Dy My D My(f)|| pgeor )
|k|>M

S C2—]VIU ”f”M(ﬁ,'v) )

which gives (2.26).

To prove (2.27), it suffices to show that for 0 < 8" < § and 0 <
v' < 7 there exist a constant ¢ which is independent of f and M and
some o > 0 such that

| X" DY My D My(f)(2)
|k|>M

(2.28) < Cz—MU(l + |x|)_(n+7’) | fllarcem s
| > DY My D Mi(f)(@)— Y DI My Di My(£)(=")]
|k|>M |k|>M

z—a'[\#"
(2.29) gc(llﬂzll) <1+|i|)n+*’ 1A llaecon

for |z —2'| < (1+ [z])/2.
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To see this, by taking the geometric average between (2.29) and
the following estimate

> DY My D My(f)(z) — D Di My Di My(f)(z)
K[> M K> M

<| 3 DY My D My(f)(@)| +| D DI M Di Mi(f)(=")|
[k|>M |k|>M

< c27M(1+ [z)) 7| fllagom
for |z — z'| < (1+ |z|)/2, we have
DY My D My(f)(z) — Y Di My Dy My(f)(<")
(2.30) |k|>M |k|>M

<c27M |z —2'|F (1 + |2) ") | fll meem

for |z —2'| < (1 + |z])/2.
Now (2.28) and (2.30) together with the fact that

/m > D My Dy My(f)(z)b()dz

" k|>M
= Z My Dy My(f)(z) (DY)*(b)(z)dz =0,
R™ [k>M

show that

S DY M, Dy My(f)(x) € M#7)
|k|>M
and
| > DY MDean(h)| <2 M N f o
[k|>M '

which gives (2.27).

Now we prove (2.28). Denote Ex = DY M;D;. It is easy to check
that Ei(z,y), the kernel of Ej, satisfies the conditions (2.2.1), (2.2.ii),
and (2.2.ii1) with ¢ replaced by €' , 0 < €' < ¢, and Ex(b) = 0. Consider
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first the case where |z| < 2, then

l > DQ/MkaMb(f)(z)\
IkI>M

=| 3 EMi(f)@)

|k|>M
<| 3 [ Bl b) () - f2)
(231) k>M 7R
: s / Ek(x,y)b(y)f(y)dy‘ ( since Ex(b) = 0)
k<—MJR"
<e Y 27 e +¢ D 2 |l
k>M k<—-M

<e@M +27M) || fllmeen

<c2™7 (14 [2))" ") | fllye,  (since |z] <2)

and, where ¢ > 0 is a constant and 0 < v’ < 7.
This proves (2.28) for|z| < 2. If |z| > 2, then

| Y @] <| Y [ Buan) o) ()~ 1))

|kI>M k>M
ap> /m Ex(z,y) b(y) f(y) dy| = T+ 11.

k<—-M

Since |z —y| < ¢27% < ¢2™™ for k > M and hence |z —y| < 1 if
M is larger than log, c. This gives that |y| > |z]| — |z — y| > |z]/2 for
M > log, ¢ and term I is now bounded by a constant times

> [ B lle -

k>M
(D™ + 1+ e )TF) dy || fllages

<e( 3 27)a+ 1) o

k> M
<c2MB (14 |2) ) || fll agesm -

(2.32)
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To estimate the term II, by use of the fact that [;. f(y)b(y)dy = 0, we

have
| [ B 1w
=| [ (Bete.n) - Be(@0) 40) S ]
<e / |Ex(z,v) — Ex(z,0)| [£(4)| dy
(2.33) lyl<lz|/2
+e / |Ex(2,y) — Ex(=,0)| |£(v)] dy
|z]/2<|y|<3]|z]/2
ve [ IBew) - Bue 0lIfW)ldv.
ly|>3]=z|/2
Since

|EL($’ y) - Ek(l‘, 0), S c2k(n+5) (J_l)s :

|z]

the size condition of f yields

|Ex(2,y) — Ex(z,0)| |f(y)| dy

lyl<lz]/2
e 1
< ok(n+e) (M)
(2.34) <ec ) T
lyl<lzl/2
.X(k: 2k <z 1} ”f”M(ﬂw)
< c2ke |x|‘("+7) 1l arconm -
Similarly,
|Ex(z,y) — Ex(z,0)| ()| dy
ly|>3|z|/2
(2.35) . )
< czknx{k: 2k<c|z|=1} [z~ || £l prce.
<c2t” |I|_(n+7,) RAIPYCRD
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and

|Ex(z,y) — Ex(z,0)|[f(y)| dy
|z1/2<]y|<3lz|/2

(2.36) <c / (1Ex(z, y)| + | Ex(z,0)]) | f(y)| dy

lzl/2<]y|<3|z|/2

< ¢2ke ]ml“(""”",) (FAPYEEE

where 0 =y — ' > 0.
Combining (2.33), (2.34), (2.35) and (2.36) shows

M<e 3 2% 2~ || £l ayom
k<—M

<27 M7 (14 |27 | fll e s

which together with (2.31) and (2.32) implies (2.28).
It remains to prove (2.29). We need only to check that

S DY M, DM, and b7 ( 3 DY M, Dy M,,)*M,,,
|k|>M |k|>M

as operators, satisfy the hypotheses of Theorem 1.19 and the estimates
of the kernels are independent of M. Since

(3 D,ICVMkaM,,)*sz S D; My (DY) My,
|k|>M |k|>M

and Dy and D} satisfy the same conditions, so it suffices to check that
Z|k|>M D,ICVMkaM;, satisfies the hypotheses of Theorem 1.19 with the
constants independent of M. This follows from the simple computation.
We leave these details to the reader.

Finally, to see that the series in (2.4) converges in LP for 1 <
p < o0, by the proof above, we only need to show that (2.25) and
(2.26) still hold with the norm of M7 replaced by the norm of L?
for 1 < p < co. The estimates in Lemma 2.10 show that Ryb™! is a
Calderén-Zygmund operator with the operator norm at most ¢2~N®
and hence Ry is bounded on L? for 1 < p < oo with the operator norm
at most ¢ 27 N9, This yields (2.25) and also implies that T is bounded
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on L? for 1 < p < oo. To see that (2.26) still holds with the norm of
M"Y replaced by the norm of L? for 1 < p < oo, it suffices to show
limpr—co || 221415 m DN My Dy My(f)|l, = 0 for f € LP,1 < p < oo.
This can be proved by a result in [DJS]. More precisely,

| > o¥ MkaMb(an

|k|I>M
= sup ( Z D;]cv M, Dka(f),g)
”9”,,:31 |k|>M

< sup

(% weanr) (X ma@dyor)™],
[k|>M

||9Hp151 |k|>M

(by a result of [DJS])

<c sw |[( 3 DeannF)" sl

”g”pISI [k|>.)\1

<e|( = 1emor) s,

|k|>M

where again by a result of [DJS] the last term tends to zero as M tends
to infinity . This ends the proof of Theorem 2.3.

By an argument of duality we obtain the following Calderén-type
reproducing formula on (M)

Theorem 2.37. Suppose that (Dy)rez 3 as in Theorem 2.3. Then

~

there ezists a family of operators (Dyi)rez whose kernels satisfy the
same properties as in Theorem 2.3 such that for all f € (MY

(2.38) f=>" My D My Di(f),
kezZ

where the series converges in the sense that for all g € M) with
B'> B and v > 7,

(2.39) Jim (3 My Dy My, Di(f),9) = (f.9).
KI<M
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We leave the details to the reader.

Section 3.

In this section we introduce a new class of the Besov and Triebel-
Lizorkin spaces associated to a para-accretive function, which general-
izes the classical Besove and Triebel-Lizorkin spaces on R" and prove a
Tb theorem on these spaces. We begin with the following proposition.

Proposition 3.1. Suppose that (Sk)rez end (Qk)rez are approzi-
mations to the identity defined in (2.1). Set Dy = Sp — Sk—1 and
Ey = Qi — Qi_1. Then for all f € (MPBM) with 0 < B, < €, where
€ 18 the reqularity ezponent of the approzimations to the identity, there
ezist two constants ¢; and co > 0 such that

o (e 1Ed)) " < (e 1o nl)
kezZ

(3.2) kez

<e (S IBR)

kEZ

for —e<a<e,1<p,qg< o0,

e[S imon) |, < (S pwconr) ],
k€Z

kEZ
<ol (Tt Emr) ],

k€ezZ

(3.3)

for —e<a<e,1<p,qg<oo.

PROOF. We first prove (3.2). Without loss of generality we may assume
that

(Z @ 1)) " < +oo

kez

(@ 1Dun ) " < +oo.

kez
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Since Di(-,y) € M9 by the Calderén-tfype reproducing formula in
(2.37), there exists a family of operators (E;);cz such that

Di(f)(z) = (Di(z,"), f) = (Di(=,"), Y My E; M, E;(f))

JEZ
=" Dy My E; M, E;(f)(z).
JEZ
Thus,
IDK(F)llp < > 1Dk My E; My E;(£),
(3.4) T _
< Z 1Dk My Ejllpp 1My E5(llp -
JEL

The estimate in (2.17) still holds with D; replaced by E'j and hence
implies that | Dy My Ej||, , < c271¥=3l¢" Thus,

(1ol < (St S s 0r)

kez kez JEZ

<c (Z (Z 2—|’°—J’I6”+(k—j)a)q/q’

kEZ jEL
k= jle" +(k=j)ar (gia e
2k D o B £) ), )0)
j€ez
jo q e
<c (@ IEWDI)) " < +oo,
jEL
since we may choose —¢'' < a < €'’ and hence

S g lkale ke § gtk ke oo,
keZ J€Z

The same proof can be applied to prove the other inequality in (3.2).
To prove (3.3), we will use the Fefferman-Stein vector-valued max-
imal function inequality. As in the proof above, we have

IDk(f)()| < > |Di My E; My Ej(f)(z)|
JEZ

<cd 27 M(MLE;(f))(=)

JEZ
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where M is the Hardy-Littlewood maximal function. This gives

H ( > 2+ IDk(f)I)")l/q”p
kez
< c”( E (2% E g-lk=ile” M(MbEj(f))q)l/q“p

kezZ JEZ

< (5 (i

k€Z ;€L
. ]26; g-Ik=le" +(k=)a (ke M(MbEj(f))q) v “,,
<e| 3 @ monEn)?) "
JEZ ’

(since Y 9—lk—jle" +(k—j)e + 3 o—lk=jle" +(k—j)a +00)
kEZ i€z

(2 mnEom |
JEZ

<c|

(by the Fefferman-Stein vector-valued maximal function inequality for
1<p,qg< o)

. 1/q
<c||(X 2B ) |
i€z P

(since b € L>®(R")), which shows one inequality in (3.3). The other
inequality in (3.3) can be proved by same manner.

We remark that if the kernels of E} satisfy the conditions (i), (ii),
(iii), and (iv) of (2.5), the first inequality in (3.2) and (3.3) still hold.

The proposition above allows us to introduce the following Besov
and Triebel-Lizorkin spaces associated to a para-accretive function.

Definition 3.5. Suppose that (Si)rez is an approzimations to the
identity defined in (2.1). Set Dy = Sk — Sk—1. The Besov spaces bBy9,
for —e <a <e and 1 < p,q < oo, are the collection of f € (MPBM)
for 0 < B,v < ¢, such that

(3.6) Al = (@ 1De(HI) " < +oo.

kez
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The Triebel-Lizorkin spaces pr"*q, for —e<a<eand 1l < p,q < o0,
are the collection of f € (MY for 0 < B,y < e, such that

OO Wz = (D 0x0) | < oo

To prove the Tbh theorem on the Besov spaces bB]‘,”'q and Triebel-
Lizorkin spaces bFP“’q we need the following proposition.

Proposition 3.8. Suppose that f € (MBDY with 0 < B,y < €
and ||f|l,pee < 00 for —¢ < a <eandl < p,g < (respectively,
[l fllgpea < oo for —e < @ < € and 1 < p,q < 00). Then there ezists

a sequence {fn}5%,, fn € bMEE) with 0 < & < e,n =1,2,..., such
that

nleréo | fr — f”bB;t,q =0 (respectively, nling()”f,, — f”bl;-v;,q = 0).

PROOF. Suppose f € (M 7) with 0 < 8,7 < € and ||f“bB;3"' < 400
(respectively, ”f“b}';vpa,q < +00). It suffices to show that for any 6 > 0, .

there exists a g € bM (<€) such that
llg = fllypes <8  (respectively, |lg — fll,pee < 6).

To see this, it follows from the Calderén-type reproducing formula in
(2.37) and the proof of (3.1) that

| S B M0, -1, << (X @ IDHI2) "

lil<M i lil>M
and hence
| 5 wBuni- ],
lil<M
(respectively, 11m ” z MbD My D;(f) - f“bF"" = 0).
1M
Now set

ou(z)= Y / b(z) Dj(z,y) by) Ds(f)(v) dy.

1My ) <m
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It is easy to check that gy € bM (') All we need to do now is to show
that for any given 6§ > 0 there exists My > 0 such that for all M > M,

“gM - > MyD; M, Dj(f)“m,,,q <
lilsm ?
(respectively, “gM ~ 3" M, B; M, Dy( f)”bﬁw < é).
lil<M ’

To do this, we have

gu— Y M, D; M, Dj(f)(=)
lil<M

—= % [ &) B@n)bw) D)W -

l]lSM|yI>M

By the definition (3.5), then it follows from the proof of (3.1) that

”gM— > My D; MbD,'(f)H

\i1<M =
=(2e|pe X [ @B ninwa] ))
kez FISMy 1S M
(respectively,
”yM— Y. M, D; MbDj(f)HbFa,q
lil<M ’
(T em X [ o0 B s nitnwan?) | )
kez ISM)y 1S M ?
< (X @ X 10 Bilhy [ 1 DI
KEL  |iI<M wl>M
(respectively,
<[(Z e X 2 Mo D0 ||
kez <M ?

where XM = X{y: |yl>M) )

<o( X @ [ innwr )"

lil<M ly|>M
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(respectively,

<d 3 @< b))

lilsM

Since ”f”bB;,q < 400 (respectively, ||f||,,p;.q < 400), so that there
exists M; > 0 such that for all M > M,

(X @ 1inn)?) " < 5o
[i12M
(respectively, ”(U%:M (27 ”Dj(f))q)l/q“p - % 5).

It is easy to see that there exists My > M; such that for all M > M,

(> e [ nnwran) <

l]ISMO '.'II>M

( respectively, “( Z (27 |xm Dj(f)|)q)l/q“p < 5156)
|71< Mo

Thus, for M > M, we then have

HgM— > MbﬁijDj(f)‘
lil<M

<e(X e [ nnpay)”

l71€M ly|>M

<e( Y @ I0l,)") "

[712 Mo

te 2o (@ / IDj(f)(y)I”dy)””)q)l/q

[11< Mo ly|>M
1

1
Scié—f-c%&:

B;‘,Q(b)
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(respectively,

“gM- > MbﬁijD,-(f)Hb
lil<m

gc“( S (@ xm Dj(f)|)q)1/q“p

o, g
FP

lil<M
SCH( Y (@ |Dj(f)|)q)l/q“,
131> Mo
+c“( 3 (2i°xMDj(f)|)q)l/q”,,
|71< Mo

1 1
<c— —§=46).
_c2c6+c2c )

This completes the proof of Proposition 3.8.

We now state the Tbh theorem for bB;,”q and pr“’q. First notice
that if T is a singular integral operator defined in (1.25), then T can
be extended to a continuous linear operator from bM(#:1 0 < 3,4, to
(bCT)'. To see this, let f € M with 0 < B, and ¢ € bCJ(R™), and
choose 8 € C}(R™) with 6(z) = 1 for = € supp g, we then define

(3.9) (Tbf,g9) = (T(bf0),9) + (T(bf(1 - 6)),9).

Since bf8 € bCJ(R™), so (Tbf0,g) is well defined. Using the facts that
bf(1—6) and g belong to L!(R™) and supp bf (1 —60)Nsupp g = @, then

/ K(z,v)b(y) f(4) (1 - 6(y)) o(z) dy dz
R™ xR™

converges absolutely, and hence (T'(bf(1 — 6)), g) is well defined. It is
also easy to check that (3.9) is independent of the choice of 6.

Theorem 3.10. Suppose that T s a singular integral operator defined
in (1.25) and T(b) = T*(b) = 0, and MyTM, has the weak boundedness
property. Then T can be eztended to a bounded operator from bBy? to

b‘lB;"q for —e <a<e,l1<pq< o, and from bF;’q to b‘le“’q
for —e < a < e,1 < p,g < oo, where f € b_lB“,”q if and only if
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bf € bBS4, and f € b= E™9 if and only if bf € bEX9, and ¢ is the
regularity exponent of the kernel of T.

PrOOF. By Proposition 3.8, bM(el’e’), 0 < €' < ¢, is dense in bB]‘,”q
for —¢' < @ < ¢ and 1 < p,q < oo, and in bF"? for —¢' < a < €/,
1 < p,q < oco. Thus, it suffices to show that for f € bM ) N ng”q
with —¢’ < a <€’ and 1 <p,q < o0,

(3.11) I fllyos e < ll s
and for f € bME ) pr"‘vq with —¢' <a<¢e and 1 < p,q < oo,
(3.12) 1T fllyos e < clfllpen

where c is a constant which is independent of f.

To do this, since T can be extended to a continuous linear operator
from bM¥,0 < B, < ¢, to (bCJ)', for f € bM(") N bBX with
0 < 8,7 < €' we then have

Tf=Y TMyDeM,Di(f) in (bC7),
kez

since Mb"lf € M) and hence, by Theorem 2.3,

M7l = 3 De My Di My (M5 £) = 3 Di My Di(f)
€ €

in the norm of M) with 0 < 8,~ < €'. Therefore,
: 1/q
ITflp-1ig0 = (D (27 ID; My(TH)llp)")
JEZ

= (X (7 1D; M, Y T My De My Bu()1,)°)

J€Z k€L

1/q

(since D;(-,y)K(y) € bC3)
. ~ 1/
< (30 (27 30 ID; MyT My Dily p 1Dx(£)l)?)
JEZ kEZ

To estimate the last term above, we need the following lemma (see

[HS1)).
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Lemma 3.13. Suppose that T satisfies the hypotheses of Theorem
3.10. Then for 0 < €' < ¢ there exists a constant ¢ > 0 such that
D; My T My Di(z,y), the kernel of D; My T My Dy, satisfies the follow-
g estimate:

9—(knj)e’
CRCDERrE LT

(3.14) |D; MyT My Di(z,y)| < co-lk=ile

Assuming Lemma 3.13 for the moment, we have

e 1/q
(272 30 2771 | Ba(£)llp)?)
JEZ keZ
kezZ

@ 1Be(Hl)")

ITfly-15g0 < e (3
<e(X
<e(

5 @ ID(HI)?) " = ellfllgge

kez
by the remark following (3.1). Similarly,

T lstge < of| (3 (2 30 0 070 D 3y Bu(h)*) |

JEZ kez

(7% S 2 k=31 b (b, B () ) ”,,

kez

(2
<e|(5 zkaM(Mka(f)))) i
(2

<c

<c 2’°°|ka () )l/q”p

(by the Fefferman-Stein vector-valued maximal function inequality)

(> @ lpk(f)l)”)l/qﬂp

kez

<c

=c ||f||bF;‘-q

by the remark following (3.1).
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All we need to do now is to show Lemma 3.13. We prove the
estimate (3.14) in the crucial case where j > k and |z — y| < c27F.
The three remaining cases: j > k and |z — y| > ¢27*% j < k and
|z —y| < ¢277,j < k and |z — y| > c27, are similar or easier. Let
no € C*(R") be 1 on the unit ball and 0 outside its double. Set
m = 1 — no. Then, following the proof of Lemma 7 in Section 6 of
[DJS], we have

D; M, T M, Di(,y)
(3.15) = //Dj(a:,u) b(u) K (u,v) b(v) Di(v,y) dudv
=/ Dj(z, u) b(u) K (u, v) b(v) (Dr(v, y) — Di(z,y)) du dv
since T(b) = 0, so
D; My T My Di(z,y)
=/ Dj(z,u) b(u) K(u,v) b(v)

- (Dx(v,y) — Di(z,y)) 770(

Z—x)dudv

2-7

(3.16)
+ / Dj(z,u) b(u) (K(u,v) — K(z,v)) b(v)
’ (Dk(v’ y) - Dk(x’ y)) T (1;—2—_;) du dv

=I+1I,

since 1 = no + m and D;(b) = 0. Now With Y(u) = Dj(r,u) and
¢(v) = (Di(v,y) — Di(z,y))no((v — z)/c277),

1| = |(Mb T My8,)]
< 2770 14| Lipy 1 l|Lipy
(by the weak boundedness property of M;T M)
< C2~j(n+2n)(2(k—j)e 2kn 9im) (2=InQnd)

< c2(k—j)s 2kn ,
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which is dominated by the right side of (3.14) for the case where j > k
and |z — y| < ¢27*. Using the smoothness of K(u,v) together with

|Di(v,y) — Di(,y)| < 25+ o — g

°x
{lv—yl€c2=k}u{|z—y|<c2—k} ?

we have

< e i D) [ — |

v—z|rte

{lo—yl<c27*}u{lz—y|<27%}
[v—z|>c27’

- 2k(+e) 1y _ 2|¢ du dv

< c279e gkn o — z|~("+e) dy
lv—z|>c2-k
+ ¢ 2(k=3)e gkn / v —z| " dv

c2=*>|v—z|>c2-J
< cz(j—k)e' 2kn ’
which again is dominated by the right side of (3.14) for the case where

j > k and |z — y| < ¢27*. This proves (3.14) for this crucial case and
completes the proof of Theorem 3.13.

Section 4.

We remark that our Calderén-type reproducing formula still holds
if the conditions on the approximation to the identity are replaced by
the following more general conditions:

—ke
NCREEFEE

(i) 1Sk(z,y)| <

|Sk(z,y) — Sk(z,y")]

(i1) — € -k
< ( ly —¢'] ) 2~k ’
27k + )z —yl) (27F 4|z —y[)n*e
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for [y —y'| < (27F + |z — y)/2;

Im__xll )5 2—ke
27k +lz—yl) @7F+[z—y))m+e’

(i) |Sk(z,y) — Sk(z',y)| < c (
for |z —2'| < (27% + |z —y])/2;
|(Sk(z,y) — Sk(e',y) = (Sk(z,y") — Sk(<',y")|
(iv) <c( o — | )( ly—v'| ) 27k
=\ e —yl) \2F+z—yl) @F+[z—y])"re’

for |z —2'| < (2—k + |z —y|)/3 and |z — 2| < (2"‘ + |z —y|)/3;

(v) / Sk(z,y)b(y)dy =1, forall Kk €Z and z € R";
R~

(vi) / Sk(z,y)b(z)der =1, forall k€Z and y € R™.
R~

Using our Calderén-type reproducing formula associated to a para-
accretive function one can prove the atomic decomposition, duality, and
interpolation for bB;"? and bF,;? as for the classical Besov and Triebel-
Lizorkin spaces. Since the Fourier transform, translation and dilation
are not used so all results in this paper can be generalized to spaces
of homogeneous type introduced in [CW]. We will discuss these details
elsewhere.

Acknowledgement. I would like to thank the referee for his through
revision of the paper and his useful comments.
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The Hilbert transform
and maximal function
along nonconvex curves

in the plane

James Vance, Stephen Wainger and James Wright

1. Introduction.

In this paper we study the Hilbert transform and maximal function
related to a curve in R2. For I'(t) = (¢,7(t)) with v(0) = 0, we define
the Hilbert transform associated to I'(t) by

' ! dt
(1) Hef(@)= [ fle-Te)F -
Similarly we define the maximal function by the formula
1 [t
) Mrf(@)= sup 3 [ 1ftz =TIt
0<h<1 M Jo
We are interested in obtaining LP estimates of the form
(3) IHe flle < Ap 115 »
and
(4) ”MI‘f”p < Ap Il -

93
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A first stage in this study was completed in the 1970’s due to the efforts
of Nagel, Riviere, Stein and Wainger. Their work led to the following
theorem (see [SW]).

Theorem A. Suppose I'(t) is C* and the curvature of I'(t) does not
vanish to infinite order at the origin. Then

(5) Mo fllp < Ap lIfllp 1<p< oo,
and
(6) IMrfllp < Apllfll,»  1<p<oo.

Much effort has been devoted to the study of Hr and Mr without
the assumption that the curvature of I does not vanish to infinite order.
See for example, [CCVWW], [C1], [C2], [CCC], [DR], [NVWW1] and
[NVWW?2]. In particular, we have the following theorems (see [CCC]).

Theorem B. Assume ~(t) is convex for t > 0. If for some C > 1,
7' (Ct) >24'(t) fort >0, then

[IMrflls < Ap Ifll, s 1<p<oo.
If in addition, I'(t) is even or odd, then
IHr fllp < Ap Il fll l1<p<oo.
The hypothesis of the next theorem is expressed in terms of the
functional h(t) =tv'(t) — v(t) (see NVWWI1] and [NVWW2]).

Theorem C. Assume ~(t) is convez for t > 0. If for some C > 1,
h(Ct) > 2h(t) fort > 0, then

[Mr flla < Al fllz -
If in addition T'(t) 1s odd, then

|Hr fll2 < Allfll2 -
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In this paper we wish to remove the convexity assumption. The
fact that there should be some positive results is suggested by exam-
ples worked out by Wright, [W]. In [W], positive results are obtained if
for example (t) is ¢ sin(loglog(1/t)), t* sin(1/t#) and e=1/* sin(e!/?).
These examples and Theorem B suggest the following provisional hy-
pothesis. Let

u(t) = sup |+/(s)
0<s<t

and assume for ¢t > 0, u(Ct) > 2u(t) for some C > 1. The fact
that this hypothesis must be modified can be seen by considering cer-
tain “staircase” examples. That is, we define v(t) = 2-2" on E, =
[27F,27%(1 + 6;)] and make « linear on the complementary intervals,
Fr = [27%(1 4 6),27%!]. Here 0 < 6§ < 1. These examples are a
slight variant of examples considered in [SW].

For these examples we calculate Mr on the characteristic func-
tion of a rectangle with corners at (—1,0), (0,0), (—1,—¢) and (0, —¢).
This calculation which is similar to that in [SW] shows that Mr is
not bounded in L? if } 6F = 4oo. It is easy to see that in these
examples u(2t) > 2u(t), and so the provisional hypothesis must be
modified. Furthermore, it is not difficult to see that if Y 6f < 400,
Mr is bounded in LP. In fact

h 1 h
Mef(@) < sip |7 |f(@=T@)jde+ sup o [0 15 —T(e)at
o<h<1 Jo 0<h<1 0
teEUE, teEUFy
= M3 f(2) + Maf(z).

M; can be shown to be bounded in L? by using a square function
argument as in [C2] while M, is bounded in L? by arguments in [CCC].
In fact the argument shows that Mr is bounded in L? no matter how I
is defined on the intervals { Ex}. Thus these staircase examples suggest
that we must add some hypothesis but that we need not require any
hypothesis on a suitably small set E. The staircase examples further
suggest that if I = {t : 27% <t < 27%+1} then the correct assumption
on the size of E should be that (2% |I N E|)? < +oo.

It is interesting to note that although > (2F|Ix N E|)P < +co is
the correct assumption on the size of E for the maximal function, it
is not the correct size for the Hilbert transform. To see this let us
consider the following variant of the above staircase example. That is,
define y(t) = 97%% on Ex = [27%,27%(1 + é)] and make 7 linear on
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the complementary intervals Fy = [27%(1+4 6;),27%+1]. Extend  as an
odd function on [—1,1] and write

dt
Hefe)= [ fa-Te)G+ [ fa-TO)F
UE} UF}
= H, f(z) + Hzf(z),

where E,:i = ExUFE_j and F,: = Fy U F_i. As before Hj is bounded
in all L? (p > 1) by arguments in [CCC]. On the other hand, H; (and
thus Hr) is bounded in all L? (p > 1) if and only if } 6 < +oo.
It is easy to see that if Y ér < 4oo, then Hy is bounded in all L?

(p > 1) by Minkowsky’s inequality for integrals. However suppose that
Y~ éx = 400 and consider the multiplier for Hy

m(en) =3 [ sintet+n9() T -
Ex

Set ¢ = 0 and 5 = (7/2) 92" for some large N and note that

dt
m(0 92N—-) = Z /s1n(92(N Ol + Z /s1n(92(N k) 7r)

k<N g, kXN g,
Since
., dt
,;VE/SIn 92(N k)2) <092Nk;v6 9-2k<Cg2NI§V9—2k<C
and e 1) dt dt 1y~
Z /sm(g Z /—t— 2 5

k<N g, k<N g,

we see that m(&,n) is an unbounded function and so H; is not bounded
in L? and hence unbounded in all L?. This example therefore suggests
that the correct assumption on the size of E for the Hilbert transform
is 3.2% |, N E| < +oo.
Since we want to impose no condition on (t) in E, we modify u(t)
to
o(t) = sup [7/(5)]
s<t
s¢E
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If 4(t) is convex, v'(t) is monotone and v(t) < t+'(t). So if we set

¢(t) = sup |v(s)l,
s<t
s¢E

we add two more provisional hypotheses, namely that outside of E,
7'(t) > ev(t) and #(t) < Cto(t).

Thus one has modified the provisional hypothesis to the following;:

A) There is an exceptional set E such that for the maximal func-
tion, S°(2¥ |Ix N E|)? < 400 and for the Hilbert transform,

> 2F|L N E| < 4oo.

B) Outside of E, ¢(t) < Cto(t).
C) Outside of E, v(At) > 2v(t) for some A > 1.
D) Outside of E, |¥'(t)| > ev(t).

. Unfortunately, for the example v(t) = t*sin(1/t), the hypothesis
D) is not satisfied. So we replace D) by

D') Outside of E, [y(t)| +t[y"(t)| > e v(2).

It turns out, as we shall see by an example later on, that A), B), C)
and D') do not suffice for the L? boundedness of the Hilbert transform
(if T is extended to be an odd curve).

If one attemps to prove a positive result, one naturally divides I
into various subintervals; subintervals which belong to E, subintervals
which do not belong to E and |y'(t)| > € v(t), and subintervals which
do not belong to E and |y'(t)| < ev(t) but 4" is large. Thus Ii is
partitioned into a possibly large number of subintervals. Qur examples
show that at least in the case of the Hilbert transform, our hypothesis
must depend qualitatively on the number of such subintervals. If the
number of subintervals into which we have divided Iy is N, we might
then expect to modify B) to

B’) On I\ E, tv(t) > €9 Nk 4(2).
This latter assumption however is not satisfied for certain examples

like y(t) = e~/ ** sin !/t Examples such as this can be incorporated
by modifying B’) to tv(t/2) > €9 Ni ¢(t/2). It turns out that the proof
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requires one additional hypothesis, namely that the sequence {2 N}
is sufficiently spread out. In fact we will assume that for all n,

1

1
(7) Z k SC n
k2n2 Ny 2" N,

where C is independent of n. (7) holds whenever {2¥ Ny} forms an in-
creasing lacunary sequence. However condition (7) allows for situations
where the Ni’s might not be monotone. With the above remarks in
mind, the following theorem seems reasonable.

Main Theorem. Let I'(t) = (¢,7(t)) € C%(0,1] with v(0) = 4'(0) = 0.
Suppose
I = EUFL UG

18 a disjoint union with Fy, and G each a union of at most Ni open
intervals.
Assume that for some gg > 0,

(8) v(At) > 2v(t)  for some A >1 on I\ Ex
and
(9) tv(%) 250 Nk ¢(é) on Ik\Ek .

Suppose also that for some g1 and g2 >0,

t
(10) ¥ (1) >e1v(t) and [t4"(t)|] < g Nk U(E) on Fy

and
t
(11) lty"(t)] > e2 N v(i) on Gi.
Finally assume that (7) holds. Then if Z(Zk |Ex])? < +o0,
k
(12) IMrflls < Ap I fllp -

Also if T'(t) is extended to the interval [—1,1] as an even or odd curve
and 3", 2% |Ex| < o0,

(13) IHefllp < Aplifll,,  1<p<oo.

We add six further remarks.
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REMARK 1. In view of Theorem C we might be tempted to replace the
hypothesis v(Ct) > 2v(t) by w(Ct) > 2w(t) (at least in the case p = 2)
where
w(t) = sup |s7'(s) — ¥(s)|-
s<t
s¢E :

We shall show by an example that this can not be done.

REMARK 2. Examples show that the complement of the set {t € I} :
[¥'(t)] < eu(t)} is too large to be contained in Ej .

REMARK 3. The staircase curves can be modified to show that for any
Po, 1 < pg < 00, there is a smooth curve I'(t) so that Mr is bounded
in L? for p > pg and unbounded for p < po. Other examples have been
pointed out by M. Wierdl.

REMARK 4. We are not sure if the conclusion of the main theorem
holds if v(t) is replaced by u(t) and the Ni’s are omitted. However,
the hypothesis of such a theorem would not be satisfied by staircase
examples with very steep slopes in E, for which we know the conclusion

1s true.

REMARK 5. We do not know whether the quantitative hypothesis on
Ny is necessary for the conclusions concerning the maximal function.

REMARK 6. For convex curves, the hypotheses of the main theorem are
satisfied whenever v’ is infinitesimal doubling, i.e. 4'(t) < Ct~"(¢).
2. Proof of the main theorem.

We consider first the maximal function. Let us first reduce the
problem to obtaining the L? estimate for

Mf=81,:P|Mkf|,

where

Mif(z,y) = 2* / flz =ty — () dt,

I\ E
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by using the square function argument alluded to above. In fact if pux
denotes the positive measure such that

1
w9 = [, Ae ),

then for f > 0, Mrf < C (Mf + sup(2¥ |[E| f * px)). But
: k

1/p
I sup (2* Bl £+ )llp < O3 2% 1Bel £ » uel)
’ k
1/p
<c( 3@ IBY) lfly < Clfly
k

Therefore it suffices to prove that M is bounded in LP. In fact we will
show that M is founded in L? for all p > 1. This will be done by
following ideas from Christ [C3] and Wright [W].

We will decompose M} into a sum of four operators. To do this,
let

Ry = {C = (f,n) cR?: v(z‘k—N) < |€/n| < 0(2—k+N)},
where N is some large number to be determined later and define

Sif = (xr. - )7
a 0
Tk - ( Ok ,Bk) )

ayp = Z 2].‘le and Br = Z

k<j k<j

Also let

where .
v(2"’“1)

27N,

Next choose ¢ € C2°(R?) such that ¢(0) = 1 and define & = (poT})V.
Write

My = &4+ My + (6 — i) * (I — Sk)Mi + (8 — @) * Sk M
Py« My + M} + M7,

where ¢ denotes the Dirac mass at the origin. Since ®; * M} will not
in gencral be dominated by the usual maximal functions, we will also
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apply a g-functions argument to it by further writing ®; * M} as a sum
of two operators. To do this, let w € C°(R) with w(0) = 1 and define
Kk by

Ki(&,n) = 2'°W(ﬂkn)/ et dt .
I \E:

Write o = ® x My — K so that ®; x My = Ki + o . Finally we have
the desired decomposition,

Myf=Ky*f4+or*f+Mif+MLf.

Note that |Ki * f| < C M, f, where M, denotes the strong maximal
function, since K} is dominated pointwise by

1 1 1
27kBk 1+ |2Kz|2 1+ |y/Bk|?

Thus we have
Mf< C(Mf+ (Y lows 1)
+ (I + (D 1M1

By an argument used in [NSW], we will prove the L? estimates for M
by repeated applications of the following three lemmas.

(14)

Lemma 1. M is bounded in L2.
Lemma 2. If

I 1M fil) 21y < Coo I 1) 215
for some po < 2, then M is bounded in LP for po < p < 2.

Lemma 3. If M is bounded in LP° for some pg < 2, then

IO 1M £eP) 21l < Gl P2

2 <3+

N —
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Lemma 3 follows from interpolation since the operators { My} are
positive and uniformly bounded in L?, 1 < p < oo, as in [NSW]. The
main estimates needed in the proofs of lemmas 1 and 2 are contained
in the following two lemmas.

Lemma 4.
a) |6x(¢) < C|Tid| .
b) 16%({)| < C|Tk-3(]-

PROOF. Recall that 64(¢) = o(Tk¢)Mi(¢) — Ki(¢) where
Ki(€,7) = 2¥w(Brn) / et dt .
L \E,

Note that
2k Ny < 1

2’“] eftdt| < C <C )
’ I\ Ex ‘ €] ail¢|

The last inequality follows from (7) since

1 1
= - < .
(15) ak Z o, < C 7w,
k<j

Also |w(Bkn)| < C |Brn|™! and so |Ki(¢)| < C |Ti¢|™*. Furthermore
(@5 * MO = le(TeO)Mi(¢)] < C ITi¢| ™,

which gives us part a). For b) note that

i€+ 1D) gy _ ok /

e'ét dt)
I \Ex

21(0) = w(T0) ([

I \Ex
L / et dt (cp(TkC) - w(ﬂkn))
I\ E
_ (€0 4(0) _ i
= o(Tk() (2k /b,\E,c (e6Hn 7 — ) dt)
+ ok / et dt ((p(Te¢) — 1) — (w(Brn) — 1)),
It \Ex

and so

010 (2hl [  eolde+ med)
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< € (Inlé(t.) + 1Tc])
1
<C (|’7|m_—2 v(ts) + |TkC|)

< 0 (Il ge=g v(@*) + ITic])

InlNk_2
<C (lnl Br-3 + |Tk_3c|) < C|Tr-3(],

where t, € Ix—; such that 2¢, € Ix_3 \ Ex_2. The third inequality
follows from applying (9) on Ix_2 \ Ex_s . The second to last inequality
uses the fact that the sequences {a;} and {fx} are monotone and the
estimate 2ij < C2¥N; for j < k which follows from (7). This gives
us b) and thus completes the proof of the lemma.

The next estimate is based on a lemma of Van der Corput whose
proof can be found in [Z].

Van der Corput’s lemma. Let f € C?[a,b] be a real-valued function
such that |f"(t)] < X on [a,b]. Then

b
. 1
'f(‘>dtl<C—
/,,‘e RV

where C i3 independent of f, a and b.

Lemma 5.
a) M) < C|Ti(].
b) | ML(¢)| < C|Tw¢|™Y/2.

PrROOF. Note that

(16) M) = (1= @(Tk)) (1 = xR, () M (€),
where
Mk=2’°/ (it (1) dt=2'°/ o F(1) dt+2k/ G 1 g
. I \E} Fy G

and f(t) = &t + nv(t). The estimate in a) is clear from (16) since
©(0) = 1. We turn now to the proof of b). We may assume ¢ ¢ Ri.
We will consider two cases.
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Case 1. v(27%*N) < |¢/n|. On It \ Ex,
IF'@®)] = €] = Inl'(®)]
v(27k+1) )

17
v > 16~ o) 2 el (1 - 2k

From assumption (8) and the fact that E is “thin”, we see that

v 2—k+l
(18) v((z_—k_Hv)) < 5

for N sufficiently large. So from (17) and (18) we see that
(19) OES

for N sufficiently large.
Since F} and G} are open sets, we will write

Lk MI:
Fr=J(a,be)  and  Gi=|J(ce,de)
=1 =1

where L and My are at most Ni. Integration by parts gives
( Y
o [ eroa -y [Meroa
Fk ; ag
2Ne exs [0
+ 2 / dt)
@ tr L), e

k k Ly b,
28Ny 2FNi|n| / v(t/2) dt)
=1

14 €12 t

ok ok —ky Lk b
<o (Bh 2N w27 / ﬂ)
g P e &,
28 Ny 1
<ciM ool <omert.
g = Canpg =M

The first inequality uses (19) while the second inequality uses both (10)
and (19). The second to last inequality follows from (15). To prove the
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last inequality, note that it suffices to prove that Sx/ax < C|€/7| in
this case. But since v(27¥*N) < |¢/n],

—j—1
ﬂkzz% Sv (2_k+N)221N —a"’ﬂ'

k<j J k<j

Next note that

M,
,2"/ e"f(‘)dt|=’2" / 'f“)dtl
Gg =1"Y¢t

2N exs [ L)
SC( ot ;/c[ oG dt)

k M de g1
e[ e

23

2k N, 1
<C—— < CI|Tu(|}.
SO S Cqg S Ol

The second equality holds since (11) implies that f'(t) is single-signed
on each (cg,dy). The first and third to last inequalities follow from
(19). The final inequality was already used in the treatment of the Fy .
Thus [M}(¢)| < C|T(| ™"

Case 2. |€/n| <v(27*"N). On Fy,
L1 2 Iny' (O] = [€] 2 1 In] v(t) — €]

(20) =1 fnlo(t) (1~ ﬂ ) = 2 Inlo(t)

g1 v(t)

for N large enough. Integration by parts shows
3 Y0 xS [ i
2 /er dt| = |2 Z/ e at)
o (2N ka /“ £ (2)
Inlv(27%) FR

2k Ny 2 Nk In| be v(t/2)
¢ (@ * @ e Z/ )

IN

IN
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2k Ny
<C———F=<C|Ti{|™".
In|v(27F) Tic]

The first inequality uses (20) while the second inequality uses both
(10) and (20). To prove the last inequality, note that from (15) and
€/11 < o2 * M), arle] < CEENGTIE| < C(2N)o(2 ) n).
Also Bk |n] < v(27F%) (2K Ni)~!|n|. Hence the last inequality follows.
On G, |f"(t)| 2 €2 |n| Nrxv(t/2)/t and so by Van der Corput’s

lemma,

Mk dl (
o [ eral = [* o
' Gk i; Cy

1
<C2*N,
=T A N v
2k Ny .
o2V -1z,
=\ = Ol

The proof of the last inequality is the same as in the treatment of Fy .
Thus |[M}(¢)| < C|Tx¢|~*/? in this case as well which finishes part b)
and thus the lemma.

We turn now to the proofs of lemmas 1 and 2. First observe that
our family {T}} satisfies the norm estimate

(21) |7 Tl S < 1.

In fact,

-1 _ [ okg1]/og 0
Tk Tk+l = < 0 ﬂk-}—l/ﬂk)

and so to prove (21) it suffices to show that there is an @ < 1 such that
for all k,
Gt 0 oand P,
af ,Bk
This however follows easily from (7).

To show that M f is bounded in L? we see from (14) that it suffices
to prove that (3 |ox * f|)1/2, (3 |MLf|?)/2, and (3 | M3 f|?)'/? are
bounded in L2. With the aid of Plancherel’s Theorem, the L? estimates
of the first two square functions reduce to showing that 3 |6%(¢)|? and
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3 | M} (¢)|? are bounded functions of ¢. This easily follows from lemmas
4 and 5 together with (21). For the third square function, note that

(22) M}f < C (MpSkf + MMSkf) < C MM Sif.

Then since ) xr,({) < 2N (where N appears in the definition of the
Ry’s),

IQ_ MR 2 IE<C Y / (MM Sif? <C Y / | My Sk fI?
<c Y [IsuP =0 [ Y xu@IFOF &

gzwc/|f(o|2d<=2zvcnf||§.

We have used the fact that the strong maximal function is bounded in
L? and that the M}’s are uniformly bounded in L2. Thus (3 | M} f|?)!/?
and hence M f is bounded in L2.This completes the proof of Lemma 1.

We turn now to Lemma 2. Note that
IO IMefi P21, < GO AP Pl s Po<p <2,

by interpolation and so by (22),

IO MEFP) 21l < Cp D IMMiSkf12)2),
< Cy IO IMSEFIP) 1,

<G IO ISPl
<Cpllfl,, Po<p<2.

We have used the fact that the strong maximal function satisfies vector-
valued estimates, see [FS]. The last inequality follows from [NSW] and
[CF] since the sequence {v(27%)} satisfies (18). Hence by (14), it suf-
fices to prove that (3" |ox * f|?)'/? and (3 |M} f|*)'/? are bounded in
L?, py < p < 2. This is proved by an argument used in [CCVWW].
We will only sketch the argument here (the interested reader should
consult [CCVWW] for more details). The argument is based on a
general Littlewood-Paley decomposition developed in [CCVWW] and
[CVWW].



108 J. VANCE, S. WAINGER AND J. WRIGHT

Suppose that we have a family of invertible linear transformations
on R", {A;} ez, which satisfy the Riviere condition

(R) A7 Ajll Sa <1,

See [R]. Choose a smooth function ¢(z) such that ¢(£) = 1 for |¢] < 1
and ¢(¢) = 0 for |£| > 2. Now define the multipliers

m;(€) = $(45116) — H(456)
and the corresponding linear operators
P;f(z) = (m;f) ().
The following theorem can be found in [CVWW].

Theorem D. Under the conditions stated above, we have

I, < G lifll . 1<p<oo,
JEL

and

I Pifil, <G I IR, 1<p<oo.

JEZ JEZ

Yomi(6)=1.

JEZ

Also for each € # 0,

We will use our family of invertible linear transformations on R2,
{Ty} and note that (R) is simply (21) in this case. To prove the L?
estimates, for say (3 | M} f|?)!/? (the same reasoning applies to (3 |ox*
fI?)*/?), we will decompose f with respect to the operators {P;}. Write

Mif =My Piuf =) PiMif,
JELZ JEZ

which implies

S = (| L Presats]) "
k k

JEZ
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1/2
<3 (X 1pmMif?) =3 6if,
J€EL  k j€L
where G; f = (3, |Pj+xM} f|?)/?. We will prove that

@) ||Gifllpe < Cllfllpo » and

b) 1Gifllz <C27H|f]l2 ,
for some € > 0 and C independent of j. For a) note that

| M} fi] < C (MoMifi + MoSkMifi) -

Therefore using the hypothesis of Lemma 2 that the family of operators
{M,} satisfy an £2-valued LP° estimate, we obtain the same conclusion

for the family {M}},

IO IMEFelP) 2 llpe < C IO IMoSeMi fi*) 2 1pa
< CNC ISkMi fi?)! 2l
< CIO 1M fil?)lpo
<CIC 1A o -

Again we used the angular Littlewood-Paley theory developed in [NSW]
and the fact that the strong maximal function satisfies vector-valued
L? estimates. Using Theorem D, we see that

1G5 fllpo = I IMEPi2)1*) 1o
k
<O 1Pr ) P llpo < £ llpo -
k

which gives a). b) is proved by using Lemma 5 and (21). See [CCVWW]
for details.

By interpolating the estimates in a) and b), we see that ||G; f||, <
c27% il || f|l,, po < p < 2 for some €p > 0. Summing these L? esti-
mates for G; gives us the desired L? estimates for (3 | M} f|?)'/2. This
finishes the proof of Lemma 2. The treatment of the maximal function
is now complete.
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We turn to the Hilbert transform. Note that

Hef(@) = [ fe-ranG+ [ fe-Te)F
UE} UE?

CHef(2) + Hof(),

where Ei =E U (—Ek) and E? = (Ik \ Ek) U (-—(Ik \ Ek)) The L?
estimates for Hg f follow from Minkowski’s inequality for integrals and
the assumption that 3 2¥|Ex| < 4+oco. For Hg f, write

H) = [ 1 -rn g
E2

and note that ), -, Hyf(z) = Hgf(z). We will decompose Hif into
a sum of several operators. First let us consider a variant of the kernel
K. Denote by By the function such that

2 e d
bk(f,T]) = Bk(éa 77) = W(ﬂkn) / e'ft Tt
E'2

where (i and w are the same as in K. Note that By = Cy — Dy where

Ci(€,m) = w(Bkn) / et 4t

t
Lyu(=1Iy)

and

. o d
De(en) = wlBun) [ 5.
E}

Since the L! norm of Dy is no larger that 2*|E;|, we see that the
operator ), Dy * f is bounded in all L?. Also

&) 1|Ck* f| < CM.f, and
b) |Ck(&,m)| < € min {27F|¢], (27F¢) "}
We may apply Theorem D' in [DR] to the operator }_, Ci * f and find

that it is bounded in all LP, p > 1. Therefore it suffices to estimate the
operator Y, (Hy — Bi). Write

(Hr — Bk )f(z) = Sk(Hrx — Bi)f(z) + (I — Sk)(Hk — Bx) f(z)
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def .71 2
= H, f(z)+ Hif(z).

The L? estimates of ), (Hy — By) will be based on the following lemma.

Lemma 6.
()], < (S i), <o
and

(5 )", < (S, 1<reon

E>1 k>1

PROOF. We shall first derive the estimate for Hy. This will be proved
by an interpolation argument. In fact we will prove that

o (g < (g,

k>

for certain 1 < p,q < 0o. Since the operators Hy are uniformly bounded
in LP, 1 < p < oo, we see that (23) holds for p = ¢ > 1 and so in
particular we have the lemma for p = 2. If 4 is even, we have the
pointwise estimate

(24) sup [Hefel(z,y) < C(M(sup|ful)(z,y) + M(sup |f}])(~2,v))
k>1 k>1 E>1

where fl(z,y) = fi(—z,y). Also if 7 is odd, we have

(25) sup|Hefl(z,) < C(M (sup ful)(x, )+ M(sup |f]) (=2, ~))
E>1 E>1 E>1

where fZ(z,y) = fx(—z,—y). Therefore from the L? estimates for M,
we see that (23) holds for ¢ = oo and p > 1. Interpolating between
L'(£') and LP(¢>), p > 1, establishes the lemma for 1 < p < 2 and
then duality gives us the full range. The argument for the operators
{Bg} is similar. We must only replace M by M, in (24) and (25).
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Lemma 6 is sufficient to give the L? estimates for H}. In fact for
1<p< oo,

|3t = |3 s~ o], = | S sz 5]

(26) <G |(XiH - Bk)Skf|2)l/2”p

E>1

<G (X 1s) | < coifl

k>1

where we have used again the results of [NSW] and Lemma 6. For HZ,
we will need the analogous estimates to Lemma 5 for the multiplier hZ
of the operator HZ. Note that A2(¢) = (1 — xr,({))(he(¢) — bk ().
Here hi is the multiplier for Hy, i.e.,

Q) = [ e ® L kEQ)+ g (0)
E}

where

def ; dt — oy def ; dt
O [ o, o [ ool

Ik\Ek _(Ilc\Ek)

and by is the multiplier for By defined above. A direct consequence of
Lemmas 4 and 5 is the following lemma.

Lemma 7.
a) |h3(Q)| < C|Tk-3(],
b) [R3(C)| < C|TeC|7Y/2.

PRrROOF. Note that
he(C) — bi(C) = / (ci(Ettn (D) _ gty % +a _w(ﬂkn))/eift%
E}

E}

and so as in Lemma 4,

() = ()1 < € (2al [ o(t)dt + Inl i) < C1Tesc].
I
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This gives us a¢). For b), integration by parts shows that Lemma 5
implies that b) holds for h;:. If 4 is even, we see that h; (£,7) =
k{(—¢&,n) and if v is odd, ki (&,9) = ki (—€,—n). Therefore b) also
holds for A, and thus for ht. Similarly for by and this completes the
lemma.

Now if we follow the same arguments for the maximal function,
using Lemma 7, we see that Y, HZ is bounded in L?, p > 1. This
completes the proof of the main theorem.

3. Examples.

In this section, we will construct the two curves mentioned in the
introduction. We will first construct an odd monotone curve I'(¢) =
(t,~(t)) on [—1,1] which satisfies A), B), C) and D') in the introduction
but whose Hilbert transform is unbounded in L?. We begin with a
continuous piecewise linear curve. For r > 0, we will construct v on

[2-2""" 2727). For 2" +1 < k < 27+ write

Ni—1 N -1 def
2k ot = | b, sf10 | B ek R U B,
£=0 =0

- - r42_
where af =27F, ok, =27%*1 and N = 2% ~2F 50 that

1 1
Ak:bf—af=.—(1 ) for 0< €< Np—1,

28N, " k2
and
6k = af —bk=——1——-— for 0 << N -1
+1 £ Qka kz 9 — —_ :
On [af, b}], define
™ def -
7/ 22r+2A =mg ~ 2 k
On [bk,af_l_l], define
! T My ~ k? 27k,

Y = e
227+,
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Then

(27) 7(6) = (af) = mile = 57
and

(28) 7(af+1) — (b%) = Myée = 2T7r+2 .

This will now define 4 uniquely on [0,1/2] once we choose v(1/2). We
will do so to make «(0) = 0. Note that by (27) and (28),

Ni-—1
(27 — (27 = Y (v(afr) — 1(85))
£=0
29 et
(29) + 3 (2(0h) = ~(ab))
£=0

7Ny 7Ny 27

- 92742 92742 T 92k

Thus
N

1 Y op
1(3) - 2(ar) =L e e = Lo
£=2 =2
and so if 4(1/2) = 7 /6, v(0) = 0. We will show that Hr is unbounded
in L2.

Since the Hilbert transform is a multiplier transformation, it suf-
fices to show that the corresponding multiplier m is un unbounded
function. Since + is an odd function on [—1, 1], the multiplier reduces

to a sine integral,
v dt
m(en) = [ sin(re) T
where f(t) = £t — n~y(t). We will take £ = 0 and show that
1/2 . dt
| snoen %
0

is unbounded as 5 — oo. Let us first note that

| [ sintaren 5| < CZ/

UE}
=1
5022’°|Ek| <CY 5 <C
= k=2

Now let r be a large integer and set n = 2%
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Claim 1.
2,'
> [sintraen § + > / sin(n 7(t)) & 1(r) + ()
k=2 =2"+141 %

remains bounded as r — oco. In fact,

nEi<cn Y /7()dt<c Y AR

k>2"‘*‘1 k>2r+1
—-2k n
k>2r+1

The third inequality follows from (29) since

8w 1
k+1 —6+1 —¢ —2¢
(30) ~(27") = E:k 7277 —(27)) =2 t§=k2 =3 5% -

Also by integrating by parts,

2' Nkl Nk22k
IM <C <C
I1(r)| ,;[Z_;Umka— Z .
or+1 27 22r+1
<C ZI<C2 2,+2§C.
k=2

The third inequality holds since Ny < 22" =2k for k< 27 and this
finishes the claim. For 2" + 1 < k < 27t write

Nk -1

[ =% / ' into (o &

Fy

_ Z (Cos(nv(ae ) cos(nfy(bf))) 1

bf nmg
Ny —
-y /b‘ COS(m(t)) gt
=0 Jei t2nmy

def Ik + Hk
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Since
2k Nk"l b¥ 92k
|IIkl§C / dt<C—
we have
2r+l 1
Y m<ec=22@" <.
k=27 +1 n

Therefore it suffices to show that

2r+1
E I 1s unbounded as r — oo.
k=27+1

Claim 2. cos(nvy(ak)) = —1/2 for 0 < £ < Ni — 1. By (27) and (28),
it suffices to show that cos(n (2~ k'”)) = —1/2. By (28) and (30),

ny(27F) = 8—; 92" -2k 8?” Ni .

Note that for 2" +1 < k < 27!, 272 _ 2k = 2/ for some positive
integer ¢ and so

77,)/(2—Ic+1) — g222+3 — 1:;_ (2(22(l+1) _ 1) + 2) )

Observe that if p is a positive integer, 227 — 1 is a multiple of 3. In fact,

(1422420426 ... 4220y = (4 —1)(1 + 4+ 4% +--- + 4771
=4P —1=2% _1.

Therefore,
2
ny(27F ) = §(2 -3n+2) =2mn + __?:r

for some positive integer n. This gives us the claim.

From (27) and (28), we see that cos(ny(b§)) = 1/2for 0 < ¢ <
Ny —1 and so

Ne—1
1 1 1 Ny 22k
Iy =— E (—k + —k> L
nme = \e b n
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= —¢, for some € > 0.
Thus
2r+1
D Ik' >eor
k=27+41

and this finishes the proof that Hr is unbounded in L2. By smoothing
out v on the exceptional set UE), we obtain a smooth curve whose
Hilbert transform is still unbounded in L?. Since in this case, ¢(t) ~ t2
and v(t) ~ t, it is easy to see that A), B), C) and D') are satisfied by
this curve.

We will now construct a curve I'(t) = (¢,v(t)) for 0 <t < 1 where
o(t) = sup<, [7/(s)] is not doubling, w(t) = sup,<, |s7(s) — 7(s)] is
doubling and otherwise satisfies the conditions of the theorem (the set
E is empty in this example). If v is extended as an odd function
on [—1,1], we will see that Mr and Hr are unbounded in every L?,
p > 1. We begin by considering a saw-toothed curve I';(t) = (¢,y1(%)),
0 <t < 1. We simply require that I'; be continuous, piecewise linear
and for each n > 1, 41(97("*1/2)) = 0 and ~7;(97™") = 97" /n. To see
that Mp, is unbounded in L?, take a large integer N and let fn be the
characteristic function of the parallelogram

Py = {(z,y)ERZ: —2<y<0 and §Ny—9'2N stgNy}.
For N <n < 2N, consider smaller translated versions of Py ,

Qn = {(w,y)€R2= |

~1 gygo,gNy-g—“N“) < g -9~ (nt1/2) < gNy}

Note that the @,,’s are disjoint. Also it is not hard to see that there is
a positive 6 and ¢ independent of N such that Mr, fy > 6 on each @,
and |@Qn| 2 €|Pn|, N <n < 2N. From this we see that ||Mr, fn|5 >
€ 6P N |Pn| whereas || fn|[} < |Pn| and so Mr, is unbounded in L?.

To see that Hr, is unbounded in L2, let us again consider the
multiplier

m(en) = [ sn(f(1) T,
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where f(t) = £t — n~1(t). Note that in [9~(+1D 9-7],

1 3
1.1 t)=— t 9= (nt1)
(31.1) =5 am ) !

if 9—(r+1) <t < 9=(n+1/2) apd

3 1,
(31.2) n) =5 t-5-97",

if 9=(n+1/2) <t <97n,
Let ngy be a large integer and set

n = mnd 9" and f:%n:iwn(ﬁ”.

Choose nj > ng such that n; 9"t < nf 9" < (n; +1)9™+!. Write

~(n+1/2)

1/9
| sincsen 5 - Z / sin( (1)) &
+ Z/ sin(f(t))itf .

(n+1/2)

We will show that the second sum is unbounded as ng — oo. The fact
that the first sum is bounded as ny — oo is somewhat easier.

Claim 1.

nol

> dt : dt
'n;1 /9'("‘“/2) /1) t and z [; (n+1/2) sin(£(#)) t

are bounded as ny — oco. To show that the first sum is bounded we
need the following relationship between ng and n;. Since

2 2

1 <o < <iny,
9n ny
we have that
1 ng log ng
2 log— <n; —ny < —=——
(32) 9log9 22 =M T ="Te9
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for ng large enough. The first inequality follows from the second in-
equality. Since

o ) dt o= ¢
’/ sm(f(t))—lS/ g_nﬂﬂldt
9—(n+1/2) t 9—(n41/2) t
nog ] n2 gno
<C( (1_7*'739”)’

we see that the first sum is bounded by a constant times

no gno
np 9™

14 (Tl]—no).

This term is bounded as ny — oo. One can see this from (32) and the

definition of n .
For the second sum, let us note that

flity=¢€- 7771(t)=T 9™ (3 —2ng 74 (1))

3 )
= 57rno9"°(1 - 7)
for 9—("*+1/2) < t < 9=, Thus
377' ng —

Tl() 9"0

')z =

and so
n9” 1
ng 9™ ng —n

[ L )% <c

(n+1/2)

by integrating by parts. This shows that the second sum is bounded
establishing the claim. Therefore it suffices to show that

n— -1 dt n;— -1
Z/ smf(t)—d—EfZI
n=ngo 9~ (n+1/2) n=ng

is unbounded as ng — co. From (31) we see that

3 T ng 9me
= — = - To —_— —
f(t) =&t —nm(t) 5 ™09 (1 )t+2 o
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for 9~ (n+1/2) < ¢ < 9= Thus

ni—1 9-n _ /mnZgno ni—1 e
n—_-zno " /9-("+1/2) sm( 2n9n ) Cngon 09 ( _‘) <C.
And
’ :21 (sin (7!'27’10_99:°) - siﬁ (1_;29_’91_'11))| <c nlz—jl no gro—n (1 - %)
e n=ng
<C.

Therefore it suffices to show that |

ni—1 . T nomn ny—no—1 ‘ . ”

2 sin(gnoom )= 3 din(Gmo”)

=no —

is unbounded as ng — oco. Take no = 9V for some N and note that
since k < n; — ng implies that k < N by (32), we have

ny—no—1

Z sin (g QN'k) =n; —ng 2 € logng
k=0

for some ¢ > 0 by (32) and this completes the proof that Hr, is un-
bounded in L2. It is easy to modify 4; to obtain a smooth 4 whose
maximal function and Hilbert transform is still unbounded in every L?
and such that v(t) ~ —1/logt does not have the doubling property, but
w(t) ~ —t/logt is doubling.
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An inverse Sobolev lemma

Pekka Koskela

Abstract. We establish an inverse Sobolev lemma for quasiconformal
mappings and extend a weaker version of the Sobolev lemma for quasi-
conformal mappings of the unit ball of R" to the full range 0 < p < n.
As an application we obtain sharp integrability theorems for the deriva-
tive of a quasiconformal mapping of the unit ball of R” in terms of the
growth of the mapping.

1. Introduction.

Suppose that u belongs to the Sobolev space W1?(B™(1)), p > n,
where B™(1) is the unit ball of R™. Then the Sobolev imbedding theorem
states that u is uniformly Holder continuous in B"(1) with exponent
1—n/p, see [GT, 7.26]. Recently, in [AK1, 4.7] we established a partial
converse to this imbedding.

Theorem A. Let f be a I -quasiconformal mapping of B"(1) into R™.
If f is uniformly Hélder continuous in B™(1) with ezponent 0 < a <1,
then f € WYP(B™(1)) for some p > n, which depends only on K, n,a.

Thus, for quasiconformal mappings the Sobolev imbedding ad-
mits a converse. Recall that a homeomorphism f : D — D' is K-
quasiconformal if f € W,."(D) and

[f'(@)I* < K Jg(x)

123
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holds a.e. in D. Here |f'(z)| is the operator norm of the formal deriva-
tive f'(z) of f.

In this note, we study the invertibility of the Sobolev lemma, which
states that if u belongs to the Sobolev space W?(B™(1)), 1 < p < n,
then |u|P™/("~P) is integrable over B"(1), ¢f. [GT, 7.26]. We prove the
following inverse Sobolev lemma; see Corollary 4.6.

Theorem B. Let 0 < p < n, and suppose that f is a K -quasiconformal
mapping of B™(1) into R™. Then

/ |f|7dm < 400, forall 0<qg<p
Br(1)
if and only if

/ |f|? dm < 400, forall 0<s<pn/(n—p).
B (1)

It should be observed that Theorem B extends a weaker version
of the Sobolev lemma to the full range 0 < p < n. We also point out
that the inverse Sobolev lemma does not, in general, hold for Sobolev
functions. It seems to be a special property of quasiconformal map-
pings. In fact, the inverse Sobolev lemma may even fail for non-injective
mappings satisfying the above inequality and in particular for analytic
functions. Indeed, there exist bounded analytic functions of the unit
disc whose derivatives fail to be integrable [R].

We link the integrability of the derivative of a quasiconformal map-
ping to the integrability of the mapping itself by means of growth esti-
mates for the mapping. As a handy tool we employ the notion of the
average derivative of a quasiconformal mapping introduced by K.Astala
and F.W.Gehring [AG1]. This substitute for the derivative has turned
out to have a number of applications in questions related to boundary
distortion of quasiconformal mappings, see [AG2], [AK2], [AK1], and
[H]. Following Astala and Gehring we write

dm

af(z) = exp(/B log J¢(y) nIle),

where |B;| is the n-measure of B; and B, stands for B(z,d(z,0D)/2).
In order to establish sharp integrability results (6.1), (6.2) in terms
of the dilatation K we prove a quasiconformal analogue of Koebe type
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growth estimates for univalent functions. In the course of our study we
provide new evidence to ensure that ay plays the role of the derivative
by generalizing some classical growth estimates on the derivative of a
univalent function, ¢f. [Hy, 1.3, 1.9, 3.3], [P, 1.6].

2. Preliminaries.

Our notation and terminology conform with that of [V1]. In par-
ticular, B™(z,r) and S™"!(z,r) = 0B"(z,r) are the open ball and
sphere of radius r centered at x. We abbreviate B"(0,1) to B"(1) and
S$™=1(0,r) to S 1(r), and we write w,—;1 for the (n — 1)-measure of
S™~1(1). D and D’ will always denote proper subdomains of the n-
dimensional Euclidean space R", and we apply the convention B, =
B"(z,d(z,0D)/2) for points = in D. We write C = C(a,...) to indi-
cate that C depends only on the parameters a, ... Finally, for any pair
E, F of disjoint, closed sets in D, M(E, F; D) is the modulus of the
family of curves joining E, F in D, and we abbreviate M(E, F;;R") to
M(E,F) and M(E,0D; D) to M(E; D).

Next, we collect a number of results used in our proofs. First we
state the following well known modulus estimate, see [G1].

Suppose that E, F C R" are disjoint, non-degenerate, closed, con-
nected sets with E bounded and F' unbounded. Then

d(E, F) ))l—n,

(2.1) M(E,F) 2 wn (logC(H diam (E)

where C = C(n).
We will frequently employ the following basic property of quasi-
conformal mappings; see [V1, 18.1], [V2, 2.4].

Lemma 2.2. Let f : D — D' be K-quasiconformal. Then for any
0 < A < 1 there ezist positive constants Cy,Cy depending only onn, K, A
such that

B"(f(z),C1d') C f(B"(x,C>d)) C B"(f(z),Ad),

where d = d(z,0D) and d' = d(f(z),0D"). Moreover, there 13 a con-
stant C3 depending only on n, K such that

B"(f(z),d'/C3) C f(B:) C B*(f(z),Csd")
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and

d(f(B:),0D") > d'/C; .

Next, from Lemma 2.2, [G2, Lemma 4] and [IN, Theorem 2] we
deduce

Lemma 2.3. There ezists a constant C; = Ci(n,K) > 1 such that
if f is K-quasiconformal in D and B = B™(z,r) C D satisfies r <
d(z,0D)/C,, then for any 0 <p <n

n/
[1gran < corma=mio ([ \ppam)™”,
B C,B

where Cy = Cy(n, K, p) and C1B = B"(z,Cir).
Furthermore, from [IN, Proposition 3] we have

Lemma 2.4. For each 0 < p < 00 and any K > 1 there i3 a constant
Cy = Cy(p,n, K) such that for all K -quasiconformal mappings f of D

If(z)| £ C, r—"/p(/ P dm)l/p

B"(z,r)
whenever B™(z,Cyr) C D, where C; = Cy(K,n).

We continue with a quasiconformal analogue [AG2, 1.8] of the
Koebe distortion theorem.

Lemma 2.5. Let f : D — D' be K -quasiconformal. There is a constant
C, which depends only on n, K, so that for each x € D

L 4(f(z),0D") < a;(z)d(z,0D) < Cd(f(z),dD")

Ql

and

([ rorgs) " <a@<c( [ 1rorg)”

Ql+



AN INVERSE SOBOLEV LEMMA 127
PROOF. First of our claims is [AG2, 1.8]. Moreover,
dm\1/n |fBz|\1/n
! n <(K
([ rorg) ™ < (<55
and, by [V1, 34.5-6],

(/;3, |f' ()" I—%%)l/n > (Kl—n llibi_xll)l/n.

Therefore, owing to Lemma 2.2, our second chain of inequalities is a
consequence of the first.

We conclude with a lemma which will prove useful.

Lemma 2.6. Let f : D — D' be K-quasiconformal. If vy C D 1s a
rectifiable curve with () > d(v,0D), then

diam (fv) < C/a;(x)ds.

~

Here C depends only on n, K.

PROOF. Pick a cover By, ..., B} of ¥ where each ball B; is of the form
B; = B,, with z; on v so that no point in D lies in more than C = C(n)
of these balls; this is possible by the Besicovitch covering theorem. Now
Lemma 2.2 yields

diam (f7) < ) diam (f(B;)) < C1 »_ d(f(=:),8D"),

where C; = Ci(n, K). On the other hand, from the assumption on the
length of v, we deduce that for each ¢ the one-dimensional measure of
4 N B; cannot be less than d(z;,0D)/2. So, appealing to Lemmas 2.2
and 2.5, we obtain

/af(x)ds >Cy Y d(zi,8D)ag(zi) > Cs Y _ d(f(z:),0D"),

.

where the constants Cs, C3 depend only on n, K. The claim follows.
Observe that the behavior of the quasiconformal mapping f(z) =

z|z|~1/2 of B™(1) at the origin shows that some assumption on the
diameter of the curve 4 in Lemma 2.6 is necessary.
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3. A local inverse Sobolev lemma.

Throughout this section f will be a K-quasiconformal mapping of
B"(1), and we assume that f(0) = 0, d(0,0f(B"(1))) = 1. We prove
that integrability conditions over hyperbolic balls are characterized by

the growth of f.

Theorem 3.1.The following two conditions are equivalent for 0< p <co.

a) / If[Pdm < C;.

T

b) |f(2) < Ci(1~ |z~
The constants Cy,Cy depend only on p,n, K and on each other.

PROOF. First note that, by Lemma 2.4, a) implies b). For the converse,
observe that d(f(z),0f(B™(1))) <1+ |f(z)|; hence Lemma 2.2 gives

IF(¥)] < (1 +C)(1 +[f(2)))

for all y € B;, where C3 = C3(n, K). The desired implication follows.

Theorem 3.2. Let0 < p < n, fit € B"(1), and suppose that |f(z)| <
Ci(1 = |z|)*~™/?. Then

/ F'Pdm < Cy,
B,

where Cy = Cy(p,n, K, Ch).

PROOF. Observe from Lemma 2.2 that for all y € B;,
)] < Cs (1= faly =77,

where C3 = C3(n, K, C;). Now

/ If'|"dm < K |f(B)| < Cy (1 — |z|)—n/p)m
B.

where Cy = Cy(p,n, K, C1). Next, Holder’s inequality yields

/n
/ |fl|p dm S le|1—p/n (/ |fl|n dm)P ’
B, B
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and the claim follows.
Theorems 3.1 and 3.2 are local in nature. It is not too difficult to
produce examples where the converse to Theorem 3.2 fails. Neverthe-

less, we have a global version of the converse statement which completes
the chain of implications.

Theorem 3.3. Suppose that fB, |f'|P dm < C; for all z € B™(1) where
0<p<n. Then

f(@) < 2P (1= [z =m0,
for all z € B"(1), where C2 = Ca(p,n, K).
ProOOF. We conclude from Lemma 2.3 that

n/
f e dm < caq=tapra= ([ i am)™”
B B:

< Cs (1~ Jo|)"0="/P),

where B=B"(z,(1—|z|)/C3),Cs=Cs(n, K), and Cs =Cy(p,n, K)C/?.
Since the inverse mapping of f is K™ !-quasiconformal, Lemma 2.2
shows that

I n 1 n n
[ dm > o (7@, 08B (1)
B 6
with C¢ = Cg(n, K), which permits us to deduce

d(f(2), 0f(B"()) ¢, /e (1 — |g))=rtr
1-|z| - ’

for all z € B™(1), where C7 = Cq(p,n,K). Thus, by Lemma 2.5, we
have

ag(z) < Cs C1/7 (1= Ja) /7
in B"(1), where Cs = Cg(p,n, I{). Since f(0) = 0, the claim follows
from Lemma 2.6 by integrating a¢(z) along the line segment joining 0
to z.

Combining Theorems 3.1-3.3 we obtain
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Theorem 3.4. Let 0 < p < n. Then the following conditions are
equivalent.

o) |f(z)] <Ci(1~|e)'™/P in B7(1).

b)  d(f(2),0f(B™(1))) < Ca(1 = [z])*~"/? in B"(1).
¢) ap(z)<C3(l—|z|)™™? in B"(1).

d) / |f'Pdm < Cy for all z € B™(1).

z

e) / |f,pn/(n-p) dm < Cs for all z € B"(1).

z

Here all constants depend only on p,n, K and each other.

PRrOOF. Conditions a), d), and e) are equivalent by Theorems 3.1-3.3.
Furthermore, b) follows from a) by the triangle inequality, and c¢) from
b) by Lemma 2.5. Finally, Lemma 2.6 enables us to deduce a) from c).

We point out that Theorem 3.4 gives the following somewhat sur-
prising corollary.

Corollary 3.5. Let s > 0. Then
[f(z)] <Ci(1—z[)™° n B"(1)
if and only of
d(f(z),0f(B"(1))) < C2 (1 —|z[)™° n B™(1).
For completeness, let us comment on the Sobolev lemma for qua-

siconformal mappings in the case p > n. From [N, 1.4] and Lemma 2.5
we have

REMARK 3.6. The following conditions are equivalent.

a) / |f'|* dm < C; for all z € B*(1).

) feBMO(B"(1)).
¢) d(f(z),df(B"(1))) < C for all z € B"(1).
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Contrary to the case 0 < p < n, one cannot characterize the in-
tegrability condition &) of Remark 3.6 by means of the growth of f.
In fact, the argument of the proof of Theorem 3.4 gives the estimate
|f(z)] < Clog(1/(1 — |z|)), whereas there exist univalent functions of
B?%(1) of slower growth but not belonging to BMO(B?(1)). Examples
of this type can easily be constructed with the help of the equivalence
on a) and ¢) in Remark 3.6 and the methods employed in Section 5.

Finally, here is the case p > n.

REMARK 3.7. If f is uniformly Hélder continuous in B™(1) with some
exponent o > 0, then fB, |f'|Pdm < C for all z € B™(1), for an
exponent p = p(n,K,a) > n. Moreover, if f is conformal, one may
take p = n/(1 — a). Conversely, if fB, |f'|Pdm < C for some p > n
for all z € B™(1), then f is uniformly Holder continuous in B"(1) with
exponent 1 — n/p. Indeed, the assertion is a consequence of [AK1, 4.7]

and [GM, 2.24].

4. The global case.

In this section we present global versions of the results of the pre-
ceding section. As earlier, we assume throughout this section that f isa
K-quasiconformal mapping of B™(1) with f(0) = 0 and d(0,0f(B"(1)))
= 1. We begin with an extension of the Sobolev lemma to the full range
0 < p < n for which record the following lemma due to K. Astala [AK2].

Lemma 4.1. For eachp >0 and for all1/2 <r <1
/ |f|Pda§C/ M(t, fP(1—-t)" 2 dt,
Sn—l(r) 0

where C = C(p,n,K) and M(t, f) = max|;|= | f(z)].

Theorem 4.2. Suppose that [y |f'|Pdm < C, 0 < p < n, for all
z € B™(1). Then for all0 < ¢ < pn/(n—p)

/ |f|9dm < C, CYP,
Bm(1)

where Cy; = Cy(p, ¢,n, K).
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PROOF. Notice first that by Lemmas 2.2 and 2.3 it suffices to establish
the assertion with B™(1) replaced by B = B™(1) \ B"(0,1/2). Now
Theorem 3.3 asserts that M(t, f) < Co CP (1 —t)1="/P for 0 < t < 1,
where Co = Co(p,n, K). Hence the claim follows by integrating the
inequality in Lemma 4.1.

We point out that one cannot take ¢ = pn/(n—p) in Theorem 4.2;
see Remarks 4.8 below. Next we establish an inverse Sobolev lemma
for quasiconformal mappings of B™(1).

Theorem 4.3. Let 0 < p < n. Then for any q > p there is a constant
C =C(p,q,n,K) such that

[ wrranso([ g dm
Bn(1) Bn(1)

PROOF. Let ¢ > p. It suffices to establish the integrability condition
with B™(1) replaced by B = B"(1)\ B"(0,1/2). Now Hélder’s inequality

gives
/ P dm = / FPIF0 £l dm
B B

< (/LLfVﬂfr"”Pan’”‘(jQprnﬂn—m(hn)“‘“/"

Next, the quasiconformality of f yields

) (n—p)/n

/ || F17"9/P dm < K/ le|~"9/? dm.
B £(B)

With the help of Lemma 2.2 we conclude that f(B) C R®\ B™(0,C3).

Hence o
/ |z|~™9/P dm < Cs / gn1-nalp gy
f(B) C2

The assertion follows from this string of inequalities because

From the proof of Theorem 4.3 we further deduce
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Theorem 4.4. Let 0 < p < n, and suppose that

|z]™"dm =C < +o0.
F(Br(1)\B~(1)
Then

(n—p)/n
[ arransciern([ gD dm) "
Bn(1) Bn(1)

Combining Theorems 3.4, 4.2 and 4.3 we have

Corollary 4.5. Let 0 < p < n and suppose that fB, |f'lPdm < M in
B"(1) or that [ |f|P"/*"P)dm < M in B"(1). Then

/ |f'|7dm < oo, forany 0<qg<p.
Bn(1)

Next, combining Theorems 3.4, 4.2, 4.3 and Corollary 4.5, we de-
duce

Corollary 4.6. Let 0 < p < n. Then the following conditions are
equivalent.

a) |f'|9dm < 400, forall 0<qg<p.
B»(1)

b) |f]°dm < 400, forall 0<s<pn/(n—p).
B*(1)

¢) |f(z)] € C1 (1 = |z|)'~™/9 in B"(1), for each 0 < ¢ < p, for
some Cy .

d) / |f'|?dm < C,, for all £ € B™(1), for each 0 < q < p, for
B:

some C, .

€) / |f|°dm < Cs, for all z € B™(1), for each 0 < s <pn/(n—
B
p), for some Cj3 .
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(2)

(b)
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OPEN QUESTIONS.
Suppose that an(l) |f'|P dm < 400 for some 0 < p < n. Does it

follow that fB,,(l) |f|9dm < 400 with ¢ = pn/(n — p)? By the
Sobolev lemma this is the case for 1 < p < n, and from Theorem
4.2 we know that this integral converges for 0 < p < 1 provided
0<g<pn/(n—p).

Suppose that [p [f'[Pdm < M for all z € B™(1). £ 0 < p < n,
then Corollary 4.5 ensures that fB”(l) |f']9dm < 400 for all 0 <
q < p. On the other hand, one can apply the example in K] to
show that this is not, in general, true for p > n. Is the conclusion
nevertheless valid for analytic univalent functions of the unit disc
for all 0 < p < oo ? If this is the case, then Remark 3.7 would show
that [p () [f']?dm < +oo for all 0 < ¢ < 2/(1 — a) provided f is
uniformly Hélder continuous in B?(1) with exponent 0 < a < 1.
With some work one can show that this, in turn, would yield that
the Hausdorff dimension of df(B?(1)) is at most 2/(1 + a).

REMARKS 4.8.

(a)

(b)

Theorem 4.2 does not hold for ¢ = pn/(n — p) and Corollary 4.5
does not extend to the case ¢ = p. Indeed, a simple counterexample
is provided by the quasiconformal mapping f(z) = (z — w) |z —
w|™17%, a > 0, where. w € S"71(1). An appropriate modification
of f shows that the assumption on f(B"(1)) in Theorem 4.4 is
necessary and that Theorem 4.3 fails for ¢ = p.

Corollary 4.6 shows that for 0 < p < n the global integrability
of a quasiconformal mapping of B™"(1) and that of its derivative
are more or less completely characterized by the growth of the
mapping.

A look at the proof of Theorem 4.3 shows that we did not need
the fact that the domain in consideration is a ball. Consequently,
Theorem 4.3 extends to any domain D.

5. Koebe type distortion theorems.

Motivated by Corollary 4.6 we turn our attention towards distor-

tion estimates for quasiconformal mappings. We establish the following
distortion theorem that for plane univalent functions reduces to the
classical results, e.g. [Hy, 1.3, 1.9], [P, 1.6]. Some parts of the theo-
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rem are apparently folklore, but we have not been able to locate these
results in the literature except for the upper bound in (a), which is a
special case of [FMV, 4.2].

Theorem 5.1. Let f be K-quasiconformal in B™(1), and assume
that f(0) = 0, d(f(0),0f(B™(1))) = 1. Set a = K~V and b =
(2K)Y/ (1) Then

a) |f(2)| 2 1e*/C and |f(z)| <C (1~ |z~

) (1 [e)*~1/C < aj(z) < C(1— fa)~>.

¢) If fB"(1) is convez, then
[f(@)<CA—]z))"

and
(1-[z))*7!/C < ap(z) S C(1—[z)™* 7 .
d) Forn > 3 there is a' = d'(n,K) witha' — 1 as K — 1 such
that c) holds without the convezity assumption if a is replaced with a'.

Here C = C(n, K).
We divide the proof of Theorem 5.1 into several lemmas. To sim-

plify our statements we assume in Lemmas 5.2-5.5 that f : B*(1) —
D = f(B™(1)) is K-quasiconformal, f(0) = 0, and d(f(0),0D) = 1.

Lemma 5.2. We have
f@)I<C(A~lz))™ and af(z) <C(1-l|e))™*7,
where b= (2K)/(*=1 and C = (n, K).

PROOF. By Lemmas 2.2 and 2.5 we may assume that |z| > 1/2. For
each such z set E, = B,, and let F = B"(0,1/5). Using a standard
modulus argument, we deduce from (2.1) that

C 1-n
2 M(E,, F; B"(1)) > wa-1 (log ﬁ:c_l) :

where C; = Ci(n). On the other hand, (2.2) shows that f(F) C B*(C>)
and |f(z)| < C2|f(y)| whenever |f(z)| > C3, where C3,C3 depend only

on n, K. Hence

M(f(Ez), f(F); D) < wn-1 (log(Cs |f(2)])) ™"
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provided |f(z)] > Cj3, where both constants C;3,Cs depend only on
n, K. By the quasiconformality of f

M(E.,F; B"(1)) < K M(f(E.), f(F); D),

which permits as to infer that

lg(Ci 1(2)) < b log (1

1-—

)

provided |f(z)| = C3 and the proof for our first claim is complete.
Finally, the estimate for as follows from the first claim and Theo-
rem 3.4.

Lemma 5.3. We have
1f(z)] > Clz|* end as(z)>C(1-|z)*7",
where a = K/~ b = (2K)1/(*=1) gnd C = C(n, K).

PROOF. For each 0 < r < 1,let E, = Fn(r). Then M(E,; B"(1)) =
wn—1 (log(1/r))!~™. On the other hand, if diam (f(E,)) < 1/2, then
M(f(E,); D) < wy—; (log(1/ diam (f(E,)))!~™. Since f is K-quasicon-

formal, we conclude that

(o8 gamrrmyy) | <K (es) "

Hence diam (f(E,)) > C, r®, where a = K'/("=1) and C; = C;(n, K).
The desired bound for |f(z)| is now a consequence of Lemma 2.2.
Next we estimate as(z). By Lemma 2.5 it suffices to show that

d(f(z),0D) > C3 (1 - |z|)°,

for each z € B™(1) for some constant Cy which only depends on K, n.
Lemmas 2.2 and 2.5 permit us to assume that |z| > 1/2. Set again
E, = B, for each such z and define F = B"(0,1/5). From Lemma
2.2 and the argument of the proof of Lemma 5.2 we conclude that it
suffices to find constants C3 and 6;, which depend only on n, K, such
that c e
3
M(f(E.), f(F); D) S wa-1 (log = 7 E:))) ,
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whenever diam (f(E;)) < 6;. Now Lemma 2.2 yields that d(f(F"),0D)
> b3 > 0, where §; = 6;(n, K). Applying again Lemma 2.2 we find a
constant §; = §;(n, K, d;) < 6;/2 such that

f(F)C D\ B"(f(2),62/2)

whenever diam (f(E;)) < 6;. Since f(E;) C B"(f(z),diam (f(E:)),
the desired modulus inequality follows with C3 = 8,/2, and the proof
is complete.

Lemma 5.4. Suppose that D i3 convez. Then
lf(z)| < C(1— )™

and

(1= lz))*7/C < ag(e) <CA =27,
where a = K'Y/~ and C = C(n, K).

PROOF. Since D is convex, we have [V1, 7.7] for each z € 9D that

(5.5) 2M(B"(z,r)nD,D\ B"*(2,R); D) < wn—1 (log }72) o

whenever 0 < r < R. So, using the notation of the proof of Lemma 5.2,
we obtain

2 M(f(E.), f(F); D) < wa_y (log(Cs |f(z)])) ",

whenever |f(z)| > Cs, where Cs,Cs both depend only on n, K. The
desired bound for |f(z)| follows as in the proof of Lemma 5.2, and
Theorem 3.4 yields the analogous bound for af(z).

The lower bound for a () is obtained using (5.5) in an appropriate
step in the proof of Lemma 5.3.

Lemma 5.6. For n > 3 there s a' = a'(n,N) witha' - 1 as K — 1
and such that the estimates in Lemma 5.4 hold without the convezity

assumption if a 1s replaced with a'.

PROOF. As established in [AH, 1.2] and in [T], for &' < K;(n), f has a
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K'-quasiconformal extension g : R~ — R ", where K’ = K'(n, K) satis-
fies K' — 1as K — 1; see [V1, 13] for the definition of a quasiconformal
mapping of R". Hence

M(E.,F) < K' M(f(E:), f(F)),

where E,, F are as in the proof of Lemma 5.2. Thus, replacing K
with K', the argument of the proof of Lemma 5.2 gives the desired
upper bounds for |f(z)| and as(z). The lower bound for a¢(z) follows
by modifying the proof of Lemma 5.3.

EXAMPLE 5.7. Theorem 5.1 is sharp for each K > 1 for n = 2 and for
convex images for general n.

Let n =2, fix K > 1, and let k£ denote the Koebe function. Define
f(z) = z|z|X~1. Then f is K-quasiconformal and, consequently, A =
f o k is K-quasiconformal. Now a simple calculation shows that for
z = (0,t), 0 < t < 1, we have h(z) > C(1 — |z]|)72K, an(z) > C(1 —
|z])~2K-1, and ap(—z) < C (1 — |z])2K~1. Furthermore, |f(z)| = |z|X.
Finally, for the convex case set g(z) = (z —w)|z —w| ™K for some w €
S1(1) (for n > 2 set g(z) = (z — w) [t — w|~'~* for some w € S*71(1),
where a = K1/(»/1),

REMARK 5.8. The proofs of Lemmas 5.2 and 5.4 show that if f(B"(1))
is contained in a half space, then |f(z)] < C (1 — |z])™%; the constant
C will in this case also depend on the distance from the origin to the
boundary of the half space.

6. Sharp integrability exponents.

The results of sections 4 and 5 yield sharp integrability exponents.

Theorem 6.1. Suppose that f i3 a K-quasiconformal mapping of
B"(1). Then

/ |f'|P dm < 400,
B~(1) '

for all0 < p < n/(14(2K)/(*=D). Moreover, if f(B™(1)) is contained
in a half space, then 2 K may be replaced with K. Furthermore,

/ [£]P/("=P) dm < + o0
B"(1)
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for the indicated values of p.

PrOOF. The claim follows from Theorems 3.4, 4.3, 5.1 and Remark

5.8.

REMARKS 6.2.
(a) A result of Jerison and Weitsman [JW] implies that |f|? is inte-

(b)

grable for some exponent ¢ = ¢(n, K), but the exponent obtained
from their work is not sharp. The exponents in Theorem 6.1 are
sharp for each K > 1 in the plane and for each K > 1 in R”,
n > 2, for mappings into a half space. This follows via a simple
calculation for the functions in Example 5.7. We refer the reader
to [AK2] for the HP-theory of quasiconformal mappings.

We deduce the following from Theorem 6.1. If D C R? is any sim-
ply connected domain and f : D — B?(1) is K-quasiconformal,
then [ |f'(z)[Pdz < +oo for all 2 —2/(1 4 2K) < p < 2; compare
with [AK1, 4.10]. We point out that the standard factorization
argument combined with the analogous result for univalent func-
tions, ¢f. [B], due to F.W.Gehring and W.K.Hayman, fails to give
this sharp bound.

Suppose that f is K-quasiconformal in R™ \ {0}. Then the argu-
ments used in Section 5 apply to verify that |f(z)] < C|z|™¢ in
B™(1), where a = K'/(»=1), Now integrating this estimate we ob-
serve that an(l) |f|IP dm < 400, for 0 < p < n/KY (=1 Hence,
by and Theorem 4.3 and Remark 4.8, the analogous integrability
result for |f'| holds for 0 < p < n/(1 + K'/(®=V). As easily seen,
the above upper bounds for p are sharp.

We do not know whether the claim of Theorem 6.1 holds for all K-

quasiconformal mappings of B®(1) in the case n > 3 if 2 K is replaced
with K. Next we produce an estimate which is asymptotically sharp as
K — 1; observe that if w € S®7(1), then |f'|*/? is not integrable over
B™(1) for the Mébius transformation f(z) = (z — w) |z — w|™2.

Theorem 6.3. Let f be K -quasiconformal in B"(1), n > 3. Then

/ If'|P dz < +o0, for all 0 <p < po(n,K),
B™(1)

where po(n, ) - n/2 as K — 1.
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PROOF. First note that by Lemma 5.6
|f(x) <CA-z))7*, € B"(1),

with a = a(n, k) - 1 as K — 1. Then Theorem 3.4 and Corollary 4.5
yield the desired estimate.

ADDED IN PROOF. We have recently (Buckley, S. and Koskela, P.,
Sobolev-Poincaré inequalities for 0 < p < 1) answered 4.7.(a) in the
positive.
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Rough isometries and
p-harmonic functions
with finite Dirichlet integral

Ilkka Holopainen

1. Introduction.

Let G be an open subset of a Riemannian n-manifold M™. A
function u € C(G) N W, ,.(G), with 1 < p < oo, is called p-harmonic
in G if it is a weak solution of

(1.1) —div (|Vu[f™? Vu) = 0,
that is,
(1.2) /G(|vu|1"2 Vu,Ve)dm =0

for every ¢ € C§°(G). Equation (1.1) is the Euler-Lagrange equation
of the variational integral
/ |[Vul? dm.
G

We say that a Riemannian n-manifold M™ has the Liouuville D, -property
if every p-harmonic function u on M™ with

/ |VulP dm < +o0

143
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is constant. In this paper we study the invariance of the Liouville D,-
property under rough isometries between Riemannian manifolds; see
Section 3 for the definition of a rough isometry. We prove that if M™
and NV are roughly isometric, and if both M™ and N” have bounded
geometry, then M™ has the Liouville D,-property if and only if so does
N" (Theorem 5.13). Note that the dimension of M™ may differ from
that of N”.

Our result is new also for harmonic functions (p = 2) even in 2-
dimensional case. Indeed, in all previous results, excepting P. Pansu’s
result which will be discussed later, manifolds M™ and N? must be
homeomorphic. It is known that the Liouville D,-property is pre-
served under quasiconformal mappings between 2-dimensional Rieman-
nian manifolds and under bilipschitz (sometimes also called quasi-iso-
metric) maps in all dimensions n > 2. See, for instance, [SN, p. 405-
411] where also slightly more general classes of maps are studied in
this context. Note that rough isometries need not be continuous. Thus
they form a very large class of maps which, however, have nice invari-
ance properties. It is worth noting that a similar stability result is not
true for positive (or bounded) harmonic functions even under bilips-
chitz maps. Indeed, Lyons [L] has constructed a manifold M and two
metrics g and ¢', with ¢™1¢g’ < g < cg' such that (M, g) has no non-
constant positive harmonic functions but (M, ¢g') carries a non-constant
bounded harmonic function. It is an interesting open problem whether
a similar unstability result holds for p-harmonic functions if p # 2. We
remark that Pansu [P] has also studied the invariance of the Liouville
D,-property under rough isometries but under more restrictive assump-
tions on manifolds M™ and N”. He assumes that a global Sobolev in-
equality ||ull, < ¢||Vull,, with ¢ > p > 1, holds for C§°-functions of
M™ and N”, and that cohomology groups H!(X,R), X = M™ N?,
are trivial. With these additional requirements on M™ and NV, the
same conclusion as in Theorem 5.13 can be made. He has informed
the author that it is possible to obtain our result also by refining his
arguments. However, our methods are different.

The proof of the result in this paper is based on ideas of A. A.
Grigor’yan and M. Kanai. In [K2] Kanai showed that the positivity of
2-capacity at infinity, and so the existence of Green’s function for the
Laplace equation, is preserved under rough isometries between Rieman-
nian manifolds of bounded geometry. On the other hand, Grigor’yan
[G] has presented a criterion, which involves 2-capacities, for the exis-
tence of a non-constant harmonic function with L?-integrable gradient
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on a Riemannian manifold. For the proof of our result, we first gen-
eralize Grigor’yan'’s criterion to the non-linear case at hand. Here we
present somewhat shorter proofs than Grigor’yan’s original ones which
are not fully available in our setting. Then we show, by modifying
Kanai’s arguments, that the p-capacities in the criterion for the Li-
ouville D,-property remain essentially unchanged in rough isometries
between manifolds of bounded geometry. The lack of injectivity of a
rough isometry causes here some troubles which, however, can be solved
by using a (semi)local Harnack inequality (Theorem 3.3). We want to
emphasize that it is easy to obtain local Harnack’s inequalities in the
following form from known results in R™ by using suitable chart maps.
Suppose D C M™ is an open set and C C D is compact. Then there
exists a positive constant ¢ such that

(1.3) supu < cinfu
c (o

whenever u is a positive p-harmonic function in D. The main disad-
vantage of (1.3) is that, with no assumptions on the geometry of M™,
the constant ¢ depends not only on metric parameters of C' and D but
also on the location of D on M™. Such an inequality is useless in the
proof of the main result. In Section 3 we prove inequality (1.3) with
D = B(z,r), C = B(z,r/2), and with ¢ independent of z if M™ has
bounded geometry. Here r < rg < 2(inj M™)/3 and ¢ depends on r¢
but not on r. We think that this inequality may also have independent
interest.

The main result is formulated for so called A-harmonic functions
which are continuous solutions of

—div A(Vu) =0,

where (A(Vu),Vu) =~ |Vul’, with 1 < p < oo. The precise as-
sumptions on A are given in 2.16. In [H1-2] and [HR] we studied a
classification of Riemannian manifolds based on the existence of non-
constant A-harmonic functions with various properties. By [H1, Section
5], there exists a non-constant bounded p-harmonic function v in M™,
with f,,. [Vo|? dm < +o0, if and only if M™ admits a non-constant A-
harmonic function u, with [, [Vu[? dm < 400, for some, or, in fact,
for every A € A,(M™). Thus it suffices to consider only bounded p-
harmonic functions if we want to study whether a given manifold carries
a non-constant A-harmonic function with LP-integrable gradient and A

of type p.
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Harmonic functions and rough isometries on graphs are studied in
Markvorsen, S., McGuinness, S., Thomassen, C., “Transient random
walks on graphs and metric spaces with applications to hyperbolic sur-
faces”, Proc. London Math. Soc. (3) 64 (1992), 1-20.

2. Preliminaries.
2.1. Terminology.

Throughout the paper we assume that M™ is a non-compact, con-
nected, and oriented Riemannian n-manifold, where n > 2, of class
C* equipped with a Riemannian metric (-,-). The Riemannian dis-
tance and the volume form will be denoted by d and dm, respectively,
and |[A| = [, dm stands for the volume-of a measurable set A C M™.
Furthermore, if |A| > 0, we write

1
Uy = udm:——-/udm
][A |A] Ja

for the integral average of a measurable function u of A.
A vector field X € loc L!(G) is a (distributional) gradient of a
function u € loc L!(G) if

/ udivY dm = —/ (X,Y)dm

G G

for all vector fields Y € C§(G). The space of all functions u € L}, (G)
whose distributional gradient Vu belongs to LP(G), where 1 < p < oo,
will be denoted by L},(G). The Sobolev space W}}(G) consists of all
functions u € L, (G) which belong to LP(G), too. We equip L,(G) and
W, (G) with the seminorm || Vu|[, and with the norm

lullip = llull, +1Veullp,

respectively. The closures of C§°(G) in L}(G) and in W)(G) are de-
noted by L} ,(G) and W} ((G), respectively.

Throughout the paper ¢, ¢, ¢1,... will be positive constants, and
c(a,b,...) denotes a constant depending on a,b,... The actual value
of ¢ may vary even within a line.

Most of the time we assume that M™ is complete and has bounded
geometry which, in this paper, means that the Ricci curvature of M™
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is uniformly bounded from below by —(n — 1)K2, with K > 0, and
the injectivity radius of M™, denoted by inj M™, is positive. The well-
known comparison theorems [BC, p. 253-257] and [CGT, Section 4]
then give estimates

Bz, R)| _ Vi(R)
B~ Vi)

(2.2) |B(z,r)| < Vi(r) and

for the volumes of geodesic balls for all z € M™ and R > r > 0. Here
Vi (r) is the volume of a geodesic ball of radius r in the simply connected
complete Riemannian n-manifold of constant sectional curvature —K?2.
This estimate holds without the assumption on the injectivity radius.
By applying (2.2) to volumes of n-balls in R", we obtain

Vi(r) . Vk(R)
rm ~— R»

for R > r > 0. Volumes of small geodesic balls in M™ have a lower
bound

(2.3)

(2.4) |B(z,7)] > vor™

for all z € M™ and for all r < inj M™ /2, where v, is a positive constant
depending only on n. This estimate is proved by C. B. Croke [Cr].
Another result of Croke which will be used in this paper is the following
isoperimetric inequality

ID|**"V/" < carea(dD),

where D C B(z,r) is a domain with smooth boundary, r < inj M™/2,
and ¢ depends only on n; see [Cr, Theorem 11] and [CGT, p. 16-17].

Hence
(2.5) |D|™~ /™ < ¢ |B(z,r)["/" "™ area (8D)

if m > n. It is well-known that the isoperimetric inequality (2.5) implies
that

([ e an) ™"
(26) B(z,r)

<clB(a " [ _ IVuldm,
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where c is the same constant as in (2.5) and u € C§°(B(z,r)); see,
for example [C]. We obtain a Sobolev estimate by applying (2.6) and
Holder’s inequality to functions v = |u|”, where u € C§°(B(z,)) and
~ is suitable, and approximating.

Lemma 2.7. Suppose that M™ i3 a complete Riemannian n-manifold,
with inj M™ > 0, and that 1 < p < m, where m > n. Then there exists
a constant ¢ = c(n,m,p) such that

(m—p)/m
(/ lulpm/(m—P) dm) n/
(2.8) B(z,7)

< clB(z,r)|p/"_p/m/ [VulP dm
B(z,r)

for every w € W ((B(z,r)) and r < inj M™/2.

The above estimate will be used in the proof of Harnack’s inequality
together with a Poincaré inequality. We recall Buser’s isoperimetric
inequality [B, Section 5]

(2.9) area (02N B) > clTET ’
€2 r

where B = B(z,r), {1 is an open subset of B with smooth boundary
such that || < |B| /2, and ¢ < 1 depends only on n. Note that r can be
arbitrary large in this inequality. Buser normalized the metric so that
the lower bound for the Ricci curvature is —(n — 1). By rescaling the
metric back to our setting, we obtain (2.9). We rewrite the right hand
side of (2.9) as r~1e~(1+K7") where ¢, > 0 depends only on n. The
analytic counterpart of (2.9) is the following local Poincaré inequality

(2.10) /]u—uB| derec“(HKr)/ |Vu| dm,
B B

where ¢, > 0 and u € W} (B); see [C], [K2] for deducing (2.10) from
(2.9).
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2.11. Rough isometries and nets on manifolds.

Following Kanai [K1-3], we say that a mapping ¢: X — Y between
metric spaces X and Y is a rough isometry if, for some ¢ > 0, the
c-neighborhood of X coincides with Y, and if there exist constants
a > 1 and b > 0 such that

(212) a7l d(e,y) - b < d(p(2),0(y)) < ad(z,y) +b

for all z,y € X. Note that the mapping ¢ need not be continuous. Two
metric spaces are said to be roughly isometric if there is a rough isometry
between them. If p: X — Y is a rough isometry satisfying (2.12) with
the constants a and b, it is possible to construct a rough isometry
¥:Y — X. Indeed, for any y € Y, there exists at least one ¢ € X such
that d(¢(z),y) < ¢, where c is the constant in the definition. If we set
¥(y) = z, then % satisfies (2.12) with constants a and a(b + 2¢), and
the a(b + c)-neighborhood of Y coincides with X. Thus % is a rough
isometry. It is called a rough inverse of . Furthermore, a composition
Y op: X — Z of rough isometries ¢: X — Y and ¥:Y — Z is a rough
isometry. Thus being roughly isometric is an equivalence relation.

A netis a countable set P with a family {N,},ep of finite subsets
N, of P such that, for all p,¢ € P, p € N, if and only if ¢ € N,. A
sequence of points pg,pi,--..,p¢ in P is said to be a path from py to pe
of length £ if py € N, _, for k =1,...,£. A net is connected if any two
points of P can be joined by a path. For any two points p and ¢ in a
connected net P, we denote by é(p,¢) the minimum of the lengths of
paths from p to q. Then § satisfies the axioms of metric, and it is called
the combinatorial metric of P. The boundary of a subset S C P is the
set {p € P: 6(p,S) =1} and it will be denoted by 95.

Suppose then that M™ is a Riemannian manifold. Let P be a max-
imal collection of k-separated points, where £ > 0 is a fixed constant.
Then P together with a net structure {N,},cp of sets N, = {g € P :
0 < d(p,q) < 3k} is called a k-net on M™, or simply a net. Since M™
is assumed to be connected, it is easy to see that P is also connected.
Next we show that a x-net with the combinatorial metric ¢ is roughly
isometric to M™ with no curvature assumptions on M™"; see [K1].

Lemma 2.13. Let M" be a Riemannian manifold and let P be a k-net
on M". Then (M,d) and (P,6) are roughly isometric, and furthermore

1 1
(2.14) 3. dp,a) < 8(pg) < —d(p,g) +1,
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for allp,q € P.

PROOF. We prove that the inclusion map : : P — M™, i(p) = p,
is a rough isometry. Since P is a maximal k-separated set, the k-
neighborhood of P(= iP) coincides with M™. To prove the left hand
inequality, let p and ¢ be two distinct points in P, and let é(p,q) = £.
Then there exists a path pg = p,p1,...,p¢ = ¢ of length ¢. For each
1t =1,...,¢, and € > 0, there is a smooth curve from p;_; to p; of
length at most 3k +¢. Thus there exists a piecewise smooth curve from
p to g whose length is at most 3xf 4 fe. Letting ¢ — 0 we conclude
that d(p,q) < 3ké(p,q). For the right hand inequality, let p and g,
with p # ¢, be any points in P. Again there exists a curve v from p
to ¢ of length I(v) < d(p,q) + €. Let £ be a positive integer such that
k(€ —1) < l(y) £ k€. Now there are points o = p,z1,...,T¢—1,Z¢ = ¢
on v such that d(z;—1,z;) < k for all 2 = 1,...,£. For each z;, there
exists a point p; € P such that d(z;,p;) < « since P is a maximal
k-separated set. By the triangle inequality, d(p;—;1,pi) < 3k, and so
6(pi—1,pi) < 1. Hence

1 1
6(p,0) LS =1 +1< < (dlp,g) +€) +1,

and the right hand inequality follows by letting e — 0. We see that
ké(p,q) — k < d(p,q) < 3ké(p,q), and therefore the inclusion map
satisfies (2.12) with a = max{3x,1/«} and b = .

A net P is said to be uniform if sup {#N, : p € P} < 4o0. If
P is a k-net on a complete Riemannian n-manifold M™ whose Ricci
curvature is bounded from below by —(n — 1)K?2, then

(2.15) #{p€P: pe B(z,r)} < p(r),

for every z € M™ and r > 0, where y(r) depends only on r,n, K, and
k; see [K1]. In particular, such a net P is uniform.

2.16. A-harmonic functions.
As we mentioned in the introduction, our result applies not only

to p-harmonic functions but also to solutions of a wide class of equa-
tions modeled by the p-Laplace equation (1.1). Let A be a mapping
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A : TM"™ — TM™ which satisfies the following assumptions for some
numbers l <p< oo and 0<a < f<oo:

the mapping A, = A | T, M" : T,M" - T, M" is
2.17) continuous for a.e. £ € M™, and
(2 the mapping z — A,(X) is measurable

for all measurable vector fields X

for a.e. x € M™ and for all h € T,M™,

(2.18) (Az(R),h) > a|hF,

(2.19) |4z (k)| < BIRPT,
(2.20) (Az(h) — Az(k),h— k) > 0,
whenever h # k, and

(2.21) A (AR) = APTE A AL(R)

for all A € R\ {0}.

A mapping A which satisfies conditions (2.17)-(2.21) with the con-
stant p is said to be of type p. The class of all A of type p will be
denoted by A,(M™).

A function u € Wpl (G) is a (weak) solution of the equation

Joc
(2.22) —div A(Vu) =0

in G if .
/ (A(Vu),Vp)dm =0
G

for all ¢ € Cg§°(G). Continuous solutions of (2.22) are called A-
harmonic.

Perhaps the most important feature of A-harmonic functions is the
following comparison principle. If u and v are A-harmonic functions in
G @ M™ with v > v on OG, then v > v in G. The comparison
principle has made it possible to develop a non-linear potential theory
for solutions of (2.22). For the basic results in the non-linear potential
theory in the Euclidean n-space we refer to [GLM], [HK], and to a
forthcoming book [HKM]. Finally, we remark that it follows directly
from the properties of A that Au + p is A-harmonic if u is A-harmonic
and A and p are constants.
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3. Local Harnack’s inequality.

In this section we prove a local Harnack inequality for positive A-
harmonic functions on a complete Riemannian n-manifold with bound-
ed geometry. We need the result later in the paper. Harnack’s in-
equalities are usually proved using the Moser iteration method where
Sobolev and Poincaré inequalities are involved. We start by recalling
the following Caccioppoli-type inequality from [H2]. We assume that
A € Ap,(M™) satisfies conditions (2.17)-(2.21) with constants a and 3,
and that G C M™ is open.

Lemma 3.1. Let u be a positive A-harmonic function in G, and let
v =u?? where g € R\ {0,p — 1} and A is of type p. Then

(3.2) /Gnuvvv’ dm < (;E—%)p/cwvmp dm

holds for every mon-negative n € C§°(G).

The most important point in the following theorem is that the
constant ¢y in (3.4) does not depend on z at all.

Theorem 3.3. Suppose that M™ 1s a complete Riemannian n-manifold
with bounded geometry, and let A € A,(M™). Then there ezists, for
each 0 < ro < 2inj M™/3, a constant ¢y = co(n,p, K,ro,3/a) such that

3.4 sup u < ¢o inf
(34) B(z,r/2) 0 B(z,r/2)

u b
for every positive A-harmonic function u in a geodesic ball B(z,r) C
M"™, where r < rg.

PROOF. The proof is similar to that in [H2] but we want to give it in
detail to work out how ¢y depends on various parameters. Fix ry <
2inj M™ /3, and let r < ro. Suppose that u is a positive A-harmonic
function in B(z,r) C M™. Let v = u%/?, where ¢ € R\ {0,p — 1}, let



ROUGH ISOMETRIES AND p-HARMONIC FUNCTIONS 153

m = max{n,p + 1}, and write A = m/(m — p). The Sobolev estimate
(2.8) and the Caccioppoli inequality (3.2) imply that

1/2
(/ lnv,p'\ dm)
B(z,3r/4)

(33) <eclB@sr/aP " [ (g (9o 4o [VyP) dm
B(z,3r/4)

lq| P )/
<A((——— 1 P |\VplP d
- ((Iq—p+1l) * B(z,sr/4)v (Val dm

for every non-negative 7 € C§°(B(z,3r/4)), where

A=ci|B(z,3r/)P" Y™ and ¢ =a(n,pBla).

Let /2 < t < t' < 3r/4, and write t; = t + (' — ¢)27" and
B; = B(z,t;) for every i = 0,1,... Then (#; — t;41)™? = 20+Vr(3 —
t)”?, By = B(z,t'), and B(z,t) C B; for every i. For each ¢, we choose
a non-negative n; € C§°(B(z,3r/4)) such that n; = 1in Biy1, 7: =0
outside B;, and |Vn;| < 2(¢; — tiy1)”~!. Next we choose ¢o € R\ {0}
such that

S p-1)

(3.6) lgoX —p+1] > o

for every i. Applying (3.5) to 7; and to ¢ = goA* yields

1/
/ utr dm
Biy1

'qo—)‘il g 20+ A
SA(Q%»—p+n)+1 =i fp,

and so

(/Bj (uq°)'\j dm) /¥

-1 i|P /X s’

. qO/\, 2p J
<ASJI| ——I.———+1 —/ u? dm,
= (Iqu'—p+ 1/P ) (t' =t Jp,
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where Sj = Y27 A7 and S} = Y1_((i + 1)A~*. The condition (3.6)
implies that the product above has an upper bound which depends
only on n and p (note that m = max{n,p +1}). Letting j — co we get

S; — m/p and
m/p
(3.7) sup u? < CZA IB(:C t) I][ u?® dm
B(z,t) B(z,t')

with ¢; = ¢2(n,p) provided that (3.6) holds. The condition (3.6) holds
for every go < 0. Moreover, for every g > 0, there can be at most one 7
such that

p@ 1)

—_ p :
Thus every interval [¢/], ] contains a number go which satisfies (3.6)
for all ¢. To get rid of (3.6), suppose that ¢ # 0. If ¢ < 0, we set gy = g,
otherwise, we choose go € [¢/), ¢] such that (3.6) holds for every i. Next
we choose c; = max{cy, (2¢;/Pve/™)=™}. Then

lgA —p+1| <

c3 A™/7 |B(a,t)] _ s " Pug " (r/2)™ -
@-om = G/
by (2.4). It follows from (3.7) that

/90
sup u? = ( sup u"°>
B(z,t) B(z,t)

c3 A™/? |B(z, ¢t 9/a0
68 S<3 - _rt)(m )|) [ e
B(z,t")

3 A™M? |B(a, 1)
- (t' —t)m* B(z,t')
This holds for every ¢ # 0 and r/2 <t < t' < 3r/4. Next we write
B(s)=B(z,r/2+sr/4) for 0 < s < 1. Since A=¢; |B(z,3r /4)[P/"7P/™,

we can write (3.8) as

mA/n
supu? < ¢ (M) (s' — s)_""\][ u?dm
B(s'

B(s) rm

q/q0

uldm.

V\’ 3 4 mA/n
<c (——I-LZD—/)) (s' — s)_m’\][ uldm.
B(s')

To



ROUGH ISOMETRIES AND p-HARMONIC FUNCTIONS 155

Here we used volume estimates (2.2) and (2.3) to obtain first | B(z,3r/4)|
< Vi(3r/4) and then Vi (3r/4)r—™ < Vi (3ro/4)ry *. We have proved

that
1/9
sup u < (c(s' — s)’"*)-l/q ][ u? dm ,
B(s) B(s')

-1/q
inf u > (c(s' — s)'"’\)l/q ][ u~?dm
B(s) B(s')

for all ¢ > 0 and 0 < s < s’ < 1, where ¢ = ¢(n,p, 3/a, K,rq). By the
refined version of the John-Nirenberg Theorem [BG],

and

sup u < exp(cg(u inf wu,
B(z,r/2) ( ( )) B(z,r/2)
where

g(u) = sup inf llogu — a| dm

0<s<1 2€RJ p(s)
and ¢ = ¢(n,p,B/a,K,rg). To estimate g(u), we first use the local

Poincaré inequality (2.10) and Holder’s inequality

1
g(u) < ————— inf logu — a| dm
) < B2 a2 Jaeangay 8

< rexp(ca(l+ Kr))
- |B(z,7/2)| B(z,3r/4)

[Viogu| dm

rexp(ca(1+ K7)) |B(z,3r/4)|'~1/?
a |B(z,7/2)]|

1/p
. / |V log ulP dm :
B(z,3r/4)

Furthermore, [HK, 2.24] implies that

(3.9) / [Viegul|f dm < c(p,ﬂ/a)/ [ValP dm
B(z,3r/4) B(z,r)
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for every n € C§°(B(z,r)) such that n = 1 in B(z,3r/4). We obtain an
upper bound c¢r~? |B(z,r)| for the right hand side of (3.9) by choosing
n such that |Vn| < 8/r. Putting together these estimates yields

|B($,37‘/4)l( IB(x,r)l )I/P
|B(z,7/2)| \|B(z,3r/4)|

g(u) < cexp(cn(l + I\'.'r))

r (r 1/p
< cexp(ca(1 4 Kro)) Vi(3r/4) ( Vi(r) )

V[((T‘/z) VK(37‘/4)

Finally, we apply (2.2) and (2.3) to volumes of n-balls in R™ to deduce
first that cr™ < Vg (r/2) (< Vi(3r/4)), with ¢ = ¢(n), and then that

Vi (3r/4) < Vi (3r/4) < Vi (3ro/4)
V(r/2) = e~  erp

Similarly,
Vi(r) o Vi(ro)
Vk(3r/4) = ecry

Hence g(u) has an upper bound which depends only on n,p,8/a, K,

and r9. The theorem is proved.
As a consequence of the local Harnack inequality we obtain the

following result.

Theorem 3.10. Suppose that M™ is a complete Riemannian n-mani-
fold with bounded geometry and that A € A,(M™). Let

2
ro = min{1, 3 injM™} .

Then there exzists a positive constant ¢4 = c4(n,p, B/a, K,1¢) such that

u(z)
u(y)

whenever u is A-harmonic in M™, with infpr» u = 0 and supym u = 1.

1:38}40,

(3.11) d(z,y) > c4 7o max {llog I, I log

PROOF. Let z and y be two points in M™. We may assume that
u(z) > u(y). Suppose first that d(z,y) > ro. Let v be a minimal
geodesic from z to y, and let ¢ > 2 be an integer such that (¢ —
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1)ro/2 < d(z,y) < £€ro/2. Then there are points zg = z,1,...,Z¢ =y
on v such that d(z;,z;y1) < ro/2 for all ¢+ = 0,1,...,£ — 1. Hence
B(zi,ro/2) N B(zit1,70/2) # @ for all : = 0,1,...,£ — 1. The local
Harnack inequality (3.4) implies that

u(z) < sup u<c

o inf
B(zo,7m0/2) B(zo,m0/2)

<c sup u<c: inf
B(z1,m0/2) 0 B(z1,r0/2)

<ct sup u<ct'! inf  u < cElu(y).
B(z¢,70/2) B(z¢,70/2)

Hence £ + 1 > (log cg) ™! log(u(z)/u(y)), and so

d(z,y) > cqmo logz(_z) —To,

(v)

with ¢4 = (2logcg)™?. If d(z,y) < ro, there exists a point z € M™"
such that z,y € B(z,7¢/2). Then u(z) < cou(y) by (3.4), and so
carolog(u(z)/u(y)) — ro < —ro/2. The theorem follows by applying
the same reasoning to the function 1 — u.

4. A criterion for the Liouville D, -property.

Manifolds which admit non-constant harmonic functions with
bounded Dirichlet integral can be characterized by means of 2-capaci-
ties; see [G]. The purpose of this section is to generalize this criterion
to the non-linear case (Theorem 4.6). It should be noted that M™ need
not be of bounded geometry in this section.

A condenser is a triple (F1, F3;G), where Fy and F;, are disjoint,
non-empty, and closed sets in G. Its p-capacity is the number

capy (Fy, Fyi @) = inf [ [Vul dm,

where the infimum is taken over all functions u € L;(G) which are
continuous in GU F} U F, with u =0 in F; and v = 1 in F;. Such a
function is called admissible for (Fy, F3;G). If the class of admissible
functions is empty, we set cap,(F1, F2;G) = +oo.
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Let {B;}{2; be an exhaustion of M™ such that B; € B;4 for every
1. We say that a set A C M™ is unbounded if A has common points
with M™ \ B; for every i. For an open set 2 C M™ and a compact set
F C Q, we define

cap,(F, 00; Q) = ,lirgo cap,(F, Q\ B;Q).

Note that the limit exists and is independent of the exhaustion since
the assumption B; € B;4; implies that

capp(F, Q \ Bi;Q) 2 Ca'pp(Fa Q \ Biti; Q) .

Definition 4.1. An unbounded open set & C M™ s called p-hyperbolic
if there exzists a compact set F' C §) such that cap,(F, o0;{2) > 0.

We remark that any open set ' is p-hyperbolic if there exists a
p-hyperbolic subset 2 C Q'. We also observe that cap,(F, Q\ D;Q) >
cap,(F, 00; ) > 0 for each open D € M™ if 2 is p-hyperbolic and F' is
as in the definition.

Definition 4.2. An unbounded open set @ C M™, with O # O, i3
called D,-massive if there ezists a p-harmonic function u in Q which
i8 continuous in §), with u = 0 in 0R2, supgu =1, and

/ [VulP dm < +o0.
Q

It is clear from the definition that the sets {z : u(z) < a} and
{z : u(z) > b}, and even all components of these sets, are D,-massive
if u is a non-constant bounded p -harmonic function in M", with |Vu| €
LP(M™), and infu < a < b < supu.

Next we explain the connection between D,-massive and p-hyper-
bolic sets.

Lemma 4.3. Every D,-massive set is also p-hyperbolic.

PROOF. Let §2 be D,-massive, and let u be as in Definition 4.2. Suppose
that {B;}$2, is an exhaustion of M™ such that B; € Biy;, and that
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capp(F,Q \ B2;Q) > 0, where F = B; N 90 # @. Next we choose
admissible functions w; € Wp1 (2N B;), i > 2, for condensers (F,Q\
B;; Q) such that 0 < w; <1,

(4.4) / [Vw;|? dm < cap,(F,Q\ B;; Q) + l ,
QNB; t

and that w; = 1 in all those components of 2N B; whose closures do not
intersect F. We choose these functions in the following way. Suppose
that ws is chosen. Let v2 be the unique p-harmonic function in N B,
such that v, —wy € W (2N B;). We set vz =1in Q\ By. Then

/ |Vv,|P dm S/ [Vws [P dm
QNB; QNB;

and v, > u in Q. Next we choose w3. Then the set A = {z € Q :
wz(z) > vao(z)} is a subset of QN B,. If A # &,

/]V'Uzlp de/ |Vws|P dm,
A A

since vy is p-harmonic in A. We redefine ws by setting w3 = vp in A.
Clearly (4.4) still holds. By continuing similarly, we get a decreasing
sequence of functions {v;} such that v; is p-harmonic in QN B;, v; > u,
and that
|Vv;|P dm < / |Vw; [P dm .
QNB; QNB;

To finish the proof, suppose that (2 is not p-hyperbolic. Then cap,(F, Q\
B;;Q) — 0, and so [o 5 [Vvil? dm — 0. Since v; > u and supg u = 1,
the only possibility is that v; — 1. This is a contradiction since {v;} is
decreasing. Hence 2 is p-hyperbolic.

Note that the assumption [, |[Vu|P dm < +o0o was not needed in
the proof. The converse of Lemma 4.3 is not true, that is, there are
p-hyperbolic sets which are not D,-massive. Indeed, let p < n and
let @ C R™ be the upper half space {z : z, > 0}. By symmetry,
cap, (B™(r)NQ,00; Q) = cap, (B™(r),00;R™) /2. Tt is well-known that
cap, (B"(r),oo;R") = cr™ P > 0. Hence Q is p-hyperbolic. On the
other hand, § can not be D,-massive. Otherwise, the lower half space
would be D,-massive by symmetry. But this implies that R™ does not
have the Liouville D,-property (see the end of the proof of Theorem 4.6)
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which leads to a contradiction with [H1, 5.9, 5.11]. The exact relation
between D,-massive and p-hyperbolic sets is given by Theorem 4.5. It
says that D,-massive sets are, in general, “broader” than p-hyperbolic
sets. Indeed, a D,-massive set (! must contain a p-hyperbolic set (2,
such that cap,(9Q,08:;Q) < +oo. This is the meaning of Theorem
4.5, although we have formulated it in a slightly different way to avoid
difficulties with boundary regularity.

Theorem 4.5. An unbounded open set @ C M™, with O # O, 1is
D,-massive if and only if there ezists a p-hyperbolic 1 C Q and a
continuous function v in @ which is p -harmonic in Q\ Q;, with v =0

in 0Q, v=11inQy, and [, |Vv| dm < +oo.

PROOF. The idea of the proof comes from [G]. Suppose first that Q is
D,-massive. Let u be as in Definition 4.2, and let 0 < ¢ < 1. Then
the set {r € Q : wu(z) > €} is D,-massive, and hence p-hyperbolic.
Furthermore, the function v = min{u, e} /¢ satisfies the assumptions of
the claim.

To prove the converse, let {B;}2; be an exhaustion of M", with
B; @ Bjy;. For 1 > 2, we write

Q,'=QI\B,', G1=Q\Ql, G,'=Q\Q,', and G?=G,‘0Bk.

Let u¥ be the unique p-harmonic function in G¥ with boundary values
uf —v e W} (GF). We set uf =vin Q\GF. Now 0 < uf < v and
uf; < u¥in Q. Since the sequence {u¥}32, is uniformly bounded, it
is equicontinuous in G; by the Holder-continuity estimate [T, Theorem
2.2]. By Ascoli’s theorem, there exists a subsequence, still denoted by
{uf}%2,, which converges locally uniformly in G; to a function u;. We
set u; = v in ©\ G;. Then u; is p-harmonic in G; and the sequence
{u;i}$2, is decreasing. By Harnack’s principle [HK, 3.3], the limit func-
tion u = lim; oo u; is p-harmonic in Q. If we set u = 0 in 92, then u
is continuous in 2 since 0 < u < v and v € C(Q), with v = 0 in 9.
Next we shall show that u (multiplied by a suitable constant) satis-
fies the conditions in the definition of D,-massiveness. First we observe

that
/ |Vul|” dm =/ |Vut P dm+/ [Vol? dm
Q G* Q\G*

S/ |Vol? dm+/ |Vo|P dm
Gt Q\G*
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=/ |VolP dm < +oo.
Q

Passing to a subsequence we conclude that there exists a vector field
X € LP(Q) such that Vuf — X weakly in LP(Q2) as k — oco. But the
convergence of uf implies that X = Vu;. Now u; —v € L} 4(£) since
uf —v € L} (). This in turn implies that

/qu,-l” dm:/ [V, |P a'm+/ [Vv|P dm
Q G; Q;

g/ Vol? dm+/ Vol dm
G; Q;

=/|Vvlp dm < +00.
Q

By repeating the above reasoning, we get that [, |[Vu|? dm < +o0 and
u—v € L} o(R). It follows from Maz’ya’s lemma [M, Lemma 2], which
obviously holds in our situation, that

IVu; P72 Vu; — |Vul "% Vu

weakly in LP/(®=1(Q). It remains to show that u # 0. Since Q; is p-
hyperbolic, there exists a compact set F C Q; such that cap,(F, 00; (1)
> 0. Let U € M™ be a sufficiently large connected neighborhood of F'
so that U\ Q is non-empty. We write Q) = Q; UU and F; = U\ Q. Now
Q] is also p-hyperbolic, and cap,(Fy,00;;) > 0 since F; and F lie in
a same component of Q. For each i, u; is admissible for the condenser
(092, 09; G;). Using this fact and well-known properties of capacities
we get that

L Vusl? dm > cap (09, 0; Gy)

= capp(Mn \‘Q’Qi;Mn)
2 Ca'pp(FhQ’I \BHQ'I)
Z Ca‘pp(Flsoo;Qll) >0

if 2 is large enough. Furthermore,

/[Vu,»|p dm=/<|Vu,-|"’—2 Vu;, Vv) dm
Q Q

-—>/<|Vu|p_2 Vu, Vo) dm,
Q
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and so Vu can not vanish identically in Q2. We conclude that u is
non-constant. Multiplying u by a suitable constant, if necessary, we
get a function which satisfies all the conditions in the definition of D,-
massiveness. The theorem is proved.

_An open set G € M" is called regular if, for all functions h €
C(G)n WPI(G),
lim u(z) = h(y)
I—’y

holds at every boundary point y € OG whenever u is the unique p-
harmonic function in G with u — h € W, 4(G). We refer to [M], [KM],
and [LM] for the results concerning the boundary regularity. For ex-
ample, all domains @ @ M™ with C'-boundaries are regular for all

p.

Theorem 4.6. A Riemannian n-manifold M™ admits a non-constant
p -harmonic function u, with [y, |[Vul? dm < +oo, if and only if there
ezist two p-hyperbolic sets Ry, Qa C M™ such that cap,({21,2; M™) <
+o0.

PRrROOF. If M™ does not have the Liouville D,-property, there exists a
non-constant bounded p -harmonic function u in M™, with f, . [Vu[Pdm
< +oo. Let inffu < a < b < supu. Then the sets Q; = {z : u(z) <
a} and Q2 = {z : wu(x) > b} are D,-massive, hence p-hyperbolic.
Moreover,

L 1
-M™ - P
cap, (1, Q2 M™) < Ty /M |VulP dm < +o0,

since the function

v =1nax{0,min{z:s,l}}

is admissible for the condenser (Q;,Qq; M™).

Suppose then that §2; and Q, are p-hyperbolic, with capp(Ql,
Q9; M™) < 4+00. Then there exists an admissible function w for the
condenser (Q;,Q,; M™). By taking slightly larger open sets Q) and
Q) with smooth boundaries and containing Q; and Q,, respectively,
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