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o
�� ����

A remark on gradients

of harmonic functions

Wensheng Wang

Abstract� In any C��s domain� there is nonzero harmonic function C�

continuous up to the boundary such that the function and its gradient
on the boundary vanish on a set of positive measure�

�� Introduction�

In this note� we will extend Bourgain and Wol��s result in ��� into
the general C��s domain of Rd �

Theorem� If D is a C��s domain in R
d with s � 	 and d � 
� then

there is a harmonic function u � D � R which is C� up to the boundary

and such that

jfQ � �D � u�Q � 	� ru�Q � 	gj � 	 �

The idea for the proof of this theorem follows from the argument
in ���� We also need to use Aleksandrov�Kargaev function �see ���
as our basic constructing factor� Since there is no reason to apply
directly Alexandrov�s result to the arbitrary domain� we have to work
on the �almost �at� domain �rst and then get our �nal result by Kelvin
transformation�

���
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Notation� Let A and M be positive large numbers� Let �M be a
collection of C��s domains in Rd which are of the form

� � fX � �x� xd � R
d � xd � ��x� x � Rd��g

such that � is some C��s function on Rd�� satisfying ��	 � 	� r��	 �
	 and

kr�k� � kr�kCs � e�M and r���x � 	

when jXj � ��
When X � �x� xd � ��� we denote by NX the normal vector of ��

at X� and nx the normal vector of Rd�� at �x� 	� By the assumption
of �� we know that jNX � nxj � e�M for any X � �x� xd � ��� We
use notation rTu to denote the tangent gradient of u on ��� Finally�
we usual use B to denote the ball in Rd and Q to denote the cube on
R
d�� � If Q is the cube on Rd�� � then �Q denotes its image on �� by

�� C always denotes an absolute constant�

�� Several lemmas�

Lemma �� Suppose � is a C��s function on R
d�� and � � fX �

�x� xd � R
d � xd � ��x� x � Rd��g is a C��s domain� Let G�X�Y  be

the Green�s function of �� Then for any X� Y � ��� we have

��
��� d

dNX

d

dNY
G�X�Y 

��� � C

jX � Y jd
�

Proof� When � is a bounded domain� the result is known �see ����
��� but we do not �nd a good reference for the proof� When � is
unbounded� it is not true in general� So we would like to give a proof
for such special case and one will see the proof still works for bounded
domains with a tiny correction�

Claim� Let X � �� and R � 	� If u is a harmonic function in

� � B�X�R� juj � � on � � �B�X�R and u � 	 on �� � B�X�R�
then jru�Zj � C�R for all Z � � � B�X�R�� �
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Proof of Claim� We may assume that X � 	� Let D � � �B�	� R
and D� � �c � B�	� R� Consider a map � � D� � D de�ned by
��z� zd � �z� ���z� zd� Then the function u � � solves

divA�r�u � � � 	 in D� �

where

A� � ������������ �

�
I � �r��

�r� � � � jr�j�

�

is an elliptic matrix �see e�g� �
�� Let � � u in D� � � �u �� in D� �
Then with A � I in D and A� in D� � � solves divAr� � 	 in B�	� R
in the weak sense� because the function � is an odd �re�ection� of u�
By the assumptions for the functions u and �� we know j�j � � and
kAkCs � C e�M� � If we de�ne functions v�Y  � ��RY  and B�Y  �
minfR�s� �gA�RY  in B��� then v solves divBrv � 	 in B�� and B
has uniform Cs bound� So by ��� Lemma 
���� we have jrv�Y j � C�
Hence� jr��Zj � C�R� This proves the claim�

Now let us �x X�Y � � and let R � jX � Y j� If we apply the
claim to the function Rd��G�Z�� Z� for Z� � B�Y�R��		 with Z� �
B�X�R��		 �xed� then we have jrZ�G�Z�� Z�j � C�Rd�� for all
Z� � B�X�R��		 and Z� � B�Y�R��		� Similarly� if we apply the
claim to the function Rd��rZ�G�Z�� Z� for Z� � B�X�R��		 with
Z� � B�Y�R��		 �xed� then we get jrZ� rZ�G�Z�� Z�j � C�Rd for
all Z� � B�X�R��		 and Z� � B�Y�R��		� Finally let Z� go to X
and let Z� go to Y � to conclude�

Lemma �� Let � be as in Lemma � with 	 � ��� Suppose u is a

harmonic function in � which is C��s up to the boundary� Assume the

restriction function of u onto �� is supported in �� � B�	� �� Then

for all X � �� with jXj � � �

��
��� d

dNX
u�X

��� � C kukC��s���� �

When X � �� with jXj � �� we have

��� d

dNX
u�X

��� � C jXj�d kukC���� �
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Proof� The �rst result is a well known fact when � is either a bounded
domain or the upper half space� Here we would like to give a short proof
without using layer potential theory� Since u�Y  has compact support
on ��� for X � ��

u�X �

Z
��

d

dNY
G�X�Y u�Y  d	�Y  �

If X � �� with jXj � �� then by �� we have

��� d

dNX
u�X

��� �
���
Z
��

d�

dNXdZY
G�X�Y u�Y  d	�Y 

���
� C kukC����

Z
Y ���� jY j��

�

jX � Y jd
d	�Y 

� C jXj�d kukC���� �

This proves �
� Now let us �x X � �� with jXj � �� Choose a
function 
 � C�� �Rd  with 
�Z � � when jZj � �	 and 
�Z � 	
when jZj � �	� Let us write

u��Y  � u�Y � u�X
�Y �X� hrTu�X� Y �Xi
�Y �X �

which is supported in �� � fjY j � ��g and bounded by

krTukCs���� jY �Xj��s � when jY �Xj � � �

So we have

u�Z �

Z
��

d

dNY
G�Z� Y u��Y  d	�Y 

� u�X

Z
��

d

dNY
G�Z� Y 
�Y �X d	�Y 

�

Z
��

d

dNY
G�Z� Y  hrTu�X� Y �Xi
�Y �X d	�Y 

� u��Z � u��Z � u��Z �
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For u��

��� d

dNX
u��X

��� � ���
Z
��

d�G�X�Y 

dNXdNY
u��Y  d	�Y 

���
� C

Z
X���� jX�Y j�	

jX � Y j��s

jX � Y jd
krTukCs���� d	�Y 

� C

Z
X���� jX�Y j�	

�

jX � Y jd
kukC�����

� C kukC��s���� �

Notice that u� is a bounded harmonic function whose boundary value
is � on �� � B�	� �� So apply the claim in Lemma � to the function
u�X� u���� we have jru��Zj � C kuk� for Z � � � B�	� � so that

��� d

dNX
u��X

��� � C kukC��s���� �

Finally consider the harmonic function u��Z�hrTu�X� Z�Xi which
is bounded in � � B�	� � and whose boundary value is zero on �� �
B�	� �� So again by using the claim in Lemma �� we have

��� d

dNX
u��X

��� � C kukC����� � C kukC��s���� �

since hrTu�X� Z �Xi is linear� This proves Lemma ��

Now let a and � be two positive numbers� Let

Ea
� �X � �a

�� xd�a

jX�a� � edjd
�

We denote by nx the normal vector of Rd�� in Rd at x � Rd�� �

Lemma �� We have the following properties for Ea
� �X �

��
���riEa

� �X
��� � C a�i��min

n
��d�i���

���X
a

����d�i��o �
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for all X � � and i � 	� �� � �

��

���
Z
�Q���b�

����� � d

dN
Ea
� �X

���p � �
�
d	�X

�

Z
Q���b�

����� � d

dn
Ea
� �x

���p � �
�
dx
���

� C e�pM Md�� ad��

if � � e�M �

��

Z
�Q���b�

����� � d

dN
Ea
� �X

���p � �
�
d	�X � �

�
� �

C

M

�
ad�� �

if p � 	 is small but independent of �� M � a � Here b � aM in �� and
��� and � is an absolute small positive number�

Proof� �� follows directly from the calculation� After a change of
variable� the left hand side of �� is the integral over a subset fjxj  bg
of Rd�� of the following integrand

�j��hrEa
� �X� NXij

p�� ��� jr��xj������j��hrEa
� �x� nxij

p�� �

If we introduce a term �j�� hrEa
� �x� nxij

p��� jr��xj���� and sub�
tract it� then the integrand becomes

�j� � hrEa
� �X� NXij

p � j� � hrEa
� �x� nxij

p �� � jr��xj����

� j� � hrEa
� �x� nxij

p �� � jr��xj���� � �

� �� � jr��xj���� � �

� I � II � III �

Up to multiplying a constant� I is bounded by

jhrEa
� �X�NXi � hrEa

� �x� nxij
p

� jhrEa
� �X�rEa

� �x� nxij
p � jhrEa

� �X� NX � nxij
p

� I� � I� �

For I�� since X � �x� ��x� by ���

I� � jhrEa
� �X�rEa

� �x� nxij
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� a����
���x
a

����d����jX � xj

� a��
���x
a

����d��j��xj
� e�M

���x
a

����d �
So Z

jxj�b

jI�j dx �Md���p��� e�pMad�� �

Since jNX � nxj � C kr�k� � C e�M � again by ���

Z
jxj�b

jI�j dx � C e�pM
Z
jxj�b

���x
a

����dp dx � CMd���p��� e�pM ad�� �

By a similar method� using �� and the assumption of ��

Z
jxj�b

jIIj dx � C

Z
jxj�b

�
� �

���x
a

����d�p e�M dx

� C ad�� e�M Md���p��� �

And it is trivial to get
Z
jxj�b

jIIIj dx � C e�M
Z
jxj�b

dx � C e�M ad��Md�� �

So combining those estimates of the integrations for I � I� � I�� II and
III� we have that the left hand side of �� is bounded by

C ad�� �Md���p��� e�pM �Md���p��� e�pM �Md�� e�M 

� C ad��Md�� e�pM �

Let us now prove ��� From ��� or ���� we know that if p � 	 is
small enough then for all small ��

Z
Rd��

����� � d

dn
Ea
� �x

���p � �
�
dx � �� ad�� �

with a small absolute positive number �� From this integral� we easily
get

Z
jxj�b

����� � d

dn
Ea
� �x

���p � �
�
dx
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� �� ad�� �

Z
jxj�b

���
���� � d

dn
Ea
� �x

���p � �
��� dx

� �� ad�� � C

Z
jxj�b

���x
a

����d�� dx��

� ��� � CM�� ad��

by ��� So combine �� and ��� We have that the left hand side of ��
is less than or equal to

��� � CM�� ad�� � C e�pM Md�� ad�� �
�
� �

C

M

�
ad��

when M is large enough independently of a and � �

We state our main lemma�

Lemma �� If p � 	 and ��M � 	 are small enough� then for any

� � �M and � � 	 and any cube Q � Q�	� l on Rd�� with l  � there

exists a harmonic function FQ
� which is C� up to �� with suppFQ

� j�� 	
�B�	� �l such that

Z
�Q

���� � d

dN
FQ
� �X

���p d	�X � e��	p j�Qj ���

��rFQ
� �X

��� C min
n
��d� e��d�����M

����X
l

����d�
���X
l

����d�����o ���

if X � ��� where � � 	 is such that

e��	p � ��
�

�
e��d���M �

Proof� Let a � e�M l and Ea
� �X be as above� De�ne

Ij � fx � Rd�� � �j��l � jxj  �j��lg

and �j a cut�o� function in Rd with supp �j 	 Q�	� �j��l nQ�	� �j��l
and jri�jj � ����jli� for i � 	� �� � and for j � 	� �� � � � such thatP

j �j�X � � for jXj � �� Let � � � �
P

�j�X� Denote by FQ
�

the harmonic extension into � of �Ea
� �Xj�� and Qa

j�� the harmonic
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extension into � of �j E
a
� �Xj�� � Let Qa

� �
P

j Q
a
j�� � Then Ea

� �
F a
� �Qa

� �

An easy computation and �� of Lemma 
 imply that

��	

kQa
j��k� � C ad ��jl�d�� �

krTQ
a
j��k� � C ad ��jl�d �

krTQ
a
j��kCs � C ad ��jl�d�s �

If we let u�Y  � Qa
j����

jlY � then the restriction function of u onto ��

is supported in ���B�	� � and kukC��s � C ad ��j l�d�� by the above
estimates� So apply Lemma � to u� When X � �� with jXj � �j��l �
we get ��� d

dNX
Qa
j���X

��� � C ad ��jl�d �

When X � �� with jXj � �j��l �

��� d

dNX
Qa
j���X

��� � C ad jXj�d � C ad jXj�d���� ��jl���� �

Hence

��� d
dN

Qa
��X

���� � X
jXj��j��l

�
X

jXj��j��l

� ��� d
dN

Qa
j���X

���
� C

X
jXj��j��l

ad ��jl�d � C
X

jXj��j��l

ad ��jl����jXj�d����

� C ad jXj�d � C ad jXj�d���� l�������

� C
����X

a

����d �
���X
a

����d����� �

since a � e�M l � We notice that if jXj � � l � the process of estimates
above also give

���
��� d
dN

Qa
��X

��� � C e�M �
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Now we estimate ��� Let b � Ma �

��


Z
�Q

����� � d

dN
FQ
� �Xjp � �

�
d	�X

�

Z
�Q���b�

����� � d

dN
�Ea

� �X�Qa
��X

���p � �
�
d	�X

�

Z
�Qn�Q���b�

����� � d

dN
FQ
� �X

���p � �
�
d	�X

�

Z
�Q���b�

����� � d

dN
Ea
� �X

���p � �
�
d	�X

�

Z
�Q���b�

����� � d

dN
Qa
��X

���p � �
�
d	�X

�

Z
�Qn�Q���b�

����� � d

dN
FQ
� �X

���p � �
�
d	�X

by triangle inequality� When jxj � b� the integrand in the last integral
is bounded by C jx�aj�d��� by �� and ���� So

���

Z
�Qn�Q���b�

����� � d

dN
FQ
� �X

���p � �
�
d	�X � C ad��M����

Since p  �� by H older inequality�

Z
�Q���b�

��� d
dN

Qa
��X

���p d	
�
X
j

Z
�Q���b�

��� d
dN

Qa
j���X

���p d	

� C b���p����d���
X
j

�Z
�Q���b�

��� d
dN

Qa
j���X

���� d	�p�� �

Notice that �� is a Lipschitz graph with uniform bound� Theorem
����� of ��� shows that

Z
��

��� d
dN

Qa
j��

���� d	 � C

Z
��

���rTQ
a
j��

���� d	 �
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So by ��	�

���

Z
�Q���b�

��� d
dN

Qa
��X

���p d	
� C b���p����d���

X
j

�Z
��

���rTQ
a
j��

���� d	�p��

� C b���p����d���
X
j

�Z
�Ij

jad ��j l�dj� d	
�p��

� C adp b���p����d���
X
j

��j l�dp�p�d�����

� C ad�� �alp�d�����M ���p����d���

� C ad�� e�pM�d�����M ���p����d��� �

Now apply �� to the �rst term in the left hand side of ��
 and combine
��
� ���� and ���� The left hand side of ��
 is less than or equal to

�
�
��

C

M

�
ad���C ad��M�����C ad�� e�pM�d�����M ���p����d���

� �
�

�
ad�� � �

�

�
e�M�d��� j�Qj �

HenceZ
�Q

���� � d

dN
FQ
� �X

���p d	 � ��� �

�
e�M�d���

�
j�Qj � e��	p j�Qj �

with some � � 	�
Now we turn to prove ��� First we have

jrF a
� �Xj � jrQa

��Xj� jrEa
� �Xj

� C
����X

a

����d �
���X
a

����d�����

� C e�M�d�����
����X

l

����d � ���X
l

����d����
by �� and ���� In order to bound jrF a

� �Xj by C ��d� we notice that
when jXj  l �  l � ��� d

dN
Qa
��X

��� � C
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is bounded by ��� and of course is less than C ��d� The remaining
part follows directly from calculation and ���

Corollary �� Let p� M and � be as in Lemma �� Let � � ��M � For

any XQ � �cQ� ��cQ � �� and s� � 	� Q 	 B�cQ� s� is a cube in

R
d�� � For any function I � ��� R with supp I 	 �� such that

jI�XQ
��j kI��� I�XQk� �

�

�
� e�M�d��� �

there exists a harmonic function FQ
� in � which is C� up to �� such

that suppFQ
� 	 �B�cQ� � l�Q and

Z
�Q

���I�X � I�XQ
dFQ

�

dN
�X

���p d	�X � e��	p jI�XQj
p j�Qj ����

jrFQ
� �Xj

� Cmin
n
��d� e�M�d�����

����X�XQ

l�Q

����d�
���X�XQ

l�Q

����d�����o �
���

Proof� Under a new coordinate system such that XQ is the new origin
and the tangent space of �� at XQ is the new R

d�� � � � �M � Then
this corollary follows directly from Lemma ��

Let us �rst prove a weaker version of our theorem�

Theorem �� Let � be as in the Corollary �� Then for any small

number s� � 	� there is a harmonic function u � �� R which is C�up

to �� and such that

jfX � �� � jXj � s�� u�X � 	� ru�X � 	gj � 	 �

We will give the recursive construction� Let Q� � Q��	� s� 	
R
d�� � Let f�ng

�
� be a sequence of small numbers such that ���n �

Z which are chosen by induction later� Let fKng and f�ng be two
sequences of numbers which are decided later with Kn 
 �� and
�� 	� a will be a large universal number also decided later�
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Let n be the collection of �
��d���
n cubes of side �n in Rd�� whose

union is Q� � Let �n be a subset of n such that

���
�Z

�Vn

���dun
dN

���p d	�X
���p

� Ae�	n �

where Vn �
S
fQ � Q � �ng and un is the C��s function in � de�ned

by induction later� When n � �� let �� � s� and �� � fQ�g and u�
a harmonic function in � such that u�j�� � C��s

� ��Q���			� Suppose
we have �n and un� Let �n�� with �n����n � Z be such that �n��
small enough and decided in the following lemmas� Let �n�� 	 n��
be such that Q � �n�� satis�es

Q� � �n for all Q� � n with Q 	 Q�����

� �

j�Qj

Z
�Q

���dun
dN

���p d	�X
���p

� Kn�� e
�	n ���	

Now let us de�ne

un���X � un�X �
X

Q��n��

dun
dN

�XQF
Q
�n���X �

where FQ
�n��

is as in Corollary ��

Lemma �� For X � �� �

���
X

Q��n��
jx�cQj�


jrFQ
�n��

�Xj � C e�M�d�����
��n��

�
�
��n��

�

�����
�

if � � C �n�� �

��� jrun���X�run�Xj � C Kn�� e
�	n ��dn�� �

if �n�� small enough�

Proof� By ��� of Corollary �� the left hand side of ��� is bounded
by

X
jx�cjQ�


e�M�d�����
����X � cQ

�n��

����d �
���X � cQ
�n��

����d�����

� C e�M�d�����
��n��

�
�
��n��

�

�����
�
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if � � C �n�� � Let us prove ��� now� Since dun�dN is continuous�
after making �n�� small ��	 will imply that

���dun
dN

�XQ�
��� � �Kn�� e

�	n �

for all Q� � �n��� For X � ��� there is at most one Q � �n�� such
that for any other Q� �� Q� Q� � �n�� � jx � cQ� j � � � Then the left
hand side of ��� is bounded by

X
Q���n��
Q� 	
Q

���dun
dN

�XQ�
��� jrFQ�

�n��
�Xj�

���dun
dN

�XQ
��� jrFQ

�n��
�Xj

� �Kn�� e
�	n �C � C��dn��

� C Kn�� e
�	n ��dn�� �

where we used ��� and ��� in the �rst inequality�

The following lemma says our process in construction of un is pos�
sible� i�e� ��� is true�

Lemma 	� There exists a large universal constant A such that

� Z
�Vn��

���dun��
dN

���p d	���p � Ae�	�n��� �

Proof� As in ���� we �rst state a claim as follows� One may �nd the
proof in ����

Claim� If �n�� is small enough� then for all X � �Q� Q � �n�� �

X
Q���n��
Q� 	
Q

���dun
dN

�XQ�
��� jrFQ�

�n��
�Xj

� C e�M�d�����
���dun
dN

�X
���� e�M�d����� e��	�n��� �

We would like to point out the idea� Divide the sum into two parts�P
�n���jXQ�Xj�L�n��

and
P
jXQ�Xj�L�n��

� For the �rst term� use ���
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and notice that if �n�� is small then the numbers dun�XQ��dN are
close to dun�X�dN up to an error term� For the second term� when
n �xed� dun�XQ��dN are bounded uniformly in Q� �� Q� For the
remaining part� apply ��� again and let L be big�

Now let us take

I �
n
Q � �n�� �

���dun
dN

�XQ
��� � e��	�n���

o

and

! � �n�� n I �

Let X � �Q for some Q � �n��� Denote

J�X �
dun
dN

�X �
X

Q���n��
Q� 	
Q

dun
dN

�XQ�
d

dN
FQ�

�n��
�X �

Then
dun��
dN

�X � J�X �
dun
dN

�XQ
d

dN
FQ
�n��

�X

by the de�nition of un��� If Q � I� then after making �n�� small�

���J�X�
dun
dN

�XQ
��� � C e�M�d�����

���dun
dN

�XQ
���

�
�

�
� e�M�d���

���dun
dN

�XQ
���

by claim and by letting M large� So apply Corollary ��

��


Z
�Q

���dun��
dN

�X
���p d	�X � e��	p j�Qj

���dun
dN

�XQ
���p

� e��	p��
Z
�Q

���dun
dN

���p d	�X �

if �n�� small again� When Q � !� write

J �
dun
dN

�XQ � J� � where jJ�j � C e�M�d����� e��	�n���
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by claim� So apply Corollary � again�

���

Z
�Q

���dun��
dN

�X
���p d	�X

�
�
e��p	 e��	�n���p � C e��	�n���p

�
j�Qj

� C e��	�n���p j�Qj �

Combine ��
 and ���� By induction� we haveZ
�Vn��

���dun��
dN

���p � e��p	��
Z
�Q

Q�Vn��
I

���dun
dN

���p � C e��	�n���p
X

Q�Vn��
�

j�Qj

� Ap �e�p	�� � C A�p e��p�n���	 e�p	�n���

� Ap ep	�n��� �

if A is large and independent of n �

Proof of Theorem �� Choose Kn and �n such thatX
��dn��Kn�� e

�	n � C�  ��

and X
K�p
n�� � �d��n�� �

sd���

�			C
�

Then the ��� of Lemma � implies thatX
jrun�� �runj � C

X
Kn�� �

�d
n�� e

�	n � C C�  ��

i�e� u �
P

un is C� up to � � On the other hand� by the de�nition of
u and un�� �

jfX � �Q� � u�X �� 	gj �
X
n

jfX � �Q� � un���X �� un�Xgj

�
X
n

X
Q��n��

j��B�cQ� �n�� l�Qj

�
X
n

�
��d���
n�� ��n�� �n��

d��

� C
X

�d��n��

�
sd���

�			
�
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In order to estimate the gradient term� we notice that if a point X �
��Q� is in some �Qn�s with in�nite many n� then we know by ��	
and the continuity of du�dN that du�X�dN � 	 � So again by ��	
and ����

���nX � �Q� �
du

dN
�X �� 	

o��� �X
n

j�Vn n �Vn��j

�
X
n

X
Q��Vn��n�Vn

j�Qj

�
X
n

K�p
n�� e

�	np
X

Q��Vn��n�Vn

Z
�Q

��� un
dN

���p

�
X
n

K�p
n�� e

�p	n

Z
�Vn

���dun
dN

���p

�
X

ApK�p
n��

�
sd���

�			
�

by Lemma �� this is because whenQ � n��n�n��� there existsQ
� � �n

such that Q� � Q but

Z
�Q

���dun
dN

���p � Kp
n�� e

�p	n

by de�nition� And so

j�Qj  K�p
n�� e

�p	n

Z
�Q

���dun
dN

���p �

Finally we get

jfX � �Q� � u�X � 	� ru�X � 	gj �
�

�		
j�Q�j � 	 �

�� Proof of Theorem�

Case �� D is a bounded domain� Then we can assume �	� 	 � �D and
R
d�� is the tangent space of �D at �	� 	 and D 	 R

d
� � So we may
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construct a domain � � �� � f�x� xd � xd � ��xg where � � ��M

and D 	 � and �D � �� � �Q� for some Q� � Q��	� s� with s� � 	�
Then apply Theorem � to �� we get a harmonic function U in � which
is C� up to �� such that

jfX � �Q� � U�X � 	 � rU�X � 	gj � 	 �

Now let u � U jD� then this is the desired u �

Case �� D � R
d n B for some bounded C��s domain B� We assume

that �	� 	 � B� Let T � X � X�jXj� be the Kelvin transformation
and "B � R

d jTB � Apply the result in Case � to "B and get a harmonic
function U � Then u�X � U�TX�jXjd�� is the desired function for
our domain D�

Case 
� D is a general C��s domain� It is easy to �nd a domain B 	 �Dc

such that �B � D contains some �ball� on �D� Then by the Case ��
there is a harmonic function U in R

d n B which is C� up to �B and
jfX � �ball� � U � rU � 	gj � 	� Then this u�X � U jD is needed�

Some Remarks� �� The theorems are true for C��Dini domains� The
proof follows our argumens with minor corrections�

�� It is not hard to see that for every � there exists a harmonic
function which is C� up to the boundary and such that

j�D n fX � �D � u�X �� 	 or ru�X �� 	gj � � �


� We do not know if the theorem is true or not for Lipschitz
domains� In fact� our method does not work even for C� domains �and
even if we do not need the restriction u � 	�

�� We may also prove Lemma � by using the potential layer theory
as in ���� But again this method does not work even for C� domains�
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and advisor� Pro�esor T� Wol�� for bringing this problem to my atten�
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Uniqueness of positive

solutions of nonlinear

second order systems

Robert Dalmasso

Abstract� In this paper we discuss the uniqueness of positive solu�
tions of the nonlinear second order system �u�� � g�v�� �v�� � f�u� in
��R�R�� u��R� � v��R� � � where f and g satisfy some appropriate
conditions� Our result applies� in particular� to g�v� � v� f�u� � up�
p � 	� or f�u� � �u 
 a�u

p� 
 � � � 
 aku
pk with pj � 	� aj � � for

j � 	� � � � � k and � � � � ��� where �� � ��	�R� �

Introduction�

In this paper we discuss the uniqueness of positive solutions �u� v� �
�C���R�R�� of the nonlinear second order system with homogeneous
Dirichlet data

�	�	�

���
��
�u���t� � g�v�t�� � �R � t � R �

�v���t� � f�u�t�� � �R � t � R �

u��R� � v��R� � � �

where R � � is �xed and the functions f� g � C��R� satisfy the following
assumptions

� � g�v� � v g��v� � for v � � ��H��

� � f�u� � uf ��u� � for u � � ��H��

���
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Of course �u� v� � � means that u � � and v � � on ��R�R� �
It was proved by Troy �� that u and v are symmetric about the

origin and that u� � � and v� � � on ��� R�� It should be noted that in
our situation the proof is considerably simpler� Moreover� by the Hopf
boundary lemma ��� p� � here we also have u��R� � � and v��R� � ��
Therefore positive solutions of �	�	� can be treated as positive solutions
of

�	���

���
��
�u���t� � g�v�t�� � � � t � R �

�v���t� � f�u�t�� � � � t � R �

u�R� � v�R� � u���� � v���� � � �

The existence of positive solutions of nonlinear elliptic systems was
examined by Cl�ement� De Figueiredo and Mitidieri �	 in a bounded
convex domain of Rn when n � � and by Peletier and Van Der Vorst
�� in a ball of Rn when n � �� The question of the existence of positive
solutions of problem �	��� will be discussed in the last section of this
paper�

Our main result is the following theorem�

Theorem ���� Let f� g � C��R� satisfy �H�� and �H��� Let �u� v� �
�C���R�R�� be a positive solution of problem �	�	�� Then �u� v� is

symmetric about the origin and is unique in the class of all positive

solutions in �C���R�R�� �

As a particular case of Theorem 	�	 we can state the following
corollary concerning fourth order equations�

Corollary ���� Let f � C��R� satisfy �H��� Let u � C���R�R be a

positive solution of

�	���

�
u����t� � f�u�t�� � �R � t � R �

u��R� � u����R� � � �

Then u is symmetric about the origin and is unique in the class of

all positive solutions in C���R�R �

In our proofs we shall make an intensive use of the one dimensional
maximum principle and the related Hopf boundary lemma ��� which
we recall�
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Theorem A ���� p� ��� Suppose u � C��a� b� � C�a� b satis�es the

di�erential inequality

u�� 
 g�x�u� � � � for a � x � b �

with g a bounded function� If u � M in �a� b� and if the maximum M
of u is attained at an interior point of �a� b�� then u �M �

Theorem B ���� p� ��� Suppose u � C��a� b��C��a� b is a nonconstant
function which satis�es the di�erential inequality u�� 
 g�x�u� � � in

�a� b� and suppose g is bounded on every closed subinterval of �a� b�� If
the maximum of u occurs at x � a and g is bounded below at x � a�
then u��a� � �� If the maximum occurs at x � b and g is bounded above

at x � b� then u��b� � � �

The outline of the paper is as follows� In Section � we introduce an
initial value problem and we establish some preliminary results� Theo�
rem 	�	 will be obtained as an immediate consequence of a crucial result
that we state and prove in Section � �Theorem ��	�� Finally in Section
� we prove an existence result and we give some examples to illustrate
our theorem�

�� Preliminary results�

In order to prove our theorem we introduce the initial value prob�
lem

���	�

�����
����

�u���t� � g�v�t�� � t � � �

�v���t� � f�u�t�� � t � � �

u��� � 
 � u���� � � �

v��� � � � v���� � � �

where 
 � � and � � � are parameters� Throughout this section
the functions f� g � C��R� are only assumed to be nondecreasing on
���
	� and such that f��� � g��� � �� f�s�� g�s� � � for s � � and
lims��� g�s� � 
	 �

Below we prove some propositions which will be needed to state
and prove our crucial result� Theorem ��	� In the following proposition
we establish the local existence and uniqueness of solutions of problem
���	��
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Proposition ���� For any 
 � �� � � � there exists T � � such that

problem ���	� on ��� T  has a unique solution �u� v� � �C���� T �� �

Proof� Let 
 � � and � � � be given� Choose T � � such that

T �g��� � 
 and T �f�
� � �

and consider the set of functions

Z �
n
�u� v� � �C��� T �� �




�
� u�t� � 
 and

�

�
� v�t� � �

for all t � ��� T 
o
�

Clearly� Z is a bounded closed convex subset of the Banach space
�C��� T �� endowed with the norm k�u� v�k � maxfkuk� � kvk�g� De�
�ne

L�u� v��t� �
�

�

Z t

�

�t� s� g�v�s�� ds � � �

Z t

�

�t� s� f�u�s�� ds
�

for t � ��� T  and �u� v� � Z� It is easily veri�ed that L is a compact
operator mapping Z into itself� and so there exists �u� v� � Z such
that �u� v� � L�u� v� by the Schauder �xed point theorem� Clearly
�u� v� � �C���� T �� and �u� v� is a solution of ���	� on ��� T � Since f
and g are of class C� the uniqueness follows�

In view of Proposition ��	� for any 
� � � � problem ���	� has
a unique local solution� let ��� T���� denote the maximum interval of
existence of that solution �T��� � 
	 � possibly�� De�ne

P��� � ft � ��� T���� � u�
� �� s� v�
� �� s� � � � for all s � ��� tg

where �u�
� �� � �� v�
� �� � �� is the solution of problem ���	� in ��� T�����
Clearly P��� 
� � �

Proposition ���� For any 
� � � � we have

t��� � supP��� � T��� �
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Proof� If not� there exist 
 � � and � � � such that supP��� �
T��� � Suppose �rst that T��� � 
	 � Noting u � u�
� �� � � and
v � v�
� �� � � we have

� � u � 
 on ��� T���� �

� � v � � on ��� T���� �

Since

����� u��t� � �

Z t

�

g�v�s�� ds and v��t� � �

Z t

�

f�u�s�� ds

for t � ��� T����� we conclude that u� v� u� and v� are bounded on
��� T���� and we get a contradiction with the de�nition of T��� � Now
assume that T��� � 
	 � Since u�� � � on ���
	� we deduce that

u��t� � u��	� � � � for all t � 	

from which we get

u�t� � u�	� 
 u��	� �t� 	� � for all t � 	 �

Thus we can �nd t � 	 such that u�t� � � and we obtain a contradiction�

Proposition ���� For any 
 � � there exists a unique � � � such that

u�
� �� t���� � v�
� �� t���� � � �

Proof� We �rst prove the uniqueness� Let 
 � � be �xed� Suppose
that there exist � � � � � such that u�
� �� t���� � v�
� �� t���� �
u�
� �� t���� � v�
� �� t���� � �� In order to simplify our notations�
we denote u�
� �� t�� v�
� �� t�� u�
� �� t� and v�
� �� t� by u�t�� v�t��
w�t� and z�t�� De�ne b � minft��� � t���g� Suppose that there exists
a � ��� b such that v � z � � on ��� a� and �v � z��a� � �� Since
u���w�� � g�z��g�v� and g is nondecreasing on ���
	�� we deduce that
u���w�� � � on ��� a� Using the fact that �u�w���� � �u�w����� � ��
Theorems A and B imply that u � w � � on ��� a� Thus v�� � z�� �
f�w�� f�u� � � on ��� a since f is nondecreasing on ���
	�� We have
�v� z���� � �� �v� z����� � � and �v� z��a� � �� Therefore Theorems
A and B give a contradiction� Thus v � z � � on ��� b� As before we
show that u� w � � on ��� b� Since we have

�v � z��b� �

���
��

v�t���� � � � if t��� � t��� �

� � if t��� � t��� �

�z�t���� � � � if t��� � t��� �
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necessarily b � t��� � t��� � Now �u � w��b� � u�t���� � � and we get
a contradiction� The case � � � � � can be handled in the same way�

Now we prove the existence� Suppose that there exists 
 � � such
that for any � � � u�
� �� t���� � � or v�
� �� t���� � �� Since 
 is �xed
we shall write u� � v� � t� and T� instead of u�
� �� � �� v�
� �� � �� t���
and T��� � De�ne the following two sets

B � f� � � � u��t�� � � and v��t�� � �g �

C � f� � � � u��t�� � � and v��t�� � �g �

Then we have

����� ���
	� � B � C �

The proof of the proposition is completed by using the next lemma
which contradicts ������

Lemma ���� B � C � � �

The proof follows readily from ����� and the next two lemmas�

Lemma ����

i� Suppose B 
� �� Then there exists m � � such that m � inf B �

ii� Suppose C 
� �� Then there existsM � � such thatM � supC �

Lemma ���� B and C are open�

Proof of Lemma ���� We have

����� u��t� � 
�

Z t

�

�t� s� g�v��s�� ds � � � t � T� �

and

����� v��t� � � �

Z t

�

�t� s� f�u��s�� ds � � � t � T� �

i� Let � � B� ����� and ����� imply

����� t� �
� �


g���

	���
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and from ����� we get

����� � �

Z t�

�

�t� � s� f�u��s�� ds �

Suppose that inf B � � and let ��j� be a sequence in B decreasing to
zero� Then t�j � 
	 by ������ From ����� we deduce that

����� �j �

Z �

�

�t�j � s� f�u�j �s�� ds

for j large� Using ����� and ����� we have

����� u�j �t� � 
�
g��j�

�
�




�

for t � ��� 	 and j large� From ����� and ����� we get

�j � c

for j large where c � � is independent of j� This gives a contradiction�
ii� Suppose that supC � 
	 and let ��j� be a sequence in C

increasing to 
	� By virtue of ����� we have

���	�� � � u�j �t� � 
 � for t � ��� t�j  �

����� and ���	�� imply that t�j � 
	 as j � 
	� Then we can assume
that t�j � 	 for all j and that

���		� f�
� � �j � for all j �

������ ������ ���	�� and ���		� imply

�j
�
� v�j �t� � �j � for t � ��� 	 �

and using ����� we deduce that u�j �	� � 
 � g��j	��	�� But then
u�j �	� � � for j large contradicting ���	���

The proof of Lemma ��� depends on the following two lemmas�
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Lemma ����

i� Suppose that B 
� �� Then for any � � B we have u�� � � on

��� t� and v�� � � on ��� t�� If in addition T� � 
	� then for any

� � 
 �respectively�  � �� there exists t � �t�� T�� �respectively� s �
�t�� T��� such that ju��t�j � � and ju��r�j � � for r � ��� t �respectively�
jv��s�j �  and jv��r�j �  for r � ��� s� �

ii� Suppose that C 
� �� Then for any � � C we have u�� � �
on ��� t� and v�� � � on ��� t�� If in addition T� � 
	� then for any

� � 
 �respectively�  � �� there exists t � �t�� T�� �respectively� s �
�t�� T��� such that ju��t�j � � and ju��r�j � � for r � ��� t �respectively�
jv��s�j �  and jv��r�j �  for r � ��� s� �

Lemma ���� Suppose that B 
� � and C 
� �� Then for any � � �
there exists � � � such that minfT�� T�g � maxft� � t�g for any � �
�� � �� � 
 ���

Proof of Lemma ���� The �rst part of i� is clear� Now assume that
T� � 
	� If u� �respectively� v�� is bounded on ��� T��� then �����
�respectively� ������ and ����� imply that v� �respectively� u��� u

�
� and

v�� are also bounded on ��� T�� contradicting the de�nition of T� � Thus
u� and v� can not be bounded on ��� T�� and the last part of i� follows
easily� ii� can be proved similarly�

Proof of Lemma ���� Let � be a �xed positive number� ����� implies
that � � B � C� Let � � �� In the same way � � B � C� From ������
����� using Gronwall�s inequality we obtain

���	��

max


ju��t��u��t�j � jv��t�� v��t�j

�
� j� � �j

�
	 


Z t

�

h�s� exp
�Z t

s

r h�r� dr
	
ds



for t � ���minfT� � T�g�� where the function h is given by

���	��

h�t� � max
n

sup
�����

jf ��� u��t� 
 �	� ��u��t��j �

sup
�����

jg��� v��t� 
 �	� �� v��t��j
o

for t � ���minfT� � T�g�� Suppose that maxft�� t�g � minfT� � T�g�
Then� by Proposition ���� minfT�� T�g � 
	� If minfT�� T�g � T� �
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then necessarily maxft�� t�g � t� � By Lemma ��� there exists t �
�t�� T�� such that ju��t�j � �
 and ju��s�j � �
 for s � ��� t� Since
� � u��s� � 
 and � � v��s� � � for s � ��� t by Lemma ���� ���	��
and ���	�� imply

���	�� 
 � ju��t�� u��t�j � c j� � �j

where c � � depends on 
� �� � and t � �t�� T��� clearly c is bounded
with respect to � when � is in a bounded set� If minfT�� T�g � T� �
then necessarily maxft� � t�g � t� and the proof is the same but now
t � �t� � T�� � Since in this case T� � t� we can choose in ���	�� the
same c as before� The lemma follows�

Proof of Lemma ���� 	� Suppose that B is not open� ����� implies
that there exists � � B and a sequence f�jg in C such that �j � � and
t�j � T � ���
	� By Lemma ��� we can assume that minfT� � T�jg �
maxft� � t�jg for all j and so T � T� � We �rst show that T � 
	�
If not� we can assume that t�j � t� for all j by Proposition ���� Let
t � ��� t�� Using Lemma ��� we get

Z t

�

�t� s� g�v�j�s�� ds �
g��j� t

�

�
�

Choose t � ��� t� such that g��j� t
�	� � 
	� for all j� Then using again

Lemma ��� and the fact that

u�j �t� � 
�

Z t

�

�t� s� g�v�j �s�� ds

we obtain u�j �s� � 
	� for s � ��� t and for all j� Since

�j �

Z t�j

�

�t�j � s� f�u�j �s�� ds

�

Z t

�

�t�j � s� f�u�j�s�� ds

� f
�

�

�
t
�
t�j �

t

�

	
for all j we reach a contradiction� Now suppose that T � T� � Then
from ���	��� ���	�� and Lemma ��� we get

���	�� jv��t�j �� v�j �t�j �j � c j�j � �j � for all j �
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where c is a positive constant independent of j� Since v�j �t�j � � � for
all j� ���	�� implies that v��T � � �� Therefore T � t� � We can assume
that t�j � �T 
 t��	� for all j� Let t � �t�� T �� Again we can assume
that t�j � t for all j� By Lemma ��� we have for all j

� � u�j �s� � 
 � for s � ��� t �

and
� � v�j �s� � �j � for s � ��� t �

Then ���	�� and ���	�� give for s � ��� t

���	�� ju��s�� u�j �s�j � c j�j � �j � for all j �

where c is a positive constant independent of j� Let s � t� in ���	��� we
get

u�j �t��� � when j � 
	 �

Since u�j �t� � u�j �t�� we obtain

���	�� u�j �t�� � when j � 
	 �

From ���	�� with s � t and ���	�� we deduce that u��t� � �� Since
t � �t�� T � is arbitrary we obtain a contradiction by using Lemma ����
Thus T � T� � Then necessarily T� � 
	� By Lemma ��� we can �nd
s � �t� � T�� such that jv��s�j � � � and jv��r�j � � � for r � ��� s� We
can assume that t�j � s and �	� � �j � ��	� for all j� Then from
���	��� ���	�� and Lemma ��� we obtain

�

�
� jv��s�� v�j �s�j � c j�j � �j � for all j �

where c is a positive constant independent of j� Clearly this is impossi�
ble�

�� Suppose that C is not open� ����� implies that there exists � � C
and a sequence ��j� in B such that �j � � and t�j � T � ���
	� By
Lemma ��� we can assume that minfT� � T�jg � maxft� � t�jg for all j
and so T � T� � As in 	� we can show that T � 
	� Now suppose that
T � T� � Then from ���	��� ���	�� and Lemma ��� we get

���	�� ju��t�j �� u�j �t�j �j � c j�j � �j � for all j �
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where c is a positive constant independent of j� Since u�j �t�j � � � for
all j� ���	�� implies that u��T � � �� Therefore T � t� � We can assume
that t�j � �T 
 t��	� for all j� Let t � �t�� T �� Again we can assume
that t�j � t for all j� By Lemma ��� we have for all j

� � u�j �s� � 
 � for s � ��� t �

and
� � v�j �s� � �j � for s � ��� t �

Then ���	�� and ���	�� give for s � ��� t

���	�� jv��s�� v�j �s�j � c j�j � �j � for all j �

where c is a positive constant independent of j� Let s � t� in ���	��� we
get

v�j �t��� � when j � 
	 �

Since v�j �t� � v�j �t�� we obtain

������ v�j �t�� � when j � 
	 �

From ���	�� with s � t and ������ we deduce that v��t� � �� Since
t � �t�� T � is arbitrary we obtain a contradiction by using Lemma ����
Thus T � T� � Then necessarily T� � 
	� By Lemma ��� we can �nd
t � �t�� T�� such that ju��t�j � �
 and ju��r�j � �
 for r � ��� t� We
can assume that t�j � t for all j� Then from ���	��� ���	�� and Lemma
��� we obtain


 � ju��t�� u�j �t�j � c j�j � �j � for all j �

where c is a positive constant independent of j� Clearly this is impossi�
ble� The proof of the lemma is complete�

Now we introduce

F �t� �

Z t

�

f�s� ds and G�t� �

Z t

�

g�s� ds �

The following lemma will be needed in the next section�

Lemma ���� For any 
 � �� � � � we have

����	� u��
� �� t� v��
� �� t�
F �u�
� �� t��
G�v�
� �� t�� � F �
�
G���

for t � ��� T���� �

The proof is obvious�
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�� Proof of Theorem ����

We keep the notations introduced in Section �� Clearly Theorem
	�	 is an immediate consequence of the following result�

Theorem ���� Let f� g � C��R� satisfy �H�� and �H��� Then for

any 
 � � there exists a unique ���
�� t�
�� � ���
	�  ���
	�
such that u�
� ��
�� t�
�� � v�
� ��
�� t�
�� � � and u�
� ��
�� t� � ��
v�
� ��
�� t� � � for t � ��� t�
��� Moreover ��
� is a strictly increasing

function of 
 and t�
� is a strictly decreasing function of 
 �

Proof� Let 
 � � be �xed� Since f and g verify the hypotheses used
in Section � the existence and uniqueness of ���
�� t�
�� satisfying the
conditions of the theorem are given by Proposition ���� Unfortunately
the proof of the last part of the theorem is rather long� For 
 � ��
� � � de�ne

��
� �� t� �
�u

�

�
� �� t� � ��
� �� t� �

�v

�

�
� �� t� �

and

��
� �� t� �
�u

��
�
� �� t� � ��
� �� t� �

�v

��
�
� �� t� �

for t � ��� T����� Then �� �� � and � satisfy the linearized equations

���	�

���
��
�����t� � g��v�t����t� � � � t � T��� �

�����t� � f ��u�t����t� � � � t � T��� �

���� � 	 � ���� � ����� � ����� � � �

and

�����

���
��
�����t� � g��v�t����t� � � � t � T��� �

�����t� � f ��u�t�� ��t� � � � t � T��� �

���� � 	 � ���� � ����� � ����� � � �

We �rst prove the following lemma�

Lemma ���� We have �� � � �respectively� �� � �� on ��� t��� and
�� � � �respectively� �� � �� on ��� t��� �
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Proof� We have ������ � �f ��
� � � �respectively� ������ � �g���� �
��� Then � � � �respectively� � � �� in ��� � for some � � �� Since the
proof is the same in both cases we only prove that �� � � and �� � �
on ��� t���� By what we have just seen we can de�ne

t� � supft � ��� t��� � �� � � on ��� tg �

Since

���t� � �

Z t

�

g��v�s����s� ds

and

���t� � �

Z t

�

f ��u�s����s� ds

we deduce that �� � � and �� � � on ��� t�� Therefore ��t����t�� � �
and necessarily t� � t��� �

Now let D � f�
� �� t� � 
 � �� � � �� and t � ��� T����g� It is
well�known that D is open in ���
	� ���
	� ���
	�� Consider
the map H � D �� R

� de�ned by

H�
� �� t� � �u�
� �� t�� v�
� �� t�� �

Then H � C��D�R�� and

����� H�
� ��
�� t�
�� � � � for 
 � � �

Since by Theorems A and B we have

����� u��
� ��
�� t� � � and v��
� ��
�� t� � �

for t � ��� t�
�� using Lemma ��	 we get

detD���t�H�
� ��
�� t�
�� � �� v� � �u���
� ��
�� t�
�� � � �

Therefore by the implicit function theorem 
 � ���
�� t�
�� is a C�

map for 
 � �� Di�erentiating ����� with respect to 
 we get

�����
��
� ��
�� t�
�� 
 ��
� ��
�� t�
�� ���
�


 u��
� ��
�� t�
�� t��
� � �

and

�����
��
� ��
�� t�
�� 
 ��
� ��
�� t�
�� ���
�


 v��
� ��
�� t�
�� t��
� � �
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for 
 � �� Since

���
� � �detD���t�H�
� ��
�� t�
������� u� � � v���
� ��
�� t�
��

we deduce from ����� and Lemma ��	 that ���
� � �� De�ne

X�
� t� � ��
� ��
�� t� 
 ��
� ��
�� t� ���
�

and
Y �
� t� � ��
� ��
�� t� 
 ��
� ��
�� t� ���
� �

The proof of the theorem is completed by using ������ ����� and the
next lemma�

Lemma ���� There exists t� � ��� t�
�� �respectively� s� � ��� t�
���
such that X�
� t� � � for t � ��� t�� �respectively� Y �
� t� � � for t �
��� s��� and X�
� t� � � for t � �t�� t�
� �respectively� Y �
� t� � � for

t � �s�� t�
���

Proof� In order to simplify our notations� we denote X�
� t�� Y �
� t��
u�
� ��
�� t� and v�
� ��
�� t� by X�t�� Y �t�� u�t� and v�t�� We have

�����

���
��
�X ���t� � g��v�t��Y �t� � � � t � T������ �

�Y ���t� � f ��u�t��X�t� � � � t � T������ �

X��� � 	 � X ���� � � � Y ��� � ���
� � � � Y ���� � � �

Lemma ���� X � � on ��� t�
� if and only if Y � � on ��� t�
� �

Proof� Suppose that X � � on ��� t�
�� From ������ ����� and �����
we get Y �t�
�� � �� Then Theorem A implies that Y � � on ��� t�
��
The converse can be proved in the same way�

Now suppose that X � � on ��� t�
�� By Lemma ��� we also have
Y � � on ��� t�
�� Then using �H��� �H�� and ����� we obtain

� �

Z t���

�

�f ��u�u� f�u��X �

Z t���

�

v��X � Y �� u

� �v�X��t�
�� 
 �u�Y ��t�
�� 


Z t���

�

v X �� � u�� Y

� �v�X��t�
�� 
 �u�Y ��t�
�� 


Z t���

�

�g�v�� g��v� v�Y � �
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and we reach a contradiction� In the same way Y can not remain
nonnegative on ��� t�
�� Thus we can de�ne t� �respectively� s�� to be
the �rst zero of X �respectively� Y � on ��� t�
��� Moreover there exist
x � �t�� t�
�� and y � �s�� t�
�� such that X�x� � � and Y �y� � �� We
shall prove that X � � on �t�� t�
� and Y � � on �s�� t�
� and this
will complete the proof of Lemma ���� Suppose the contrary� then we
have the following lemma�

Lemma ���� There exist s�� t� � �maxfs�� t�g� t�
� such that X � �
on �t�� t��� X�t�� � �� Y � � on �s�� s�� and Y �s�� � �� Moreover if

t � minfs�� t�g� then we have X ��t� � � and Y ��t� � � �

Admitting the lemma for the moment� we show that we reach a
contradiction� Di�erentiating ����	� with respect to 
 and � respec�
tively and taking the value at �
� ��
�� t� with t � ��� T������� we get

�� v� 
 u� �� 
 g�v�� 
 f�u�� � f�
�

and
�� v� 
 u� �� 
 g�v��
 f�u� � � g���
��

for t � ��� T�������� from which we deduce

����� X � v� 
 Y � u� 
 g�v�Y 
 f�u�X � f�
� 
 ���
� g���
�� � �

for t � ��� T�������� Using ������ Lemma ��� and ����� for t � minfs�� t�g
we see that the left hand side in ����� is negative and we get a contra�
diction�

In order to prove Lemma ��� we need

Lemma ���� X�t� � � on �t�� t�
� if and only if Y �t� � � on �s�� t�
��

Proof� Suppose that X�t� � � on �t�� t�
�� Then from ������ �����
and ����� we get Y �t�
�� � �� Suppose that t� � s� � Then Theorem
A implies that Y � � on �s�� t�
�� Now if t� � s� � Theorems A and
B imply that Y � � � on ��� t�� Thus Y � � on �s�� t�� Then using
Theorem A we get Y � � on �t�� t�
�� The converse can be proved in
the same way�

Proof of Lemma ���� Recall that our assumption is that X can
not remain negative on �t�� t�
� or that Y can not remain negative on
�s�� t�
� �
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Case 	� s� � t� � By Theorems A and B we have X ��t�� �
� and Y ��t�� � �� Our assumption and Lemma ��� imply that there
exist s�� t� � �t�� t�
� such that X � � on �t�� t��� X�t�� � �� Y � �
on �t�� s�� and Y �s�� � �� If s� � t� Theorems A and B imply that
X ��t�� � � and Y ��t�� � �� If s� � t� Theorems A and B imply that
X � � � on �t�� s�� Therefore Y �� � � on �t�� s�� Since Y �t�� � � and
Y �s�� � � Theorems A and B imply that Y ��t�� � �� In the same way
if s� � t� we show that X ��s�� � � and Y ��s�� � � �

Case �� s� � t� � By Theorems A and B we have Y � � � on ��� t��
Our assumption and Lemma ��� imply that there exists s� � �t�� t�
�
such that Y � � on �s�� s�� and Y �s�� � �� Let d � �t�� s�� be such
that Y �d� � mint��s�s� Y �s�� Since Y

���d� � �f ��u�d��X�d� we obtain
X�d� � �� Then Theorems A and B imply that X ��t�� � �� By virtue
of Lemma ��� there exists t� � �t�� t�
� such that X � � on �t�� t�� and
X�t�� � �� Then we conclude as in Case 	�

Case �� s� � t� � The proof is analogous to that given in Case ��

The proof is complete�

�� An existence result and examples�

We begin this section with an existence result concerning positive
solutions of problem �	����

The method we use to prove the existence of a positive solution
of problem �	��� consists of �rst obtaining a priori estimates on the
positive solutions and then applying well�known properties of compact
mapping taking a cone in a Banach space into itself �see ����

We denote by �� the �rst eigenvalue of the operator �d�	dx� on
��R�R� with Dirichlet boundary conditions and �� is the positive eigen�
function corresponding to �� ��� � ��	�R� and ���t� � C cos��t	�R�
where C � � is a constant��

Theorem ���� Let f� g � C�R� satisfy the following hypotheses

f�s�� g�s�� � � for s � � ��H��

lim inf
s���

f�s�

s
� a � � � lim inf

s���

g�s�

s
� b � � and a b � ��� ��H��

lim sup
s��

f�s�

s
� c � lim sup

s��

g�s�

s
� d and c d � ��� ��H	�
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Then problem �	��� possesses at least one positive solution �u� v� �
�C���� R�� �

Proof� We �rst prove that there exists M � � such that

���	� kuk� �M and kvk� �M

for all positive solutions �u� v� � �C���� R�� of �	���� By �H��� there
exist Kj � � for j � 	� � such that

f�s� � a s�K� � for s � � �

and

g�s� � b s�K� for s � � �

Now let �u� v� � �C���� R�� be a positive solution of �	���� Then� C
denoting a generic positive constant� we have

�����

���

Z R

�

�� u dt � ���

Z R

�

u���� dt � ���

Z R

�

�� u
�� dt

� ��

Z R

�

�� g�v� dt � b ��

Z R

�

�� v dt� C

� �b

Z R

�

v ���� dt� C � �b

Z R

�

�� v
�� dt� C

� b

Z R

�

�� f�u� dt� C � a b

Z R

�

�� u dt� C �

From ����� we deduce that

�����

Z R

�

�� u dt � C �

Z R

�

�� v dt � C �

Z R

�

�� f�u� dt � C and

Z R

�

�� g�v� dt � C �

where C is again a generic positive constant� Now we have

����� u�t��

Z R

�

G�t� s� g�v�s�� ds and v�t��

Z R

�

G�t� s� f�u�s�� ds
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for t � ��� R� where G�t� s� denotes the Green�s function of the operator
�d�	dx� on ��R�R� with Dirichlet boundary conditions� Since

G�t� s� �

�
R� t � � � s � t � R �

R� s � � � t � s � R �

we have

����� � � G�t� s� � R� s � for � � t� s � R �

We also have

����� c� �R� s� � ���s� � c� �R� s� � for s � ��� R �

for some positive constants cj � j � 	� �� From ����������� we easily get

u�t� � C and v�t� � C for t � ��� R �

where C is a positive constant and ���	� is proved�
Now we can establish the existence of a positive solution of problem

�	��� by using Proposition ��	 and Remark ��	 of ��� The arguments are
by now well�known� However� in order that the paper be self contained�
we provide details here �see �	� �� or �� for similar detailed proofs��

Let X denote the Banach space �C��� R�� endowed with the norm
k�u� v�k � maxfkuk�� kvk�g� De�ne the cone

C � f�u� v� � X � �u� v� � �g �

For ��u� v�� x� � C  ���
	� we de�ne

F ��u� v�� x��t� � �F���u� v�� x��t�� F���u� v�� x��t�� � for t � ��� R �

where

F���u� v�� x��t� �

Z R

�

G�t� s� g�v�s� 
 x� ds �

F���u� v�� x��t� �

Z R

�

G�t� s� f�u�s� 
 x� ds

and
��u� v� � F ��u� v�� �� �
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By �H��� F maps C  ���
	� into C� Since G is continuous� it is well�
known that F is compact� �H�� and �H	� imply that f��� � g��� � ��
hence ���� � �� Now the following properties hold�

i� �u� v� 
� ���u� v� for all � � ��� 	 and �u� v� � C such that
k�u� v�k � r for su�ciently small r � �� Indeed by �H	� we can choose
r � � such that f�s� � cs and g�s� � ds for � � s � r� Now suppose
that there exist � � ��� 	 and �u� v� � C such that �u� v� � ���u� v�
with k�u� v�k � r� Then���

��
�u���t� � � g�v�t�� � � � t � R �

�v���t� � � f�u�t�� � � � t � R �

u�R� � v�R� � u���� � v���� � � �

By Theorem A� u� v � � on ��� R�� We have

���

Z R

�

�� u dt � ���

Z R

�

u���� dt � ���

Z R

�

�� u
�� dt

� �� �

Z R

�

�� g�v� dt � d ��

Z R

�

�� v dt

� �d

Z R

�

v ���� dt � �d

Z R

�

�� v
�� dt

� d �

Z R

�

�� f�u� dt � cd

Z R

�

��u dt

and we reach a contradiction because the integrals are nonzero�

ii� By �H��� there exists x� � � such that

f�s
 x� � a �s
 x� � a s

and

g�s
 x� � b �s
 x� � b s � for s � � � x � x� � � �

Then using the same arguments as in the proof of ���	� and Theorem
A� we can show that F ��u� v�� x� 
� �u� v� for all �u� v� � C and x � x� �

iii� Now we note that the constant in ���	� can be chosen inde�
pendently of the parameter x � ��� x� for each �xed x� � ���
	� if
we consider positive solutions of �	��� for the family of nonlinearities
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fx�t� � f�t
 x�� gx�t� � g�t
 x�� t � �� Thus we can �nd a constant
R � r such that F ��u� v�� x� 
� �u� v� for all x � ��� x� and �u� v� � C
with k�u� v�k � R �

Thus we may apply Proposition ��	 and Remark ��	 stated in ��
to conclude that � has a nontrivial �xed point �u� v� � C� Theorem
A and the properties of the Green�s function imply that any nontrivial
�xed point of � in C yields a positive solution of �	��� in �C���� R���
The proof of the theorem is complete�

Remark� Note that� for the a priori estimates� condition �H�� is not
needed� We need it merely to insure that the maps � and F are cone�
preserving�

We conclude this section with some examples to which our theo�
rems apply�

a� We �rst consider problem �	��� where g�v� � v� When f�u� �Pk
j
� aju

pj for u � � with pj � 	 and aj � � for j � 	� � � � � k and k � 	
or f�u� � ur	�	
us� for u � � with r�	 � s � �� Theorem ��	 implies
the existence of a positive solution of �	��� and Corollary 	�	 gives the
uniqueness�

b� For problem �	�	� we can take f as in a� and g of the same type
as f � Then the existence of a positive solution of �	�	� follows from
Theorem ��	 and the uniqueness is given by Theorem 	�	�

c� Take

f�u� � �u
 up and g�v� � � v 
 vq � u� v � � �

with p� q � 	� �� � � � and �� � ���� By Theorem ��	 there exists a
positive solution of �	�	�� Then Theorem 	�	 gives the uniqueness�

This is an example of a perturbed linear system� Consider the
linear eigenvalue problem

�����

�����
����

�u�� � �� v � in ��R�R� �

�v�� � �� u � in ��R�R� �

u � � � v � � � in ��R�R� �

u��R� � v��R� � � �

The next lemma is a particular case of a result proved by Van Der
Vorst �� �see also �� for an extension of this result��
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Lemma ���� Problem ����� has a solution if and only if

�j � � � for j � 	� � � and �� �� � ��� �

The solution is given by u � c� �� � v � c� �� where c� � � is an

arbitrary constant and c� � c����	���
����

Clearly the above lemma shows that conditions �H�� and �H�� are
sharp�
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on the Heisenberg group

Chin�Cheng Lin

Abstract� We give a H�ormander�type su�cient condition on an oper�
ator�valued function M that implies the Lp�boundedness result for the

operator T
M

de�ned by �T
M
f�� 	 M �f on the �
n � ���dimensional

Heisenberg group H
n  Here ��� denotes the Fourier transform on H

n

de�ned in terms of the Fock representations We also show the H��
L� boundedness of T

M
� kT

M
fkL� � C kfkH� � for H n under the same

hypotheses of Lp�boundedness

�� Introduction�

Let f �� �f be the Fourier transform� f �� �f the inverse Fourier
transform� and m a bounded measurable function on R

n  We say that
m is a multiplier for Lp�Rn�� � � p � ��� if f � L� �Lp implies �m �f��

is in Lp and satis�es ���m �f��
��
Lp
� Cp kfkLp �

with Cp independent of f  The multiplier theorem was originally due
to H�ormander �H� on Rn �

���



��� C� Lin

Theorem �Multiplier theorem for Lp�Rn��� Let m be a function in

Ck�Rn n f�g�� k � n�
 � Assume that m � L��Rn� and

sup
R��

R�j�j�n
Z

R�jxj��R

jD�m�x�j� dx � ��

for all di�erential monomials D� of order j�j � k� Then the multiplier

operator mapping f into �m �f�� is bounded on Lp�Rn�� � � p �� �

There are two general methods of proving multiplier theorems
The �rst one follows H�ormander�s process �H� and works mostly on the
Fourier transform side The second one applies the theory developed by
Coifman and Weiss �CW�� of constructing a well�behaved approximate
identity and working mostly on the group DeMichele and Mauceri
�DMM� applied Coifman and Weiss� theory to extend the Lp multiplier
theorem to the three�dimensional Heisenberg group H  Here we follow
the same machinery as in �DMM�� and extend to the more general case
of the �
n� ���dimensional Heisenberg group H

n 

Theorem � �Multiplier theorem for Lp�H n��� Let M be an operator�

valued function with each entry in Ck�Rnf�g�� k � �
�
�n�����

�
� where

� 	 � denotes the greatest integer function� Also assume

sup
����

kM���k � �� �

sup
R��

R degP�n��

Z ��

��

����PM������R���
���
HS
j�jn d� � �� �

for every monomial P with degP � �
�
�n � ����

�
� where �P is a

di�erence�di�erential operator� ��R��� a projection operator to a part

of main diagonal �both operators will be de�ned in the next section��
Then M is a multiplier of Lp�H n�� � � p � �� and is of weak type

��� ���

We also show the H��L� boundedness of T
M
as follows

Theorem �� Suppose M satis�es the same hypotheses as Theorem ��
Then T

M
maps H��H n� boundedly into L��H n�� Moreover� there exists

a constant C � �� independent of f � such that kT
M
fkL� � C kfkH� for

all f � H��H n� �
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In Section 
 we review some basic tools of harmonic analysis on H n 
In Section � we prove the Lp�H n� multiplier theorem� and in Section �
we show the H��L� estimate Finally� we mention that C will be used
to denote a constant which may vary from line to line

This paper is a part of author�s Ph D dissertation I would like to
express my gratitude to my advisor� John A Gosselin� for his invaluable
guidance and support I also thank the referee for his suggestion about
the proof of Lemma 


�� Preliminaries�

Most results in this section were given in �DMM� for the three�
dimensional Heisenberg group H  We extend those to H n and give
more detailed proofs here

H n is the Lie group with underlying manifold R 
 C n and multi�
plication de�ned by

�t� z� �t�� z�� 	 �t� t� � 
 Im�z 	 �z��� z � z�� �

where z	�z� 	
nP

j��

zj�z
�
j  The Heisenberg Lie algebra h of the left�invariant

vector �elds on H
n is generated by

T 	
	

	t
�

Zj 	
	

	zj
� i �zj

	

	t
�

Zj 	
	

	�zj
� i zj

	

	t
� j 	 �� 
� � � � � n �

and the only non�zero commutations are

�Zj � Zj � 	 �
 i T � j 	 �� 
� � � � � n �

The Haar measure on H n coincides with the Lebesgue measure dV on
R 
 C n  H n is endowed with a family of dilations f
r � r � �g de�ned
by 
r�t� z� 	 �r�t� rz� We say a function f on H n is homogeneous of

degree d if f � 
r 	 rdf for every r � � Furthermore� we de�ne the
homogeneous norm of �t� z� � H n � denoted by j�t� z�j� to be �t��jzj�����
The norm is homogeneous of degree � For simpli�cation of notation�
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sometimes we use x 	 �t� z� to denote a point of H n � rx 	 
r�t� z� 	
�r�t� rz� a dilation of x� and jxj 	 �t� � jzj����� a homogeneous norm
on H

n  Guivarch �Gu� has shown that the triangle inequality jxyj �
jxj� jyj� x� y � H n � holds Moreover� using polar coordinates� we have
�cf �FS� Corollary �����

���

Z
a�jxj�b

jxj� dx 	 C

�� 
n� 

�b���n�� � a���n��� �

for � 	 �
n� 
� � � a � b � ��� where C is an absolute constant
The convolution of two functions f� g � L��H n� is de�ned as usual�

�g � f��x� 	
Z
Hn

g�xy��� f�y� dy 	

Z
Hn

g�y� f�y��x� dy �

Let S�H n� and S ��H n� denote the Schwartz space of rapidly decreasing
smooth functions and space of tempered distributions� respectively

It was observed by Stone� von Neumann� and Weyl in the early
�����s that the irreducible unitary representations of H n split into two
classes The representations which are trivial on the center Z 	 f�t� �� �
t � Rg of H n are just the usual one�dimensional representations of
C
n �	 H

n�Z lifted to H
n  Since these representations form a set of

measure zero in the decomposition of L��H n�� we will not consider them
further The representations which are nontrivial on Z are classi�ed by
a parameter � � R� �� R n f�g� and may be described as follows For
� � �� let H� be the Bargmann space

H� 	
n
F holomorphic on C

n �

kFk� 	
�
�
�

�n Z
Cn

jF ���j� e���j�j�d� � ��
o
�

Then H� is a Hilbert space and the monomials

F������ 	

s
�
��j�j

��
��� � 	 ���� ��� � � � � �n� � N

n

�N � N � f�g�� form an orthonormal basis for H� � where

�� 	 ����� ����� 	 	 	 ��n�� � j�j 	 �� � �� � 	 	 	� �n �
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and
�� 	 ���� ���� 	 	 	 ��nn �

For � � R� � the representation �� acts on Hj�j by

���t� z�F ��� 	

�
ei�t������z�jzj���� F �� � �z� � for � � � �

ei�t������	z�jzj���� F �� � z� � for � � � �

A straightforward calculation shows that ���t� z� is unitary and its
adjoint operator ���t� z�

� 	 ����t��z� For f � L��H n�� � � R
� � set

�f��� 	

Z
Hn

f�t� z����t� z� dV

where the integral is de�ned in the weak sense� and the operator �f���
is called the Fourier transform of f  It follows immediately from the
de�nition that for f� g � L��H n�

���y� �f���F ��� 	 ���y�

Z
f�x����x�F ��� dx

	

Z
f�x����yx�F ��� dx

	

Z
f�y��x����x�F ��� dx

and

�g��� �f��� 	

Z
g�y����y� dy �f���

	

ZZ
g�y� f�y��x����x� dxdy

	

Z
�g � f��x����x� dx

	 �g � f����� �

For ���m� �� � R� 
 Zn 
 N
n
� we use the notations

m�
i 	 maxfmi� �g � m�

i 	 �minfmi� �g �
m� 	 �m�

� �m
�
� � � � � �m

�
n � � m� 	 �m�

� �m
�
� � � � � �m

�
n � �
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and de�ne the partial isometry Wm
� ��� on Hj�j by

Wm
� ���F	�� 	 ����jm�j 
��m��	 F��m��� � for � � � �

and for negative � by

Wm
� ��� 	 �Wm

� ������ �

Thus fWm
� ��� � m � Zn� � � N

ng is an orthonormal basis for the
Hilbert�Schmidt operators on Hj�j� and Wm

� has the matrix expression
Wm�

��
�Wm�

��
� 	 	 	�Wmn

�n
if we view F������ as F���������F���������

	 	 	�F�n����n�� where � means tensor product�Wmi
�i corresponds to the

in�nite dimensional matrix whose ��i�mi��i��entry is ����mi and zero
everywhere else for mi � �� ��i�mi� �i��entry is � and zero everywhere
else for mi � �� and F�i����i� corresponds to the in�nite dimensional
vector whose �i�th components is � and all other components are zero
�Note� all entries and components here are counted from the ��th posi�
tion� For each i� the matrix form of Wmi

�i
is

����mi

������	
�

  
�

�
mi

�  


������
��
th row
��i
th row

for mi � ��

������	
�

  
  �

�mi
�

�


������
��
th row

���i�mi�
th row

for mi � ��

Proposition �G� If f � L� � L��H n� is of the form

f�t� z� 	
X
m	Zn

fm�t� jz�j� � � � � jznj� ei�m�
������mn
n� � zj 	 jzj j ei
j �

then
�f��� 	

X
m	Zn
�	Nn

Rf ���m� ��Wm
� ��� �
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where

�
�
Rf ���m� �� 	

Z
Hn

fm�t� jz�j� � � � � jznj� ei�t

	 ljm�j
��

�
 j�j jz�j�� 	 	 	 ljmnj
�n

�
 j�j jznj�� dV �

and l
jmj j
�j is the Laguerre function�

Note� For a poly�radial function f�t� z� 	 f�t� jz�j� � � � � jznj�� the sum�
mation

P
m	Zn in the above proposition contains only the term with

m 	 � Hence �f��� is poly�diagonal

Recall �
rf���� 	 r�n �f�r��� on Rn � where 
rf�x� 	 f�rx� If
we de�ne

fr�t� z� 	 r��n����� f�r����t� r����z� � r � � �

on H n � from identity �
� and a change of variables we have a similar
relationship between Fourier coe�cients Rfr ���m� �� and Rf ���m� ��
as follows�

��� Rfr ���m� �� 	 Rf �
p
r��m� �� �

We also have ��ixjf�x����� 	 	j �f�� on Rn  More generally if
P �x� 	 P �x�� x�� � � � � xn� is a polynomial on R

n and the di erential op�

eratorD� 	 	��� 	��� 	 	 		�nn is de�ned as usual� then �P ��ix� f�x����� 	
P �D� �f�� Let P be a polynomial in t� zj � �zj on H n  De�ne the
di erence�di erential operator �P acting on the Fourier transform of
f � L� � L��H n� by

�P

�X
m��

Rf ���m� ��Wm
� ���

�
	
X
m��

RPf ���m� ��Wm
� ��� �

Let fej � � � j � ng be the standard basis of Zn We have the following
explicit expressions for �t� �zj � and �	zj 

�t
�f��� 	� i

X
m��

 	
	�

Rf ���m� ��
�
Wm

� ���

� ni


�

X
m��

Rf ���m� ��Wm
� ���
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� i


�

X
m��

nX
j��

q
�j��j � jmj j� Rf ���m� �� ej�W

m
� ���

�
i


�

X
m��

nX
j��

q
��j � ����j � jmj j� ��

	 Rf ���m� �� ej�W
m
� ��� !

�zj
�f��� 	

�p

j�j

X
m��

p
�j �mj Rf ���m� ej � ��W

m
� ���

� �p

j�j

X
m��

p
�j � � Rf ���m� ej � �� ej�W

m
� ��� �

if mj � � !

�zj
�f��� 	

�p

j�j

X
m��

p
�j �mj � � Rf ���m� ej � ��W

m
� ���

� �p

j�j

X
m��

p
�j Rf ���m� ej � �� ej�W

m
� ��� �

if mj � � !

�	zj
�f��� 	

�p

j�j

X
m��

p
�j �mj � � Rf ���m� ej � ��W

m
� ���

� �p

j�j

X
m��

p
�j Rf ���m� ej � �� ej�W

m
� ��� �

if mj � � !

�	zj
�f��� 	

�p

j�j

X
m��

p
�j �mj Rf ���m� ej � ��W

m
� ���

� �p

j�j

X
m��

p
�j � � Rf ���m� ej � �� ej�W

m
� ��� �

if mj � �� 
Using these formulas� we obtain similar results for polynomials

and extend the operators �P as formal di erence�di erential operators
acting on operators which are of type

M��� 	
X
m��

B���m� ��Wm
� ��� �
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We establish the formula for �zj  The others are proved similarly by
using the recurrence relations and di erential properties of flm� g  We
use identity �
� and write

�zj
�f��� 	

X
m��

Rzjf ���m� ��Wm
� ���

	
X
m��

Z
Hn

jzj j fm�ej ei�tljm�j
��

�
 j�j jz�j�� 	 	 	 ljmjj
�j

�
 j�j jzjj��

	 	 	 ljmnj
�n

�
 j�j jznj�� dV Wm
� ��� �

The recurrence relations for Laguerre functions tell usp

j�j jzj j ljmjj

�j
�
 j�j jzjj��

	
p
�j �mj l

mj��
�j

�
 j�j jzjj���
p
�j � � l

mj��
�j�� �
 j�j jzjj�� �

if mj � � � andp

j�j jzj j ljmjj

�j �
 j�j jzjj��
	
p
�j �mj � � l�mj��

�j �
 j�j jzjj���p�j l�mj��
�j�� �
 j�j jzjj�� �

if mj � � 
Thus� we have

�zj
�f��� 	

�p

j�j

X
m��

p
�j �mj Rf ���m� ej � ��W

m
� ���

� �p

j�j

X
m��

p
�j � � Rf ���m� ej � �� ej�W

m
� ��� �

for mj � �� and

�zj
�f��� 	

�p

j�j

X
m��

p
�j �mj � � Rf ���m� ej � ��W

m
� ���

� �p

j�j

X
m��

p
�j Rf ���m� ej � �� ej�W

m
� ��� �

for mj � � 
This proves the formula for �zj  Similarly� applying the same

techniques we can obtain the formulas for �	zj and �t 
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Denoting kAk�
HS

	 tr �A�A�� the square of the Hilbert�Schmidt
norm of A� we have the following Plancherel formula

kfk�� 	

n��

�n��

Z ��

��

�� �f������
HS
j�jn d� � f � L� � L��H n � �

By this we can extend the Fourier transform as an isometry from L��H n�
onto the Hilbert space of the operator�valued functions � �� A����
� � R� � satisfying

i� A��� is a Hilbert�Schmidt operator on H�� for almost every
� � R

� �

ii� �A���P�Q� is a measurable function of �� for every polynomial
P�Q on C n �

iii� kAk�� 	

n��

�n��

Z ��

��
kA���k�

HS
j�jn d� � �� 

De�nition� A left invariant multiplier of Lp�H n�� � � p � �� is an

operator�valued function M � � ��M���� � � R� � such that

a� for every � � R
� � M��� is a bounded operator on H� �

b� the operator T
M

de�ned by

�T
M
f����� 	M��� �f��� � f � L� � Lp�H n� �

extends to a bounded operator on Lp�H n� �

From the Plancherel formula iii� above it follows immediately that
M is a left L��H n� multiplier if and only if sup���� kM���k � �� We
also remark that everything we say for left multipliers may be trans�
lated for right multipliers similarly de�ned� because the group H n is
unimodular

On Rn we have �	jf���� 	 i j �f�� On H n we have the following
analogues� for � � ��

�Zjf�����F ���

	 �
� �f��� �j F ���

	 �
p

� �f���

�
I��	 	 	�Ij���

�����	
�
� �

p
� �

p
� �
 

  


������Ij���	 	 	
�
F ���
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and

�Zjf�����F ���

	 �f���
	F

	�j
���

	
p

� �f���

�
I��	 	 	�Ij���

������	
� �

�
p
�

�
p
�

�
 
  


�������Ij���	 	 	
�
F ��� �

where Ik� k 	 �� 
� �� � � � � is the in�nite dimensional identity matrix!
for � � �� we switch the formulas for Zj and Zj  For all � � R n f�g�
�Tf����� 	 �i� �f��� Thus� for � � �� we can consider the correspond�
ing multiplier of the di erential operators Zj � Zj � T to be

�
p

�
�
I� � 	 	 	 � Ij�� �

�����	
�
� �

p
� �

p
� �
  

  


������ Ij�� � 	 	 	
�
�

p

�
�
I� � 	 	 	 � Ij�� �

������	
� �

�
p
�

�
p
�

�
 
  


������� Ij�� � 	 	 	
�
�

and
�i ��I� � 	 	 	 � Ij�� � Ij � Ij�� � 	 	 	

�
�

respectively To prove these formulas we consider the case n 	 �� � � ��
and the formula for �Z only! for all other cases the following proof can
be easily carried over By de�nition

�Zf����� 	 �	zf����� � i ��z 	tf�����

and integration by parts yields

��z 	tf�����F ��� 	 �i � ��zf�����F ��� �
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We have
�Zf����� 	 �	zf����� � � ��zf����� �

Furthermore�

�f���

� F ���

�
	

Z
f ei�t������z�jzj������ � �z�F �� � �z� dV

	 � �f���F ���� ��zf�����F ��� �

so

�	zf�����F ��� 	 �
Z

f 	z���F � dV

	 �
� � �f���F ��� � � ��zf�����F ���

	 �
� �f���

� F ���

�� � ��zf�����F ��� �

Hence�

�Zf�����F ��� 	 �
� �f���

� F ���

�
�

As for the matrix form� we recall that

F������ 	
�
�����p

��
��

is an orthonormal basis for H� � and write

F ��� 	
�X
���

a� F������ �

���	
a�
a�
a�



��� � a� � C �

Then

� F ��� 	
�X
���

a� � F������

	
�p

�

�X
���

p
�� � a� F��������

	
�p

�

�����	
�
a�p
� a�p
� a�



�����
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�p

�

�����	
�
� �

p
� �

p
� �
 

  


�����F ��� �

On H n the sub�Laplacian is the di erential operator L� de�ned by

L� 	 ��



nX
j��


ZjZj � ZjZj

�
�

The above calculations can be used to compute �L�  We apply the
matrix expressions of Zj and Zj to get

�L���� 	 ��



nX
j��

��Zj��� �Zj��� � �Zj���
�Zj���

�
	

nX
j��

�
I� � 	 	 	 � Ij���

j�j
������	

�



�
�

 


������
�����	
�

�



�
  


�����
�
� Ij�� � 	 	 	

�

	
nX
j��

�
I� � 	 	 	 � Ij�� � j�j

�����	
�

�
�

"
  


������ Ij�� � 	 	 	
�

	
X
�	Nn

�
 j�j� n� j�jW �
���� �

We now introduce the partition of the identity I 	
P��

k��� ���kR�

R � �� where ��s is the spectral projection of L� corresponding to
the multiplier

��s��� 	
X

s���j�j�n� j�j�p�s

W �
���� �

Then the Lp�H n� multiplier theorem can be stated in the following way
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Theorem � �Multiplier theorem for Lp�H n�� Let M be an operator�

valued function with each entry in Ck�R nf�g�� k � � ��n������� where
� 	 � denotes the greatest integer function� Also assume

sup
����

kM���k � �� ����

sup
R��

RdegP�n��

Z ��

��

����PM������R���
���
HS
j�jn d� � �� ����

for every monomial P with degP � � ��n� ������ Then M is a multi�

plier of Lp�H n�� � � p ��� and is of weak type ��� ���

�� Proof of the Lp�H n� multiplier theorem�

We follow �DMM� fairly closely According to �CW�� Theorem
���� to establish the multiplier theorem it su�ces to construct a well�
behaved approximate identity f�r � r � �g satisfying

���

Z
Hn

jT
M
�r�x�j

�
� �

���x�
r

���
dx � C � � � r � �� �

for some � � � and C � �� where

�r 	 �r � �r�� and ��x� 	 jxj� 	 t� �
� nX
j��

jzj j�
��

�

Note that �CW�� Theorem ��� adopts jxj�n�� rather than jxj� How�
ever� if we check their proof carefully� we �nd that the inequality ��� also
implies the Lp�H n� boundedness of TM due to Lemma � and Lemma �
below

Since we assume sup���� kM���k � ��� by Plancherel formula�

the homogeneity of �r�x� 	 r��n��������r
����x� �see Lemma � below��

and changing variables� we have

�"�

Z
Hn

jTM�r�x�j� dx � C r��n����� � � � r � �� �

If we can also obtain

�#�

Z
Hn

jT
M
�r�x�j� ��x����n����� dx � C r���n�������n����� �
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for � � r � ��� then we claim both inequalities �"� and �#� imply ����
and hence the multiplier theorem for Lp�H n� follows To see this we
choose � � � � ��n� ������ �n� ���� Then by �#� and ���Z
��x��r

jT
M
�r�x�j ��x�� dx

�
� Z
��x��r

jT
M
�r�x�j� ��x����n����� dx

����� Z
��x��r

��x�������n����� dx

����
� C r��n�������n����� r����n�������n�����

	 C r� �

This impliesZ
��x��r

jT
M
�r�x�j dx

�
� Z
��x��r

jT
M
�r�x�j

���x�
r

��
dx

����� Z
��x��r

jT
M
�r�x�j

� r

��x�

��
dx

����

� C

� Z
��x��r

jT
M
�r�x�j dx

����
�

Combining this and the previous inequality� we obtain

���

Z
��x��r

jT
M
�r�x�j

�
� �

���x�
r

���
dx � C �

On the other hand� from �"� we haveZ
��x��r

jT
M
�r�x�j dx �

� Z
��x��r

dx

����� Z
��x��r

jT
M
�r�x�j� dx

����
� C �

Thus

����

Z
��x��r

jT
M
�r�x�j

�
� �

���x�
r

���
dx � 


Z
��x��r

jT
M
�r�x�j dx � C �
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Combining ��� and ���� establishes the claim Therefore� we only have
to prove the inequality �#� to establish the multiplier theorem

Compare with the construction in �DMM� The construction of the
approximate identity is contained in the following

Lemma �� Let �� � S�H n � be the poly�radial function with Fourier

coe�cients

R���� �� �� 	 expf��
 j�j� n�� ��g � � � R
� � � � N

n
�

De�ne

�r�t� z� 	 r��n����� ��

r����t� r����z

�
� r � � �

Then Rr ��� �� �� 	 expf�r� �
 j�j � n�� ��g and satis�es� for some

� � ��

i�

Z
Hn

j�r�t� z�j
�
� �

��t� z�

r

��
dV � C �

ii�

Z
Hn

�r�t� z� dV 	 � �

iii� �r � �s 	 �s � �r �

iv�

Z
Hn

���r�t� z��t�� z����
�� �r�t� z�

�� dV � C
���t�� z��

r

��
�

v� �r�t� z� 	 �r��t��z� �

Proof� The identity ��� gives

Rr ��� �� �� 	 R��
p
r�� �� �� 	 expf�r��
 j�j� n�� ��g �

By the homogeneity of �r and a change of variables� we haveZ
Hn

j�r�t� z�j
�
� �

��t� z�

r

��
dV 	

Z
Hn

j���t� z�j �� � ��t� z��� dV � ��

for all � � �� since �� � S�H n � This proves i� Since l����� 	 � and

expf��r��
 j�j� n�� ��g 	 Rr ��� �� ��

	

Z
Hn

�r�t� jz�j� � � � � jznj� ei�t

	 l����
 j�j jz�j�� 	 	 	 l��n�
 j�j jznj�� dV �
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Letting �� � and applying the Lebesgue dominated convergence theo�
rem� we have ii� Properties iii� and v� follow from the facts that ��r���

is poly�diagonal and ��r��� 	 ��r���� To prove iv� it su�ces to prove it
for r 	 � by the homogeneity of �r and changing variables Let L � h

be the normalized generator of the one parameter subgroup through
��� z��

�� Then the fundamental theorem of calculus givesZ
Hn

������t� z���� z������ ���t� z�
�� dV

�
Z
Hn

Z jz�j

�

��L����t� z� exp�sL����ds dV
	 jz�j kL��k�
	 ���� z��

��� kL��k� �

which proves iv� for t� 	 � For the general case� we write

�t�� z�� 	

t�� �z���� � � � � �z��n

� � H
n

and let

h�j 	

�� �� � � � � �� �z��j� �� � � � � �

�
�

h�j 	

�� �� � � � � ��

i



p
n

p
t�� �� � � � � �

�
�

h�j 	

�� �� � � � � ��

�



p
n

p
t�� �� � � � � �

�
�

where each hkj � �k 	 �� �� 
�� �j 	 �� 
� � � � � �n�� has its only non�zero
entry in the zj �component By a straightforward calculation we have

�t�� z�� 	
nY
j��

 t�
n
� �� � � � � �� �z��j � �� � � � � �

�

	

�������
nQ
j��

h�jh�jh�jh
��
�j h

��
�j � if t� � � �

nQ
j��

h�jh�jh�jh
��
�j h

��
�j � if t� � � �

Thus we can express ��

�t� z��t�� z��

��
� � ���t� z� as a sum of �n dif�
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ferences

��

�t� z��t�� z��

��
�� ���t� z�

� ���xx�x� 	 	 	xn�� ���x�

	 ���xx�x� 	 	 	xn�� ���xx�x� 	 	 	xn���

� ���xx�x� 	 	 	xn���� ���xx�x� 	 	 	xn���

� ���xx�x� 	 	 	xn���� ���xx�x� 	 	 	xn���



� ���xx��� ���x�

for which each xj �	 hkj or h
��
kj � k 	 �� �� 
�� j 	 �� 
� � � � � �n� has t�

component zero� and apply the result just established to complete the
proof of iv�

Lemma �� For every homogeneous polynomial P in H
n with � �

degP � � ��n� ������ one has

����
sup

n��RP�r���m� ��
��� � m � Z

n� R � �
 j�j� n� j�j �
p

R

o
� CP r

���n�������n�����R��n�� ��n������degP fP �rR
�� �

for � � r � ��� where f
P
� L��R��� Moreover�

��
�

��R�r ��� �� ��
��

�
�
C�


r �
 j�j� n�� ��

��
� for r �
 j�j� n�� �� � � �

� � for r �
 j�j� n�� �� � � �

Because the proof of Lemma 
 is messy� it will be postponed to
the appendix That will enable the reader to follow the paper without
getting lost We now let k 	 ��n������� ��t� z�k 	 �t��jzj����n����� By
the Plancherel formula� the inequality �#� is equivalent to the following
inequality�

����

Z ��

��

X
m��

��R�kT
M
�r ���m� ��

��� j�jn d� � C r�k��n����� �

for � � r � �� Assume we can express ��t� z�k as a linear combina�
tion of products of powers of z�j � �z

�
j � zj � z�j � �zj � �z�j � 
�t

�� z��� �
�t�� z���
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��t� z��t�� z������ �
��t� z��t�� z������ and ��t�� z��� where 
�t� z� 	 t�ijzj�
and each term is homogeneous of degree �k �We use $P to denote this
linear combination� Then we have a Leibniz formula for the operator
��k

����

��k
�
M��� ��r���

�
	
X
�nite

Cj

�
�PjM���

�
��r���

�
X
�nite

degRj
�

C �j
�
�Qj

M���
� �
�Rj

��r���
�

for some homogeneous polynomials Pj � Qj � Rj with degPj 	 degQj �
degRj 	 �k� and constants Cj � C

�
j  To see this we check some of terms

in $P� for instance ���t�� z���k and �z�j�zj�z�j��k��
��t� z��t�� z����� Write

M��� 	 �f��� for some f and �r 	 g Then

��k �M��� ��r���� 	 ��k ��f � g������ 	 ��k�f � g������
and

�k�f � g��t� z�
	

Z
Hn

��t� z�k f��t� z��t�� z����� g�t�� z�� dV �t�� z��

	

Z
Hn

�
C� ��t

�� z��k � C� �z
�
j�zj � z�j�

�k��
��t� z��t�� z����� � 	 	 	�
	 f��t� z��t�� z����� g�t�� z�� dV �t�� z��

� C�A��t� z� � C�A��t� z� � 	 	 	 �
where

A��t� z� 	

Z
Hn

��t�� z��k f��t� z��t�� z����� g�t�� z�� dV �t�� z��

	 �f � �kg��t� z� �
Thus

�A���� 	 �f��� ��kg����� 	M������k
��r���� �

Also

A��t� z�

	

Z
Hn

�z�j�zj�z�j��k��
��t� z��t�� z����� f��t� z��t�� z����� g�t�� z�� dV �t�� z��

	 �Qf �Rg��t� z� �
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where Q�t� z� 	 �zj�
�k��
�t� z� and R�t� z� 	 �zj  Thus�

�A���� 	 �Qf����� �Rg����� 	 ��Qj
M���� ��Rj

��r���� �

and the same process can be carried over to the other terms of $P  We

now show that ��t� z�k can be expressed as the linear combination $P 
We note that

��t� z�� ��t�� z�� 	 �t� t��� � 
 t��t� t��

�
�X

jzj j��
X

jz�j j�
��

� 

�X

jz�j j�
��X

jzj j� �
X

jz�j j�
�
�

SinceX
jzj j� 	

X
jz�j j�

�
Xjzj�z�j j� � 
jz�j j� � �zj�z�j��z�j � ��zj��z�j�z�j � 
 jz�jj�

�
is a linear combination of products of powers of z�j � �z

�
j � zj � z�j � �zj � �z�j 

Thus ��t� z� is a linear combination of products of powers of t�� t � t��
z�j � �z

�
j � zj � z�j � �zj � �z�j � and ��t�� z�� with homogeneous degree � in each

term Also

t� 	
�






�t�� z�� � �
�t�� z��

�
�

t� t� 	
�






��t� z��t�� z����� � �
��t� z��t�� z�����

�
� i

nX
j��


�zj � z�j��z

�
j � ��zj � �z�j��z

�
j

�
�

This gives ��t� z�k 	 $P as a linear combination of products of powers of
z�j � �z

�
j � zj�z�j � �zj��z�j � 
�t�� z��� �
�t�� z��� 
��t� z��t�� z������ �
��t� z��t�� z�����

and ��t�� z��� in which each term is homogeneous of degree �k 
By the Leibniz formula ���� we writeZ ��

��

X
m��

��R�kT
M
�r ���m� ��

��� j�jn d�
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Z ��

��

����k �M��� ��r����
���
HS
j�jn d�

� C

�X
�nite

Z ��

��

����PjM���� ��r���
���
HS
j�jn d�����

�
X
�nite

degRj
�

Z ��

��

����Qj
M���� ��Rj

��r����
���
HS
j�jn d�

�

� C
� X
�nite

Ij �
X
�nite

degRj
�

Jj

�
�

Recall that fWm
� ��� � m � Zn� � � N

ng is an orthonormal basis for
the Hilbert�Schmidt operators on Hj�j � and

��s��� 	
X

s���j�j�n�j�j�p�s

W �
���� �

If P is a homogeneous polynomial with degree �k� then

I �
Z ��

��

����PM���� ��r���
���
HS
j�jn d�

	

Z ��

��

�����PM����
hX
j	Z

R�r ��� �� ��
���j��r�������

i����
HS

j�jn d�

	
X
j	Z

Z ��

��

����PM���� ���j��r�������
���
HS

��R�r ��� �� ��
��� j�jn d�

�
X
j��

�
X
j
�

� I� � I�� �

where the coe�cients R�r ��� �� �� satisfy


j�� r���� � �
 j�j� n� j�j �
p

 
j�� r���� �

For j � �� we have r����
 j�j� n� j�j � p

 
j�� � �� so��R�r ��� �� ��

�� � C

r �
j�j� n�� ��

�� � C 
�j��
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by ��
� For j � �� we get r����
 j�j � n� j�j � 
j�� � �� and hence
from ��
� ��R�r ��� �� ��

�� � � �

The basic assumption ��� on the multiplier now implies

I� � C
X
j��


�j��

Z ��

��

����PM���� ���j��r�������
���
HS
j�jn d�

� C
X
j��


�j��


j�� r����

���n��k

	 C r�k��n����� �

I�� �
X
j
�

Z ��

��

����PM���� ���j��r�������
���
HS
j�jn d�

� C
X
j
�



j�� r����

���n��k

	 C r�k��n����� �

For n �xed� there are at most a �nite number �depending only on n�
of terms of the form I This proves ���� for the �rst sum of ���� Next
consider two homogeneous polynomials Q� R with degQ�degR 	 �k�
degR � �� and

J �
Z ��

��

����QM���� ��R
��r����

���
HS
j�jn d�

	

Z ��

��

X
�	Nn

����QM����W
m
R

� ���
���
HS

��RR�r ���mR
� ��

��� j�jn d�
since ��r��� is a poly�diagonal matrix and each of f�t��zj ��	zjgnj��

maps a poly�diagonal matrix into a pseudo�poly�diagonal matrix �i�e�
the one in which each factor has its only non�zero entries on one sub or
super diagonal�� �R

��r��� is pseudo�poly�diagonal and hence

�RR�r ���m� �� 	 � except for some m
R
� Z

n �

Using ����� ���� and the orthonormality of fWm
� ���g� we have

J 	
X
j	Z

Z ��

��

����QM���� ���j�����
���
HS

��RR�r ���mR
� ��

��� j�jn d�
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�
X
j	Z

C
R
r���n�����k



j��

���n��k�degR
f
R
�
jr�

	
Z ��

��

����QM���� ���j�����
���
HS
j�jn d�

�
X
j	Z

C r���n�����k


j��

���n��k�degR
f
R
�
jr�



j��

���n�degQ

	 C r���n�����k��
X
j	Z


j r f
R
�
j r�

� C r���n�����k�� kf
R
k�

	 C r�k��n����� �

There are only �nitely many terms of the form J� so the inequality ����
for the second sum in ���� is proved This establishes the multiplier
theorem for Lp�H n � 

�� H��L� estimate�

In Theorem �� the multiplier theorem is valid for Lp� p � � For
p 	 � we only have a weak�type estimate� so in this section we are
trying to extend to another sense of strong type kT

M
fkL� � CkfkH� 

Here H� is the Hardy space on H n de�ned either in terms of maximal
functions or in terms of an atomic decomposition �FS� When p � �� Lp

and Hp are essentially the same

Remark� We have in fact proved that kT
M
fkHp � CkfkHp for � �

p � � The proof is more complicated than the one here and requires
the theory of molecules �cf �TW�� The details of this proof will appear
elsewhere

Speci�cally� we de�ne a ��� 
� ���atom as an L��function f having
support in a ball B

R
	 fx � H n � jxj � Rg and satisfying

kfk� �
��B

R

������
and

Z
Hn

f�x� dx 	 � �

It is obvious that kfk� � � for any ��� 
� ���atom f 
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Theorem �Atomic decomposition of H�� �FS� Chapter �� Any f
in H� can be represented as a linear combination of ��� 
� ���atoms

f 	
P�

i�� �i fi � �i � C � where the fi are ��� 
� ���atoms and the sum

converges in H�� Moreover�

kfkH� � inf
n �X

i��

j�ij �
�X
i��

�i fi is a decomposition

of f into ��� 
� ���atoms
o
�

Let f�r � r � �g be the approximate identity in Section � It is
easy to check that f�r ��r � r � �g is also an approximate identity and
satis�es the same properties i��v� of Lemma � Therefore�

���i � ���i � f � f in Lp

and

f 	 lim
m��

mX
i��


���i�� � ���i�� � ���i � ���i

� � f � �� � �� � f

	 lim
m��

mX
i��

����i �

���i � ���i��

� � f � �� � �� � f in Lp �

Since we only concern the tail terms in the approach ���i ����i �f � f �
we may assume �� � � Thus if

R
f�x� dx 	 �� �� � �� � f 	 � 

In the proof of Theorem �� we have shown

���

Z
Hn

jT
M
�r�x�j

�
� �

���x�
r

���
dx � C � for all r � � �

Let � and � be the constants in Lemma � and ���� respectively Settinge�r 	 �r��r�� � ar 	 T
M
�r�e�r �Km 	 �Pm

i�� a��i � and 
 	 minf�� �g�
we now have the following two lemmas

Lemma ��

a�

Z
Hn

jar�x�j ��x�� dx � C r� �

b�

Z
Hn

jar�xy���� ar�x�j dx � C
���y�

r

��
�
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Proof� Lemma �i� and inequality ��� give the uniform boundedness

of
��e�r��� and kTM�rk�  Applying the triangle inequality� we have

��x�� � C�


��y�� � ��y��x��

�
and thenZ

Hn

jar�x�j ��x�� dx �
Z
Hn

Z
Hn

jT
M
�r�y�j je�r�y��x�j ��x�� dxdy

� C�

��e�r��� Z
Hn

jT
M
�r�y�j ��y�� dy

� C� kTM�rk�
Z
Hn

��e�r�x��� ��x�� dx
� C r� �

The last inequality is given by Lemma �i� and ��� again The inequality
b� is an easy consequence of Lemma �iv�

Lemma �� Suppose M satis�es the same hypotheses as Theorem ��
Then there exist constants C� and C�� independent of m and y � such
that Z

��x��C���y�

jKm�xy
����Km�x�j dx � C� �

for all y � H
n and for all m � � �

Proof� For i � Z�� Lemma �a� showsZ
��x���

��a��i�x��� dx � �

��

Z
��x���

��a��i�x��� ��x�� dx � C

�
i���
�

Therefore� choosing C� � ��� we haveZ
��x��C���y�

��a��i�xy���� a��i�x�
�� dx

�
Z

��x��C���y�

��a��i�xy���
�� dx� Z

��x��C���y�

��a��i�x��� dx
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�
Z

��xy��C���y�

��a��i�x��� dx� Z
��x��C���y�

��a��i�x��� dx
�

Z
��x��C���y�

��a��i�x��� dx� Z
��x��C���y�

��a��i�x��� dx
� C

�
i ��y���

since �� ���x� � ��y�� � ��xy� � C� ��y� implies

��x� �
C� � ��

��
��y� � C� ��y� �

The above inequality and Lemma �b� getZ
��x��C���y�

��a��i�xy���� a��i�x�
�� dx � C min

n

i ��y�

��
�

�

�
i ��y���

o
�

Taking the summation of these inequalities� we obtainZ
��x��C���y�

jKm�xy
����Km�x�j dx

�
mX
i��

Z
��x��C���y�

��a��i�xy���� a��i�x�
�� dx

� C
X

i�� log� ��y�



i ��y�

��
� C

X
i
� log� ��y�

�

�
i ��y���

� C


� � �
�

C

�� 
��
�

The proof is thus complete

Now we are ready to prove the H��L� estimate of T
M


Theorem �� Suppose M satis�es the same hypotheses as Theorem ��
Then T

M
maps H��H n� boundedly into L��H n�� Moreover� there exists

a constant C � �� independent of f � such that kT
M
fkL� � C kfkH� for

all f � H��H n� �
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Proof� By the atomic decomposition of H�� it su�ces to show

kT
M
fkL� � C � for any ��� 
� ���atom f �

Given a ��� 
� ���atom f with supp f � fx � H
n � jxj � Rg� then kfk� �

C R�n�� and
R
f�x� dx 	 �  The L��boundedness of T

M
implies

T
M
f 	 lim

m��

mX
i��

�T
M
���i � e���i � f 	 lim

m��
Km � f in L� �

Thus there exists a subsequence fmjg� such that

T
M
f 	 lim

j��
Kmj

� f almost everywhere

Let C�� C� be the constants in Lemma � ThenZ
jxj�C���

� R

jT
M
f�x�j dx

� lim inf
j��

Z
jxj�C���

� R

jKmj
� f�x�j dx

� lim inf
j��

Z
jxj�C���

�
R

���� Z
jyj�R


Kmj

�xy����Kmj
�x�
�
f�y� dy

����dx
� lim inf

j��

Z
jyj�R

jf�y�j dy
Z

jxj�C���
�

jyj

��Kmj
�xy����Kmj

�x�
�� dx

� C� kfkL�
� C� �

On the other hand the Schwartz inequality givesZ
jxj�C���

� R

jT
M
f�x�j dx � C Rn�� kT

M
fk� � C Rn�� kfk� � C �

This completes the proof
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Appendix� The proof of Lemma ��

The purpose of this appendix is to prove the lemma that occurs in
Section �

Lemma �� For every homogeneous polynomial P in H n with � �
degP � � ��n� ������ one has

����
sup

n��RP�r���m� ��
��� � m � Z

n� R � �
 j�j� n� j�j �
p

R

o
� C

P
r���n�������n�����R��n�� ��n������degP f

P
�rR�� �

for � � r � ��� where f
P
� L��R��� Moreover�

��
�

��R�r ��� �� ��
��

�
�
C�


r �
 j�j� n�� ��

��
� for r �
 j�j� n�� �� � � �

� � for r �
 j�j� n�� �� � � �

Proof� The mean value theorem gives je�x � e�x��j � C� x for � �
x � �  Then���R�r ��� �� ��

�� 	 ��Rr ��� �� ���Rr����� �� ��
��

	
��e�r���j�j�n���� � e�r

���j�j�n��������
� C� r

� �
 j�j� n�� ��

for � � r �
 j�j� n�� �� � � For the second estimate of ��
�� we note
that je�x � e�x��j � � for x � � Thus ��
� is proved As for ���� we
let � � �
 j�j� n� j�j and claim

����

��RPr ���m� ��
�� � CP e

�r��� �� degP��

	
� degPX

k��

�r����k � �r���� degP e�� r
������

�
�

for R � �
 j�j� n� j�j � p

R  Assuming the claim for a moment� we

have��RPr���m� ��
��

� C
P
�r������n������n����� ��degP�� �r��������n������n�����
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�
e�r

���
degP��X
k��

�r����k � �r���� degP�� e�r
������

�
	 C

P
�r������n������n����� ��degP�� g

P
�r��� �

where

g
P
�x� 	 x�����n������n�����

�
e�x

�

degP��X
k��

x�k � e�x
���� x� degP��

�
�

We note that � � R and the exponent 
� ���n���� ��n������ � ��

for n � N  Hence� we set f

P
� g�

P
� L��R� �

To prove the claim� we need the following well�known summation
formula

��"�
mX
i��

����i
�
m

i

�
ik 	 � � for � � k � m� � � m � N �

The idea of the proof of ���� is quite simple� but calculation is messy
We use binomial expansion and apply ��"� again and again to establish
the inequality ���� We show detailedly the inequality only for P �t� z� 	
za� �z

b
� with a � b and P �t� z� 	 za� �z

b
�! the proof can be carried over to

the other cases with minor modi�cations It follows from �
� and the
recurrence relations and di erential properties of flm� g that� for a � b�

Rza
�
	zb
�
r ��� �a�b�e�� ��

	 �
j�j���a�b���

s
��� � a� b��

���

	
aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
��� � i��

��� � i� b��
Rr ��� �� ���i�j�e�� �

and Rza� 	z
b
�r

���m� �� 	 � for m 	 �a� b�e� Then��Rza� 	z
b
�r

��� �a�b�e�� ��
��

� C
��a�b���

j�ja

	
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
����i��

����i�b�� e
�r������i�j�j�j��

����
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� C
��a�b���

j�ja e�r
���

���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
����i��

����i�b��
����

� C
��a�b���

j�ja e�r
���

��#�

	
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
����i��

����i�b��
a�b��X
k��

Ak
i�j

k�

����
� C

��a�b���

j�ja e�r
���

	
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
��� � i��

��� � i� b��

�X
k�a�b

Ak
i�j

k�

����
� S��S��S� �

where

Ai�j 	 � r�
f� � 
 �i� j� j�jg� � ��

�
	 � # r� j�j �i� j�

	 �� � ��� j�j �i� j� � �� j�j� �i� j�� � 
 j�j� �i� j��
�
�

We immediately obtain S� 	 � since the summation
Pb

j������j

b
j

�
	� 

To estimate S�� we have

S� � C
��a�b���

j�ja e�r
���

	
���� X
��i�a
��j�b
i
j

����i�j
�
a

i

��
b

j

�
��� � i��

��� � i� b��

�X
k�a�b

Ak
i�j

k�

����
� C

��a�b���

j�ja e�r
���

	
���� X
��i�a
��j�b
i�j

����i�j
�
a

i

��
b

j

�
��� � i��

��� � i� b��

�X
k�a�b

Ak
i�j

k�

����
� C

��a�b���

j�ja e�r
���

X
��i�a
��j�b
i
j

�
a

i

��
b

j

�
�b

j�jb �r
� j�j���a�b����
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� C
��a�b���

j�ja e�r
���

	
X

��i�a
��j�b
i�j

�
a

i

��
b

j

�
�b

j�jb �r
�j�j���a�b e�� r������

� C ���a�b��� e�r
��� �r� ���a�b

� C ���a�b��� e�r
��� �r� ���a�b e�� r

������

since we apply the property of alternating series and the following es�
timate to the last two inequalities

�X
k�a�b

Ak
i�j

k�
	 C Aa�b

i�j

�X
k�a�b

A
k��a�b�
i�j

k�

� C Aa�b
i�j eAi�j

� C �r� j�j���a�b er�����f��j���i�j�jg��

� C �r� j�j���a�b e�� r������ �

for i � j and 
 j�j� n 	 j
 �i� j�j 
For i � j and 
 j�j� n 	 j
 �i� j�j � the term e�r

������i�j�j�j�� in
��#� disappears Thus

��Rza
�
	zb
�
r ��� �a�b�e�� ��

�� � C
��a�b���

j�ja

	
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
����i��

����i�b��
����

	 C
��a�b���

j�ja

	
���� aX
i��

����i
�
a

i

�
����i��

����i�b��
bX

j��

����j
�
b

j

�����
	 � �
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Hence S� �ts the format of ���� As to S� � we write

S� 	 C
��a�b���

j�ja e�r
���

	
��� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�� X
��u�v�b

cu�v �
u
� i

v
�

	
a�b��X
k��

�kX
m��

� # r�j�j �i� j�
�k
ck�m ��k�mj�jm�i� j�m

k�

���
	 C

��a�b���

j�ja e�r
���

	
��� aX
i��

bX
j��

a�b��X
k��

�kX
m��

X
��u�v�b

�

k�
����i�j

�
a

i

��
b

j

�
	 cu�v �u� iv��# r��k�i� j�k�mck�m ��k�mj�jk�m

���
	 C

��a�b���

j�ja e�r
���

	
��� aX
i��

bX
j��

a�b��X
k��

�kX
m��

X
��u�v�b

�

k�
����i�j

�
a

i

��
b

j

�

	 cu�v �u� iv��# r��k
k�mX
l��

ck�m�l i
k�m�l��j�l��k�mj�jk�m

���
	 C

��a�b���

j�ja e�r
��� jS� � Sj �

where cu�v and ck�m denote constants dependent on their indexes�

S� 	
aX
i��

bX
j��

a�b��X
k��

�kX
m��� �z �

��k�m�a��

X
��u�v�b

k�mX
l��

�

k�
����i�j

�
a

i

��
b

j

�

	 cu�v �u� iv��# r��kck�m�l i
k�m�l��j�l��k�m j�jk�m �

and

S 	
aX
i��

bX
j��

a�b��X
k��

�kX
m��� �z �

k�m
a

X
��u�v�b

k�mX
l��

�

k�
����i�j

�
a

i

��
b

j

�
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	 cu�v �u� iv��# r��kck�m�l i
k�m�l��j�l��k�m j�jk�m �

It follows from ��"� that

S� 	
a�b��X
k��

�kX
m��� �z �

��k�m�a��

�

k�
��# r��k��k�m j�jk�m

	
aX
i��

bX
j��

X
��u�v�b

� b��X
l��

�
k�mX
l�b

�
cu�v�k�m�l ����i�j

	
�
a

i

��
b

j

�
�u� i

k�m�v�l��j�l

	
a�b��X
k��

�kX
m��� �z �

��k�m�a��

�

k�
��# r��k��k�m j�jk�m

	
aX
i��

X
��u�v�b

b��X
l��

cu�v�k�m�l ����i�l
�
a

i

�
�u� i

k�m�v�l

	
bX

j��

����j
�
b

j

�
jl

�
a�b��X
k��

�kX
m��� �z �

��k�m�a��

�

k�
��# r��k��k�m j�jk�m

	
bX

j��

X
��u�v�b

k�mX
l�b

cu�v�k�m�l ����j�l
�
b

j

�
�u� j

l

	
aX
i��

����i
�
a

i

�
ik�m�v�l

	 � �

since l � b implies k�m� v� l � k�m� b� l � k�m � a��  Thus
we infer

S� 	 C
��a�b���

j�ja e�r
��� jSj �



��� C� Lin

Similarly we estimate S as follows

S 	
aX
i��

bX
j��

a�b��X
k��

�kX
m��� �z �

k�m
a

X
��u�v�b

u
k�m�a��

k�mX
l��

�

k�
����i�j

�
a

i

��
b

j

�

	 cu�v �u� iv��# r��kck�m�l i
k�m�l��j�l��k�m j�jk�m

�
aX
i��

bX
j��

a�b��X
k��

�kX
m��� �z �

k�m
a

X
��u�v�b
u�k�m�a

k�mX
l��

�

k�
����i�j

�
a

i

��
b

j

�

	 cu�v �u� iv��# r��kck�m�l i
k�m�l��j�l��k�m j�jk�m

� S� � S� �

Using ��"� again� we obtain

S� 	
a�b��X
k��

�kX
m��� �z �

k�m
a

aX
i��

bX
j��

X
��u�v�b

u
k�m�a��

� b��X
l��

�
k�mX
l�b

� �
k�
����i�j

�
a

i

��
b

j

�

	 cu�v �u� iv��# r��kck�m�l i
k�m�l��j�l��k�m j�jk�m

	
a�b��X
k��

�kX
m��� �z �

k�m
a

�

k�
��# r��k��k�m j�jk�m

	
aX
i��

X
��u�v�b

u
k�m�a��

b��X
l��

cu�v�k�m�l ����i�l
�
a

i

�

	 �u� ik�m�v�l
bX

j��

����j
�
b

j

�
jl

�
a�b��X
k��

�kX
m��� �z �

��k�m�a��

�

k�
��# r��k��k�m j�jk�m

	
bX

j��

X
��u�v�b

u
k�m�a��

k�mX
l�b

cu�v�k�m�l ����j�l
�
b

j

�
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	 �u� jl
aX
i��

����i
�
a

i

�
ik�m�v�l

	 � �

since k�m�v�l � b�l�a�� � a�� for � � u�v � b� u � k�m�a�� �
and l � b 

jS�j 	
���� aX
i��

bX
j��

a�b��X
k��

�kX
m��� �z �

k�m
a

X
��u�v�b
u�k�m�a

k�mX
l��

�

k�
����i�j

�
a

i

��
b

j

�

	 cu�v �u� iv��# r��kck�m�l i
k�m�l��j�l��k�m j�jk�m

����
� Ca�b

a�b��X
k��

�kX
m��� �z �

k�m
a

j�jk�m�a r�k ��k�m j�jk�m

	 Ca�b

a�b��X
k��

�kX
m��� �z �

k�m
a

�k�m�a r�k ��k�m j�ja

� Ca�b

a�b��X
k��

r�k j�ja ��k�a �

Hence�

S� � C
��a�b���

j�ja e�r
���

a�b��X
k��

r�k j�ja ��k�a

	 C e�r
��� ���a�b���

a�b��X
k��

�r ����k �

which combined with ��#�� ����� and S� 	 � proves ���� for P �t� z� 	
za� �z

b
�� a � b For P �t� z� 	 za� �z

b
�� we use �
� and the recurrence relations

and di erential properties of Laguerre functions again to obtain

Rza
�
	zb
�
r ��� ae� � be�� �� 	 �
 j�j���a�b���

s
��� � a��

���

s
��� � b��

���
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aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
Rr ��� �� �� ie��je��

and Rza
�
	zb
�
r ���m� �� 	 � for m 	 ae� � be�  Then

�
��

��Rza
�
	zb
�
r
��� ae� � be�� ��

��
� C

��a�b���

j�ja�b
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�
e�r

������i�j�j�j��
����

� C
��a�b���

j�ja�b e�r
���
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�����
� C

��a�b���

j�ja�b e�r
���
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

� a�b��X
k��

Bk
i�j

k�

����
� C

��a�b���

j�ja�b e�r
���
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

� �X
k�a�b

Bk
i�j

k�

����
� T� � T� � T� �

where

Bi�j 	 � r�

�� � 
 �i� j�j�j�� � ��

�
	 � # r� j�j �i� j�

	 �� � ��� j�j �i� j� � �� j�j� �i� j�� � 
 j�j� �i� j��
�
�

We immediately obtain T� 	 � since the summation

bX
j��

����j
�
b

j

�
	 � �

To estimate T�� we use j�j � � and the property of alternating series
to get

�
��
T� � C

��a�b���

j�ja�b e�r
���

aX
i��

bX
j��

�
a

i

��
b

j

�
�r� j�j���a�b

� C e�r
��� ���a�b��� �r� ���a�b �
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As to T�� we write

T� 	 C
��a�b���

j�ja�b e�r
���

	
���� aX
i��

bX
j��

����i�j
�
a

i

��
b

j

�

	
a�b��X
k��

�kX
m��

� # r� j�j �i� j�
�k
ck�m ��k�m j�jm�i� j�m

k�

����
	 C

��a�b���

j�ja�b e�r
���

	
���� aX
i��

bX
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a�b��X
k��

�kX
m��

�
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����i�j

�
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i

��
b

j

�

	 ��# r��k �i� j�k�m ck�m ��k�m j�jk�m
����

	 C
��a�b���

j�ja�b e�r
���

	
���� aX
i��

bX
j��

a�b��X
k��

�kX
m��

�

k�
����i�j

�
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i

��
b

j

�

	 ��# r��k
k�mX
l��

ck�m�l i
k�m�l jl ��k�m j�jk�m

����
	 C

��a�b���

j�ja�b e�r
��� jT� � Tj �

where ck�m and ck�m�l denote constants dependent on their indexes�

T� 	
aX
i��

bX
j��

a�b��X
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�kX
m��� �z �
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����i�j
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k�m�l jl ��k�m j�jk�m �
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T 	
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i��

bX
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a�b��X
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m��� �z �
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k�mX
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	 ��# r��k ck�m�l i
k�m�l jl ��k�m j�jk�m �

It follows from ��"� that

T� 	

a�b��X
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�kX
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since l � b implies k �m� l � a� b� �� l � a� �  Thus
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��� jTj

	 C
��a�b���

j�ja�b e�r
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��a�b���

j�ja�b e�r
���

a�b��X
k��

�kX
m��� �z �

k�m
a�b

r�k ��k�m j�jk�m

� Ca�b
��a�b���

j�ja�b e�r
���

a�b��X
k��

�kX
m��� �z �

k�m
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r�k ��k�m j�ja�b �k�m�a�b

	 Ca�b e
�r��� ���a�b���

a�b��X
k��

�r ����k �

which combined with �
��� �
��� and T� 	 � proves ���� for

P �t� z� 	 za� �z
b
� �

and ends the proof of Lemma 
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La �version ondelettes�

du th�eor�eme du Jacobien

Sylvia Dobyinsky

R�esum�e� Nous d�e�nissons un �produit renormalis�e� par ondelettes qui
am�eliore� dans certains cadres fonctionnels� les propri�et�es du produit
usuel de deux fonctions� Gr�ace 	a cette technique de renormalisation du
produit nous obtenons une d�emonstration par ondelettes d
une version
pr�ecis�ee du th�eor	eme du Jacobien� Finalement nous �etablissons le lien
entre ce produit renormalis�e par ondelettes et les paraproduits de J�M�
Bony�

Introduction�

Certaines op�erations alg�ebriques bilin�eaires� telles que le produit de
deux distributions� deviennent impossibles dans des cadres fonctionnels
inad�equats� Pour contourner cette di�cult�e� il convient� soit de modi�
�er la d�e�nition de l
op�eration bilin�eaire� soit d
ajuster le cadre fonction�
nel� Nous d�e�nissons donc� 	a partir de la d�ecomposition dans une base
orthonorm�ee d
ondelettes de deux fonctions f� g � L�� des op�erateurs
bilin�eaires qui g�en�eralisent et am�eliorent le produit usuel� que nous ap�
pellerons op�erateurs de �produit renormalis�e�� Dans ce texte� nous tra�
vaillerons dans des cadres fonctionnels du type Lp � Lq� et nous ferons
en sorte que� par exemple� le �produit renormalis�e� de deux fonctions de
L� fournisse une fonction de l
espace de Hardy H�� Remarquons cepen�
dant que �multiplier� une fonction a � BMO par une fonction f � L�

n�ecessite une modi�cation du produit usuel qui n
est pas du tout la
m�eme que celle que nous envisageons ici� Il n
y a donc pas de solution

���
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�universelle� au probl	eme de g�en�eraliser la d�e�nition du produit�
Soulignons surtout le fait que d
autres techniques bien connues�

en particulier la th�eorie de Littlewood�Paley� et les paraproduits de J�
M� Bony permettant de �paramultiplier� deux distributions temp�er�ees
arbitraires� fournissent des op�erateurs de produit renormalis�e �equiva�
lents 	a ceux que nous obtenons 	a l
aide des ondelettes�

On d�esigne par H�R�� l
espace de Hardy dans la version d�e�nie
par E� Stein et G� Weiss� f appartient 	a H�R�� si et seulement si f
et les transform�ees de Riesz R�f et R�f appartiennent toutes trois 	a
L�R��� L
appartenance de f 	a cet espace H�R�� peut �etre caract�eris�ee
par une condition portant sur les modules des coe�cients d
ondelettes
de f � cf� �����

Le th�eor	eme du Jacobien ��� est l
�enonc�e suivant�

Si fx� y� et gx� y� sont deux fonctions appartenant �a L�
locR

�� et
si les quatre d�eriv�ees prises au sens des distributions� �f��x� �f��y�
�g��x� �g��y appartiennent �a L�R��� alors le Jacobien

Jf� g� �
�f

�x

�g

�y
�
�g

�x

�f

�y

appartient �a l�espace de Hardy H�R���

On observe bien �evidemment que �f��x� �g��y� appartient 	a
L�R��� et qu
il en est de m�eme pour �g��x� �f��y�� C
est la di��eren�
ce entre ces deux termes qui introduit pr�ecis�ement la cancellation n�ece�
ssaire pour passer de L�R�� 	a H�R���

Nous allons donner une nouvelle d�emonstration en m�eme temps
qu
une version pr�ecis�ee de ce r�esultat� Cette d�emonstration est bas�ee
sur la technique de renormalisation par ondelettes du produit de deux
fonctions� Elle s
applique �egalement 	a un cadre fonctionnel un peu plus
g�en�eral que L� � L�� et 	a des op�erateurs bilin�eaires plus g�en�eraux que
le Jacobien� 	a savoir

Bf� g� �
KX
i��

Aif�Big� �

o	u Ai et Bi sont des op�erateurs d
int�egrales singuli	eres du type �etudi�e
par A� Calder�on et A� Zygmund� li�es par des conditions d
oscillation
les hypoth	eses seront pr�ecis�ees par la suite��
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En appendice nous �etablissons l
�equivalence� �modulo� un espace
strictement contenu dans l
espace de Hardy H�� entre le produit renor�
malis�e par ondelettes et le produit renormalis�e par paraproduit�

Soulignons �nalement que la m�ethode de renormalisation du pro�
duit 	a l
aide des paraproduits fournit une d�emonstration du lemme
�Div�Curl� qui est �optimale � du point de vue de sa simplicit�e voir
����� m�eme si toutes les preuves m	enent 	a un r�esultat �equivalent�

�� La renormalisation par ondelettes du produit usuel�

���� Les ondelettes utilis�ees�

Les ondelettes ������� dont nous rappelons ici la construction
et les propri�et�es essentielles� constituent une base orthonorm�ee remar�
quable de L�Rn ��

On d�esigne par � l
ensemble des points � � k� ������j o	u j � Z�
k � Zn et � � E � f�� �gn n f�� �� � � � � ��g �

La base orthonorm�ee d
ondelettes ������ est engendr�ee 	a par�
tir de �n � � �ondelettes�m	ere�� que nous notons �����E de la fa�con
suivante

���� ��x� � �nj�� ���jx� k� si � �
�
k �

�

�

�
��j �

On demande 	a chacune de ces fonctions �� de satisfaire aux propri�et�es
suivantes�

r�egularit�e� �� de classe Cs pour un certain s � ������

localisation�����

j����x�j � Cm � � jxj��m

pour tout multi�indice 	 tel que j	j � s� tout entier m � �

et tout x � Rn �

������ est une base orthonorm�ee de L�Rn� �����

Des propri�et�es pr�ec�edentes d�ecoule alors celle de cancellation

����

Z
Rn

x� ��x� dx � � � si � � j
j � s �
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La construction d
une base orthonorm�ee d
ondelettes repose sur le
concept d
analyse multir�esolution introduit par S� Mallat et Y� Meyer
���� et ������ Rappelons tout d
abord la d�e�nition d
une analyse mul�
tir�esolution dans le cas unidimensionnel�

D�e�nition ���� Une analyse multir�esolution de L�R� est une suite

Vj�j�Z de sous�espaces vectoriels ferm�es de L�R�� v�eri�ant les pro�

pri�et�es suivantes	

Vj � Vj������

fx� � Vj si et seulement si f�x� � Vj������ �
j�Z

Vj � f�g�� �

�
j�Z

Vj est dense dans L�R���!�

il existe une fonction �x� � V� telle que�����

f�x� k�gk�Z soit une base hilbertienne de V� �

Consid�erons maintenant Wj � le suppl�ementaire orthogonal de Vj
dans Vj��� On a

L�R� �
�M
j�Z

Wj�����

fx� � W� si et seulement si f�jx� �Wj ������

La construction d
une base orthonorm�ee d
ondelettes de L�R� re�
vient �nalement 	a celle d
une base de W� de la forme �x � k��k�Z�
La construction de cette fonction � se fait automatiquement 	a partir
de � voir ������

Revenons maintenant au cas multidimensionel� On pose� pour � �
��� � � � � �n� � E�

��x� � ���x�� � � ��
�nxn�
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o	u

��i � � � si �i � � �

��i � � � si �i � � �

Alors� f�nj�� ���jx�k�gj�Z�k�Zn� ��E est une base orthonorm�ee d
on�
delettes de L�Rn� �

Soulignons �nalement que nous disposons de bases orthonorm�ees
d
ondelettes 	a support compact� r�eelles� de r�egularit�e s � � s � ���
arbitraire� construites par I� Daubechies ����

Note� Dans le but de simpli�er les notations� nous supposerons par la
suite que toutes les fonctions consid�er�ees sont 	a valeurs r�eelles�

���� La construction du produit renormalis�e par ondelettes�

Notons Pj etQj les op�erateurs de projection orthogonale de L�Rn�
sur Vj et Wj respectivement� On a alors

lim
j���

kPjf � fk� � � � pour tout f � L�Rn� ������

lim
j���

Pjf � � pour tout f � L�Rn ������

Pj�� � Pj �Qj ������

Les propri�et�es ����� et ����� nous permettent d
�ecrire le produit
ponctuel fg de deux fonctions de L�Rn� sous la forme d
une s�erie
t�elescopique� convergente dans L��

fg �
X
j�Z

�Pj��f�Pj��g�� Pjf�Pjg�� �

Gr�ace 	a ������ on obtient

fg �
X
j�Z

Pjf�Qjg� �
X
j�Z

Qjf�Pjg� �
X
j�Z

Qjf�Qjg� �
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Notons maintenant

�f� g� �
X
j�Z

Pjf�Qjg� �

�f� g� �
X
j�Z

Qjf�Pjg� �

Sf� g� �
X
�

hf� ��i hg� ��i�
�
� �

�f� g� �
X
j�Z

Qjf�Qjg�� Sf� g� �

Ainsi� Sf� g� regroupe tous les termes du produit dont l
int�egrale n
est
pas nulle� Notre but �etant de d�e�nir un op�erateur de produit renor�
malis�e P � qui soit born�e de L� � L� dans H�� nous adopterons la
d�e�nition qui consiste tout simplement 	a �oter tous les termes d�epourvus
d
oscillations�

D�e�nition ���� Soient f et g deux fonctions de L�Rn�� Nous ap�

pellerons produit renormalis�e de f et g� associ�e �a la base orthonorm�ee

d�ondelettes ������� et nous noterons P
�f� g�� la fonction de L�Rn�

d�e�nie par

����� P �f� g� � fg �
X
���

hf� ��i hg� ��ij��j
� �

Les propri�et�es particuli	eres de la base orthonorm�ee d
ondelettes
entra�"nent alors la

Proposition ���� L�op�erateur P � est continu de L�Rn��L�Rn � dans
l�espace de Hardy r�eel H�Rn��

A�n de simpli�er les notations� supposons que les fonctions � et �
sont 	a support compact� et concentrons nous sur le cas de la dimension
� la d�emonstration que nous proposons se g�en�eralise imm�ediatement
au cas multidimensionnel��

Dans ce contexte� les produits �jk �j� k�m s
annulent d	es que l

entier m v�eri�e jmj � C� � o	u la constante C� ne d�epend que de la taille
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des supports des fonctions � et �� Notons wm
jk le produit �jk �j� k�m �

Pour chaque valeur de m �x�ee� la famille wm
jk�j� k�Z� a essentiellement

les m�emes propri�et�es que la base orthonorm�ee d
ondelettes� la seule
propri�et�e manquante �etant l
orthogonalit�e�

L
op�erateur � a donc pour expression

�f� g� �
X
j�Z

X
k�Z

X
jmj�C�

�j��hf� �jki hg� �j�k�miw
m
jk �

Rappellons maintenant la caract�erisation par ondelettes de l
espace
de Hardy H�Rn��

X
���

	��� � H
�Rn�	


�X
���

j	�j
��nj�

�
x�

����

� L�Rn� �

o	u �
�
d�esigne la fonction indicatrice du cube dyadique associ�e 	a �� qui

est d�e�ni par la condition �jx� k � ��� ��n�

Des calculs standard montrent que l
op�erateur U � L� � L�� d�e�ni
par U�jk� � wjk � est un op�erateur de Calder�on�Zygmund qui v�eri�e
les conditions U�� � U��� � �� et est en cons�equence born�e dans H�

et dans BMO�
Pour obtenir la continuit�e L��L� �H�� il su�t donc de montrer

que� pour tout m � Z� jmj � C� � la s�erieX
j�Z

X
k�Z

�j��hf� �jki hg� �j�k�mi�jk � H
�R� �

ce qui revient 	a v�eri�er que�X
j�Z

X
k�Z

��j jhf� �jki hg� �j�k�mij
� �jkx�

����
� L�R� �

Il su�t maintenant de montrer que la fonction�
sup
j�k

x�Qjk

jhf� �j���jkij
��X

j�Z

X
k�Z

�j jhg� �j�k�mij
� �jkx�

����

appartient 	a L�R� �
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Or� si nous d�esignons par f� la fonction maximale de Hardy et
Littlewood� nous avons� pour tout x � R�

sup
j�k

x�Qjk

jhf� �j���jkij � C f�x� �

Pour conclure� il su�t alors d
appliquer l
in�egalit�e de H#older et de
remarquer que

kf�k�

����X
j�Z

X
k�Z

�j jhg� �j�k�mij
� �jkx�

�������
L�
� C kfk� kgk� �

La continuit�e de l
op�erateur � s
�etablit de mani	ere identique�

Quant 	a �f� g�� des calculs imm�ediats montrent en fait son ap�
partenance 	a un espace strictement contenu dans H�Rn �� l
espace de
Besov homog	ene $B���

� Rn�� dont nous rappellerons la d�e�nition par la
suite�

Proposition ���� Si fq � f pour la topologie faible �L�� L��� et gq �
g pour la m
eme topologie� alors la suite P �fq� gq� converge faiblement

vers P �f� g� au sens de la topologie faible �H��VMO��

Rappelons que VMO est la fermeture� pour la norme de BMO� de
l
espace vectoriel des fonctions continues et nulles 	a l
in�ni� L
espace
H� est le dual de VMO�

Consid�erons l
exemple de l
op�erateur �� Sous nos hypoth	eses� et
gr�ace 	a la Proposition ���� la suite �fq� gq�� est born�ee dans H��
Comme l
op�erateur U � �jk � wjk est born�e dans H�� il su�t main�
tenant de montrer que� pour chaque jmj � C� � la suiteX

j�Z

X
k�Z

�j�� hfq� �jki hgq� �j�k�mi�jk

converge au sens de la topologie faible �H��VMO� versX
j�Z

X
k�Z

�j�� hf� �jki hg� �j�k�mi�jk �

Ceci d�ecoule imm�ediatement du lemme suivant



La 	version ondelettes
 du th�eor�eme du Jacobien ��	

Lemme ���� Soit hq�q�N une suite born�ee dans H�R�� Alors� hq
converge vers h au sens de la topologie �H��VMO� si et seulement si

hhq� �jki � hh� �jki pour tout j � Z et tout k � Z �

Cette �equivalence est cons�equence du fait que la base orthonorm�ee
d
ondelettes ������ constitue une famille totale dans l
espace de Ba�
nach VMO�

���� L��equivalence entre les op�erateurs P � et %P � associ�es 	a

deux bases orthonorm�ees d�ondelettes�

Une fois le produit renormalis�e P � construit� la question suivante
se pose tout naturellement � cette renormalisation P �f� g� est�elle� en
un certain sens� ind�ependante de la base d
ondelettes choisie pour la
construction de P � &

Pour r�epondre 	a cette question� nous introduisons maintenant l
es�
pace de Besov homog	ene $B���

� Rn� �����������

D�e�nition ���� L�espace de Besov homog�ene $B���
� Rn� est le sous�

espace de L�Rn � compos�e des fonctions f � L�Rn� dont la s�erie dans

une base orthonorm�ee d�ondelettes f �
P

��� 	��� v�eri�e

�����
X
���

j	�j �
�nj�� � �� �

En d
autres termes� la fonction f appartient 	a $B���
� Rn � si et seule�

ment si
P

��� j	�j k��k� � ��� c
est 	a dire si la s�erie d
ondelettes de
f converge normalement dans L�Rn��

Une autre caract�erisation de $B���
� sera utile par la suite�

D�e�nition ��
� Une famille fmjkgj�Z� k�Zn est une famille normalis�ee

en norme L� de mol�ecules s�il existe deux exposants 	 � 
 � �� et une
constante C � � tels que

��� � jmjkx�j � C �nj � � j�jx� kj��n�� �
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pour tout x � Rn �

���!� jmjkx��mjky�j � C �j�n��	 jx� yj�

pour tout x� y� � Rn�� � et

�����

Z
Rn

mjkx� dx � � �

Remarque� Toute base orthonorm�ee d
ondelettes de r�egularit�e s � �
constitue une famille normalis�ee en norme L� de mol�ecules�

La deuxi	eme caract�erisation de l
espace de Besov homog	ene
$B���
� Rn � d�ecoule du lemme suivant�

Lemme ���� Soit mjk� une famille normalis�ee en norme L� de mol�e�

cules et 	jk� une suite dans ��Z� Z
n�	

P
j

P
k j	jkj � ��� AlorsP

	jkmjk appartient �a $B���
� Rn��

Nous pouvons maintenant �enoncer le

Th�eor	eme ���� Soient ������ et  %������ deux bases orthonorm�ees

d�ondelettes de m
eme r�egularit�e s� P � et %P � les op�erateurs de pro�

duit renormalis�e associ�es respectivement �a chacune de ces bases� Alors

l�op�erateur ' � P � � %P � envoie contin
ument L�Rn� � L�Rn� dans
$B���
� Rn ��

Cet �enonc�e signi�e que� modulo l
espace $B���
� � qui est strictement

contenu dans H�� toutes les renormalisations du produit par ondelettes
d
une certaine r�egularit�e sont �equivalentes�

Les id�ees essentielles dans la preuve de ce th�eor	eme sont les m�emes
que celles qui nous permettront d
�etablir le th�eor	eme du Jacobien� C
est
pourquoi nous donnerons ici les �etapes principales de cette preuve�

Si

f �
X
�

	��� �
X
�

%	� %��

et

g �
X
�


��� �
X
�

%
� %�� �
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alors la di��erence entre les deux produits renormalis�es 'f� g� s
�ecrit

'f� g� � P �f� g�� %P �f� g� � '�f� g� � '�f� g�

o	u

'�f� g� �
X
�

%	� %
�
	
��
� �

%��
�



et

'�f� g� �
X
�

	
	�
� � %	� %
�



��
� �

Il est facile de v�eri�er que le terme '�f� g� appartient 	a l
espace
$B���
� Rn � car ��

� �
%��
����� constitue une famille normalis�ee en norme

L� de mol�ecules� et la suite %	� %
����� appartient 	a ����� Observons�
en e�et� que Z

��
� �

%��
�� � k��k

�
� � k

%��k
�
� � � �

La v�eri�cation des autres propri�et�es des mol�ecules est imm�ediate�

Pour �etudier le terme '�f� g�� on remarque que les suites 	���
%	�� puis 
���  %
�� sont li�ees par les �equations

�����

��������
%	� �

X
����

���� ��	��

%
� �
X
����

���� �� 
��

o	u ���� �� � h %��� ���i �

La matrice de changement de base M � ���� ��������	��� est uni�
taire� et pr�esente une certaine d�ecroissance 	a partir de la diagonale� que
nous d�etaillons par la suite�

Pour � � �� nous d�e�nissons les �poids� p	�� �
�� par

����� p	�
�� �� �

��jj
��jj�	�n��	

� � j�j���

� ��j���j
�

��j���j��jk ��j�k� ��j� j

�n�	
�

Ces p	�
�� �� ont la propri�et�e essentielle suivante voir �����
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Lemme ���� Soit � � �� � �� � �� � Il existe une constante c �
cn� ��� ��� ��� � � telle queX

���

p	��
�� �� p	��

��� �� � c p	��
�� ���� �

pour tout ��� ���� � �� �

Les coe�cients de la matrice M sont estim�es par

����� j���� ��j � c p	��
�� �� �

pour tout ��� �� � �� � o	u la valeur de �� d�epend de la r�egularit�e de la
base orthonorm�ee d
ondelettes voir 	a ce sujet ������

Retournons maintenant 	a '�f� g� que nous r�e�ecrivons

'�f� g� �
X
���

h
	�
� �

�X
��

	�� ��
�� ��

��X
���


��� ��
��� ��

�i
��
�

� Cf� g��Rf� g�

o	u

Cf� g� �
X
���

�
	�
� �

X
��

	��
�� ��
�� ���

�
��
�

�
X
���

	�
�
�
��
� �

X
��

���� ��� ��
��

�
et

Rf� g� �
X
�

X
�����������

�� �����

	��
��� ��
�� ������� ����

� �

L
�etude de Cf� g� se ram	ene 	a celle des fonctions

m� � ��
� �

X
����

���� ��� ��
�� �

et d�ecoule du

Lemme ��
� Soit

m� � ��
� �

X
����

���� ��� ��
�� �
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L�ensemble m����� constitue alors une famille normalis�ee en norme

L� de mol�ecules�

Dans la preuve du Lemme ���� les propri�et�es de la matrice de pas�
sage M � ���� ����� jouent un r�ole essentiel�

La s�erie
P

�� ��
�� ��� k��

��k� �etant convergente� l
int�egration terme
	a terme donneZ

m� �

Z
��
� �

X
��

���� ���
Z
��
�� � ��

X
��

���� ��� � � �

Les autres propri�et�es des mol�ecules d�ecoulent de la localisation et de
la r�egularit�e des ondelettes� ainsi que des propri�et�es particuli	eres des
poids p	�

�� ���

Consid�erons �nalement la partie Rf� g�� que nous r�e�ecrivons

Rf� g� �
X
��

X
���

	��
��� p	��
�� ����

X
���

���� ������� ��

p	��
�� ����

��
� �

o	u �� v�eri�e � � �� � �� �

Posons

m������ �
X
���

���� ������� ��

p	��
�� ����

��
� �

Alors� si le coe�cient �� est choisi convenablement� l
ensemble

m��������������	���� �� 	����

constitue une famille normalis�ee en norme L� de mol�ecules�

Reste 	a voir �nalement queX
��

X
���

j	�� j j
��� j p	��
�� ���� � �� �

L
application du lemme de Schur avec les coe�cients w�� � ��nj�� 	a la
matrice p	��

�� ������������	��� montre que celle�ci d�e�nit un op�erateur
continu dans ���� on pourra consulter ���� 	a ce sujet��

La s�erie X
����

X
�����

j	�� j j
��� j p	��
��� ���

est ainsi major�ee par

c
� X
����

j	�� j
�
����� X

�����

j
��� j
�
����

� c kfk� kgk� �
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�� La �version ondelettes� du th�eor	eme du Jacobien�

Le th�eor	eme du Jacobien est l
�enonc�e suivant ����

Th�eor	eme ���� Si fx� y� et gx� y� sont deux fonctions appartenant

�a L�
locR

�� et si les quatre d�eriv�ees prises au sens des distributions�
�f��x� �f��y� �g��x� �g��y appartiennent �a L�R��� alors le Jaco�

bien

Jf� g� �
�f

�x

�g

�y
�
�g

�x

�f

�y

appartient �a l�espace de Hardy H�R�� �

Notre �enonc�e pr�ecis�e est le suivant

Th�eor	eme ���� Soit ������ une base orthonorm�ee d�ondelettes et P �

l�op�erateur de produit renormalis�e associ�e �a cette base� Alors� sous les

m
emes hypoth�eses que le Th�eor�eme ���� on a

Jf� g� � H�R��

et

JBf� g� � Jf� g�� P �
��f
�x

�
�g

�y

�
� P �

��f
�y

�
�g

�x

�
� $B���

� R�� �

Notre m�ethode consiste 	a renormaliser chacun des produits

�f

�x

�g

�y
et

�f

�y

�g

�x
�

Les termes P ��f��x � �g��y� et P ��f��y � �g��x� appartiennent de
fa�con automatique 	a H�R�� �

Consid�erons maintenant la somme des �mauvais� termes qui �etai�
ent individuellement d�epourvus d
oscillations�

JBf� g� �
X
���

�
h
�f

�y
� ��i h

�g

�x
� ��i � h

�f

�x
� ��i h

�g

�y
� ��i

�
��
� �
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Si

f �
X
���

	��� � g �
X
���


��� �

l
appartenance 	a L�R�� des d�eriv�ees partielles de f et g entra�"ne
l
appartenance 	a ���� des suites �j	����� et �j
����� �

Posons maintenant

����

������
�x�

�� �� � h
����

�x
� ��i �

�y�
�� �� � h

����

�y
� ��i �

On peut alors �ecrire

JBf� g� �
X
���

� X
�������	���

	��
���
	
�y�

�� ���x�
��� ��

� �x�
�� ���y�

��� ��

�

��
� �

Remarquons maintenant que l
on a de fa�con �evidente les estima�
tions suivantes

j�x�
�� ��j � c �j

�

p	� �
�� ��

et
j�y�

�� ��j � c �j
�

p	
�
��� ��

o	u les p	�
�� �� sont d�e�nis par l
�equation ������

Posons maintenant� pour � � �� � ��

m����� �
��j

�

��j
��

p	��
�� ����

X
���

	
�y�

�� ���x�
��� ��� �x�

�� ���y�
��� ��



��
� �

Nous pouvons alors r�e�ecrire JBf� g� sous la forme suivante

JBf� g� �
X

�������	���

�j
�

	�� �
j��
��� p	��

�� ����m����� �

Les deux lemmes suivants nous permettent alors de conclure�
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Lemme ���� La suite
	
�j

��j��	��
��� p	��
�� ����



�������	��� appartient

�a l�espace ����� �

Lemme ���� L�ensemble des m��������������	��� d�ecrit une famille nor�

malis�ee en norme L� de mol�ecules�

Nous montrerons seulement ici pourquoi m����� est une fonction de
L�R��� d
int�egrale nulle�

Calculons tout d
abord� pour ��� ���� � ��� la sommeX
���

Z
R�

	
j�y�

�� ���x�
��� ��� �x�

�� ���y�
��� �� j��

�x�


dx

� c �j
��j��

X
���

p	��
�� �� p	��

��� ��

� cn� ��� �
j��j�� p	��

�� ���� � �� �

Nous sommes donc en mesure d
int�egrer terme 	a terme la s�erie qui
d�e�nit m�����Z

m����� �
���j

��j��	

p	��
�� ����

X
���

	
�y�

�� ���x�
��� ��� �x�

�� ���y�
��� ��



�

OrX
���

	
�y�

�� ���x�
��� ��� �x�

�� ���y�
��� ��



�
X
���

�
h
����

�y
� ��i h

�����

�x
� ��i � h

����

�x
� ��i h

�����

�y
� ��i

�
et cette derni	ere s�erie vaut exactement

h
����

�y
�
�����

�x
i � h

����

�x
�
�����

�y
i �

Z
J��� � ����� � � �

�� G�en�eralisations�

Nous pr�esenterons par la suite des g�en�eralisations possibles aux
r�esultats ci�dessus�
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���� Le cadre LpRn �� LqRn� �

Le m�eme op�erateur P � d�e�ni en Section ��� s
�etend en un op�erateur
continu de LpRn��LqRn� dans l
espace de HardyHrRn�� o	u � � p �
��� � � q � ��� ��p���q � ��r� 	a condition que � � r � n�n��� �

Remarque� Cette restriction sur r est due au manque d
oscillations
des produits �jk �jl qui apparaissent dans la construction de P �� Cette
limitation dispara�"t si nous consid�erons des renormalisations du produit
obtenues 	a partir de symboles bilin�eaires que nous d�e�nissons dans ���
et � ��

La di��erence P �� %P � sera un op�erateur born�e de LpRn��LqRn�
dans l
espace de Lizorkin�Triebel homog	ene $F ���

r Rn� avec les m�emes
conditions sur p� q et r�

Nous ne donnons pas ici la d�e�nition ni les propri�et�es des espaces
de Lizorkin�Triebel� le lecteur int�eress�e pourra consulter �!� 	a ce sujet�
Remarquons tout simplement que� si r � �� l
espace $F ���

� co#"ncide avec
l
espace de Besov homog	ene $B���

� � et que� si � � r � �� on a les inclusions
strictes $F ���

r � Hr �

Le th�eor	eme du Jacobien se g�en�eralise alors imm�ediatement au
cadre LpR��� LqR��� si rf � LpR��� rg � LqR��� alors Jf� g� �
HrR�� pour � � p � ��� � � q � ��� ��r � ��p� ��q� pourvu que
� � r � ����

Signalons maintenant que cette restriction r � n�n � �� dans
l
�enonc�e du th�eor	eme du Jacobien n
est plus une limitation technique
due 	a notre m�ethode� mais une limitation qui d�ecoule du fait que Jf� g�
n
a que son int�egrale nulle� alors que les moments d
ordre sup�erieur ne
le sont pas�

Remarques� La d�e�nition du produit renormalis�e que nous proposons
ici d�epend du cadre fonctionnel dans lequel nous nous situons� Si on
voulait� par exemple� trouver un �produit renormalis�e� dans le cadre
L��BMO� on ne devrait alors conserver que le terme

P
j�ZPjf�Qjg� �
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���� Application 	a d�autres op�erateurs bilin�eaires�

Nous obtenons �egalement des r�esultats analogues pour des op�era�
teurs plus g�en�eraux�

Nous �etablissons� 	a titre d
exemple� le r�esultat suivant

Th�eor	eme ���� Soient Ai�i���K et Bi�i���K des op�erateurs de

Calder�on�Zygmund qui v�eri�ent les conditions

Ai�� � A�i �� � Bi�� � B�i �� � � pour tout i � �� K �

Supposons que pour tout couple u� v� de fonctions de L�Rn� la fonctionPK
i��Aiu�Biv� est d�int�egrale nulle�

Alors l�op�erateur bilin�eaire B d�e�ni par

Bf� g� �
KX
i��

Aif�Big�

est continu de LpRn� � LqRn� dans l�espace de Hardy HrRn�� � �
p � ��� � � q � ��� ��r � ��p���q� pourvu que � � r � n�n��� �

De fa�con plus pr�ecise� l�op�erateur B se d�ecompose en B � B��B��

o�u B� est continu de LpRn� � LqRn� dans HrRn � et B� l�est de

LpRn�� LqRn� dans $F ���
r Rn � �

Remarque� Dans le cas particulier des op�erateurs de convolution de
Calder�on�Zygmund� ce r�esultat a d�ej	a �et�e obtenu par R� Coifman et L�
Grafakos ���� ������

Ces id�ees de la preuve sont essentiellement les m�emes que pour le
th�eor	eme du Jacobien�

Si U est un op�erateur de Calder�on�Zygmund v�eri�ant U�� �
U��� � �� et si l
on pose u�� ��� � hU���� ���i pour ������ base or�
thonorm�ee d
ondelettes� la matrice u��� ��������	��� a une d�ecroissance
	a partir de la diagonale donn�ee par l
estimation

ju�� ���j � c p	�� �
�� �

o	u p	 est d�e�ni par ����� et � � � d�epend de la r�egularit�e de la base
d
ondelettes�
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Pour e�ectuer la d�ecomposition de l
op�erateur bilin�eaire B en B��
B�� rappelons que� Ai et Bi �etant des op�erateurs born�es dans L� ou
bien Lp et Lq� on peut �ecrire

Bf� g� �
KX
i��

P �Aif�Big� �
KX
i��

SAif�Big�

o	u

SAif�Big� �
X
�

hAif� ��i hBig� ��i�
�
� �

Si on pose B�f� g� �
PK

i�� P
�Aif�Big�� B� a les propri�et�es annonc�ees�

Etudions maintenant B�f� g� �
PK

i�� SAif�Big�� Posons� pour
i � �� K�

ai�
�� �� � hAi��� � ��i �

bi�
��� �� � hBi���� � ��i �

Le terme B�f� g� s
�ecrit alors� si f �
P

� 	���� g �
P

� 
���

B�f� g� �
KX
i��

X
�

�X
��

	�� ai�
�� ��

��X
���


��� bi�
��� ��

�
��
�

�
X
���

X
�������	���

	��
���

� KX
i��

ai�
�� �� bi�

��� ��

�
��
� �

L
appartenance de B�f� g� 	a $B���
� Rn� respectivement $F ���

r Rn��
d�ecoule alors d
une d�emonstration analogue 	a celle du Th�eor	eme ����

Remarquons seulement queZ
B�f� g� �

X
�

X
��

X
���

	��
���
KX
i��

ai�
�� �� bi�

��� ��

�
X
��

X
���

	��
���
X
�

KX
i��

hAi��� � ��i hBi���� � ��i

�
X
��

X
���

	��
���
KX
i��

Z
Ai���� Bi����� � �

car
R
B��� � ����� � � par hypoth	ese�
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� Appendice� Lien entre renormalisation par ondelettes et

renormalisation par paraproduit�

Nous �etablirons ici le lien entre la renormalisation par ondelettes du
produit� et d
autres m�ethodes de renormalisation� Dans le but d
all�eger
les notations� nous consid�erons par la suite le cas de la dimension ��

Soit � une fonction appartenant 	a la classe de Schwartz telle que

����

������������������

�� � DR� �

�� est une fonction r�eelle et paire�

���� � ��� �� � pour tout � � R �

���� � � si j�j �  � � � � ��� �

���� � � si j�j �  � � �

����� � ���� � �� � � si � � � � � �

Pour tout j � Z on d�esigne par Sj l
op�erateur de convolution avec
�j��jx�� et on pose 'j � Sj�� � Sj �

Le paraproduit de J�M� Bony ��� est d�e�ni� pour f et g dans L��
par

���� (f� g� �
X
j�Z

Sj��f�'jg� �

Remarque� La d�e�nition du paraproduit d�epend du choix de la fonc�
tion �� mais deux choix di��erents pour cette fonction conduisent en fait
	a des paraproduits ��equivalents��

Il est bien connu que le paraproduit est un op�erateur continu de
L� � L� dans l
espace de Hardy H��

Le produit de f et de g peut s
�ecrire� 	a l
aide du paraproduit�

fg � (f� g� � (g� f� �
X
j�Z

'jf� 'jg� �

La d�e�nition de renormalisation au moyen du paraproduit surgit
alors tout naturellement� on pose

���� (�f� g� � (f� g� � (g� f� � fg �
X
j�Z

'jf� 'jg� �
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Nous obtenons le r�esultat suivant

Th�eor	eme 
��� Soit ������ une base orthonorm�ee d�ondelettes�

L�op�erateur P ��(� envoie contin
ument L��L� dans l�espace de Besov

homog�ene $B���
� �

L
invariance �modulo $B���
� � de la renormalisation du produit par

rapport au choix de la base orthonorm�ee d
ondelettes nous permet de
consid�erer le cas de l
analyse multi�r�esolution dite de Littlewood�Paley�
Dans ce cas � est la fonction d�e�nie par ���� et l
ondelette � est d�e�nie
par

���� ���� �
	
������� � �����


���
e�i
�� �

Pour f et g dans L�R�� il s
agit de montrer que

�f� g� � �f� g� � �f� g�� (f� g��(g� f� � $B���
� R� �

Or on sait d�ej	a que �f� g� � $B���
� R�� Finalement� par sym�etrie� il

su�t de montrer queX
j�Z

Pjf� Qjg��
X
j�Z

Sj��f� 'jg� � $B���
� R� �

Cette preuve se d�ecompose en trois �etapes�

Lemme 
��� Soient f et g deux fonctions de L�R�� La di��erence

'�f� g� �
X
j�Z

Pjf� Qjg��
X
j�Z

Pj��f� Qjg�

appartient �a l�espace de Besov homog�ene $B���
� R��

La preuve de ce lemme est imm�ediate� car '� s
�ecrit

'�f� g� �
X
j�Z

Qj��f� Qjg� �

Lemme 
��� Soient f et g deux fonctions de L�R�� La di��erence

'�f� g� �
X
j�Z

Pj��f� Qjg��
X
j�Z

Sj��f� Qjg�

appartient �a l�espace de Besov homog�ene $B���
� R��
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La preuve repose sur une utilisation soigneuse de la structure par�
ticuli	ere de l
analyse multir�esolution de Littlewood�Paley� Remarquons
tout d
abord que� si F d�esigne la transform�ee de Fourier� on a

FVj� �
�
m���j� �����j� � m � L��� �� � m���� � m��

�
�

Si� pour chaque T � �� on pose

ET � ff � L�R� � supp �f � ��T� T �g �

alors on a
E����	�j � Vj � E����	�j �

Nous e�ectuons maintenant une d�ecomposition de la projection
Pjf � pour chaque valeur de j �x�ee�

Pjf � Pjf
j
� � Pjf

j
� � Pjf

j
� �

o	u f j� � f
j
� et f j� sont d�e�nies par les conditions

����

����������
supp �f j� �

�
� � R � j�j � ��� �j

�
�

supp �f j� �
�
� � R � ��� �j � j�j � ��� �j

�
�

supp �f j� �
�
� � R � j�j � ��� �j

�
�

f � f j� � f j� � f j� �

Dans ces conditions� on a f j� � E����	�j � Vj � d
o	u Pjf
j
� � f j� � La

fonction f j� est orthogonale 	a Vj � d
o	u Pjf
j
� � �� Quant 	a f j� � elle est�

par construction� orthogonale 	a E����	�j � Vj � En cons�equence� sa

projection Pjf
j
� sera orthogonale 	a E � ���j� et le spectre de Pjf

j
�

contenu dans la couronne

Cj �
�
� � R � �j� �j � j�j � �j� �j

�
�

Si on calcule maintenant Sjf 	a l
aide de cette m�eme d�ecomposition
de f � on obtient

Sjf
j
� � f j� � Sjf

j
� � � � supp

c
f j� � Cj �

Finalement� pour chaque valeur de j on a

Pj � Sj�f � Pj � Sj�f
j
� �
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et le spectre de Pj � Sj�f est contenu dans la couronne Cj �

Quant au spectre de Qjg� il est contenu� d
apr	es ���� et ���� dans
la couronne Dj � f� � R � ��� �j � j�j � �j�����g�

Ainsi� pour chaque valeur de j� le produit Pj�� � Sj���f�Qjg�
a son spectre contenu dans la couronne�

� � R � ���� �j � j�j � � ��� �j
�
�

Ceci permet d
appliquer un lemme de �presque orthogonalit�e� et d
esti�
mer����X

j�Z

Pj�� � Sj���f�Qjg�

����

B���
�

� c
X
j�Z

��Pj�� � Sj���f�Qjg�
��
L��R	

� c
�X
j�Z

kPj � Sj�fk
�
�

�����X
j�Z

kQjgk
�
�

����
� c kfk� kgk� �

Lemme 
��� Soient f et g deux fonctions de L�R�� La di��erence

'�f� g� �
X
j�Z

Sj��f� Qjg��
X
j�Z

Sj��f� 'jg�

appartient �a l�espace de Besov homog�ene $B���
� R��

L
id�ee de d�epart est de r�e�ecrire

'�f� g� �
X
j�Z

Sj��f� Pj���Pj�g��
X
j�Z

Sj��f� Sj���Sj�g� �

et d
appliquer� 	a chacune des s�eries ci�dessus� la transformation d
Abel�

Finalement

'�f� g� �
X
j�Z

'j��f�
	
Sj��g � Pj��g



�

La �n de la d�emonstration est identique 	a celle du Lemme ����
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Signalons �nalement que nous avons developp�e dans ��� et � � la
construction d
une renormalisation du produit associ�ee 	a des symboles
bilin�eaires du type de ceux que R� Coifman et Y� Meyer ont consid�er�es
dans ���� la renormalisation par paraproduit n
est qu
un cas particulier
de cette renormalisation par symboles bilin�eaires�

Modulo $B���
�  $F ���

r �� toutes les m�ethodes de renormalisation que
nous d�e�nissons sont �equivalentes�
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Localisation fr�equentielle

des paquets d�ondelettes

Eric S�er�e

Abstract� Orthonormal bases of wavelet packets constitute a power�
ful tool in signal compression� It has been proved by Coifman� Meyer
and Wickerhauser that �many� wavelet packets wn su�er a lack of fre�
quency localization� Using the L��norm of the Fourier transform �wn as

localization criterion� they showed that the average 	�j
P�j��

n�� k �wnkL�

blows up as j goes to in
nity� A natural problem is then to know which
values of n create this blow�up in average� The present work gives an
answer to this question� thanks to sharp estimates on k �wnkL� which
depend on the dyadic expansion of n� for several types of 
lters� Let
us point out that the value of k �wnkL� is a weak localization criterion�
which can only lead to a lower estimate on the variance of �wn �

R�esum�e�

Les bases orthonorm�ees de paquets d�ondelettes sont un outil puis�
sant en compression du signal� Coifman� Meyer et Wickerhauser ont
prouv�e que de �nombreux� paquets d�ondelettes wn sou�rent d�une
mauvaise localisation fr�equentielle� Utilisant la norme L� de la trans�
form�ee de Fourier �wn comme critere de localisation� ils ont montr�e que

la moyenne 	�j
P�j��

n�� k �wnkL� explose lorsque j tend vers l�in
ni� Il
est alors naturel de se demander quelles valeurs de n sont a l�origine
de cette explosion en moyenne� Le pr�esent travail donne une r�eponse a
cette question� gr�ace a des estimations pr�ecises sur k �wnkL� en fonction
du d�eveloppement dyadique de n� et pour plusieurs types de 
ltres�

���
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Soulignons le fait que la valeur de k �wnkL� est un critere faible de lo�
calisation� qui ne peut conduire qu�a une estimation inf�erieure sur la
variance de �wn �

�� Introduction�

Les paquets d�ondelettes ont �et�e introduits r�ecemment en traite�
ment et en compression du signal� ou ils se sont r�ev�el�es d�une grande
e�cacit�e �voir �	�� ����� On peut les consid�erer comme une r�eponse
partielle au probleme des bases d�atomes temps�fr�equence �voir �����

Un atome temps�fr�equence est une fonction du temps fR�t� associ�ee
a un rectangle R de surface 	� dans le plan temps�fr�equence �t� ��� et qui
satisfait� outre la condition de normalisation kfRkL� � �� aux exigences
de localisation suivantes

Z
R

�t� t��
� jfR�t�j� dt � K� h� ������

Z
R

�� � ���
� j �fR���j� d� � 	�K�

h�
����	�

Ici� �t�� ��� est le centre du rectangle R� qui se d�e
nit comme la r�egion
du plan d��equations

t� � h � t � t� � h � �� � 	�

h
� � � �� �

	�

h
�

�f d�esigne la transform�ee de Fourier de f � et K est une constante pos�
itive� Si l�on impose a fR d��etre a valeurs r�eelles� il faut modi
er la
condition ���	� en rempla�cant l�int�egrale sur R par une int�egrale sur
R� �

Le but de l�analyse temps�fr�equence est d��ecrire un signal donn�e
comme combinaison lin�eaire d�atomes temps�fr�equence choisis de ma�
niere �optimale�� suivant un critere qui d�epend de l�utilisation de ce
signal�

Une fa�con d�atteindre ce but est de disposer d�une bibliotheque de
bases orthonorm�ees d�atomes temps�fr�equence� Cette bibliotheque doit
�etre assez vaste pour s�adapter a la grande vari�et�e de signaux possibles�
mais pas trop� car on veut �egalement disposer d�un algorithme rapide
pour s�electionner la base qui repr�esente au mieux un signal�
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Les bases de paquets d�ondelettes constituent une telle bibliothe�
que� a ceci pres que ce ne sont pas toutes des bases d�atomes temps�
fr�equence� Coifman� Meyer et Wickerhauser ��� ont en e�et montr�e que
la bibliotheque contient de mauvaises �pages� �ou paquets d�ondelettes�
dans certains de ses �livres� �ou bases�� Cependant� tout n�est pas
perdu en pratique� En e�et� la bibliotheque est g�en�er�ee a l�aide de

ltres conjugu�es en quadrature� et l�on explique dans ��� comment les
choisir de fa�con a r�eduire les artefacts� Malheureusement� ce choix
correspond a des 
ltres plus longs� d�ou un temps de calcul augment�e�

Une autre solution est de n�utiliser� dans la bibliotheque� que les
�bons livres�� Comme le choix est plus restreint� on gagne en temps
de calcul� mais on perd en pertinence de la repr�esentation� Pour ap�
pliquer cette solution� il convient de disposer� pour des 
ltres donn�es�
d�un �guide� indiquant les qualit�es de localisation des di��erents paquets
d�ondelettes de la bibliotheque�

Dans le pr�esent travail� nous nous proposons de fournir de tels
guides� pour une large classe de 
ltres conjugu�es en quadrature� Ces
guides pr�esentent une lacune� le critere de localisation fr�equentielle
utilis�e est plus faible que ���	�� et ne peut conduire qu�a une estimation
inf�erieure sur la �variance�

Z
R

�� � ���
� j �fR���j� d� �

�� Enonc�e des r�esultats�

Dans tout ce qui suit� nous appellerons �couple de 
ltres con�
jugu�es en quadrature� la donn�ee de deux fonctions a valeurs complexes
�m��m�� ayant les propri�et�es suivantes

m� et m� sont de classe C�� 	��p�eriodiques�	���

et v�eri
ent m����� � m���� � � � R � � � �� 	 �

Pour tout � r�eel� la matrice
�

m����
m������

m����
m������

�
�	�	�

est unitaire�

m���� � � et m���� �� � pour tout � �
h
��
	
�
�

	

i
��	���
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En notant M���� � jm����j� � � �� 	� il r�esulte de �	���� �	�	� et
�	���� queM� est une fonction paire� 	��p�eriodique� Lipschitzienne� avec
M���� � M��� � �� et M����

� �M��� � ��� � ��

La fonction somme S��� � M���� � M��� � �� est donc paire�
��p�eriodique� Lipschitzienne� a valeurs dans ���

p
	�� avec S��� � ��

S���	� �
p
	�

Les propri�et�es �	��� et �	��� entra��nent �voir ���� que le produitQ�
p��m����	

p� converge pour presque tout � r�eel� et qu�il existe une
constante 	 
 � telle que

�	���
��� �Y
p��

m����	
p�
��� � 	 � pour tout � dans ���� �� �

Ce produit est la transform�ee de Fourier ����� de la �fonction d��echelle�
��t��

Les paquets d�ondelettes sont des fonctions wn� n � �� d�e
nies par
leur transform�ee de Fourier

�wn��� � m�����	� � � �m�j ���	
j� �����	j� �

pour n �
Pj

q�� �q 	
q�� �

On a bien s�ur w� � �� et pour 	j�� � n � 	j � wn est combinaison
lin�eaire de fonctions du type �	j��t � k�� k � Z� ou  � w� est
l�ondelette associ�ee au couple de 
ltres conjugu�es en quadrature�

Il r�esulte de �	�	� que les fonctions wn sont normalis�ees dans L��R�
et deux a deux orthogonales� La bibliotheque de bases orthonorm�ees
de L��R� associ�ee a ces fonctions est index�ee par les partitions de R�

en intervalles dyadiques� c�est�a�dire du type �n�	p � �n����	p�� n � N �
p � Z �

La base ayant pour indice une telle partition �I����A � est la col�
lection de fonctions

�
	�p���wn��	

�p�t� k�
�
��A � k�Z

� avec I� �

�
n�
	p�

�
n� � �

	p�

�
�

Si l�on remplace �m��m�� par les 
ltres �parfaits�

�
�
� ������ � ���	���Z et �

�
� ����� � 
���	���Z �
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�X �etant la fonction caract�eristique de X� on trouve

�wn��� � �J���J���� �

pour n �
P

q�� �q 	
q��� J � ��G�n� � G�n� � ��� G�n� � P

q�� �q 	
q���

�q � j�q�� � �qj� On appelle �code de Gray� la correspondance

��q�� ��q� �

Cette formule suggere que wn est un atome temps�fr�equence associ�e
au rectangle R d��equations �� � t � � � � G�n� � � � ��G�n� � ���

Dans le cas des 
ltres parfaits� la condition ����� ne peut �etre sat�
isfaite par aucun des wn � A l�oppos�e� si l�on travaille avec des 
ltres
�m��m�� qui sont des polyn�omes trigonom�etriques� alors wn�t� est a
support inclus dans un compact ind�ependant de n� et ����� est v�eri
�ee�
Nous ne savons pas si ����� est encore vraie pour des 
ltres conjugu�es en
quadrature plus g�en�eraux� sous les seules hypotheses �	���� �	�	�� �	����

Pour �etudier la condition ���	�� on part de l�in�egalit�e suivante �on
rappelle que wn est normalis�ee au sens L� ��

�	���

Z ��

��

j �wn���j d� � � �	 � �n�
��� �

avec

�	��� �n �
�

	�
inf
����

Z ��

�

j� � ��j� j �wn���j� d� �

D�apres �	���� une minoration sur k �wnkL��R� donne une minoration
sur la localisation de �wn au sens de ���	�� En revanche� une majoration
de k �wnkL��R� ne donne aucun renseignement sur �n � Cependant� dans
tout ce qui va suivre� on �etudiera uniquement k �wnkL��R� � qui est plus
facile a manipuler que �n �cette d�emarche est la m�eme que dans �����

Etant donn�e un couple �m��m�� de 
ltres conjugu�es en quadrature�
il est prouv�e dans ��� qu�il existe une constante � 
 � telle que pour
tout j � �� on ait

�	���
�

	j

�j��X
n��

k �wnkL� � 	� �j �
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En d�autres termes� toutes les fonctions wn ne sont pas des atomes
temps�fr�equence�

Dans l�hypothese ou jm�j vaut � sur ����� � ����� on trouve dans
��� l�estimation suivante�

�	��� k �wnkL� � C n��� �

Si l�on recherche une croissance plus lente de k �wnkL� � il est naturel de
choisir m� proche du 
ltre �parfait� �

�
� Plus pr�ecis�ement �voir ����� si

jm�j vaut � sur l�intervalle ����	� � � ��	� �� avec � � � � ���� alors

�	� � k �wnkL� � C���n	�
� et �C � 	� � � � �� lorsque � � � �

Remarquons que la minoration �	��� n�interdit pas l�existence d�une
suite �np�p�� strictement croissante telle que k �wnpkL� reste born�ee� Les
r�esultats que nous allons �enoncer puis d�emontrer sont des encadrements
de k �wnkL� en fonction du d�eveloppement dyadique de n� Les formules
obtenues d�ependront d�hypotheses sur �m��m��� Nous appellerons
�Hp�p�� les hypotheses donnant les majorations� et �hp�p�� celles qui
donneront les minorations�

L�hypothese �H�� assure que k �w����kL��R� est 
nie� Elle est imm�e�
diatement v�eri
�ee lorsque M� � � sur ����� � ����� Elle est vraie aussi
pour les 
ltres d�Ingrid Daubechies mN

� � N � 	 �voir �����

Hypoth�ese �H��� On peut �ecrire

m���� �
�� � ei�

	

�N
B��� �

et si l�on pose

bj �
�

j log 	
sup
��R

jX
k��

log jB�	k��j �

on a l�in�egalit�e

b � inf
j��

bj � N � � �
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Si l�hypothese �H�� est vraie �voir ����� alors pour � 
 � assez petit�
il existe une constante K� 
 � telle que pour tout � r�eel�

�	���� j �����j � K�

�� � j�j���� �

Nous d�emontrerons le r�esultat suivant au Section IV�

Th�eor�eme �H��� Supposons l�hypoth�ese �H�� v�eri��ee� Avec les nota�

tions

C � k ��kL��R� � R � sup
������	

X
k�Z

j ��� � 	k��j �

N��n� �
X
q��

�q � n �
X
q��

�q 	
q�� �

on a l�in�egalit�e

k �wnkL��R� � C RN��n� �

L�hypothese �h�� permettra d�obtenir une estimation inverse �on
rappelle que M� � jm�j� S��� � M���� �M��� � ����

Hypoth�ese �h��� Il existe � 
 � tel que pour tout � � ���� � ��	�� on
ait S��� � �� De plus� M���� � ��

p
	 sur ����	 � ��	� �

Cette estimation est la suivante�

Th�eor�eme �h��� Si l�hypoth�ese �h�� est v�eri��ee� en posant

r �
�� �

	
�

on a l�in�egalit�e

k �wnkL��R� � 	� rN��n� �

N� �etant d�e�ni comme dans le Th�eor�eme �H�� �

Les deux r�esultats qui pr�ecedent peuvent s�appliquer aux 
ltres de
longueur 
nie�
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Corollaire �� Si m� est un �ltre d�Ingrid Daubechies mN
� avec N � 	 �

il existe R 
 r 
 � et C 
 � tels que pour tout n � � � on ait

	� rN��n� � k �wnkL��R� � C RN��n� �

N� �etant d�e�ni comme dans le Th�eor�eme �H�� �

Remarque� Pour N grand� le Th�eoreme �h�� donne une valeur de r
tres proche de �� En revanche� la valeur de R donn�ee par le Th�eoreme
�H�� n�est jamais inf�erieure a

p
	� comme le montre le calcul suivant�

R �
X
k�Z

��� ��� � 	k��
���

� M��
�

	
�
X
l�Z

��� ����
	
� 	l��

����M��
�

	
�
X
k�Z

��� ����
	
� 	l� � ��

���
�
p
	
X
l�Z

��� ����
	
� 	l��

���
�
p
	
���X
l�Z

���
�

	
� 	l��

��� � p
	 �

Le Corollaire � donne donc une estimation peu pr�ecise� Cependant�
cette estimation est su�sante lorsqu�il s�agit de savoir si une sous�suite
k �wnpkL� est born�ee ou non�

Les hypotheses �Hp� et �hp� pour p � 	 concernent des 
ltres tels
que M� � � sur ����� � �����

Hypoth�ese �Hp�� Pour � � �p � ���	�	p � ���� M� vaut � surh
� �

	
� � �

�

	
� �

i
�

et il existe � � � tel que

M���� � �
�	p � ���

�

�
� � �

	
� �

�
sur

h�
	
� � �

�

	
� �

i
�

Hypoth�ese �hp�� M� vaut � sur ����� � ����� et il existe � 
 � tel que

S��� � � pour � �
h�
	

�
�� �

	p

�
�
�

	

i
�

De plus� M���� � ��
p
	 sur ����	 � ��	� �
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Ces hypotheses donnent deux estimations inverses l�une de l�autre�

Th�eor�eme �Hp�� Si l�hypoth�ese �Hp� est v�eri��ee� il existe deux con�

stantes Cp 
 	� et R � R��� p� 
 � telles que pour tout n � �� on

ait

k �wnkL��R� � CpR
Np�n��� �

Ici� Np�n� est le nombre de fois qu�appara	
t la suite

� � � ��� �z 	
�p��� fois �

�

dans le d�eveloppement dyadique ��� � � � �j � � � � de n �
P

q�� �q 	
q��� De

plus� on peut prendre

Cp � 	� � ��p �
p
	� �� et R��� p� � � �

	p���

�� �
�

Th�eor�eme �hp�� Si l�hypoth�ese �hp� est v�eri��ee� en posant

r �
�� �

	
�

on a l�in�egalit�e

k �wnkL��R� � 	� rNp�n� �

Np �etant le m	eme que dans le Th�eor�eme �Hp� �

Remarquons que pour tout p � 	� �Hp� implique �Hp���� �hp�
implique �hp���� et si �hp� est vraie� alors �Hp��� est fausse�

En
n� si un couple de 
ltres conjugu�es en quadrature est tel que
M� � � sur ����� � ���� et que M� soit d�ecroissante sur �� � ��	� � alors
il existe p � 	 tel que �hp� et �Hp��� soient simultan�ement satisfaites
par ce couple� �Hp� pouvant �etre ou non v�eri
�ee�

Tout ceci se voit imm�ediatement a partir des �enonc�es des hy�
potheses� et on a le r�esultat suivant�

Corollaire �� Supposons que M� � � sur ����� � ���� avec M� d�ecroi�

ssante sur �� � ��	� � Soit p le plus petit entier tel que

M�

��
	



�� �

	p
��

� � �
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Il existe R 
 r 
 � et C 
 � tels que pour tout n � � � on ait

	� rNp�n� � k �wnkL��R� � C RNp���n� �

Np �etant d�e�ni comme dans le Th�eor�eme �Hp��

En pratique� les algorithmes de paquets d�ondelettes sont utilis�es
avec des 
ltres a r�eponse impulsionnelle 
nie� Pour de tels 
ltres� on n�a
pas M� � � sur ����� � ����� et seul le Corollaire � s�applique� Cepen�
dant� pour des 
ltres assez longs� on peut avoir M� tres proche de � sur
����� � ����� ce qui rend peu pr�ecis l�encadrement du Corollaire � �voir
la remarque plus haut�� Dans ce cas� le Corollaire 	 pourrait donner
des indications sur le comportement de k �wnkL��R� � Nous n��etudierons
pas cette question plus avant�

Par ailleurs� il existe un algorithme de d�ecomposition adaptative
en fonctions cosinus locales� imagin�e par R�R� Coifman� et appel�e al�
gorithme de repliement multiple �voir ����� Les bases g�en�er�ees par
cet algorithme sont les transform�ees de Fourier des bases de paquets
d�ondelettes� et les 
ltres �m��m�� associ�es v�eri
ent les hypotheses du
Corollaire 	�

Signalons en
n que les estimations �	��� et �	� �� obtenues par
une m�ethode directe dans ���� peuvent facilement �etre d�eduites des
Th�eoremes �hp� et �Hp� �

�� D�emonstration des Th�eor�emes �hp� �

On rappelle les notations M� � jm�j � S � M� �M� �

Soit n �
P

q�� �q 	
q�� � On pose W �

n � � � et pour j � ��

����� W j
n��� � M�����	� � � �M�j ���	

j� �

Posons �egalement nj �
Pj

q�� �q 	
q�� � Si j � log��n� � alors nj � n � et

d�apres �	����

���	� W j
n��� �

j �wn���j
	

sur ��	j�� 	j�� �

Donc� par le th�eoreme de convergence domin�ee de Lebesgue�

����� k �wn���kL��R� � lim
j���

kW j
n���kL����j���j�� �
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De plus� on dispose de la propri�et�e de monotonie suivante�

Lemme �� Soit �m��m�� un couple de �ltres conjugu�es en quadrature�

et soit ���� � � � � �j� une suite dans f�� �gj� On a

	j
��m�j ���m�j��

�	�� � � �m���	
j��
��
L�������

� 	j��
��m�j��

��� � � �m���	
j����

��
L�������

�

Pour n �x�e� la suite kW j
n���kL����j���j�� est donc croissante� et

����� k �wn���kL��R� � sup
j��

kW j
n���kL����j���j�� �

D�emonstration� On pose F ��� � 	j��
��m�j��

��� � � �m���	
j����

�� � F
est continue� 	��p�eriodique� paire et a valeurs positives ou nulles� On
calcule

	

Z ��

�

��m�j ���
��F �	�� d� � 	

Z ��

�

M����F �	�� d�

�

Z ��

�

S
��
	

�
F ��� d� �

en rappelant que S�x� � M��x� �M��x � ��� Comme on a toujours
� � S�x� � p

	� le Lemme � est d�emontr�e�

Nous allons d�emontrer les Th�eoremes �hp� en minorant les normes
kW j

n���kL����j���j�� a l�aide d�une r�ecurrence sur j� pour n 
x�e� Il est
clair que kW �

n���kL������� � 	� �

Supposons dans un premier temps que l�hypothese �h�� est satis�
faite�

Si �j � � � alors N��nj� � N��nj��� � et par le Lemme ��

kW j��
n ���kL����j�����j���� � kW j

n���kL����j���j�� �

Si �j � � � alors N��nj� � N��nj��� � � � De plus� le quotient de
kW j��

n ���kL����j�����j���� par kW j
n���kL����j���j�� est �egal au quotient

de 	
R �
��

M�j�����M��	�� f���� d� par
R �
��

M���� f�	�� d� � avec la no�

tation f��� � W j��
n ��� �
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f est continue� 	��p�eriodique� paire et a valeurs positives ou nulles�
et on trouve

	

Z �

��

M�j�����M��	�� f���� d�

�
�

	

Z �

��

f���

�
S
��
�

�
M�

� �
	

�
� S

��
�
�
�

	

�
M�

� �
	
� �

��
d�

� �

	

Z �

��

f���


M�

��
	

�
� �M�

� �
	
� �

��
d� �

Or� d�apres l�hypothese �h��� on a M����	� � ��
p
	 � M����	 � ��

pour tout j�j � �� D�autre part� quels que soient x � y et a � b� on
a l�in�egalit�e xa � yb � �x � y��a � b��	� Si l�on prend x � �� y � ��
a � M����	�� b � M����	 � ��� on en d�eduit

	

Z �

��

M�j�����M��	�� f���� d� � � � �

�

Z �

��

f���S
��
	

�
d�

�
� � �

	

Z �

��

M���� f�	�� d� �

Si l�on pose r � �� � ���	� on vient de d�emontrer par r�ecurrence sur j
que

����� kW j
n���kL����j���j�� � 	� rN��nj��� �

En prenant j 
 log� n� on d�eduit le Th�eoreme �h�� de ����� et ������

Plus g�en�eralement� pour montrer le Th�eoreme �hp�� il su�t de
prouver que le quotient de l�int�egrale

A � 	

Z �

��

f�	p����M����M��	��

p��Y
q��

M��	
q���� d�

par l�int�egrale

B �

Z �

��

f�	p��M����

p��Y
q��

M��	
q�� d�

est sup�erieur ou �egal a r � �� � ���	� pour toute fonction f continue�
	��p�eriodique� paire et a valeurs positives ou nulles� et tout � � f�� �g �
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Pour cela� on commence par v�eri
er� par r�ecurrence sur j� que le
produit M���� � � �M��	

j���� f�	j�� vaut M��	
j���� f�	j�� pour � dans

������ � 	j���� ���� � 	j���� � 	�Z et vaut � partout ailleurs�
On en d�eduit que

M����

p��Y
q��

M��	
q�� f�	p�� � M��	

p���� f�	p��

sur h
�
�
�� �

� � 	p��

�
� �
�
� �

�

� � 	p��

�i
� 	�Z �

et vaut � partout ailleurs� Donc

A � �

Z �������
��p������

�������
��p������

M����M��	
p�� f�	p���� d�

� 	

Z �������
��p����

�

S

�
	

�
M��	

p���� f�	p�� d� �

On d�ecoupe maintenant l�intervalle I � ��� ���� ���� � 	p����� en trois
parties

I� �
h
�� �

�
� �

�

� � 	p��

�i
�

I� �
h
�
�
� �

�

� � 	p��

�
� �
�
� �

�

	p

�i

I
 �
h
�
�
� �

�

	p

�
� �
�
� �

�

� � 	p��

�i
�

Sur I� 	 I�� on a S���	� � �� et I
 est le sym�etrique de I� par rapport
a ��� � ��	p�� Donc

Z
I�

S

�
	

�
M��	

p���� f�	p�� d� � �

Z
I�

M��	
p���� f�	p�� d� �

et Z
I��I�

S

�
	

�
M��	

p���� f�	p�� d�

�

Z
I�

f�	p��
�
S

�
	

�
M��	

p����
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� S


	�


� �

�

	p
�� �

	

�
M��	

p��� � ��
�
d�

�
Z
I�



�M��	

p���� � �M��	
p��� � ��

�
f�	p�� d�

� � � �

	

Z
I�

S�	p���� f�	p�� d�

�
� � �

	

Z
I��I�

M��	
p���� f�	p�� d� �

Finalement� on trouve l�in�egalit�e cherch�ee�

A � � � �

	

Z �������
��p����

�

	M��	
p���� f�	p�� d� � r B �

On en d�eduit� par r�ecurrence sur j� que

����� kW j
n���kL����j���j�� � 	� rNp�nj��� �

En prenant j 
 log� n� on d�eduit le Th�eoreme �hp� de ����� et ������

�� D�emonstration des Th�eor�emes �Hp��

On rappelle les notations

M� � jm�j � S � M� �M� � W j
n��� � M�����	� � � �M�j ���	

j� �

D�apres ������ il su�t� pour obtenir une majoration de k �wn���kL��R� �
de majorer kW j

n���kL����j���j�� ind�ependamment de j �

Si l�hypothese �H�� est satisfaite� en posant

s���� �
X
k�Z

j ��� � 	k��j �

il r�esulte de la formule �	���� que R � sup������	 s
���� � �
 � On note

����� sm��� �
�m��X
k��

Wm
� �� � 	k�� �
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D�apres �	��� et la formule de convergence domin�ee de Lebesgue� sm

converge simplement vers s� lorsque m tend vers l�in
ni� De plus� on
a

sm����� � sm���S�	�m���� � sm��� �

Par cons�equent�

���	� sm��� � s���� � R �

Par ailleurs� pour m � j 
 log� n� on a l�identit�e

����� Wm
n��j ��� � W j

n���W
m�j
� ���	j� �

On en tire

kWm
n��jkL����m���m�� �

Z �m�

��m�

W j
n���W

m�j
� ���	j� d�

�

Z �j�

��j�

W j
n��� s

m�j�	�j�� d������

� R kW j
n���kL����j���j�� �

Donc� pour n � 	j� � � � �� 	jN � j� � � � � � jN � on a

�����
kWm

n kL����m���m�� � RN kW j�
� ���kL����j����j���

� k �����kL��R�R
N � C RN �

En faisant tendre m vers l�in
ni� on obtient le Th�eoreme �H�� comme
cons�equence de ����� et ������

Supposons maintenant l�hypothese �H�� v�eri
�ee�

Soit f une fonction mesurable� positive� paire� 	��p�eriodique� Pour
avoir l�in�egalit�e stricte

����� 	

Z �

��

M���� f�	�� d� 


Z �

��

f��� d� �

il faut que f ait une int�egrale non nulle sur �	��� � ������

Donc� s�il existe g � elle aussi positive� paire et 	��p�eriodique� telle
que f��� � M����� g�	��� l�in�egalit�e ����� n�est possible que pour �

� � ��
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Par cons�equent� si l�on pose h��� � M�j ��� � � �M���	
j���� � on a

�����

Z �

��

	mM���� � � �M��	
m��h�	m���� d� �

Z �

��

M����h�	�� d� �

Si l�on admet l�existence d�une constante R��� 
 � tel que pour
tout j � �� en posant

!j��� �
�j����X
k��

W j��
�j��

�� � 	k�� �

on ait

����� sup
������	

!j��� � R��� �

alors� par des calculs analogues a ������ ����� et ������ on peut majorer
kWm

n kL����m���m�� par C RN��n���� avec

C � 	

Z �

��

M���� d� � 	� � C �
	�

�
�	 �

p
	� � C� �

puis on peut passer a la limite m�
 en utilisant ������

Pour d�emontrer le Th�eoreme �H	�� il reste donc a prouver que
R��� existe�

Dans ce but� �etudions la fonction

Fj��� � W j��
�j���	

j���� � M����M��	�� � � �M��	
j�� �

Cette fonction est paire� 	��p�eriodique� positive� et le support de sa
restriction a ��� �� est inclus dans l�intervalle ���� � 	�����

On appelle d� l�homoth�etie de rapport n�egatif qui transforme l�in�
tervalle ��� �� en l�intervalle ���� � ����� et d� l�homoth�etie de rapport
positif qui transforme ��� �� en ���� � 	�����

Soit � la fonction p�eriodique de p�eriode � telle que pour tout x dans
l�intervalle ��� �� on ait ��x� � M����� � x���� � D�apres l�hypothese
�H��� � est continue sur R � s�annule sur ��� ��� est sym�etrique par rap�
port a 	� et v�eri
e l�in�egalit�e

��� � � � ��x� � minf�� ����� x�g � pour tout x � ��� �� �



��� E� S�er�e

On pose fj�x� � ��x� � � ����jx� pour x dans ��� ��� Par r�ecurrence
sur j � on d�eduit ais�ement les �egalit�es suivantes de l�hypothese �H���

������ F�j � d� � F��j��� � d� � F��j��� � d� � F��j��� � d� � fj �

E�r� d�esignant la partie r�eelle d�un r�eel r � on note� pour h 
 � et
x � ��� h��j��� �

�j�h�x� �

E��j���h���X
k��

fj

�
x�

hk

�j��

�
�

D�apres ������� on a

������

���
��

sup
����	

!�j � 	 sup
������j	

�j���� � 	 sup
���
��j 	

�j���

sup
����	

!�j�� � 	 sup
���
��j	

�j��� � 	 sup
������j��	

�j��

Pour trouver R���� il faut donc �etudier fj � Dans ce but� on d�ecompose
x en base �� x �

P
q�� �q��

q� � � �q � �� Le support de fj est inclus
dans l�ensemble de Cantor des x de la forme

P
q�� ��q��

q� �q � f�� �g�
Nous allons majorer fj�x� pour x de cette forme� par un calcul

similaire a ��� p� ��	��

Avec la notation �� � �� on considere la suite � � q� � q� � � � �
des indices tels que �q �� �q�� �

Pour j 
x�e� on appelle I l�indice maximal tel que qI � j� et on
pose l� � q� � q�� � � � � lI � �j � ��� qI � Prenons maintenant un entier
i entre � et I�

Si �qi � � � alors �q � � pour tout qi � q � qi�� � par cons�equent
�qix � ��� � � ��li � mod ��� �

Si �qi � � � alors �q � � pour tout qi � q � qi��� par cons�equent
�qix � ��� � � ��li � mod ��� �

Dans les deux cas� on trouve ���qix� � ����li � d�ou

����	� fj�x� � ����I ���l������lI� � ����I �q���j��� �

Il en r�esulte l�existence d�une constante ���� 
 � telle que pour tout
h 
 �� on ait

������ sup
�	x	hk��j��

�j�h�x� � � �



Localisation fr�equentielle de paquets d	ondelettes ��	

En e�et� tout intervalle de type �a��j�� � �a�����j��� contient au
plus un point du type x� hk��j��� d�ou

�j�h�x� �
�j����X
a��

sup
�a��j�� � �a�����j��	

fj

� � �

jX
q���

�q��j��

�j���q��X
I��

CI��
j�q�

����I

� � �

jX
q��

�q�j�� �� �� � ���j�q

� � � ��

jX
q��

�� � ��

�

�q

� � � ��

�� �
�

Maintenant� en combinant ������ aux formules ������� on trouve R���
v�eri
ant ������ ce qui d�emontre le Th�eoreme �H	��

Pour d�emontrer les Th�eoremes �Hp�� p � �� on procede de fa�con
similaire�

Sous l�hypothese �Hp�� l�in�egalit�e stricte ����� n�est possible que si
f a une int�egrale non nulle sur �� � 	�p� � � 	�p��

Donc� si f��� � M�j ���M�j��
�	�� � � �M���	

j���� g�	j�� avec g pos�
itive� 	��p�eriodique et paire� f ne peut v�eri
er ����� que si la suite
�� � � � �j est constitu�ee d�un premier bloc qui peut �etre ou bien



� � � � ��� �z 	

�p��� fois �

�
�
�

ou bien 

� � � ��� �z 	
k fois �

�
�
�

avec � � k � p� �� suivi d�un certain nombre de blocs de la forme



� � � � ��� �z 	

�p��� fois �

�
�
�



��
 E� S�er�e

Par cons�equent� si l�on trouve un majorant R��� p� aux sommes de
la forme

!p
j ��� �

�jp����X
k��

W jp��
n�j�p��� � 	k�� �

ou � � ��� �� et

n�j� p� �

j��X
q��

	qp�� � 	p��� �

alors kWm
n kL����m���m�� se laisse majorer par Cp�R��� p��

Np�n���� avec

Cp � 	� � ��p �
p
	� �� � 	

Z �

��

M���� d� �

Etudions donc F p
j ��� � W jp��

n�j�p��	
jp���� � pour j � � �

Le support de sa restriction a ��� �� est inclus dans l�intervalle

I �
h�
	
� �� � 	��j���p��p �

�

	
� �p

i
� I� 	 I� �

avec
I� �

h�
	
� �� � 	��j���p��p �

�

	
� �p

i
et

I� �
h�
	
� �p �

�

	
� �p

i
�

Soit D l�homoth�etie de rapport positif qui envoie l�intervalle ��� ��
sur l�intervalle I� � Pour x � ��� �� � on pose fpj �x� � F p

j � D�x� � Etant

donn�es h 
 � et x � ��� h�	�j���p� � on note

�pj�h�x� �

E��p�j����h���X
k��

fpj

�
x�

hk

	p�j���

�
�

L�intervalle I� peut contenir au plus un r�eel du type 	��jp������	k�� �
pour � 
x�e et k variable� Par cons�equent� on a l�in�egalit�e

������ sup
������	

!p
j ��� � � � 	 sup

x����h�p����j���p	

�pj�h�p��x�

avec h�p� � ���p � 	 �	p � �� 
 � �



Localisation fr�equentielle de paquets d	ondelettes ���

D�apres l�hypothese �Hp� � on a la formule

������ fpj �x� � ��x� ��	px� � � ���	jpx�

pour tout x � ��� �� � � �etant une fonction positive� continue� paire et
de p�eriode 	p � s�annulant sur ��� 	p � �� � et v�eri
ant� pour tout x dans
��� �� � l�in�egalit�e

������ ��x� � min
�
�� � �	p � �� ��� x�

�
�

On voit donc que la fonction fpj a son support inclus dans l�ensemble
de Cantor des x de la forme

P
q���	

p � ���q�	
qp � avec �q � f�� �g � et

on trouve une g�en�eralisation de ����	��

������ fpj �x� �
�
�	p � �� �

�I
	p�q��j��� �

Puis on obtient� pour h 
 � �

�pj�h � � � �	p � �� �

jX
q��

�� � �	p � ���

	p

�q
������

� � �
	p�

�� �
�

En conclusion� d�apres ������ et ������� on peut prendre

R��� p� � � �
	p���

�� �
�

et le Th�eoreme �Hp� est d�emontr�e�
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On the singularities

of the inverse to a

meromorphic function

of �nite order

Walter Bergweiler and Alexandre Eremenko

Abstract� Our main result implies the following theorem� Let f be
a transcendental meromorphic function in the complex plane� If f has
�nite order �� then every asymptotic value of f � except at most �� of
them� is a limit point of critical values of f �

We give several applications of this theorem� For example we prove
that if f is a transcendental meromorphic function then f �fn with n � �
takes every �nite non�zero value in�nitely often� This proves a con�
jecture of Hayman� The proof makes use of the iteration theory of
meromorphic functions�

Introduction and main results�

In this paper by meromorphic function we mean a transcendental
meromorphic function in the complex plane C � if the domain of def�
inition is not explicitly speci�ed� Let f � C � C 	 C � f�g be a
meromorphic function� The inverse function f�� can be de�ned on a
Riemann surface which is conformally equivalent to C via f��� In this
paper we identify the Riemann surface of f�� with C � We want to
study the singularities of f��� This can be done by adding to C some

���
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ideal points and de�ning neighborhoods of these points�

Let us start with precise de�nitions� Take a � C and denote by
D
r� a� the disk of radius r � � 
in spherical metric� centered at a�
For every r � � choose a component U
r� of the preimage f��
D
r� a��
in such a way that r� � r� implies U
r�� � U
r��� Note that the
function U � r� U
r� is completely determined by its germ at �� Two
possibilities can occur�

a�
T
r�� U
r� 	 fzg� z � C � Then a 	 f
z�� If a � C and f �
z� �	 �

or if a 	� and z is a simple pole of f � then z is called an ordinary

point� If a � C and f �
z� 	 � or if a 	� and z is a multiple pole
of f � then z is called a critical point and a is called a critical value�
We also say that the critical point z lies over a�

b�
T
r�� U
r� 	 �� Then we say that our choice r � U
r� de�nes

a 
transcendental� singularity of f��� For simplicity we just call
such U a singularity� We also say that the singularity U lies over

a� For every r � � the open set U
r� � C is called a neighborhood

of the singularity U � So if zk � C � we say that zk � U if for every
� � � there exists k� such that zk � U
�� for k � k��

If U is a singularity then a is an asymptotic value� which means
that there exists a curve  � C tending to � such that f
z� � a as
z ��� z � � Such  is called an asymptotic curve� To construct an
asymptotic curve take a sequence rk � � and a sequence zk � U
rk� and
connect zk to zk�� by a curve �k � U
rk�� which is possible because
the U
r� are connected� Then  	 ��k is an asymptotic curve� In
particular it follows that every neighborhood U
r� of a singularity U
is unbounded� If a is an asymptotic value of f � then there is at least
one singularity over a� Indeed� let  � C be an asymptotic curve� on
which f
z� � a� Then for every r � � the �tail� of  where f
z� �
D
r� a� belongs to f��
D
r� a�� and we de�ne U
r� as the component
of f��
D
r� a�� which contains this tail�

Certainly there can be many di�erent singularities as well as critical
and ordinary points over the same point a� Remark that if f is a
meromorphic function� and D � C contains no critical values and no
asymptotic values then f � f��
D� � D is a covering� This justi�es
the name �singularities of f����

The connection between asymptotic values of f and singularities
of f�� was stated for the �rst time by A� Hurwitz ����� The following
classi�cation of singularities is due to F� Iversen ���� 
see also ����� ������
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A singularity U over a is called direct if there exists r � � such that
f
z� �	 a for z � U
r�� 
Then this is also true for all smaller values of
r�� The simplest case of a direct singularity is the so�called logarithmic
branch point� We say that U is a logarithmic branch point 
or logarith�
mic singularity� over a if f � U
r�� D
r� a�nfag is a universal covering
for some r � �� Thus if f 	 exp then the inverse function f�� 	 log
has two logarithmic branch points� one over � and one over �� The
function arccos� inverse to cos� has two logarithmic singularities over
��

A singularity U over a is called indirect if it is not direct� i�e� for
every r � � the function f takes the value a in U
r�� In this case
evidently the function f takes the value a in�nitely often in U
r�� A
simple example of an indirect singularity is given by the inverse function
of f
z� 	 sin z�z� Note that in this example the asymptotic value � is
a limit point of critical values� M� Heins ���� Theorem �� proved that
the set of direct singularities of a function inverse to a meromorphic
function is always countable�

For a meromorphic function of �nite order � the celebrated Denjoy�
Carleman�Ahlfors Theorem states that the inverse function has at most
maxf��� �g direct singularities ���� p� ����� This implies that an entire
function of �nite order � has at most �� �nite asymptotic values ���� p�
����� On the other hand� there are meromorphic functions of any given
order � � � such that every point in C is an asymptotic value ���� So
in this case the number of indirect singularities is in�nite�

In the simplest examples like f
z� 	 sin z�z the indirect singulari�
ties are limits of critical points� More complicated examples show that
this is not the case in general� One such example is contained in the
book of L� I� Volkovyskii ���� p� ���� He constructs a meromorphic
function f with no critical points such that the set of asymptotic val�
ues has the power of the continuum 
it is actually a Cantor set on the
unit circle�� So the inverse function of this function has many indirect
singularities because the set of direct ones is countable by the result
of Heins mentioned above� See also ����� where a similar example is
discussed�

Our main result is that in the case of �nite order the nature of the
singularities of f�� is much simpler�

Theorem �� If f is a meromorphic function of �nite order� then every

indirect singularity of f�� is a limit of critical points�
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We can easily derive from Theorem � a formally stronger version
of this theorem�

Theorem ��� Let f be a meromorphic function of �nite order� Then

every indirect singularity of f�� over a � C is a limit point of critical

points zk such that f
zk� �	 a�

Proof� Assume that f has an indirect singularity U over a such that
for some r � � the set V 	 U
r�nf��
a� contains no critical points� As
the number of direct singularities is �nite we may assume that there
are no direct singularities over A 	 D
r� a�nfag�

Let us show that


�� f � V � A

has an asymptotic value a� � A� If this is not the case then 
�� is a
covering� As the fundamental group of the annulus A is Z we conclude
that the fundamental group of V is Z or trivial� In the �rst case V is
a degenerate annulus and a cannot be an asymptotic value in U
r�� So
the fundamental group of V is trivial� that is� 
�� is a universal covering�
Then f � U
r� � A is also a universal covering� which contradicts to
our assumption that U is a neighborhood of an indirect singularity over
a�

Thus there is an asymptotic value a� � A such that the correspond�
ing 
indirect� singularity U � has a neighborhood U �
r�� � V � Now
we apply Theorem � to U � to conclude that there are critical points
zk � U
r� such that f
zk� �	 a� This proves Theorem ���

Corollary �� If f is a meromorphic function of �nite order and a is

an asymptotic value of f � then a is a limit of critical values ak �	 a or

all singularities of f�� over a are logarithmic�

Corollary �� If f is a meromorphic function of �nite order � and E
is the set of its critical values� then the number of asymptotic values of

f is at most ��� card E�� where E� stands for the derived set of E�

Proof� Let a be an asymptotic value� a �� E�� By Corollary � there
is a logarithmic singularity over a� Let us show that the number of
logarithmic singularities is at most ��� For � � ��� this follows from
the Denjoy�Carleman�Ahlfors Theorem quoted above� It remains to
show that there are no logarithmic singularities if � � ���� Suppose
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that there is a logarithmic singularity over a � C and that f � U
r��
D
r� a�nfag is a universal covering� Then U
r� is a simply�connected
unbounded domain� Assume without loss of generality that a 	 ��
Then there exists R � � such that R � jf
z�j � �� for z � U
r� and
jf
z�j 	 R for z � 	U
r�� De�ne a function u by u
z� 	 log
jf
z�j�R�
for z � U
r� and u
z� 	 � for z � C nU
r�� It is easy to see that u
is subharmonic in C � Since u is bounded on 	U
r� we deduce from a
classical theorem due to Wiman 
see for example ���� Theorem �����
that the order of u is at least ���� But the order of f is greater or equal
than the order of u�

Corollary �� If a meromorphic function of �nite order � has only

�nitely many critical values� then it has at most �� asymptotic values�

Corollary � was conjectured by the second author in his talk on
the A�M�S� meeting in Spring�eld� Missouri� in October �����

Theorem � and its corollaries may be useful in many questions
involving meromorphic functions of �nite order� in particular in the
iteration theory of rational ���� ���� ���� and transcendental meromorphic
��� functions� The role of singularities in the iteration of transcendental
functions is discussed in ��� Section ����� The connection with rational
functions is via Poincar�e functions�

We will apply our result to the distribution of values of some di�er�
ential polynomials� In ���� Problem ����� W� K� Hayman conjectured
that if f is a nonconstant meromorphic function and n � N � then f �fn

takes every �nite non�zero value� Earlier he had proved this for n � ��
More precisely� he had shown that if f is transcendental� then f �fn

takes every �nite non�zero value in�nitely often if f is meromorphic
and n � � ���� Corollary to Theorem �� or if f is entire and n � � ����
Theorem ���� J� Clunie ��� proved this for the case that f is entire and
n 	 �� Later E� Mues ���� Satz �� settled the case that f is meromor�
phic and n 	 � and W� Hennekemper ���� extended Clunie�s result to
functions which have few poles in some sense�

We prove here the last unsolved case 
n 	 � for meromorphic
functions�� Our method gives also a uni�ed proof of all results on
Hayman�s conjecture mentioned above�

Theorem �� If f is a transcendental meromorphic function and m � l
are positive integers then 
fm��l� assumes every �nite non�zero value

in�nitely often�
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Hayman�s conjecture corresponds to the case l 	 � in this theorem�
The example f
z� 	 ez shows that � and � can actually be omitted�
Actually only the case m 	 �� l 	 � in Theorem � is new� Recently Y�
F� Wang ���� proved the statement of Theorem � for all m � � and all
l � �� Applying Theorem � to ��f instead of f with m 	 � and l 	 �
we obtain the following result�

Corollary �� If f is a transcendental meromorphic function then f ��
f� has in�nitely many zeros�

The corresponding result for f � � fn� n � �� can be found in the
papers of Hayman and Mues cited above�

Theorem � will be deduced from the following result which may be
of independent interest�

Theorem �� Let f be a meromorphic function of �nite order� If f has

in�nitely many multiple zeros� then f � assumes every �nite non�zero

value in�nitely often�

The proof of Theorem � uses iteration theory of meromorphic func�
tions� The deduction of Theorem � from Theorem � is based on a rescal�
ing lemma of Zalcman and Pang 
Lemma ��� which allows to reduce the
matter to the case of �nite order� On the other hand we will construct
an example which shows that Theorem � fails for functions of in�nite
order�

As a second application of Theorem � we give a uni�ed proof of the
following results recently obtained by J� Clunie� J� Langley� J� Rossi�
and the second author ���� ����

Theorem �� Let f be a transcendental meromorphic function of order

��

a� If � � � then f � has in�nitely many zeros�

b� If � � ��� then f ��f has in�nitely many zeros�

c� If f is entire and � � � then f ��f has in�nitely many zeros�

Examples in ��� show that all bounds for � in this theorem are
sharp�
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Remark� First we proved Hayman�s conjecture 
Theorem � with m 	
� and l 	 �� only for functions of �nite order� A preprint with this
result was widely circulated� It was then realized independently 
and
almost simultaneously� by H� H� Chen and M� L� Fang� by L� Zalcman�
and by the second author of this paper how the in�nite order case can
be reduced to the �nite order case 
Step � in the proof of Theorem ���
We are grateful to L� Yang for telling us about H� H� Chen�s and M� L�
Fang�s result and to Y� F� Wang for sending us a preprint of their work
���� to L� Zalcman for informing us about his work and to D� Drasin for
bringing to our attention the papers of X� Pang ����� �����

�� Lemmas�

The proofs of the following two lemmas use some ideas of A� Weits�
man ���� 
compare also ��� Proposition ������

Lemma �� Let p � � be an integer and g be a transcendental mero�

morphic function of order less than p� �� Then there exists an integer

n� 	 n�
g� and a sequence Rn �
�
�pn��� �pn

�
� n � n�� such that the

total length of the level curves jg
z�j 	 Rn in Kn 	 fz � jzj 	 �ng is at

most �pn���

Proof� We use the standard notations of Nevanlinna theory ���� �����
����� For R � jg
��j� � 
or R � � if g
�� 	�� and 
 � ��� ��� we have

n

�
�n�

�

g � Rei�

�
	 N

�
�n���

�

g � Rei�

�
	 T

�
�n��� g

�
� log�R� C �

where C depends on g only� Thus


��
pn
R� �	

�

��

Z ��

�

n

�
�n�

�

g �Rei�

�
d


	 T
�
�n��� g

�
� log�R� C �

Let ln
R� be the total length of the level curves jg
z�j 	 R in Kn� Put
n 	 �pn and �n 	 �pn��� By the length�area principle ���� p� ��� we
have Z �n

�n

ln
R�
�dR

Rpn
R�
	 �� area 
Kn� 	 ��� ��n �
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So there exists Rn � 
�n� n� such that

ln
Rn�
� 	

�

n � �n
Rn pn
Rn� ��

� ��n 	 �pn � n � n� �

in view of 
�� and the estimate

T 
�n��� g� 	 ��p����n��� � n � n� �

This proves the lemma�

Lemma �� Let p � � be an integer and f be a meromorphic function

of order less than p � �� Given � � � there exists C � � such that for

every component B of the set E 	 fz � jf �
z�j � C�� jzj��pg we have


�� diam f
B� � � �

Here diamS denotes the 
Euclidean� diameter of a set S � C �

Proof� Apply Lemma � to the function g 	 ��f �� Note that f and g
have the same order because f and f � have the same order by a result
of J� M� Whittaker ����� Increase if necessary n� from Lemma � such
that


��
�X

n�n�

�np�� � �� �n

Rn
�

�

�

and hence


��
�X

n�n�

�n��

Rn
�

�

�
�

For n � n� we set

Vn 	 fz � jzj � �n� jg
z�j � Rng

and

V 	
��

n�n�

Vn �
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Note that the boundary 	V consists of some arcs of the level curves
jg
z�j 	 Rn which are in Kn and some arcs of the circles jzj 	 �n on
which we have Rn 	 jg
z�j 	 Rn��� Applying Lemma � and 
�� we
obtain


��

Z
�V

jg
z�j�� jdzj 	
�X

n�n�

�np�� � �� �n

Rn
�

�

�
�

We may assume without loss of generality that there are no poles of g
on jzj 	 �n� � Choose C � � such that the set E 	 fz � jg
z�j � C jzj�pg
does not meet the circle jzj 	 �n� and such that for all components B
of this set contained in fz � jzj � �n�g the condition 
�� is satis�ed�
Let us show that E 
 fz � jzj � �n�g � V � If z � E and jzj � �n� �
we can �nd n � n� such that �n�� 	 jzj � �n� Then we have jg
z�j �
C jzj�p � jzj�p � ��p�n��� � Rn so that z � Vn � V �

Now let D be a component of V which contains a component B of
E such that B � fz � jzj � �n�g� If z� and z� are in B� connect them
by the straight line segment L� If L � D take � 	 L� If L �� D consider
a segment �a� b� � L such that 
a� b� � C nD and a� b � 	D� Replace

a� b� by a bounded arc of 	D connecting a and b� After performing this
procedure on every segment of LnD we obtain a curve �� connecting z�
and z�� Delete if necessary some parts of �� to obtain a simple curve �
connecting z� and z�� The part of � inD consists of some segments of L�
Denote by Tn the union of these segments which lie in �n�� 	 jzj 	 �n�
Then jg
z�j � Rn for z � Tn and thus by 
�� and 
��

jf
z��� f
z��j 	

Z
	

jg
z�j�� jdzj

�
�

�
�

�X
n�n�

Z
Tn

jg
z�j�� jdzj

	
�

�
�

�X
n�n�

�n��

Rn

� � �
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�� Proof of Theorem ��

Let a be an asymptotic value and U be an indirect singularity over
a such that U
R�� contains no critical points and � �� U
R�� for some
R� � �� Without loss of generality we may assume that a 	 �� We are
going to construct inductively the following objects�

� a sequence of asymptotic values an � R��� � ja�j � ja�j � � � � �

� a sequence of disjoint simply�connected domains Gn � U
R����
such that f is univalent in Gn and Dn 	 f
Gn� is a disk� � �� Dn �

� a sequence of asymptotic curves n � Gn such that f
n� is a
straight line segment and f
z�� an as z ��� z � n �

Let us show how to construct an� Gn� and n assuming that ak�
Gk� and k are already constructed for k � n�

First choose a positive number Rn � jan��j 
if n 	 � we take
R� � R���� such that U
Rn� 
 Gk 	 � for k � n� This is possible
because � �� Dk 	 f
Gk�� Then we take a point zn � U
Rn� satisfying
f
zn� 	 �� The existence of such a point follows from the de�nition of
an indirect singularity� We have f �
zn� �	 � by assumption� So there
exists a branch � of f�� of the form

�
w� 	 zn �
�X

m��

cmw
m �

Denote by rn the radius of convergence of this series�
We claim that


�� � � rn � Rn �

To prove the right inequality� suppose that rn � Rn� Then A 	 �
fw �
jwj � Rng� is a component of f��
fw � jwj � Rng�� containing the
point zn � U
Rn�� This implies that A 	 U
Rn� because U
Rn� is
connected� Hence f is univalent in U
Rn�� which is a contradiction�
This proves 
���

Let an 	 rne
isn be a singular point of �� We have janj 	 rn �

Rn � jan��j � � � � � R��� �
Consider the disk

Dn 	

�
w �

����w �
� rn
�

eisn
���� � rn

�

	
�
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Then � is holomorphic on Dnnfang and � �� Dn� Set Gn 	 �
Dn��
Then Gn is a simply�connected domain in C bounded by one analytic
curve tending to in�nity in both directions� Indeed� if Gn is bounded�
then z� 	 �
an� � C � If z� is an ordinary point� then � has no singular
point at an� But z� � U
Rn� � U
r�� cannot be a critical point by
assumption� Moreover� Gn � U
Rn� so that in particular Gn 
Gk 	 �

for k � n� Finally we consider the segment

Ln 	

�
w 	 t eisn �

�

�
rn 	 t � rn

	
� Dn

and put n 	 �
Ln�� This completes our construction�
Now we want to estimate the rate of convergence f
z� � an �

z � n � Let qn � 	Gn� xn 	 jqnj� For x � xn we denote by 
n
x� the
angular measure of f
 � xei� � Gng� Then


��
�X
n��


n
x� 	 ��

because the Gn are disjoint� Now� by the Ahlfors distortion Theorem
���� p� ��� applied to the conformal map f � Gn � Dn � we have


�� log
�

jf
z�� anj
� �

Z jzj

xn

dx

x 
n
x�
� Cn � z � n �

where the Cn are constants� We want to conclude from here that for
all n with at most �p� � exceptions


��� lim inf
z��
 z�	n

jf
z�� anjjzj
�p�� 	 � �


Here p � � is a natural number such that the order of f is less than
p���� To prove 
��� assume that jf
z��anj � c jzj��p�� for K 	 �p��
values of n and all large jzj� say for n 	 �� �� � � � � K and jzj � x�� where
x� � maxfxn � � 	 n 	 Kg� Then we have by 
��


��� �

Z jzj

x�

dx

x 
n
x�
	 
�p� �� log jzj�O
�� � � 	 n 	 K �

Now using Schwarz�s inequality and 
��� we get

�
log

jzj

x�

��

	


Z jzj

x�

dx

x

��
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Z jzj

x�

dx

x 
n
x�

Z jzj

x�


n
x� dx

x

	

�
�

�

�p� �� log jzj� O
��

�Z jzj

x�


n
x� dx

x
�

Adding these inequalities for n 	 �� �� � � � � K and using 
�� we obtain

K

�
log

jzj

x�

��

	
�
� 
�p� �� log jzj� O
��


log

jzj

x�

which is a contradiction because K 	 �p� �� This proves that 
��� is
satis�ed except possibly for �p� � values of n� Dropping those an and
n for which 
��� is not satis�ed and changing the enumeration of the
remaining an and n we may assume that 
��� is satis�ed for all n�

Next we prove that for every n there exists a sequence zn
j � n�
zn
j �� � such that


��� jf �
zn
j�j 	 jzn
j j
��p�� �

Recall that f maps n monotonically onto a straight line segment� Thus

jf
z�� anj 	

Z �

z

jf �
z�j jdzj �

where the path of integration is n� If we assume contrary to 
��� that
jf �
z�j � jzj��p�� for all z � n with su�ciently large moduli� then we
obtain

jf
z�� anj �

Z �

z

jzj��p�� jdzj �
�

�p
jzj��p

which contradicts 
���� Hence 
��� is true�
Recall that R��� � ja�j � ja�j � � � � and put

� 	
�

�
minfjai � aj j � � 	 i � j 	 �pg �

Then � � R���� Apply Lemma � using the value of � just speci�ed�
Lemma � gives some value C � �� For every n choose a point z�n 	
zn
j�n� using the relation 
��� such that the following conditions are
satis�ed for � 	 n 	 �p �


��� jz�nj � C
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and
jf
z�n�� anj � � �

Then


��� jf
z�n�� f
z�k�j � � � � � 	 n � k 	 �p �

and


��� jf
z�n�j� � �
�

�
R� � � 	 n 	 �p �

Using 
��� and 
��� we get


��� jf �
z�n�j � C�� jz�nj
��p � � 	 n 	 �p �

Let Bn be the component of the set fz � jf �
z�j � C��jzj��pg contain�
ing z�n � Applying Lemma � we conclude that


��� diam f
Bn� � � � � 	 n 	 �p �

By 
��� we have f
Bn� � fw � jwj � �R���g� But U
R�� is a com�
ponent of f��
fw � jwj � R�g� and U
R�� and Bn have a point z�n in
common� So we conclude that


��� Bn � U
R�� � � 	 n 	 �p �

Comparing 
��� and 
��� we conclude that the Bn are disjoint�
The function

u
z� 	 � log jf �
z�j � �p log jzj � logC

is subharmonic in U
R�� because U
R�� does not contain critical points
of f by assumption� Also � �� U
R�� by assumption� Now the Bn are
components of the set fz � U
R�� � u
z� � �g and we have u
z� 	 �
for z � 	Bn by 
����

Now a standard application of the subharmonic version of the
Denjoy�Carleman�Ahlfors Theorem ���� Theorem ���� shows that the
order of u is at least p� So the order of f � and hence f is at least p and
we have a contradiction which proves the theorem�
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�� Proof of Theorems � and ��

Proof of Theorem �� Let c � C nf�g and consider the function g
de�ned by g
z� 	 z � f
z��c � Then g has �nite order because f has
�nite order�

We shall use some results from the iteration theory of meromorphic
functions� By g�n we denote the n�th iterate of g� The largest open set
where all g�n are de�ned and form a normal family is called the Fatou

set of g and denoted by F 
g��
Let now � be a multiple zero of f � Then g
�� 	 � and g�
�� 	 ��

Classical results from iteration theory 
see for example ��� Theorem
������� now imply that there exists a component U of F 
g�� a so�called
Leau domain� such that � � 	U and g�n � � locally uniformly in
U � Moreover� U contains a critical or asymptotic value of g� see for
example ��� Theorem ������� 
In ��� as well as in ���� ���� only the case
of rational functions is discussed� in which case only critical values need
to be considered� but the proof extends to the transcendental case� if we
also take asymptotic values into account�� Since f has in�nitely many
multiple zeros and since Leau domains related to distinct �xed points of
g are disjoint� we deduce that the set of critical and asymptotic values
of g is in�nite� By Corollary � this is possible only if g has in�nitely
many critical values� In particular� g� has in�nitely many zeros which
implies that f � assumes the value c in�nitely often� This completes the
proof of Theorem ��

For the proof of Theorem � we also need the following lemmas�

Lemma �� Let f be a transcendental meromorphic function� If f has

only �nitely many zeros� then f �l�� l � �� assumes every �nite non�zero

value in�nitely often�

Lemma � was proved by W� K� Hayman 
���� Theorem �� or ����
Corollary to Theorem ������

Lemma �� Let F be a non normal family of meromorphic functions in

the unit disk D� and �� � k � �� Then there exist sequences fn � F �

zn � D and an � � such that jznj � r � �� an � � and

gn
�� 	 a�kn fn
zn � an��� g
�� �

where g is a non�constant meromorphic function in the plane of order

at most �� normal type� and the convergence is uniform on compacta in

C with respect to the spherical metric�
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The case k 	 � in Lemma � was proved by L� Zalcman ����� �����
and the general case by X� Pang ����� �����

Proof of Theorem ��

Step �� We �rst prove the theorem for the case when the order of
f is �nite� If f has �nitely many zeros then the conclusion follows
from Lemma �� If f has in�nitely many zeros then h 	 
fm��l��� has
in�nitely many multiple zeros and we apply Theorem � to h�

Step �� Now we reduce the general case to the case of �nite order� using
Lemma �� We use the notation

f
 	
jf �j

� � jf j�

for the spherical derivative�
Suppose that there exists a transcendental meromorphic function

f such that the equation 
fm��l�
z� 	 a has a �nite set of solutions for
some a �	 �� We may assume without loss of generality that a 	 ��

Put k 	 l�m and de�ne a family F consisting of all functions

fn
z� 	 ��kn f
�nz� � ��� � jzj � � � n 	 �� �� � � �

This family cannot be normal in fz � ��� � jzj � �g� For otherwise we
would have for some M � �

M � f
n 
z� � ����k�n f

�nz� � f

�nz� � ��� � jzj � �

from which follows thatZZ
jx�iyj�r


f

x� iy��� dxdy 	 O
r�� � r� �� �

so the order of f is �nite which contradicts Step ��
Now notice that 
fmn ��l�
z� 	 
fm��l�
�nz�� so 
hm��l�
z� �	 � for

every h � F �
Now we choose a disk in the annulus fz � ��� � jzj � �g such that

F is not normal in this disk� apply Lemma � to F with k 	 l�m and
obtain a non�constant meromorphic function g of order at most � which
also has the property 
gm��l�
z� �	 �� z � C � This contradicts Step ��
So Theorem � is proved�
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Here is another application of Theorem ��

If P is a non�constant polynomial and if f is a transcendental

meromorphic function of �nite order� then P 
f� f � assumes every �nite

non�zero value in�nitely often� This was proved by E� Mues ���� Satz ��
for the case that f is entire� but without the restriction on the order� To
see this we choose a zero a of P � with the property that f has in�nitely
many a�points if such a zero exists� We de�ne Q
z� 	

R z
a
P 
t� dt and

proceed as in the proof of Theorem �� Step �� with h 	 Q
f��

Now we will show that Theorem � fails for functions of in�nite
order�

Example� De�ne

f
z� 	 z � a

Z z

�

exp
b exp t� t� dt �

where a and b are complex numbers with the properties�


��� � � a b 	 � and � � a exp b 	 � �

Such numbers are easy to �nd by taking any solution of exp
z� 	 z
as b and putting a 	 ���b� From the �rst condition 
��� follows that
f
��i� 	 �� 
Use the substitution w 	 exp t and residues to evaluate the
integral�� So f has period ��i� From the second condition 
��� follows
that f �
�� 	 �� By periodicity f has multiple zeros at the points ��ik�
On the other hand f � omits the value ��

�� Proof of Theorem ��

We start with the following simple

Proposition Let f be a meromorphic function with in�nitely many

zeros and no asymptotic values in C � 	 C nf�g� Then there are in�nitely

many critical points lying over C � �

Proof� We have in�nitely many branches of f�� of the form

qk
w� 	 �k
w
��pk� 	 zk �

�X
n��

cn w
n�pk �
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where pk are some integers� zk are the zeros of f and �k are univalent� If
the radius of convergence rk of the series �k is in�nite then �k is linear
as a univalent holomorphic function in C � So all rk are �nite which
means that the branches qk have singularities in C

� � These singularities
are algebraic branch points and only �nitely many qk�s may share one
such singularity� Thus the total number of critical points of f over C �

is in�nite� This completes the proof of the Proposition�

We will also use a theorem of F� Iversen ����� ����� which states
that if a transcendental meromorphic function takes some value a � C

�nitely many times then a is an asymptotic value�

Proof of Theorem �� To prove a� assume that f � has �nitely many
zeros� Then all but a �nite set of critical points lie over �� From
Corollary � we conclude that there is at most one asymptotic value a �
C � If a 	� or there is no asymptotic value at all� then f has in�nitely
many zeros and we apply the Proposition to get a contradiction� If a is
�nite we may assume without loss of generality that a 	 �� Then f has
in�nitely many poles by Iversen�s theorem and we apply the Proposition
to ��f �

To prove b� we assume that f ��f has �nitely many zeros� This
means that all except �nitely many critical points lie over � and�� By
Corollary � there are no asymptotic values� So we have in�nitely many
zeros by Iversen�s theorem and the Proposition gives a contradiction�

To prove c� we assume that f ��f has �nitely many zeros� Then all
critical values lie over � and by Corollary � and Iversen�s theorem the
only asymptotic value is in�nity� Again there are in�nitely many zeros
and the application of the Proposition �nishes the proof�
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�� Introduction�

In ���� de Branges and Rovnyak introduced a concept of com�
plementation associated to a contraction between Hilbert spaces that
generalizes the classical concept of orthogonal complement� When ap�
plied to Toeplitz operators on the Hardy space of the disc� H�� this
notion turned out to be the starting point of a beautiful subject� with
many applications to function theory� The work has been in constant
progress for the last few years� We study here the multipliers of some
de Branges�Rovnyak spaces contained in H��

This introductory section is devoted mainly to general background
on Hilbert spaces contained contractively in H�� all its material can be
found in 	�
�� and especially in 	���� Also� at the end of the section we
give an account of the main results obtained in this paper�

Let H� H� be Hilbert spaces� and A  H��H be a contraction�
We denote by M�A� the space formed by the range of A with the
Hilbert space structure that makes A a coisometry from H� ontoM�A��
With this structure the inclusion of M�A� in H is a contraction� so we
say that M�A� is contained contractively in H� The space H�A� �
M 	�� � AA������ is called the complementary space of M�A�� The

���
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overlapping space M�A��H�A� equals AH�A��� and it is not di�cult
to prove that if a � H� then a � H�A� if and only if A�a � H�A��� If A
is a partial isometry �and only in this case�� M�A� and H�A� are closed
subspaces of H� orthogonal complements of each other� otherwise the
overlapping space AH�A�� is always nontrivial�

Let b be an element of the unit ball B�H�� in H�� and let Tb and
Tb be the Toeplitz operators associated to b and b acting on H�� Since
these operators are contractions� we can consider the spaces H�Tb� and
H�Tb�� which from now on will be denoted by H�b� and H�b�� respec�
tively� Using a classical criterion of Douglas to factorize contractions�
it is easy to show that H�b� is contained contractively in H�b� �see 	�
�
II����� Now a simple calculation shows that if f� g � H�b�� then

hf� giH�b� � hf� giH� � hTb�f�� Tb�g�iH�b� �

If b � b�b� � with b� and b� in B�H��� then H�b� � H�b�� � b�H�b���
where H�b�� is contained contractively in H�b� and Tb� implements
a contraction from H�b�� into H�b�� Besides� this sum is direct �i�e�
H�b�� � b�H�b�� � f�g� if and only if H�b�� is the orthogonal comple�
ment of b�H�b�� in H�b�� In particular this holds if b� is an inner func�
tion� because since in this case Tb� is an isometry� so that ���Tb�Tb��

���

is the projection �in H�� onto the orthogonal complement of b�H
��

Moreover� H�b�� is an ordinary closed subspace of H��
For � � H�� the Toeplitz operator T� is a bounded operator on

H�b� and H�b� with norm �in both cases� not exceeding k�k� �

The spaces H�b� and H�b� can be represented in terms of Cauchy
integrals� Let � be a Borel �nite positive measure on �D � the boundary
of the unit disc� For f � L����� de�ne the Cauchy transform of f
respect to � as

K��f��z� �

Z
�D

�

�� e�i�z
f�ei�� d��ei�� � z � C n �D �

It is an analytic function on C n �D � We often �not always� use the
restriction of this function to D � its meaning being clear from the con�
text� If the measure � is given by a weight� d��ei�� � g�ei�� d���	 with
g � L� �� L��d���	��� g � �� we simply writeKg for K� � In particular�
if g � � we write K�
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Let b � B�H��� The real part of the function ��� b�z������ b�z��
is ��� jb�z�j���j�� b�z�j� � �� so it can be represented by the Herglotz
formula

���
� � b�z�

�� b�z�
�

Z
�D

ei� � z

ei� � z
d�b�e

i�� � i Im

�
� � b���

�� b���

�
� z � D �

where

d�b�e
i�� �

�� jb�ei��j�

j�� b�ei��j�
d�

�	
� d�

S
�ei�� �

with �
S
a positive �nite singular measure and


 �
�� jbj�

j�� bj�
� L� �

First Clark 	�� for b inner and then Sarason in general 	��� proved that
the operator given by Vb�f��z� � �� � b�z��K�b�f��z� �for f � L���b�
and z � D �� establishes an isometry from H���b� onto H�b�� where
H���b� is the closure in L���b� of the analytic polynomials �see 	��
and 	�� for vector valued versions�� Also� in 	��� it is proved that if
��ei�� � �� jb�ei��j�� then K� is an isometry from H���� ��

H����ei�� d���	�� onto H�b�� For a given b � B�H��� �� 
 and �b will
always denote the functions and measure associated to b as in the above
paragraph�

At this point two very di�erent cases appear in the study of the
spaces H�b� and H�b�� according to whether b is or is not an extreme
point of B�H��� or equivalently� according to whether � is not or is
log�integrable on �D �see 	��� p� ������ The reason for this distinction
is a famous theorem of Szeg�o �	��� p� ����� which asserts that for a
positive �nite measure � on �D � H���� � L���� if and only if the
Radon�Nikodym derivative of � with respect to the Lebesgue measure
is not log�integrable� Thus� if b is extreme in B�H�� �and only in
this case�� H���� � L���� and H���b� � L���b�� Notice that log
 �
log � � log j� � bj�� where log j�� bj� is integrable because � � b � H�

�	��� p� 
����
A multiplier of H�b� �or of H�b�� is a function m � H� such that

H�b� �respectivelyH�b�� is invariant by Tm � If f � H�� then f � H�b� if
and only if bf � H�b�� This immediately implies that every multiplier
of H�b� is also a multiplier of H�b�� Also� for u an inner function�
the decomposition H�ub� � uH�b� �H�u� together with the fact that
uH��H�u� � f�g� implies that every multiplier of H�ub� is a multiplier
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of H�b�� It is known that both inclusions of multipliers can be proper�
D� Sarason 	��� gave an example of a nonextreme outer function b for
which the multipliers of H�b� and H�b� are di�erent� However� it is
unknown if the multipliers of H�b� and H�b� can be di�erent when b is
outer and extreme� If b is inner� H�b� is trivial� and it is easy to see that
only the constant functions are multipliers of H�b�� otherwise there are
plenty of nonconstant multipliers �see 	�����

Information about multipliers for the nonextreme case can be found
in 	
�� 	���� 	��� and 	���� The main source for the extreme case is the
paper of Lotto and Sarason 	���� The latter case is the subject of this
paper� so we assume from now on that b is an extreme point of B�H��
unless the contrary is stated� Also� we exclude the trivial case b inner�

Since in our case the backward shift S� is an invertible operator
on H�b� �	��� Theorem ������ it is easy to prove that every multiplier
of H�b� is in H�b� � C � Since H�b� has no other constants except the
zero function� the above space is a one�dimensional linear extension of
H�b�� If f � H�b��C � the Cauchy representation of H�b� shows that for
z � D � f�z� � K��q��z� � c with q � L���� and c � C � Now de�ne the
following conjugation in H�b� � C � f��z� � �K��q��z� �K��q���� � c�
A straightforward calculation shows that if we think of f as de�ned on
C n �D � then

f��z� � f���z� �

Let us denote byM�b� andM�b� the algebras of multipliers ofH�b� and
H�b� respectively� The above conjugation has the important property
that if m belongs to any of these algebras� then m� belongs to the same
algebra� In particular� m�z� and m���z� are in H� �for z � D �� which
implies that m�z� � K��q��z� � c must be bounded for all z � C n �D �
In other words� the algebras of multipliers are contained in the space

K���� � fm � K��q� � c  q � L���� � c � C � sup
z�Cn�D

jm�z�j � ��g �

The space K���� is closed under multiplication� and if f� g � K����
then �fg�� � f�g� � Moreover� if m � K��q� � c � K����� the norm
kmkK���� � supz�CnD jm�z�j � kqkL���� makes K���� a ��Banach al�
gebra� Summing up� we have the following string of inclusions

��� M��b� 	M�ub� 	M�b� 	M�b� 	 K���� �

where u is an inner function andM��b� �
T
v innerM�vb�� Ifm belongs

to any of these algebras� the spectrum of m in the respective algebra is
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the closure ofm�C n�D �� Also� the operationm� m� is a multiplicative
conjugation in all the algebras �see 	�����

The paper is organized as follows� In Section � we give a charac�
terization of the group � � ff � K����  f� � f��g and we show
that if M� and M� are any of the algebras in ���� then M� � M� if
and only if M� � � � M� � �� This observation will be fundamental
in the sequel� In Section � we establish some known relations between
multipliers and weighted norm inequalities� We study these relations
in terms of our characterization of �� Section � answers a question
by Lotto and Sarason by giving an example of b � B�H�� extreme�
such that M�b� does not coincide with K����� We obtain a complete
characterization of M�b� for this example� In Section 
 it is proved
that M��b� is dense in M�b� and M�b� with the respective strong
operator topologies� Section � discusses the way in which the singular
component of �b a�ects the algebrasM�b� and K����� In Section � we
introduce a partial isometry from H�b� onto H�b�� which is used to ob�
tain a su�cient condition for a function m � K���� to belong toM�b��
It follows as a corollary that H�b� is imbedded in L����j� � ubj�� for
every inner function u � Also� we show several characterizations of the
equality M��b� � K����� In particular� this turns out to be equiv�
alent to M��b� � M�b�� In Section � we investigate how H�b�� H�b�
and their multipliers are a�ected if we replace b by  
 b� where  is an
analytic authomorphism of the unit disk� In Section � we prove that
the multipliers of H�b� and H�b� coincide when b is continuous up to
the boundary of the disk� Finally� Section �� contains some information
about the interaction between the conjugation � and the inner factors
of functions in any of the algebras M�b�� M�b� and K�����

I am indebted to D� Sarason for many valuable comments�

�� Some special functions in K�����

One of the main problems when studying the algebras of multi�
pliers is the lack of examples� in particular� the di�culty to exhibit
nonconstant elements of K����� The next theorem will allow us to
construct functions m � K��q� � c in K����� where r � jq�j has a
preestablished behaviour� We need two lemmas�
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Lemma ���� Let f � K��q��c � H�b��C � Then the �inner� boundary

function of f�z�� f��z� equals q� � Conversely� if f and g are analytic

functions on D such that f � g � P � q� � where P denotes the Poisson

kernel and q � L����� then in D �

f�z� � K��q��z� � g���

and

g�z� � K��q����z� � g��� �

The lemma is just a particular case of Lemmas ���� and ���� in 	����

Lemma ���� Let s be a real valued function in L�� Then

� jsj � jes � e�sj � � ejsj jsj �

Proof� Both inequalities follow from simple calculations with the
Taylor series

jes � e�sj

jsj
� �

X
n��

s�n

��n� ���
�

If f and g are functions de�ned almost everywhere in �D � and f
takes the the value zero whenever g does �except for a null set�� the
quotient f�g makes sense and it is �nite almost everywhere with the
convention ��� � ��

Theorem ���� Let s be a real valued bounded function de�ned on

�D such that s��� � L�� Then m � es�i�s � K����� where �s is any

harmonic conjugate of s� Moreover� if m � K��q� � c with q � L����
and c � C � then

�� q� � �jmj� � ���m �

�� If r � jq�j� then � jsj � jrj � � eksk� jsj �

�� m� � m�� �

Conversely� every m � K���� such that m� � m�� is of the above

form with s � log jmj �
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Proof� The function m � es�i�s is invertible in H�� Hence� the
bounded harmonic functionm�m�� is the Poisson integral of its �inner�
boundary function �jmj� � ���m � Write q � �jmj� � ���m� � Since
j�jmj� � ���mj � jes � e�sj� Lemma ��� asserts that

��� �
jsj

�
� jqj � C

jsj

�
� with C � � eksk� �

Therefore jqj�� � C� �s���� � L� and consequently q � L����� By

Lemma ���� m � K��q� �m����� and m� � m���
On the other hand� if m � K��q� � c is any element of K���� such

thatm� � m��� then by Lemma ��� the boundary function ofm�m� �
�jmj� � ���m equals q� � Hence q � �jmj� � ���m� � L����� Since m is
an invertible function of H� then m � es�i�s� where s � log jmj � L��
A new application of Lemma ��� shows that the inequalities ��� hold
for these q and s� thus s��� � �����jqj�� � L��

De�nition� Let b � B�H�� and ��ei�� � � � jb�ei��j�� If s is a

real valued� essentially bounded function on �D such that s��� � L��

we will say that s is an admissible function for �� or simply� that s is

admissible�

Theorem ��� implies that for every s admissible there is m �
K��q� � K����� where r � jq�j behaves like jsj� On the other hand� if
m � K��q� � c is any element of K����� then r � jq�j is admissible�

We �x for the rest of the paper the notation E for the set where �
does not vanish� That is�

E � fei� � �D  ��ei�� �� �g �

In Theorem ���� of 	��� it is proved that m � K��q� � c � K���� is a
multiplier of H�vb� for every inner function v if and only if q�� � L�� If
we write r � jq�j� this condition can be rewritten as r��� � L�� Since
r is bounded� the above condition holds for all m � K���� if �

E
�� �

L� �where �
E
denotes the characteristic function of E�� Theorem ���

immediately implies that the converse also holds� because if �
E
�� �� L�

then there is an admissible function s such that s��� �� L��
Theorem ��� gives a characterization of the functions in

� � ff � K����  f� � f��g �
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Denote byM� andM� two di�erent algebras of the string of inclusions
���� with M� 	M� �

Proposition ���� M� 	M� if and only if M� � � 	M� �

Proof� Suppose that there is m � M� nM�� Since m � �m�m�����
i�m �m����i� then �m �m���� or �m �m����i is not in M�� Hence
there is f � M� nM� such that f � f� � Let � � C n R be a number
which does not belong to the spectrum of f � Then

f � �

f � �
� � �

�� �

f � �
� �M� � �� nM� �

For m � K���� denote by sp �m� the spectrum of m� Let M be
any of the Banach algebras M�b�� M�b� or K�����

Lemma ��	� Let m � M with sp �m���D � �� If f is a continuous

function on �D � then

If �m� �

Z ��

�

m� � e�i�

m� ei�
f�ei��

d�

�	

is in M �

Proof� The continuity of the map ���m� � ����m � �� for � ��
sp �m� � sp �m�� assures that If �m� is well de�ned �because sp �m���D
� ��� and that it is the limit �in norm� of

Sn �
n��X
k��

�

n
f�e��ik�n�

m� � e���ik�n

m� e��ik�n
�

Proposition ��
� Let m � K���� with kmk � �� If fk�e
i�� � eik�

�with k an integer� then

Ifk�m� �

���
��

mk�� ���mm�� � if k � � �

�m� � if k � � �

� � if k � � �

Proof� It is a straightforward calculation with the power series ex�
pansion �in ei�� of �m� � e�i����m� ei�� �
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Corollary ���� Let M be as in the preceding lemma� Then the span

of � �M is dense in M�

Proof� The proof of Lemma ��
 shows that if f is continuous on �D
and m � M is such that sp �m���D � �� then If �m� is in the closure
of span�� �M�� Given any m � M� take m� � m���km�k� where the
norm km�k is taken in K����� and f��e

i�� � ei�� By Proposition ����
�If��m

�� � m�
� � m��km�k� Hence� m � �� km�k If��m

�� is in the
closure of span � � �M��

�� Weights and Multipliers�

In 	��� some criteria are given for a function m � K���� to belong
to M�b� or M�b�� Those criteria are the starting point of most of the
sequel� The next theorem is a di�erent formulation of Theorem ����
and Lemma ���� in 	����

Theorem ���� Let m � K��q� � c � K����� If r � jq�j� then

�� m � M�b� if and only if f � L��r���� for every f � H�b� �

�� m � M�b� if and only if f � L��r���� for every f � H�b� �

�� If m � M�b� and u is an inner function� then m � M�ub� if
and only if f � L��r���� for every f � H�u� �

The advantage of this point of view for the present paper is that
Theorem ��� is given in terms of the admissible function r� Theorems
��� and ��� immediately yield the fact that M�b� �or M�b�� coincides
with K���� if and only if for every admissible function r� f � L��r����
for all f � H�b� �respectively� for all f � H�b���

By a standard argument involving the closed graph theorem� if any
of the conditions of Theorem ��� holds� then it holds with continuity�

Let � be a �nite Borel measure on �D and f � L����� Then� as a
function on D � K��f� belongs to Hp for � � p � �� so it has a �nite
nontangential limit for almost every ei� � �D �see 	�� pages �� and �����
Most of the time it will be convenient to think of K��f� as its �inner�
boundary function� Since K�  L�����H�b� is an onto isometry� then
for f � K��q��

kfkH�b� � kqkL���� � kq����kL� �
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Thus every f � H�b� can be written as f � K�����h� with q���� � h �
L�� h � � outside of E� and kfkH�b� � khkL� � khkL���

E
� � Conversely�

if h � L� then h�
E
� q���� with q � L���� �take q � h�

E
������� and

kh�
E
kL� � kqkL����� Then K����  L

���
E
��H�b� is an onto isometry�

On the other hand� if d�b � 
 d���	 � d�
S
is the measure associated

to b by formula ���� then K�b � K	 � K�
S
� and Vb � �� � b�K�b is

an onto isometry from L���b� onto H�b�� As before� we can replace
the operator K	 on L��
� by K	��� on L���

E
�� We just obtained that

Wb � ��� b� �K	��� �K�
S
� is an isometry from L���

E
�L���

S
� onto

H�b�� With these facts in mind we can rewrite Theorem ��� once more�

Theorem ���� Let m � K��q� � c � K����� If r � jq�j� then

�� m � M�b� if and only if K���� maps L���
E
� into L��r���� �

�� m � M�b� if and only if K	��� maps L���
E
� into L��r��
�

and K�
S
maps L���

S
� into L��r��
� �

�� If m � M�b� then m � M�ub� if and only if ��� u�K�u maps

L���u� into L��r����� where �u is the measure associated to u in the

representation ��� �

Proof� �� and �� are immediate� By Theorem ��� and the above
comment� m � M�b� if and only if for every q� � L���

E
� and q� �

L���
S
��

��� b� �K	����q�� �K�
S
�q��� � L��r���� �

Since r��
 � r�j�� bj���� this is equivalent to K	����q�� �K�
S
�q�� �

L��r��
�� and clearly this is the same as ���

Again� if any of the conditions of the theorem holds� it does with
continuity� Then� the problem of establishing whether a given m �
K���� is a multiplier is transformed into a problem of weighted norm
inequalities� It is not surprising then that Helson�Szeg�o weights play
an important role in the theory� A Helson�Szeg�o weight is a function

� � e��
�
� where � and � are bounded real valued functions on �D

and k�k� � 	��� The relevance of these functions is that they are
precisely the positive weights � in L� such that the Cauchy transform
is a bounded operator from L���� into itself 	����
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Theorem ���� Let r be an admissible function� If there is a Helson�

Szeg�o weight �r such that r��� � �
E
�r� then K���� is a bounded oper�

ator from L���
E
� into L��r����� The statement also holds replacing �

by 
 everywhere�

Proof� Take f � L���
E
�� then f���� � L���

E
��� 	 L��r����� and

since f���� � � outside of E� then f���� � L���r�� By the Helson�Szeg�o
theorem K�����f� � L���r�� hence K�����f� � L���r�E � � L��r�����
The same argument works for 
�

Corollary ���� Let b � B�H��� If there is a Helson�Szeg�o weight

� such that �
E
�� � �

E
�� then K���� maps L���

E
� into L��r���� for

every admissible function r� If d�b � 
 d���	� the same holds replacing

� by 
 everywhere�

Proof� Since Helson�Szeg�o weights are in L�� �
E
�� � L� �i�e� �

E
is

admissible�� By Theorem ��� K���� maps L���
E
� into L���

E
���� and

since r is bounded� L���
E
��� 	 L��r�����

The assertion for 
 can be similarly deduced from Theorem ���
if we show that �

E
is admissible� that is� �

E
�� � L�� So we assume

that �
E
�
 � �

E
�� with � a Helson�Szeg�o weight� Clearly ��� is also a

Helson�Szeg�o weight� thus 
�� � �
E
�� � L�� or what is the same� 
 �

L����� Then� by the Helson�Szeg�o theorem� K�
� � L���� 	 L���
E
���

Since d�b � 
 d���	� then by 	�
� III����

K�
� � K	��� � K�b��� � ��� b������ b��������� b���b� �

which implies that ��� b��� � L���
E
��� Thus�

j�� bj���
E
� � j�� bj�� �

E
�
 � �

E
��

is in L�� as claimed�

The statement for 
 in the above corollary already appears in 	���
Theorem ����� with a di�erent formulation and a similar �slightly dif�
ferent� proof�
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�� An example�

It is asked in 	��� if for b extreme� not an inner function� the al�
gebras M�b� and K���� coincide� We give here an example for which
those algebras do not coincide� We also obtain for this example a com�
plete characterization of the multipliers of H�b� among the elements of
K���� �

When convenient� we identify a function f�ei�� de�ned almost ev�
erywhere on �D with a function f��� de�ned for almost every � �
��	� 	�� Let � be a function in L� �of �D �� For f � L���� de�ne the
Hilbert transform of f with weight � as

H��f���� � lim
���

Z
�j���j�

f���

� � �
���� d� �

We write H if � � � �

Proposition ���� In Theorem ��� we can replace K���� and K	��� by

H���� and H	���� respectively�

Proof� We prove the proposition for K	��� � the proof for K���� is the
same� Let f � L���

E
�� then for z � D �

K	����f��z� �
�

�

�
�P � f
�����z� � i�Q � f
�����z� � �P � f
�������

	
�

where P is the Poisson kernel and Q is its harmonic conjugate� Since
f and 
��� are in L�� f
��� � L�� hence the boundary function of
�P � f
�����z� is f
���� The fact that f � L� and r � L� now implies
that f
��� � L��r��
�� Also L��r��
� contains the constants because
r��
 � L�� That is� K	����f� � L��r��
� if and only if the boundary
function of �Q � f
�����z� is in L��r��
�� Let us denote this boundary
function also by Q � f
���� A simple computation shows that

Q � f
��� �
�

	
H	����f� � d � f
��� �

where d��� � cotg ��� � ��� is a bounded function� jd���j � ��	 �see
	�� p� ��
��� Hence jd�f
���j � C kf
���kL� � ��� and then d�f
���

always belongs to L��r��
��
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For � � ��� �	� the function ��� e�����
���

is log�integrable� so that

there is b � H� such that jb�ei��j � ��� e�����
���

almost everywhere

with respect to d�� Furthermore� ���� � � � jb�ei��j
�
� e���� is not

log�integrable� thus b is an extreme point of B�H��� We consider this b
for the rest of the section� It will be convenient to think of � as de�ned
on ��	� 	��

���� �



e���� � if � � � � 	 �

e��������� � if �	 � � � � �

Theorem ���� For m � K��q� � c � K����� put r � jq�j� If m �
M�b�� there is a constant C � � such that

Z �

�

r���� e��� d� � C � � for all � � ��� 	� �

Proof� For � � ��� 	�� the function r���� e��� � r��������� � L�� from
which it is immediate that the conclusion of the theorem is equivalent
to

��� sup lim
����

�

�

Z �

�

r���� e��� d� � �� �

If ��� does not hold� there are �� � � � � �� and two sequences
��k�� ��k� 	 ��� 	� such that �k � ��k for all k� �k��� �k�� and

�

�k � �k

Z �k

�k

r���� e��� d� �� �� �

Taking suitable subsequences of ��k� and ��k� we can also assume that
�k�� � �k for all k� Let �sk� be a sequence in �

� �the space of absolutely
summable sequences� such that sk � � for all k� and

�
�
X
k��

sk
�

�k � �k

Z �k

�k

r���� e��� d� � �� �

Take

dk �
� sk
�k � �k

����
for k � � �
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and consider the function

f��� �
X
k��

dk ����k���k�
��� �

Then �����f � L�� because

Z �

��

���jf j� d� � sup
����

j������j
X
k��

sk
�k � �k

��k � �k�

� e��� k�sk�kl� � �� �

By Proposition ���� if we show that H������
����f� � H�f� does not

belong to L��r����� then m is not a multiplier of H�b��
A simple computation shows that the Hilbert transform of

�
���k��k�

is log�j� � �kj�j� � �kj�� and this function is positive for

� � �� Thus� for � � � we have

��� H�f���� � dk log
� � �k
� � �k

� for all k � � �

In particular� ��� holds for �k � � � �k � Besides� if �k � � � �k �

���k�
�� � �� � �k�

�� � ��k � �k�
��� and consequently

� � �k
� � �k

� � �
�k � �k
� � �k

� � �
�k � �k
�k � �k

�
� �k

�k � �k

�
�

� � �k��k
�

�

� � �
� c � � �

Therefore�

��� log
� � �k
� � �k

� log c � for all � � ��k� �k� �

Now ��� and ��� yield

���

Z �k

�k

jH�f�j� r� e��� d� �

Z �k

�k

d�k log�
� � � �k
� � �k

�
r� e��� d�

�
sk

�k � �k
log� c

Z �k

�k

r� e��� d� �
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Then�

Z �

�

jH�f�j�r�e��� d� � log� c
X
k��

sk
�k � �k

Z �k

�k

r� e��� d� � ��

by ��� and �
�� That is� H�f� �� L��r���� �

Theorem ���� For m � K��q� � c � K����� put r � jq�j� If for some

constant C � ��
Z �

�

r���� e��� d� � C � � for � � � � 	 �

then m is a multiplier of H�b��

Proof� By Proposition ���� we must show that H�����f� � L��r����

for every f � L�� For f � L�� the function f���� is in L�� and the
Hilbert transform maps L� into itself �see 	�� III��� so that H�����f� �

L�� Besides� for �	 � � � �� ������ � e�������� is bounded� and so is
r��� � Thus H�����f� is square integrable with respect to the measure
r��� d� in ��	� ��� So� we only have to show the square integrability in
��� 	�� We can assume f � �� Write f � f� � f� � where f� � f�

������

and f� � f�
�����

� For � � � � 	�

H�����f����� � lim
���

Z
�j���j�

f���� �
������

� � �
d�

�

Z �

��

f���� �
������

� � �
d� �

Since f� � �� this equality shows that H�����f����� is decreasing for
� � � � 	� Then for � � �� the set

E� � f� � ��� 	�  jH�����f�����j � �g

is some interval ��� a�� with � � a� � 	 �the possibility E� � � is
covered by a� � ��� Denote by � the measure on ��� 	� de�ned by
d� � r���� e��� d�� For a �Lebesgue� measurable set F 	 �D we write
jF j for its Lebesgue measure� By the hypothesis of the theorem�

��E�� � �
�
��� a��

	
�

Z a�

�

r���� e��� d� � C a� � C jE�j �
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Hence�

Z �

�

jH�����f��j
� d� �

Z �

�

�� ��E�� d�

� C

Z �

�

�� jE�j d� � C

Z �

�

jH�����f��j
� d� �

and the last integral is �nite because f��
��� � L�� For f� and � � ��� 	�

we have

H�����f����� � H�f����e
���������

� H	f���� �e
����� � e���������� �H�f���� e

���������

� I���� � I���� �

The function I���� is equal to e
�����H�f������ hence

Z �

�

jI����j
� r� e��� d� �

Z �

�

e���� jH�f�����j
� r� e��� d�

� krk�L� kH�f��k
�
L� � �� �

Finally�

I���� � lim
���

Z
�j���j�

f����N��� �� d� �

where

N��� �� �
e����� � e�����

� � �

can be continuously extended to 	�� 	�� 	�� 	�� and therefore is bounded�
Hence jI����j � C kf�kL� � ��� which implies that I���� is square
integrable with respect to the ��nite� measure r��� d� � r� e��� d� in
��� 	��

For our example� Theorems ��� and ��� give a complete charac�
terization of the multipliers of H�b� among the elements of K�����
However� it is not clear at this point that there are elements in K����
which fail to satisfy the condition of the theorems� Theorem ��� will be
the fundamental tool to construct such an element�

Corollary ���� There are elements in K���� which are not multipliers

of H�b��
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Proof� If s is an admissible function for �� then Theorem ��� asserts
that m � es�i�s is in K����� Besides� if

lim
���

�

�

Z �

�

s���� e��� d� � �� �

part �� of Theorem ��� together with Theorem ��� immediately implies
that m �� M�b�� A straightforward calculation shows that if � � � �
���� then

s��� �

��
�

e�����

��
� if � � � � 	 �

� � if �	 � � � � �

does the job�

If we take as b an outer function such that jb�ei��j � ��� e�����
���

almost everywhere with respect to d�� then b is invertible in H�� Hence
by 	��� Theorem ����� H�b��H�b��

	� Strong operator topology�

Let f and q be measurable functions on �D � Denote

Jq�f� � kqfkL���� �
� �

�	

Z ��

�

jqf j� � d�
����

�

Notice that if K��q� � c is in M�b� �or in M�b�� then by Theorem ����
Jq�f� � � for all f � H�b� �respectively f � H�b��� Actually� the
above conditions are equivalent�

Lemma 	��� Let m � K��q� � c � M�b� and f � K��g� � H�b��
Then

kmfkH�b� � Jq�f� � Jm��g� �

Proof� By Lemma ����mf � K��h�� where h is the boundary function
of mf �m�f� � This boundary function is

mf �m�f� � �m�m�� f �m� �f � f�� � �qf �m�g� � �

Thus kmfkH�b� � kqf �m�gkL���� � Jq�f� � Jm��g� �
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Lemma 	��� Let m � K��q� � c � M�b�� f � H�b� and g be the

function in L���� such that Tbf � K��g�� Then

kmfkH�b� � kmfkH� � � Jq�Tbf� � Jm��g� � Jq�f� �

Proof� The equality kmfk�H�b� � kmfk�H� � kTb�mf�k
�
H�b�

implies

��� kmfkH�b� � kmfkH� � kTb�mf�kH�b� �

We have

���� Tb�mf� � mTbf � P�f�bf � P��bf��mg �

where P� is the orthogonal projection from L� onto H�� The function

h � ��� P���bf� is in H�
� � so Lemma ���� of 	��� says that

P�f�bf � P��bf��mg � P��h�K��q� � c�� � K��hq� �

Thus

����

kP��hm�kH�b� � khqkL����

� k�bf � P��bf�� qkL����

� Jq�f� � Jq�Tbf� �

Besides� m � M�b� �because M�b� 	M�b��� so by Lemma 
���

���� kmTbfkH�b� � Jq�Tbf� � Jm��g� �

Therefore ���� ����� ���� and ���� yield the conclusion�

Theorem 	��� M��b� is dense in M�b� and M�b� with the respective

strong operator topologies�

Proof� We prove the theorem for M�b�� the same argument works
for M�b�� Let � � fm � K����  m� � m��g� By Corollary ����
span �� � M�b�� is dense in M�b� with the operator norm� So� it is
enough to prove that every m � � �M�b� can be approached �in the
strong operator topology of M�b�� by a sequence �mn� 	 � �M��b��
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By Theorem ���� m � es�i�s� with s some admissible function�
Consider

sn�e
i�� �



s�ei�� � if js�ei��j � n �����ei�� �

n �����ei�� � if js�ei��j � n�����ei�� �

Since s�n�� � n�� mn � esn�i�sn is in M��b�� Clearly sn�s in L�� so
by the continuity in L� of the harmonic conjugation� also �sn��s in L��
Taking a suitable subsequence� we can assume that sn�e

i���s�ei�� and
�sn�e

i����s�ei�� for almost every ei� � �D �
By Theorem ���� m � K��q� � c with q � ei�s�es � e�s��� and

c � C � and mn � K��qn� � cn with qn � ei�sn�esn � e�sn��� and
cn � C � Hence� mn�m � qn�q and �mn�� � m��

n �m�� � m� almost
everywhere� Theorem ��� also shows that

jqnj � � eksnk
jsnj

�
� � eksk

jsj

�
� eksk jqj �

Thus jq � qnj � C jqj for all n � �� where C � �� Since m � M�b��
then hq � L���� for any h � H�b�� Hence� if f � H�b� then Jq�qn�Tbf�
and Jq�qn�f� tend to zero when n�� by the dominated convergence
theorem� Besides�

maxfk�mn��k� � kmnk�g � eksk� �

So� if Tbf � K��g�� then Jm���mn���g� and k�m�mn�fkH� also tend to
zero when n�� by the dominated convergence theorem� Thus� Lemma

�� shows that k�m�mn�fkH�b��� �


� The singular component of the measure �b �

It is natural to ask how the singular component of the measure
�b a�ects the algebras M�b�� M�b� and K����� We address now this
problem� Let b� b� be extreme points of B�H��� and u be an inner
function such that �b � �b� � �u � Since u is inner� it is clear from the
Herglotz representation ��� that �u is a singular measure� Conversely�
every Borel positive �nite singular measure is associated �via the Her�
glotz formula� to an inner function� Put �� � ��jb�j

�� � � ��jbj� and

 for the Radon�Nikodym derivative of �b �and of �b�� with respect to
the normalized Lebesgue measure� In order to simplify notation� we as�
sume without loss of generality that the respective additive imaginary
constant for b�� b and u in formula ��� is trivial�
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Lemma 
��� Let q � L���� and q� � L������ Then K��q� � K���q��
if and only if q� � q��� �

Proof� Suppose that K�q� � q���� � �� then q� � q��� � H
�

�� so it
must be trivial if it is not log�integrable� The equality

��
j�� b�j�

� 
 �
�

j�� bj�

implies that the sets E � fz � �D  ��z� �� �g and fz � �D  ���z� �� �g
coincide almost everywhere� Then�

q�� q��� �
�
q����

� �

��

����
� q��

���
�

�
�
���
�

�
�
q����

 �� b

�� b�

� q��
���
�

�
�
���
�

�
�
q����j�� bj � q��

���
� j�� b�j

	

��� � h
��� �

where the function h is in L�� Thus� log jq� � q���j � log� jhj �
����� log
 is not integrable and the lemma follows�

Lemma 
��� Let b� b� and u be as before� Then

i� �
�� b

�� b�
� �� b� �

�� b

�� u
�

ii� �
�� b�
�� b

� � � b� � �
�� b�
�� u

�

Proof� Both formulas are straightforward calculations from the iden�
tity

� � b

�� b
�

� � b�
�� b�

�
� � u

�� u

given by the Herglotz representations associated to b� b� and u�

Theorem 
��� Let b� b� and u be as before�

�� Let m � K��q� � K����� jq�j � r� Then

m � K����� if and only if ��� u��� � L��r��
� �

�� Let m� � K���q�� � K������ jq���j � r�� Then

m� � K���� if and only if ��� u��� � L��r���
� �



Multipliers of de Branges	Rovnyak spaces in H
� ���

Proof� �� Let m � K��q� � K����� If m�z� � K��q��z� �
K���q���z� � c� with q� � L����� and c � C � then letting z�� we
obtain that c � �� Hence K��q� � K���q��� and Lemma ��� says that
this happens if and only if r � jq�j is admissible for �� �so q� � q ������
That is� if and only if r���� � L�� Now

r�

��
�

�

��

r�

�
�
 �� b

�� b�

� r�
�

�
�� b

�
�

�� b

�� u

� r�
�
�

where the last equality follows from i� of Lemma ���� Since ��� b��� is
bounded and r��� is in L�� we have that r���� � L� if and only if

 �� b

�� u

� r�
�
� L� �

or� what is the same� if and only if ��� u��� � L��r��
�� Assertion ��
follows in the same way using formula ii� of Lemma ����

Theorem 
��� Let b and b� be as before� Then M�b� 	M�b�� �

Proof� Let m � K��q� � c � M�b�� We will show �rst thatm belongs
to K������ The measure �b� decomposes as d�b� � 
 d���	 � d�

S�
�

where �
S�

is the singular component of �b� � On the other hand� �u
can be decomposed as d�u � �d�

S�
� d��� where � � L���

S�
�� � � �

is the Radon�Nikodym derivative of �u with respect to �
S�
� and ��

is singular with respect to �
S�
� These decompositions together show

that the measure d� � �� � �� d�
S�

� d�� is the singular component

of d�b� Put r � jq�j� since m � M�b�� Theorem ������ asserts that
K��f� � L��r��
� for all f � L����� Let � be a function which takes the
value � almost everywhere with respect to d�

S�
and the value � almost

everywhere with respect to d��� and consider f � ��������������
Since � � � and �

S�
and �� are �nite measures� then f � L���� �f

is bounded almost everywhere with respect to d��� Thus K��f� is in
L��r��
�� But

K��f� � K������
S�

���� � ������ �K�� ��� ��

� K�
S�
���� �K�����

� K��
S�

������ � K�u��� �

Hence K�u��� � L��r��
�� It is well known 	�
� III��� that

���� ��� u�K�u��� � ��� u������ ��� u���u� �
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Since j�� � u�������� � u���u�j is bounded from below by a positive
constant� we obtain that �� � u��� � L��r��
�� Now Theorem ������
says that m � K����� �

The fact that m � M�b� implies by Theorem ������� that K	����f�
� L��r��
� for all f � L���

E
�� So� by the same theorem� in order

to prove that m � M�b�� we must show that if g � L���
S�
� then

K�
S�
�g� � L��r��
�� Consider the function g�� � ����� � Since

jg �� � �����j� d� � jgj� j� � �j�� �� � �� d�
S�

� jgj� �� � ���� d�
S�
� jgj� d�

S�
�

then g�� � ����� belongs to L����� Therefore� since m is a multiplier
of H�b�� Theorem ������ says that K� �g �� � ������ is in L��r��
��
but K� �g �� � ������ � K������

S�
�g �� � ����� � K�

S�
�g�� and the

theorem follows�

Two particular cases are of special interest in Theorem ���� when
�b� is absolutely continuous� and when �u is singular with respect to
the singular component of �b� �i�e� � � � in the proof of the theorem��
If b� is a nonextreme point of B�H�� and �b� is absolutely continuous�
Theorem ��� was obtained by Davis and McCarthy 	
��

Theorem 
�	� Let b� be an extreme point of B�H�� and �
S
� �� �

� � � � �n be a purely atomic measure� where each �j �� � j � n� is

an atom at the point �j � ei�j � �D �with �j �� �k if j �� k�� Let

b � B�H�� such that �b � �b� � �
S
� If m � K���q�� � c �with

q � L������ c � C and r � jq��j� is a multiplier of H�b��� then the

following conditions are equivalent�

�� m � K���� �

�� K�
S
��� � L��r��
� �

�� K�j ��� � L��r��
� for every j �

�� m � M�b� �


� fj��� � ��� �j�
�� r��ei���
�ei�� � L�	d�� ��j � 	� �j � 	�� for

all j �

Proof� �� if and only if �� is in Theorem ������� using again that if
u is the inner function associated to �

S
� then �� � u��� behaves like

K�
S
��� �formula ������
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�� implies ��� Let V 	 �D be an open neighborhood of �� such
that the closure of V does not contain any of the �j � � � j � n� Then
K����� is continuous on �D n V and therefore it is square integrable
with respect to the measure r��
 d� there� On the other hand�

K����� � K�
S
����

nX
j��

K�j ��� �

and since
Pn

j��K�j ��� is continuous on V and by hypothesis K�
S
��� �

L��r��
�� then K����� is also square integrable with respect to r��
 d�
in V � Analogously� K�j ��� � L��r��
� for all � � j � n �

�� implies ��� Hypothesis �� clearly implies thatK�
S
�f��L��r��
�

for all f � L���
S
�� In particular �� holds� and since �� implies ���

m � K����� Since m � M�b��� by Theorem ������ and the comments
preceding it� K�b�

�h� � L��r��
� for all h � L���b��� The decomposi�

tion �b � �b� � �
S
now clearly implies that K�b�f� � L��r��
� for all

f � L���b�� Hence by Theorem ��� again� m � M�b� �
Obviously �� implies ��� To prove the equivalence between �� and


�� write �j � k�jk� Then K�j ����e
i�� � �j��� �je

i����� Therefore�

jK�j ����e
i��j� � j�jj

�jei�j � ei�j�� � j�j j
� ���

�
�� cos�� � �j�

	��
�

The equivalence now follows from the fact that �� cos����j� behaves
like �� � �j�

� when j� � �j j � 	 �

�� A partial isometry from H�b� onto H�b��

If � and f are measurable functions on �D such that �f � L�� we de�ne
T��f� � P���f�� where P� is the orthogonal projection from L� onto
H�� Hence T� is an operator de�ned on the space ff measurable �f �
L�g� If � � L�� M
 will denote the operator on L� of multilplication
by ��

Lemma ���� The operators T��bK	��� and K	���M��b are contrac�

tions from L���
E
� into L� and coincide�

Proof� Notice that since ���b�K	����f� � H�b� 	 H� for f � L���
E
��

then �� � b�K	����f� � L�� so T��bK	��� is well de�ned on L���
E
��
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Let f � ��� b� g� with g � L���
E
�� then

T��bK	���
�
��� b� g

	
� T��bK����

� �� b

j�� bj
g
�

� K����

� ��� b��

j�� bj
g
�

� K	���
�
��� b� f�

� K	��� M��bf �

where the second equality follows from 	��� Corollary ��
�� Hence both
operators coincide on ���b�L���

E
�� This is a dense subspace of L���

E
��

because if h is orthogonal to this subspace� then for all g � L���
E
��

� � hh� ��� b� gi � h��� b�h� gi �

which implies ���b�h�
E
� �� so h � � almost everywhere with respect

to d� on E� Therefore� we only have to show that both operators are
contractions� Let f � L���

E
�� then

kT��bK	����f�kL� � kP�	��� b�K	����f��kL�

� k��� b�K	����f�kL�

� k��� b�K	����f�kH�

� k��� b�K	����f�kH�b�

� kfkL���
E
� �

Also�

kK	���
�
��� b� f

	
kL� �

���K����

� �� b

j�� bj
f
����

L�

�
���K����

� �� b

j�� bj
f
����

H�

�
���K����

� �� b

j�� bj
f
����

H�b�

�
��� �� b

j�� bj
f
���
L���

E
�
� kfkL���

E
� �
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The decomposition of the measure �b � 
 d���	� d�
S
induces an

orthogonal decomposition L���b� � L��
�L���
S
�� which according to

our treatment we identify with L���
E
�L���

S
� �via the onto isometry

�f� g� �� �
���f� g��� This decomposition translates into an orthogonal

decomposition for H�b� as H�b� � H�b�
	
H�b�

S
� where

H�b�	 � ��� b�K	����L
���

E
��

and

H�b�S � ��� b�K�
S
�L���

S
�� �

Theorem ���� T���b�����b� is a partial isometry from H�b� onto H�b�

with initial space H�b�
	
� Further� if g � L���

E
��

T �
���b�����b�

�K�����g�� � ��� b�K	���

� �� b

j�� bj
g
�
�

Proof� First we show that H�b�S is contained in the kernel of
T���b�����b�� Denote by u the inner function associated to �

S
in ����

Let f � H�b�S � then there is g � L���
S
� such that

f � ��� b�K�
S
�g� �

�� b

�� u
��� u�K�

S
�g� �

�� b

�� u
H�u� �

Besides� kfkH�b� � kgkL���
S
� � k�� � u�K�

S
�g�kH�u�� We can now

begin with g � L���
S
�� obtaining that

H�b�S �
�� b

�� u
H�u� �

It is well known that the span of the functions

ku��e
i�� �

�� u���u�ei��

�� � ei�
� � � D �

is dense in H�u�� Thus the span of the functions �� � b� �� � u���ku�
�� � D � is dense in H�b�S � Hence� it is enough to prove that these
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functions belong to the kernel of T���b�����b�� Let us denote by z the

function z�ei�� � ei�� Then

T���b�����b�

� �� b

�� u
ku�

�
� P�

� ��� b� ��� u����u

��� u� ��� � z�

�

� P�

� ��� b� �u� u���� z

�u� �� �z � ��

�
� P��g� �

where

g � �
��� b� �u� u���� z

��� u� �z � ��
�

In 	�
� III���� it is proved that ���b� ���u��� belongs to H�� therefore
g � H�

� and consequently P��g� � � � Now let f � L���
E
�� By Lemma

����

T���b�����b�
�
��� b�K	����f�

	
� T��bK	����f�

� K	���
�
��� b� f

	
� K����

� �� b

j�� bj
f
�
�

and clearly ��� �� b

j�� bj
f
���
L���

E
�
� kfkL���

E
� �

That is� T���b�����b� maps H�b�	 isometrically into H�b�� To see that

this map is onto� let g � L���
E
� and take f � �� � b� g�j� � bj� By

Lemma ����

T���b�����b�
�
��� b�K	����f�

	
� K	���

� j�� bj�

j�� bj
g
�
� K�����g� �

This also proves the formula for T �
���b�����b�

�

Corollary ���� The measure �b is absolutely continuous if and only if

T���b�����b� ��� Tb Tb�
���

is one�to�one �from H� into H���

Proof� By Theorem ���� �b is absolutely continuous if and only if
T���b�����b�jH�b� is one�to�one� Hence� the corollary will follow if we
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show that ��� Tb Tb�
��� is one�to�one� Since b is not an inner function�

kTbfkH� � kb fkL� � kfkH� unless f � �� Hence� f �� TbTbf if f �� � �

Theorem ���� K�b maps L���b� into L���� �

Proof� Let h � L���b�� and consider f � ���b�K�b�h� � H�b�� Then
Tbf is in H�b�� and

Tbf � P�
�
�b� � � �� jbj��K�b�h�

	
� �P�

�
��� b�K�b�h�

	
� P�

�
�K�b�h�

	
� �T���b�����b�f �K

�
�K�b�h�

	
�

Notice that � jK�b�h�j � � j��� b�K�b�h�j � L�� By Theorem ��� the
�rst summand is in H�b�� therefore K��K�b�h�� belongs to H�b�� too�
Then there is q � L���� such thatK��K�b�h��� q� � �� or equivalently�

�K�b�h�� � q � H
�

� � Now�

log j�K�b�h�� � qj � log� j����K�b�h�� ���� qj�
�

�
log � �

and since � is not log�integrable� �K�b�h��� q cannot be log�integrable
if we prove that ����K�b�h�� ���� q is in L�� The function ���� q is in
L�� Besides

���� jK�b�h�j �
����

j�� bj
j��� b�K�b�h�j � 
��� jf j �

which is in L� because it is the product of two functions of L�� Hence
K�b�h��e

i�� � q�ei�� almost everywhere with respect to the measure
��ei�� d�� so K�b�h� � L�����

A direct consequence of the above theorem is that Vb � ���b�K�b

maps L���b� into L��
�� in other words H�b� 	 L��
�� Let us return
to the multipliers�

Corollary ��	� Let m � K��q� � c � K����� and put r � jq �j�
A su�cient condition for m to be a multiplier of H�b� is that there

exists a constant C � � such that r��
 � C� �or what is equivalent�

jqj�
E
� C���j�� bj���

E
� where E � fz � �D  ��z� �� �g� �
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Proof� By Theorem ���� m � M�b� if and only if K�b�h� � L��r��
�
for all h � L���b�� By Theorem ��� this holds if L���� 	 L��r��
��
and this is clearly equivalent to r��
 � C� for some constant C � ��
Besides�

r�



� C � if and only if jqj� �� � r� � C �
 � C

��

j�� bj�
�

which is equivalent to

jqj� �
E
� C

�
E

j�� bj�

and

jqj�
E
� C���

�
E

j�� bj
�

Remark ���� If s is any bounded real valued function which satis�es
s��
 � C � for some constant C � �� then s��� � C 
 � L�� that is� s
is admissible for � � Hence m � es�i�s � K����� and if m � K��q� � c �
then r � jq �j behaves like s� Therefore the corollary asserts that m �
M�b� �

The unexpected condition for multipliers given by Corollary ��

is not always necessary� For instance� let b be an outer function such
that ��ei�� � e���j�j for � � 	�	� 	�� Then b is continuous on �D
because b is outer and jbj is continuously di�erentiable on �D � Moreover�
jb���j � �� so we can assume multiplying by � � C with j�j � � if
need be� that b��� � ��� The function ���� is admissible� even more�

m � e�
��������� � M��b� because ������

�
�� � �

E
is bounded �see

Section ��� If m � K��q� � c � r � jq �j� and r satis�es the condition of
Corollary ��
� then also ���� satis�es this condition� that is� ��
 � C ��
This is equivalent to j� � b�z�j� � C �� � jb�z�j�� for all z � �D � And
this inequality obviously does not hold for z close to ��

Corollary ���� Let b be an extreme point and u be an inner function�

If 
ub � ��j�� ubj�� then H�b� 	 L��
ub� �

Proof� If s � ���� 

���
ub then s��
ub � �� so by Remark ���� m � es�i�s

belongs to M�ub�� In particular� m is in M�b�� thus

��� b�K�b�f� � L��s���� � L��
ub� � for all f � L���b� �
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That is� H�b� 	 L��
ub��

The idea of the example in Remark ��� will be exploited more in
the sequel� For expository reasons� it will be convenient to prove the
next lemma in C � � fz � x � iy � C  y � �g� Of course� the result
also holds in the disc �with obvious translation��

Lemma ���� Let ��k� be a sequence of real numbers such that �k �� �j
if k �� j and lim�k � �� with � �� �k for all k� Let ��k� be a sequence in
�D and ��k� be a decreasing sequence of positive numbers that tends to

zero� Then there exists an interpolating Blaschke product B� continuous

on the closure of C � except in z � �� such that jB��k�� �kj � �k for

all k �

Proof� We can assume �k � � for all k� Take d� � ����� infj ��� j�� �
�j j and r� � ��d���

�� Consider the half circle S� � fz � C �  jz���j �
r�g� There is z� � S� such thatArg

�
�� � z�
�� � z�

�
� Arg��

 � ��
�
�

where Arg is the argument taken in 	�� �	�� Hence� if b��z� � �z �
z����z�z�� then jb��������j � ����� If x � R is such that jx���j � d��
then Arg ��x�z����x�z��� belongs to the union of the intervals ��� a��
and ��	 � a�� �	�� where a� � �arctan�r��d�� � � r��d� � ���� � We
can repeat the process with ��� taking d� � ����� infj ��� j�� � �j j�

r� � ��d���
	 and b������� instead of ��� So� we obtain a point z� �

S� � fz � C �  jz� � ��j � r�g such that if b��z� � �z � z����z � z���
then

jb������ b�������j �
��
�
�

and for x � R with jx � ��j � d� � Arg b��x� � ��� a�� � ��	 � a�� �	��
where a� � � r��d� � ����

� � Consider the Blaschke product B� � b� b��
Then�

���
jB������ ��j � jb����� b������ ��j

� jb������ �� b�����j �
��
�

and

���

jB������ ��j � jb����� b������ b�������j� jb������� � ��j

� jb������ ��j� jb������ �j

�
��
�
� a� �

��
�
�
��
��

�
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where ��� holds because j�����j � d� � Repeating this process k times�
where dk � ����� infj ��k j�k � �j j� rk � �kdk��

k�� and �k is replaced

by Bk����k��k� we obtain a point zk � Sk � fz � C �  jz��kj � rkg
such that if Bk � bkBk��� then

���� jBk��k�� �kj �
�k
�

and

���� jBk��j�� �j j �
�j
�j

�
�j��
�j��

� � � ��
�k
�k

� for all j � k �

For j � k the fact that ��n� is a decreasing sequence implies

���� jBk��j�� �j j �
kX

n�j

�n
�n

� �j

kX
n�j

�

�n
� �j �

The sequence �Bk� obtained in this process is the sequence of partial
products of B�z� �

Q�
k���z � zk���z � zk�� where the points zk are as

above� The usual factors used to make the arguments convergent are
not required because fzk  k � �g is bounded�

Simple estimations show that jzk � zj j�jzk � zj j � ��� for k �� j�
Since Im zk � rk � C ��k for some C � �� it is clear that B�z� is
an interpolating Blaschke product �see 	�� VII��� It is well known that
the set of continuity on C � of a Blaschke product coincides with the
complement of the limit set of its zeros in R� Then B is continuous on
C � n f�g and by ����� jB��k�� �kj � �k for all k � � �

Theorem ��� The following conditions are equivalent�

�� M��b� � K���� �

�� M��b� �M�b� �

�� There is a constant � � � such that ��ei�� � � �
E
�ei�� almost

everywhere with respect to d� �

�� For every inner function u there is a constant C � C�u� � �
such that

�� jb�ei��j�

j�� u�ei�� b�ei��j�
� C

almost everywhere with respect to d� �
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� For every inner function u there is a constant � � ��u� � �
such that

� �
E
�ei�� �

�� jb�ei��j�

j�� u�ei�� b�ei��j�

almost everywhere with respect to d� �

�� Condition �� holds with C independent of u �

�� Condition 
� holds with � independent of u �

Proof� The equivalence of �� and �� is in the comments following the
de�nition of admissible function �Section ��� The string of inclusions
��� in Section � clearly shows that �� implies ���

�� implies ��� Take s  �D�R bounded such that s��� � C 

�where C is some positive constant�� As we pointed out in Remark ����
s is admissible and m � es�i�s � K��q� � c belongs to M�b�� where
r � jq �j behaves like s� Hypothesis �� says that m � M��b�� This
is equivalent to the boundedness of s��� �Section ��� So� s��� � C 

implies that s��� is bounded� Take s � ����
��� � �� � jbj�� j� �
bj�� � �� Then s��� � � 
�� � 
� and consequently s��� � 
 must be
bounded� We arrived to this conclusion only assumingM��b� �M�b��
and if this happens� then M��b� � M�ub� for every inner function
u� Besides� the characterization of M��b� given in Section � is not
sensitive to the inner factor u� thus M��ub� � M��b� � M�ub��
Therefore 
ub � �� � jbj���j� � ubj� must be bounded for every inner
function u�

�� implies ��� If �� does not hold� there is a positive decreasing
sequence ��k� which tends to zero� such that the sets

Tk � fz � �D  �k � � � �k��g � k � � �

all have positive measure� Then there are points �k � �D such that

Ek �
n
z � Tk 

 b�z�
jb�z�j

� �k

 � �k

o

also have positive measure� For each k � � let �k be a density point of
Ek � By compactness we can extract a convergent subsequence of ��k��
we also denote this sequence by ��k�� Even more� we can assume that
�k � �j for k � j and lim�k �� �j for all j� By Lemma ��� there is an
interpolating Blaschke product B continuous on f�k  k � �g such that

jB��k�� �kj � �k � for all k � � �
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Since �k is a density point of Ek� any open arc�interval centered at �k
small enough satis�es jEk�Ikj � jIkj��� Furthermore� by the continuity
of B in �k we can assume �shrinking Ik if necessary� that

jB�z�� �kj � �k � for all z � Ik and all k � � �

Hence� for almost every z � Ek � Ik �

jB�z� b�z�� jb�z�jj � jB�z� b�z�� �k b�z�j�
�k b�z�� b�z�

jb�z�j
b�z�


� jB�z�� �kj�

�k � b�z�

jb�z�j

 � � �k ���
�

The �rst summand is smaller than �k because z � Ik and the second
because z � Ek � Then� for almost every z � Ek � Ik �

j�� B�z� b�z�j � j�� jb�z�jj� j jb�z�j � B�z� b�z�j

� ��z� � � �k � � ��z� �

because since z � Ek � Ik 	 Tk then �k � ��z� �
Hypothesis �� says that there is a constant C � C�B� � � such

that for almost every z � E�

C�� ��z� � j��B�z� b�z�j� �

and since Tk 	 E this equality holds in Ek � Ik� Therefore� for almost
every z � Ek � Ik �

C�� ��z� � j��B�z� b�z�j� � �� ���z� �

Then ��C��� � � in Ek � Ik � and since Ek � Ik 	 Tk � also ��C��� �
� � �k�� � which contradicts the fact that ��k� tends to zero�


� implies ��� We assume that �� does not hold and retain the
notations of the above proof� Consider the Blaschke product �B� For
almost every z � Ek � Ik �

j� �B�z� b�z�j �
 � � b�z�

b�z�

jb�z�j

� b�z� b�z�

jb�z�j
� b�z�B�z�

 
� j� � jb�z�j � j jb�z�j � b�z�B�z�j j����

� � � jb�z�j � � �k �
�

�
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if �k � ��� �i�e� for k big enough�� by ��
�� By hypothesis there is
� � ��B� � � such that

j� �B�z� b�z�j� � ��� ��z� � for almost every z � E �

In particular this holds for almost every z � Ek � Ik � and since ��z� �
�k�� in this set� ���� implies

�

�
� j� � B�z� b�z�j� � ��� ��z� � ��� �k��

for almost every z � Ek � Ik � Again� this contradicts �k�� �
Clearly �� implies �� and �� implies 
�� so the theorem will follow

if we show that �� implies �� and ��� If � � � �
E
� then j� � ubj�

E
�

������
E
for every inner function u� Then�

�

�
�
E
�

�

�
�

�� jbj�

j�� ubj�
� �

�

��
�

�

��
�
E
�

�� Almost conformal invariance�

Lemma ���� Let b be extreme and � � � � jbj�� For z� � D put

b� � �b � z����� � z�b�� �� � � � jb�j
�� 
b� � ���j� � b�j

� and � �
�� � z����� � z��� Then

�� �� � �
�� jz�j

�

j�� z�bj�
�

�� �� b� � �� � z��
�� � b

�� z� b
�

�� 
b� �
��

j�� b�j�
�

�� jz�j
�

j� � z�j�
�

j�� bj�
�

Proof� The above formulas follow from straightforward calculations
with the following two identities �for z � C �

��
 z � z�
�� z� z

� � ��� jzj��
�� jz�j

�

j�� z� zj�
��i�

��
z � z�
�� z� z

�
�� � z�
� � z�

� z
� � � z�
�� z� z

��ii�
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Theorem ���� Let b be extreme� z� � D and b� � �b� z����� z�b�
���

Then H�b� � H�b�� and ��� z�b�H�b�� � H�b��

Proof� The easy estimate

�� jz�j
�

�
�

�� jz�j
�

j�� z� bj�
�

� � jz�j

�� jz�j

together with Lemma ������ shows that b� is also an extreme point of
B�H��� and that

E � fei� � �D  ��ei�� �� �g � fei� � �D  ���e
i�� �� �g

almost everywhere� Also� if f � L���
E
�� Lemma ������ implies

K
�
���
�

�f� � K����

�
f
��� jz�j

�����

j�� z� bj

�
�

and consequently H�b� � H�b��� Write c � �� � jz�j
���j� � z�j

� and
� � �� � z����� � z��� By formula �� of Lemma ���� for z � D �


b��z� � c
��z�

j�� � b�z�j�
� c 
�b�z� �

Hence�

Re

�
� � b��z�

�� b��z�

�
� 
b��z� � c 
�b�z� � c Re

�
� � � b�z�

�� � b�z�

�
�

Two analytic functions with the same real part must di�er in an imag�
inary constant� Thus� there are �� � � R such that for z � D �

i � �
� � b��z�

�� b��z�
� c

� � � b�z�

�� � b�z�
�

Z
�D

ei� � z

ei� � z
d��ei�� � i � �

where d��ei�� � d�b��e
i�� � c d��b�e

i��� Since � is a real measure�
evaluating at z � � we obtain � � �� The identity

ei� � z

ei� � z
� � � �

X
n��

zne�in� �
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with uniform convergence of the series in jzj � r � �� now shows thatR
e�in� d��ei�� � � for all n � �� Since � is a real measure� taking

complex conjugation we also obtain that
R
ein� d��ei�� � � for all n � ��

Then � � � and therefore �b� � c ��b� Thus� for f � L���b�� � L����b��

Vb��f� � ��� b��K�b�
�f�

� �� � z��
�� � b

�� z� b
Kc�

�b
�f�

�
� � z�
�� z� b

c ��� � b�K�
�b
�f�

�
�

�� z� b

�� jz�j
�

� � z�
V�b�f�

by Lemma ������ and the equality of the measures� Thus

��� z� b�Vb��f� �
�� jz�j

�

�� � z��
V�b�f� �

which clearly implies that �� � z�b�H�b�� � H��b�� Since H�� b� �
H�b�� the theorem follows�

Corollary ���� Let b be extreme� and denote by sp �b� the spectrum of

b in H�� Then for z� �� � the following conditions are equivalent�

�� z� � D n sp �b� �

�� ��� z� b�H�b� � H�b� �

�� ��� z� b�
�� � M�b� �

Proof� �� if and only if ��� z� � D n sp �b� if and only if b� �
�b� z������ z�b� is invertible� Since b� is extreme� Theorem ��� of 	���
says that b� is invertible if and only if H�b�� � H�b��� If this happens�
Theorem ��� implies that ��� z�b�H�b� � H�b�� On the other hand� if
this equality holds� then by Theorem ����

��� z� b�H�b� � H�b� � ��� z� b�H�b�� �

ThusH�b� � H�b��� and Theorem ��� again� shows thatH�b�� � H�b�� �
�� implies ��� H�b� � H�b� � ��� z� b�

��H�b� �
�� implies ��� Let f � H�b�� then �� � z� b�

��f � g � H�b��
Therefore

g � z� b g � ��� z� b� g � f �
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Since g � H�b�� we have that b g must be in H�b�� but for a function
g � H� it is well known that b g � H�b� if and only if g � H�b� �see
Section ��� Hence�

f � ��� z� b� g � ��� z� b�H�b� �

For z� � � condition �� is trivial� The equivalence of �� and
�� for this case is proved in Theorem ��� of 	���� More can be said
now� Suppose that z� � D n sp �b�� then b� and b��� are multipli�
ers of H�b��� Since by Theorem ��� M�b�� � M�b�� we also have
b��� � M�b�� Besides� by Corollary ��� �� � z� b�

�� � M�b�� then
b��� ��� z� b�

�� � �b� z��
�� � M�b� �

Corollary ���� Let b be extreme� If u is an inner function such that

sp �ub� is not the whole closed disc� then M�ub� �M�b� �M�b��

Proof� Since sp �ub� is compact� there must be some point z� �� �
such that z� � D n sp �ub�� By Corollary ��� ��� z�u b�H�ub� � H�ub��
then clearly M�ub� � M�ub�� The assertion now follows from Section
�� taking into account that H�ub� � H�b� �

� Continuity conditions�

Theorem ��� Let b � B�H�� with d�b � 
 d���	 � d�
S
� If � � �

and � � r � �� then

k�
S
k � lim

���
lim
r��

Z
j��b�ei��j�

�� r� jb�ei��j�

j�� r b�ei��j�
d�

�	
�

Proof� Since the Poisson kernel

Pr�z� �
�

�	

�� r� jzj�

j�� r zj�

is harmonic �for z � D and � � r � ��� then

Pr�b�z�� �
�

�	

�� r� jb�z�j�

j�� r b�z�j�
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is harmonic� Thus

Z ��

�

�� r� jb�ei��j�

j�� r b�ei��j�
d�

�	
�

�� r� jb���j�

j�� r b���j�
�

which tends to �� � jb���j���j� � b���j� when r��� By formula ��� of
Section �� this is the norm of �b� On the other hand� for � � ��

lim
r��

Z
j��b�ei��j��

Pr�b�e
i��� d� �

Z
j��b�ei��j��

P��b�e
i��� d� �

because the integrand converges uniformly in j� � b�ei��j � �� Since

P� 
 b � 
��	 � L�� the last integral tends to
R ��
�


�ei�� d���	 �
k
 d���	k when � tends to �� Substracting� we obtain

k�
S
k � k�bk � k
 d���	k

� lim
r��

Z ��

�

Pr�b�e
i��� d� � lim

���
lim
r��

Z
j��b�ei��j��

Pr�b�e
i��� d�

� lim
���

lim
r��

Z
j��b�ei��j�

Pr�b�e
i��� d� �

Corollary ��� If ��� b��� � L�� then �b is absolutely continuous�

Proof� Since j� � r b�ei��j � j� � b�ei��j�� almost everywhere with
respect to d�� then

�� r� jb�ei��j�

j�� r b�ei��j�
�

�

j�� b�ei��j�
� L� �

Hence� by the dominated convergence theorem�

lim
r��

Z
j��b�ei��j�

Pr�b�e
i��� d� �

Z
j��b�ei��j�


�ei��
d�

�	
�

and since 
 � L�� the last integral tends to � when ����

Notice that the above result also holds for b nonextreme� We keep
assuming that b is not an inner function�
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Theorem ��� Let b be an extreme point of B�H��� continuous on

�D � Then M�b�� M�b� �

Proof� Factorize b � ub�� where u is the inner factor of b and b�
is its outer factor� Since b is continuous� b� is continuous �see 	�� �
p� ����� and u b� is also continuous� It is well known �	�� IV�� that for
a function f continuous on �D there is a unique best approximation
g � H�� and that jf�ei�� � g�ei��j � dist ff�H�g for almost every
ei� � �D � Therefore� dist fu b�� H

�g � �� because otherwise since
ku b�k � �� the best approximation for ub� in H� must be the trivial
function� So ju b�j � � almost everywhere� which is not the case� Thus�
dist fb�� uH

�g � � and then Theorem ���
 of 	��� implies M�ub�� �
M�b��� Now it is clear from the equality H�ub�� � H�b�� that we can
assume b � b� outer�

Then b has square roots� and we will show that M�b� � M�b�
n

�
for every integer n� We only have to prove that M�b� � M�b��� By
Section �� H�b�� � H�b��bH�b�� thusM�b� 	M�b��� Let m � M�b��
and f � H�b�� Then bf � H�b�� and therefore mbf � g� � bg� with
g�� g� � H�b�� Hence�

g� � b �mf � g�� � bH� �H�b� � bH�b� 	 bH�b� �

Thus bmf � g� � b g� � bH�b�� that is� mf � H�b�� Also� H�b� �

H�b
�n

� for every integer n� As before� it is enough to take n � �� This
immediately follows from the inequalities

�� jbj� � �� jb�j� � � ��� jb�j�

and the Cauchy transform representations of H�b� and H�b
�
� �

It will therefore be enough to prove that there is an integer n such

that M�b�
n

� � M�b
�n

�� Since the argument of b is continuous on the
compact set F � fz  jzj � �� jb�z�j � �g� there is some negative integer
n such that the argument of b�

n

�z� lives in ��	��� 	��� for z � F � The
continuity of b�

n

implies that for � � �D with Re � � ��

���� j�� � b�
n

�z�j � � � � � for all z� jzj � � �

Therefore j�� � b�
n

�ei��j�� � L�� and Corollary ��� implies that ��b is
absolutely continuous� say d��b � 
 d���	� Also� if � � �� jb�

n

j�� con�
dition ���� implies that the spaces K�����L

���
E
�� and K	����L

���
E
��
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coincide� Then�

��� � b�
n

�H�b
�n

� � ��� � b�
n

�K�����L
���

E
��

� ��� � b�
n

�K	����L
���

E
�� � H�� b�

n

� � H�b�
n

� �

Hence� M�b�
n

� �M�b
�n

� and the theorem follows�

The argument to reduce the preceding theorem to the case in which
b is an outer function is by D� Sarason �personal communication�� My
original proof of this fact was slightly more complicated�

The equality M�b�
n

� � M�b
�n

� for n a suitable negative integer
can be also proved using Corollary ���� Of course� Theorem ��� implies
that the preceding algebras coincide for all integers n �

��� Inner factors in H�b� � C �

Denote by H�b�� the linear space H�b� � C � The map a �� a�
de�nes a conjugation on H�b��� where� for a � K��q� � c � H�b��� the

function a� is de�ned by a��z� � �K��q��z� � K��q���� � c � a���z�
�see Section ���

Theorem ����� Let a � H�b�� and let u be an inner function� Then

ua � H�b�� if and only if a� is in uH�� In this case� �ua�� � a��u �

Proof� We can assume that u is not a constant function� If a � H�b���
then a � K��q� � c� with q � L���� and c � C �

Su�ciency� The inner boundary function of a � a� is q �� so the
boundary function of ua�ua� is u q �� By hypothesis a��u is in H�� so
u�z� a�z� � �a��z��u�z�� is harmonic� and since u�z��� and u�z� have
the same nontangential limit almost everywhere in �D � the boundary
function of ua� �a��u� is also u q � � Hence� Lemma ��� gives

u�z� a�z� � K��uq��z� � �a��u���� � H�b��

and

a��z��u�z� � K��uq����z� � �a��u���� �

Thus� a��z��u�z� � �ua�� �
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Necessary condition� If ua � H�b��� then also d � �ua�� � H�b���
Further� d� � ua � uH�� so by the other implication of the theorem�
ud � H�b�� and

�ud�� � d��u � ua�u � a �

Hence� a� � ud � uH�b�� 	 uH��

Corollary ����� If m belongs to any of the algebras M�b�� M�b�
or K����� and u is an inner function� then um belongs to the same

algebra as m if and only if m� � uH� �

Proof� The necessary condition is immediate from the above theorem�
since all the algebras are contained inH�b�� � For the other implication�

the argument for M�b� and M�b� is the same� So� suppose that m �
M�b�� m� � uH�� and take a � H�b�� Since m� � M�b�� then m�a �
H�b�� Thus� �m��u�a � Tu �m�a� � H�b�� That is� m��u � M�b�
and then �m��u�� also belongs to M�b�� Besides� �m��u�� � um by
Theorem �����

If m � K���� 	 H�b�� and m� � uH�� then m� � uH� �H� �

uH�� By Theorem ����� um � H�b�� � H� and �um�� � m��u �

H�b�� �H
�� Thus� um and �um�� belong to H�� which means that

�um��z� is bounded for all z � C n �D � Consequently um � K���� �
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On the Sphere Problem

Fernando Chamizo and Henryk Iwaniec

�� Introduction and Statement of Main Results�

One of the oldest problems in analytic number theory consists of
counting points with integer coordinates in the d�dimensional ball� It is
very easy to �nd a main term for the counting function� but the size of
the error term is di�cult to estimate� Namely the problem is to prove
the approximate formula

�fx � Zd � kxk � Rg 	 �d��



�d� �

�

� Rd � O
�
R �
�
�

for any R �  with � as small as possible� Let �d be the least number
such that the above approximation is true with any � � �d �

In dimension d 	 � �� 	 � follows trivially� The problem is also
settled when d � �� In this case� starting from a classical formula for the
number of representations as sum of four squares and using elementary
arguments� it can be proved �d 	 d� � �see for instance �Fr���

The evaluation of �d in the remaining cases d 	 �� d 	 � is an
outstanding problem in number theory and intractable by the methods
of nowadays� The conjectures �supported by some mean results� are
�� 	 �� � �� 	  �

The two dimensional problem is called �the circle problem� and it
has a long history coming back to Gauss� who proved �� � � In this
century several authors gave some improvements of this result� very
often creating new methods in the theory of exponential sums� the best
result so far is �� � ����� due to Huxley �Hu��

���
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The three dimensional case� the so called �sphere problem�� is also
closely related with the work of Gauss about the average of the class
number for negative discriminants �see Art� ��� of �Ga��� The litera�
ture about the sphere problem is not so wide as in the two dimensional
case� although it seems more interesting because it has profound rela�
tions with others topics in number theory� class number� L�functions�
etc� The best result until now was �� � ��� due to Chen �Ch� and
Vinogradov �Vi�� The purpose of this paper is to improve this bound
��� � ����� � see Theorem ���

Before stating our main theorem we shall introduce some notation�
First of all we de�ne r��n�� for a positive integer n� to be the

number of representations as sum of three squares

r��n� 	 �f�n�� n�� n�� � Z� � n�� � n�� � n�� 	 ng

and R��n� to be the number of primitive representations

R��n� 	 �f�n�� n�� n�� � Z� � gcd �n�� n�� n�� 	  � n���n���n�� 	 ng �

These two functions are related by the formula

��� r��n� 	
X
d�jn

R�

� n
d�

�
�

There are also the following relations with other arithmetic quantities
�see �Gr���

���� R��n� 	 cn h���n� 	 

�
cn
p
nL�� �n� � n �  �

where h���n� is the class number for the negative discriminant ��n �
L�s� �n� is the L�function associated with the character

�
n�m� 	 ���n�m�

and

cn 	

���
��

� � if n � �� �� � �mod �� �

� � if n � � �mod �� �

�� � if n � � �� �� � �mod �� �

In order to write some formulas in a more symmetric way� we nor�
malize r��n� by

l�n� 	 r��n�n
���� �
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The previous formulas show that l�n� is very similar to L�� �n�� In fact
our method is based in that we can consider a sum of l�n� as a lattice
point problem or as a sum of character sums� This duality allows us to
employ� in di�erent ranges� Poisson�s summation or Burgess� inequality
�Bu��

Let S�R� be the number of lattice points in the sphere of radius
R and S�R�H� be the number of lattice points between the spheres of
radius R and R�H� i�e�

S�R� 	
X
n�R�

r��n� and S�R�H� 	
X

R��n��R�H��

r��n� �

Our main results are the following�

Theorem ���� For any R �  � H � � and 	 � � we have

���� S�R� 	
��

�
R� � O

�
R�������

�
and

���� S�R�H� 	 ��HR� � O
��
H��	R�
�	 �H���R	���	 �R

�
R�
�
�

Remark� One should be able to establish an asymptotic formula for
the mean value of h��n� with an error term as good as in Theorem ��
We intend to deal with this problem in another occasion�

�� A summation formula for l�n��

In this section we shall establish

Lemma ���� If f � C�
�

�
�����

�
with f ����� 	 � then

�X
n�

l�n� f�
p
n� 	 ��

Z �

�

r f�r� dr� f ���� �
�X
n�

l�n� ef�pn� �
where ef is the sine Fourier transform

ef�
� 	 �

Z �

�

f�x� sin���x
� dx �
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Proof� By our hypothesis on f � the function

g�x� y� z� 	
f�
p
x� � y� � z��p
x� � y� � z�

can be extended to a C�
� function in R

� and then by the classical Poisson
summation formula we get

f ���� �
�X
n�

l�n� f�
p
n� 	

X
n��n��n�

bg�n�� n�� n�� �
The Fourier transform of a radial function is radial� therefore we

can suppose that the point �n�� n�� n�� is on the z�axis� in which case
by a change to spherical coordinates it follows easily that

bg�n�� n�� n�� 	 ef�pn�� � n�� � n���p
n�� � n�� � n��

� if n�� � n�� � n�� �	 �

and

bg��� �� �� 	 ��

Z �

�

r f�r� dr �

hence the proof is complete�

�� Exponential sums over lattice points in spheres�

If we had chosen f�x� 	 x for � � x � R in Lemma �� �actually
one has to make some smoothing� then we could infer that

S�R� 	
��

�
R� � O

�
R�����

�
�

or equivalently �� � ��� � This result was �rst proved by Landau �La��
other better results were established by Wal�sz �Wa�� Fomenko �Fo��
Chen �Ch� and Vinogradov in several papers culminating in �Vi�� As
we quoted in the introduction� the best exponent in the error term
until now was ���� 	 due to Chen and Vinogradov �in fact Vinogradov
replaced R� by a logarithmic factor�� These results require non�trivial
estimates for exponential sums of the type

VN �R� 	
X
n�N

r��n� e�R
p
n�
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where here and thereafter we write n 	 N to say that c�N � n � c�N
with some unspeci�ed constants c�� c�� not necessarily the same ones
in each ocurrence�

We prove in this section �by arguments similar to those in Chen
�Ch� and Vinogradov �Vi��

Lemma ���� For R �  we have

VN �R�
 N
���� �N�min
	
R��	N�
��� � R��	N����� �

R����N����	 � R
���N
���	


�

Proof� We shall deduce that

VN �R�

���X
a�b�c

e
�
R
p
a� � b� � c�

����

 N�

X
n�N

��� X
c�pN

e��c� e
�
R
p
n� c�

����
for some � � R � To prove the above we select the smallest variable� say
c� and apply �Gr�Ko� Lemma ���� for the sum over c in order to remove
the involved summation conditions� From the variables a� b we create
a new variable n 	 a� � b�� Splitting the range of the inner sum into
segments of lenght N����� by Cauchy�s inequality�

V �
N �R�
 N���

X
c��c�

��� X
n�N

e
�
R
�q

n� c�� �
q
n� c��

�����
where c�� c� are restricted by c�� c� � N��� and jc� � c�j � N������
Hence for a suitable D � N��� we get

V �
N �R�
 N
���� �N���

X
y�D

��� X
x�N

e
�
f�x� y�

����
where

f�x� y� 	 R
�p

x�px� y
�
�

If D 
 N���R�� the innermost sum is
 N���R��D�� by �Gr�Ko�
Theorem ��� of so it contributes 
 N
�����



��� F� Chamizo and H� Iwaniec

If D � N���R�� we apply the B�process of the one�dimensional
van der Corput�s method �Poisson sumation and stationary phase��
more precisely �Gr�Ko� Lemma ���� of with F 	 RDN���� getting

����

V �
N �R�
 N
���� �R����D���N�����

�R����D����N�����
X
y�D

��� X
x�U

e
�
g�x� y�

����
where U 	 RDN�����

����� g�x� y� 	 f���x� y�� y�� x��x� y�

and ��x� y� is the implicit function de�ned by

����� fx���x� y�� y� 	 x �

The middle term in ���� comes from the error term in �Gr�Ko� Lemma
�����

Next� by Cauchy�s inequality and dividing into dyadic intervals�
there exists  � T � U such that

����� V �
N �R�
 N
�� �R��DN����� �R��N����� VUTD

where
VUTD 


X
x�U

X
z�T

��� X
y�D

e
�
G�x� y� z�

����
with

G�x� y� z� 	 g�x� z� y�� g�x� y� �

Now we apply two well known van der Corput�s estimates �see
�Gr�Ko� Theorem ���� and �Ti� Theorem ��� to obtain

����� VUTD 
 U T min
	
D�

��� � �
����� D �

��� �D��� �
����


where � 	 jGyyj and � 	 jGyyyj� Here� by the mean value theorem
� 	 T jgxyyj and � 	 T jgxyyyj� On the other hand� by ����� and �����
gx 	 ��� hence � 	 T j�yyj and � 	 T j�yyyj �

It remains to estimate the partial derivatives �yy� �yyy � By the
de�nition of f and ����� we have ����� � �� � y����� 	 �xR��� Dif�
ferenciating with respect to y and eliminating �� y� we get



�y
	
�
 �

y

�

����
�  and

�y
�y � 

	 �� h��
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with

h 	
�x����

R
	 D

N

 N�� �

The �rst formula �recalling y 	 D� � 	 N� implies �y 	 ND�� and
di�erentiating the second formula we obtain

��yy 	 �x�R�� h�� �� h�� �y ��y � �� �

Using �y 	 �� h����� �� h��� we get

��yy 	 �x�R�� h�� �� h�
 �� �� h����� �

Since h 	 DN�� and x 	 U 	 RDN����� this formula gives j�yyj 	
ND��� Di�erentiating again

�yyy 	
h� ��� h�

� �� h��
��� �h� h��� ��h� � �h� ����yy �y

whence �yyy 	 ND��� From the above estimates for the partial deriva�
tives we conclude that

� 	 T ND�� and � 	 T ND�� �

Substituting in ����� and ����� we have

V �
N �R�
 N
�� �R��DN�����

�N�R��U min
	
T ���N
 � T ���DN��

T ���D���N���� � T 
��DN����


�

Finally� recalling that U 	 RDN����� T � RDN���� and N���R�� 

D � N the lemma follows�

�� A character sum estimate�

The objective of this section is to proof the following character sum
estimate

Lemma ���� For  � K � N��� and �n � �n arbitrary complex num�

bers X
N�n�N�K

X
m�M

�n �m
� n
m

�


 k�k k�k �K��	M��� �K���M���N����� �MN�� �
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As a corollary it can be obtained the following L�function estimate

Corollary ���� If  � K � N���

X
N�n�N�K
n�� �	�

L�� �n� 	
� ����

�� ����
K � O

�
K��	N� �K���N������

�
�

Proof of Lemma ���� Dividing the range of summation into dyadic
intervals� it is enough to estimate

SKM 	
X
k�K

X
m�M

�N�k �m
�N � k

m

�
�

By Cauchy�s inequality

S�KM 
 k�k�
X
k�K

��� X
m�M

�m

�N � k

m

����� �
Again by Cauchy�s inequality and interchanging the order of summation

S�KM 
 k�k�K
X
k�K

��� X
m�M

�m

�N � k

m

�����

	 k�k�K
X

m��m�

m��m�

�m�
�m�

�m�
�m�

X
k�K

� N � k

m�m�m�m�

�
�

Finally we apply Cauchy�s inequality once more and put

h 	 m�m�m�m�

getting

S	KM 
 k�k	 k�k	K�M�
X
h�M�

��� X
k�K

�N�k

h

�����


 k�k	 k�k	K�M�
�
KM� �

X
k��k��K
k� 	k�

X
h�M�

� �N�k�� �N�k��

h

��
�

Notice that k� �	 k� implies �N � k�� �N � k�� is not a square because
k�� k� � N���� Applying the Burgess bound �Bu� to the innermost
character sum we get

S	KM 
 k�k	 k�k	K�
�
KM� �K��M������N������

�
�MN��

and this concludes the proof�
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Proof of Corollary ���� By the Polya�Vinogradov inequality we
truncate L�� �n� to get

X
N�n�N�K
n�� �	�

L�� �n� 	
X

N�n�N�K
n�� �	�

X
m�N



m

���n
m

�
� O

�
N�
�
�

We shall consider separately the contributions of square and non�square
m�s�

The squares contribute

X
N�n�N�K
n�� �	�

X
�k��n��



k�
	 ����

X
N�n�N�K
n�� �	�

X
kj�n

��k�

k�
	

� ����

�� ����
K � O�� �

Therefore

X
N�n�N�K
n�� �	�

L�� �n� 	
� ����

�� ����
K �W �O�N��

where W denotes the contribution of the non�squares terms� i�e�

W 	
X

N�n�N�K
n�� �	�

X
m�N
m 	k�



m

���n
m

�
�

Dividing the range of summation of W into dyadic intervals it is
enough to estimate sums of the type

WKM 	M��X
k�K

�
X
m�M

��
�N � k

m

�

for some M � N where the outer summation restricts k to a �xed
arithmetic progression mod � and the inner summation restricts m to
non�square odd integers belonging to a �xed arithmetic progression
mod �� Applying Polya�Vinogradov inequality for each character sum
in k gives

WKM 
M����� �

On the other hand by Lemma ��

WKM 
 �K��	 �KM����N�����N� �
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From both estimates it follows that

WKM 
 K��	N� �min
	
KM����N�����M���



N� �

Choosing M 	 K���N���� the corollary is proved�

�� Proof of Theorem ����

First we shall derive ���� from Corollary ���� By ��� and ����

S�R� u� 	


�

X
R�

p
n�R�u

p
n
X
d�jn

cn�d�

d
L�� �n�d�� � O��

	


�

X
d�R�u

X
R�d�

p
n��R�u��d

cn
p
n L�� �n� � O�� �

where O�� is introduced to correct the contribution of terms with d� 	
n� This expression and summation by parts in Corollary ��� �or the
trivial estimate if it does not apply� prove �����

Now we proceed to prove ����� We shall not deal with S�R� di�
rectly but �rst smooth by means of the following function

f�x� 	

���
��

x � if x � ��� R� �

R �R�H � x��H � if x � �R�R�H� �

� � otherwise�

more precisely we consider

Sf �R� 	
X
n

l�n� f�
p
n� �

This sum exceeds S�R� by

Sf �R�H� 	
X

R�
p
n�R�H

l�n� f�
p
n� �

so we have

���� S�R� 	 Sf �R�� Sf �R�H� �



On the Sphere Problem ���

The smoothed sum Sf �R� will be treated by exponential sums from
Section � and the short sum Sf �R�H� will be treated by character
sums from Section ��

By Lemma �� we have

����� Sf �R� 	
��

�
R� � ��HR� �

��

�
H�R�  � S

ef
�R�

where

ef�
� 	 sin���R
�

���
�
� R

H

sin��H
�

��
�
cos�� ��R�H� 
� �

Note that the application of Lemma �� is justi�ed� although the regu�
larity conditions are not ful�lled� because the involved series converges
uniformly on compacta by virtue of Lemma ���

The �rst part of ef � namely sin���R
�����
�� contributes to S
ef �R�

at most O
�
R�
�
by estimating the tail of the series using Lemma ���

Hence we have

S
ef �R� 	 � R

��H

�X
n�

l�n�

n
sin��H

p
n� cos�� ��R�H�

p
n� �O

�
R�
�
�

Dividing into dyadic intervals by partial summation we get

S
ef �R�
 RH���H���N��

� jVN�
�R��j�N

������
� jVN�

�R��j
�
� R�

for some N� � H�� � N� and R�� R� 	 R � O
�
H
�
� For simplicity

we assume R � H��� Now we estimate VN�
�R�� and VN�

�R�� by
Lemma ��� if N� � R we get

N��
� VN�

�R��
 R
������

if R � N� � H�� we get

N��
� VN�

�R��

�
H���� � R
���H�
����H��

and if N� � H�� we get

N
������
� VN�

�R��

�
H��� � R��	H��	

�
H���
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Collecting the above estimates and substituting in ����� we obtain

�����
Sf �R� 	

��

�
R� � ��HR�

�O
�
�RH���� �R��	H���	 � R������H��� �

Now we shall deal with Sf �R�H�� By Abel�s Lemma and ���� we
have

�����
Sf �R�H� 	

R �R�H�

H

Z H

�

S�R� u�

�R� u��
du

	 ��HR� � O
��
H��	R�
�	 �H���R	���	 �R

�
R�
�
�

Finally substituting ����� and ����� in ���� and choosing H 	
R������ ���� follows�
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Analytic continuation

of Dirichlet series

J� M� Anderson� D� Khavinson and H� S� Shapiro

�� Introduction

The questions considered in this paper arose from the study �KS� of

I� Fredholm�s �insu�cient� proof that the gap series
P�

� an �n
�

�where
	 � jaj � 
� is nowhere continuable across fj�j � 
g� The interest of
Fredholm�s method ��F�� �ML�� is not so much its e�cacy in proving gap
theorems �indeed� much more general results can be got by other means�
cf� the Fabry gap theorem in �Di�� as in the connection it made between
certain special gap series and partial dierential equations� For a full
discussion of this see �KS�� here we shall only outline the salient points
to provide motivation for a study of some function�theoretic questions
that arise naturally when one tries to extend Fredholm�s method to
other kinds of gaps� As our starting point we take a slightly more
general gap series than that of Fredholm� namely

�
�
� ���� �
�X
n��

an �
n� �

where fang are complex and

�
��� 	 � lim
n��

janj
��n � 
 �

Note that the radius of convergence is 
 �this would be so also under
the weaker� and more natural condition where the right hand inequality

���
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in �
��� is replaced by

�
��� lim
n��

janj
��n � ��

but the method to be employed is simpler when �
��� is assumed�� Now�

�
��� u�z� w� �
�X
n��

an e
nz�n�w

is convergent to a holomorphic function for �z� w� � C � L� where

L � fw � C � Rew � 	g

and satis�es

�
���
�u

�w
�

��u

�z�
�

For real z� w this is of course the �heat equation�� with w as the time
variable� but here we consider the variables as complex� The initial
value problem for �
��� with data on fw � w�g is characteristic so� as
S� Kovalevskaya already explained in her Habilitationsschrift �Ko�� even
holomorphic data z �� u�z� w�� does not in general su�ce to guaran�
tee a local holomorphic solution of �
���� �Weierstrass expressed great
surprise at this result� and admiration for his pupil�s discovery� cf�

especially his letter to P� du Bois�Reymond of 
� December 
���� re�
produced in Acta Math� ���� In fact� implicit in her reasoning is the
following stronger statement� a solution to �
��� holomorphic in a bidisk

Dz �Dw � where

�
��� Dz � fz � jz � z�j � R�g � Dw � fw � jw � w�j � R�g

extends holomorphically to C � Dw � �This can nowadays be deduced
from general theorems� cf� �Ki� or �BS�� also �H� Theorem ������� See
also �KS� for a simple proof��

Fredholm misunderstood Kovalevskaya�s result� interpreting it to
imply that if� for a solution u to �
��� in the bidisk �
���� the function
w �� u�z�� w� extends holomorphically across a boundary point w� of
Dw � then z �� u�z� w�� extends holomorphically to all of C � This was
the tool for Fredholm�s attempt to prove the non�continuability of �
�
��
and is �as shown in �KS�� incorrect� We emphasize that the error lies
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in attempting to draw conclusions from the behaviour of w �� u�z�� w�
for just one value of z� �

To �save� Fredholm�s idea one can �rst establish the following re�
�nement of the above�mentioned result of Kovalevskaya� We precede it
with a convenient de�nition�

De�nition� Let f be a function of one complex variable� holomorphic

on a neighborhood of z�� Then� for k � N the k�fold symmetrization of

f about z� is the function t �� F �t� z�� k� where

F �t� z�� k� �



k

k��X
j��

f�z� � �jt� � � � e��i�k �

Note that F is holomorphic on a neighborhood of t � 	� The
following is proven in �KS��

Theorem A� If u is holomorphic on the bidisk �
��� and satis�es �
���
there� and w �� u�z�� w� extends holomorphically to a neighborhood of

a boundary point w� of Dw � then the ��fold symmetrization of z ��
u�z� w�� about z� extends to C as an entire function of order at most

� �

For later purposes note that if �
��� is replaced by

�
���
�u

�w
�

�ku

�zk
� k � �

the corresponding conclusion holds for the k�fold symmetrization of f
about z� �

Now we can apply Fredholm�s idea correctly to show that � in
�
�
� is not continuable across any point � � ei v� � v� � R� Indeed� if
it were then� with u given by �
���� u�	� w� would extend from L to a
neighborhood of its boundary point w� � eiv� and so� by Theorem A�
the ��fold symmetrization about 	 of

P�
n�� an e

in�v�enz would extend
as an entire function� that is

�X
n��

an e
in�v�

�
enz � e�nz

�

would extend from a neighborhood of z � 	 to the entire z�plane with�
out singularities� But� because of assumption �
��� this is a Laurent
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series in ez with �nite positive convergence radii� Since a Laurent se�
ries must have at least one singularity on each boundary circle of its
annulus of convergence� we have a contradiction� and the noncontinua�
bility of � in �
�
� is proved�

Mittag�Le�er�s exposition �ML� of Fredholm�s idea ends with the
suggestion that the method employed can be applied to more general
situations� Let us see what happens when we try to apply the �cor�

rected� Fredholm method to showing that
P�

n�� an �
n� is not continu�

able across any point of �D � where again we assume �
��� �since the gaps
are bigger one might expect the proof to be easier� but the strangeness
of the method is that it does not work this way� as we will see�� Intro�
duce again the variable change � � ew and look at

u�z� w� �
�X
n��

an e
nz en

�w

which is holomorphic on C � L and satis�es

�
���
�u

�w
�

��u

�z�
�

By the generalized form of Theorem A� if u�	� w� were continuable
across a point w � i v� � �v� � R� of �L� then the ��fold symmetrization
of z �� u�z� i v�� about 	 would be entire� i�e�

�
���
�X
n��

an e
in�v�

�
enz � e�nz � e�

�nz
�
�

where � � e��i��� would be entire� But� could this happen� Now
�
��� is no longer a Laurent series in ez� but a Dirichlet series of quite
general type�

P
cm e�mz with complex exponents f	mg lying on three

rays through 	� Even if �
��� prevents the series from converging on the
whole z�plane� there are no general theorems that rule out the analytic
continuability of �
��� to the whole plane� �Indeed� see �L� for discussion
of phenomena which may occur��

It is fairly easy to show �see below� Section ���� that if we strength�
en �
��� to

	 � lim
n��

janj
��n 	 c

for a su�ciently small c 
 	� then �
��� cannot extend to all of C � and

thus� in this case� we do obtain the noncontinuability of
P�

� an �
n� �
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But� perhaps surprisingly� the argument really fails essentially if only
�
��� is assumed� That is �and this is one of the main results of the
present paper��

There exists complex fcng
�
n�� with

�
�
	� 	 � lim jcnj
��n � � � 


such that

�
�

�
�X
n��

cn
�
enz � e�nz � e�

�nz
�
�

where � � e��i�� �note that we have absolute convergence on a neigh�
borhood of z � 	� extends without singularities to all of C � Indeed� the

sum of this series can vanish identically�

An equivalent form of the last statement is obtained by evaluating
the Taylor coe�cients of �
�

� at z � 	�

There exist fcng satisfying �
�
	� such that

�X
n��

cn n
�k � 	 � k � 	� 
� �� � � �

�where 	� is interpreted as 
� �

This formulation naturally leads to the consideration of the equa�
tions

�
�
��
�X
n��

cn n
pk � 	 � k � 	� 
� �� � � �

We shall show that solutions satisfying �
�
	� exist for each p 
 �� but
never for p 	 �� Moreover� for p 
 � there is no solution if � � �p where
�p is su�ciently small� and for p integral we shall �nd the best possible
value of �p � In the course of this work� certain other questions which
arise naturally will also be discussed�

The rest of the paper is organized as follows� Section � deals with
cases where �
�
�� �and some more general equation systems� admits
only the solution cn � 	� This is closely interwoven with known re�
sults concerning quasi�analytic functions� Section � contains our main
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result �Theorem ��
� which shows the sharpness� in an important case�
of the uniqueness theorem of Section �� this example sheds light on the
possibility of extending Fredholm�s method to other kinds of gaps� In
Section � it is shown that under certain conditions a function de�ned
by a Dirichlet series of fairly general type cannot be analytically con�
tinued much beyond its domain of absolute convergence� this enables
one to prove non�continuability of certain gap series by �a modi�cation
of� Fredholm�s method� Section � contains a brief discussion of inte�
gral analogues of the problem treated in Sections � and �� here fairly
complete results are much easier to obtain�

�� A uniqueness problem for Dirichlet series�

Let us �rst consider a rather general situation� a Dirichlet series

���
�
�X
n��

cn e
�nz �

where f	ng and fcng are complex� We may of course assume the 	n are
pairwise distinct� From this point on various combinations of hypothe�
ses could be made� some leading to uniqueness theorems and others
not�

J� Wol �W� constructed in 
��
 examples that imply one can �nd
f	ng bounded and fcng not all zero satisfying

�����
�X
n��

jcnj � ��

and such that ���
� �which then converges for all complex z� sums to 	
�however� Dirichlet series are not discussed in �W��� This is equivalent to
�nding a nontrivial solution fcng satisfying ����� to the in�nite system
of linear equations

�����
�X
n��

cn 	
k
n � 	 � k � 	� 
� �� � � �

Wol�s result is not given in terms of ����� but rather as the solution of
a then long�standing uniqueness question concerning series of the type

�����
�X
n��

cn
z � zn

�
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where fzng 
 C � If ����� holds� ����� converges uniformly on com�
pact subsets of C nK� where K denotes the closure of fzng� and various
investigators �Borel� Carleman� Denjoy� Wol� Beurling� � � � � have stud�
ied conditions under which �a� the �apparent singularities� fzng of the
sum ����� really are singular points for the sum function �which is ana�
lytic on each component of C nK�� and �b� in case there is more than
one component� the sum functions corresponding to dierent compo�
nents are analytic continuations of one another� �e�g� Borel showed
that �a� and �b� may fail if only ����� is imposed while they hold if
lim jcnj

��n � 	�� The uniqueness problem for ����� is of course sub�
sumed under �a�� Henceforth we will not mention interpretations of
our results involving series ������ but refer the reader to �BSZ� for this
connection�

A� Beurling showed �Be� pp� �	���
	� that a series ���
� can con�
verge everywhere to zero with bounded f	ng and non�zero fcng that
satisfy not merely ����� but much stronger conditions� e�g�

����� jcnj 	 exp
�
� n��logn��

�
�

whereas this is not possible if

lim jcnj
��n � 
 �

Returning to Dirichlet series ���
�� we will in the remainder of this
section be considering cases where 	n 
 	 and 	n ��� We begin with
a basic uniqueness theorem� This is in principle known� as well as the
corollaries we present� these results are scattered in the literature on
quasi�analytic functions and Banach algebras� We need them to put in
proper perspective the results of Section �� and we include proofs for
the reader�s convenience�

Theorem ���� Let 	 � 	� � 	� � � � � � and

����� lim
n��

�logn��

	n
� 	 �

Suppose� for some  
 	�

����� jcnj 	 e��
p
�n �

If

�����
�X
n��

cn 	
k
n � 	 � k � 	� 
� �� � � � �

then all cn vanish�
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Remark� This can be interpreted as a uniqueness theorem for series
���
�� Indeed� ����� and ����� imply that ���
� as well as all its formally
dierentiated series converge absolutely for fz � Re z 	 	g� to some
function f � Then ����� is the assertion that f and all its derivatives
vanish at the boundary point 	 of this half�plane�

Before giving the proof� let us note some corollaries�

Corollary �� ��Ca ���� If p 
 	� and for some  
 	

����� jcnj 	 exp
�
�  np��

�
then

���
	�
�X
n��

cn n
pk � 	 � k � 	� 
� �� � � �

implies cn � 	 for all n �

This is just the case 	n � np of the theorem� and much of the rest
of this paper is devoted to the question of sharpness of the condition

������ A few cases follow from well known results�
First of all� look at the case p � �� The corollary says that if fcng

decay exponentially� and
P�

� cn n
�k all vanish then all cn vanish� Here

we certainly cannot weaken the hypothesis of exponential decay to� say

���

� jcnj 	 exp
�
� a n�

�
for some � � 
 since� as is well known from the theory of quasi�
analytic classes �cf� �M��� given � � 
� there is a nontrivial functionP�

n�� cn cosn�� where fcng satis�es ���

�� for which all derivatives
vanish at � � 	� which is to say

P�
� cn n

�k � 	 for k � 	� 
� �� � � � See
also �Ha� p� �� �� for a pioneering discussion in this vein�

Next� examine the case p � 
� The corollary says that

���
�� jcnj 	 exp
�
�  n���

�
and

���
��
�X
�

cn n
k � 	 � k � 	� 
� � � � �
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imply that all cn vanish� or what is the same� ���
�� and the presence of
an in�nite order zero of

P�
� cn e

in� at some �� imply all cn vanish� This
is due to Carleson �Ca��� Here again� one cannot weaken hypothesis
���
��� say to

���
�� jcnj 	 exp
�
� b n	

�
with � � 
��� Indeed� it can be shown that if � � 
�� the unique outer
function F
 in the unit disk satisfying

jF
�e
i��j � exp

�
�
��� sin �

�

����
� � j�j 	 � �

where � � 
� has Taylor coe�cients fcng satisfying ���
�� if � � ����
is su�ciently close to 
� �Again� cf� �Ha� pp� �� �� for closely related
material��

In the next section we shall discuss the sharpness of ����� in some
other� more delicate cases� We may remark �as we will see in Section ��
that for the integral analogue of these problems matters are much sim�
pler� dierent values of p are reducible to one another by a simple
scaling argument �change of variables� but that is not possible with
series� From a technical point of view� we stress that examples to show

the sharpness of ����� are the main concern of this paper�

Corollary �� ��Ca���� If f�z� �
P�

n�� cn z
n� where fcng satisfy ���
���

and f has in�nitely many zeroes in the open unit disk D � then f � 	 �

Proof� By Corollary 
 it is enough to show f�ei�� has an in�nite order
zero at � � ��� if f vanishes at a sequence fzjg 
 D with lim zj � ei�� �
This is a well�known fact� we include the simple proof� It is based on

Lemma� �TW� Prop� ����� If f is analytic in D and its Taylor coe��

cients fang satisfy

���
�� janj � O�n�k� � n�� �

for every positive k �or� what is the same� f � C�
�
D
�
�� and f��� � 	

for some � � �D � then f�z� � �z� ��g�z� for some g analytic in D and

in C��D � �
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Proof of Lemma� We may assume � � 
� Write f �
P�

� an z
n�

g �
P�

� bn z
n where g � �
� z���f is analytic in D � Then�

bn � a� � a� � � � �� an � ��an�� � an�� � � � � �

since
P�

� an � f�
� � 	� Hence

jbnj 	 jan��j� jan��j� � � �

so that� using ���
��� also fbng satis�es the estimates ���
��� hence
g � C��D � and the lemma is proved�

Deduction of Corollary �� If f vanishes at in�nitely many points
fzjg of D and � � �D is a limit point of fzjg then f��� � 	� so f �
�z � �� g�z� where g � C��D �� Now� g�zj� � 	� so g��� � 	 and hence
g � �z � ��h for some h � C��D �� Thus�

f�z� � �z � ��� h�z� � h � C��D � �

Continuing in this fashion we see that for each m we have

f�z� � �z � ��m fm�z�

for a suitable fm � C��D �� Thus� f has a zero of in�nite order at ��
which completes the proof of Corollary ��

Remark� It is not hard to show that there are non�trivial functions
analytic in D whose Taylor coe�cients satisfy ���
��� for any prescribed
� � 
��� with in�nitely many zeroes in D �

Proof of Theorem ���� Note that ����� and ����� imply the absolute
convergence of each of the series ������ Consider now the function

���
�� g�x� �
�X
n��

cn cos�	
���
n x� � x � R �

In view of ������ g extends as an analytic function of z � x � iy into
a strip fz � jIm zj � �g for some � 
 	� Then ����� expresses the
fact that all even�order derivatives of g vanish at z � 	� Since g is
an even function� g � 	� Now� g�x� is the Fourier�Stieltjes transform

of the discrete measure which places masses cn�� at points 	
���
n � By
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the uniqueness theorem for Fourier�Stieltjes transforms this measure
vanishes� i�e� all cn are zero� This concludes the proof�

Remark� The hypothesis jcnj 	 e���
���
n in Theorem ��
 could be

weakened� What is essential is that cn are small enough so that

X
cn cos�	

���
n x�

falls into a quasi�analytic class on R� in the sense of Denjoy�Carleman�
One knows precisely what decay of fcng is necessary for this� cf� �M��
We shall not however pursue this kind of generalization� which involves
only well�known ideas�

Carleson �Ca�� obtains Corollary 
 in a somewhat dierent manner�
He introduces

���
�� ��s� �
�X
n��

cn n
s

which is clearly an entire function of s under the hypothesis ������ It is
easy to see ����� implies the estimate

���
�� log j��� � i��j 	
�

p
� log� � O���

for � 
 	� He now applies the following theorem� for which see �Ca
��

If � is analytic in the right half�plane and satis�es

���
�� j��� � i��j 	 C em�
� �

where m��� is convex on R� and for some p 
 	

����	�

Z �

�

exp
�
��p���m�����

�
d� �� �

and

����
� ��pk� � 	 � k � 	� 
� �� � � � �

then � � 	 �
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To obtain Corollary 
 from this one uses ���
�� to verify that ���
��
and ����	� hold� and ����
� is just ���
	�� hence � � 	� which easily
implies that all cn vanish�

The theorem employed by Carleson is known to be sharp� but that
does not imply the sharpness of Corollary 
 because a function satisfying
an estimate ���
�� is not necessarily representable as a Dirichlet series
���
���

Since the theorem is only stated� but not proved in �Ca
�� we refer
the reader to �Mal� pp� 
���
��� for a proof�

�� An example of non	uniqueness and some of its rami�ca	

tions�

Theorem ���� For any p 
 �� writing 	n � np �n � 	�� there exists a

complex sequence fcng satisfying

���
� lim
n��

jcnj
��n � �p � exp

�
� � ctg

�

p

�

such that

����� f�z� �
�X
n��

cn e
��nz

�which converges for Re z � 	� and extends as a C� function to the

closed right half�plane� has an in�nite�order zero at z � 	� In other

terms�

�����
�X
n��

cn n
pk � 	 � k � 	� 
� �� � � �

Moreover� for positive x

����� jf�x�j 	 C exp
�
� c x���p

�
�

where C� c are positive constants�

For integral p� the constant on the right side of ���
� is sharp� in the

sense that no such sequence fcng exists with 	 � limn�� jcnj
��n � �p �
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We postpone the proof� and discuss some consequences of the the�
orem� Let p � � be an integer� and let fcng be as in the theorem� As
in Section 
� form the p�fold symmetrization of the function

����� g�z� �
�X
n��

cn e
�nz

about the origin� We may denote this by F �z� p��
Since the p�fold symmetrization about 	 of ez is

P�
k�� z

pk��pk�� �
one computes easily

F �z� p� �
�X
n��

cn

�X
k��

��nz�pk

�p k��

�
�X
k��

zpk

�p k��

�X
n��

cn ��n�
pk � 	

in view of ������ We thus have

Corollary� For any integer p � � there exists a Dirichlet series �����
whose coe�cients satisfy ���
� �and hence� g is analytic in a half�plane

fRe z � ��g for some � 
 	� whose p�fold symmetrization about the

origin vanishes identically� In other terms�

�����

p��X
k��

�X
n��

cn exp
�
� �knz

�
� 	 � � � e��i�p �

Remark� Note that ����� is a Dirichlet series of general type whose
�exponents� are the set f��kn � 	 	 k 	 p � 
� n � Ng which is
distributed along p rays through the origin� Condition ���
� guarantees
that this series converges absolutely on a neighborhood of z � 	� yet not
in the whole plane� But the sum is an entire function �indeed� zero���
This behaviour is in stark contrast with the cases p � 
 �Taylor series
in e�z� and p � � �Laurent series in e�z�� Recalling our discussion
of Fredholm�s method in Section 
� we see that �
��� could in fact be
entire� subject to �
��� � � � so this method encounters an unforeseen

di�culty when applied to a series with gaps like
P

an �
n� � �Thus�

Mittag�Le�er�s opinion that Fredholm�s method could be generalized
may be too optimistic� however� some gap series of type

P
an �

n� can be
exhibited by Fredholm�s method by requiring lim janj

��n suitably small�
see the discussion following Theorem ��
 below��
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Proof of Theorem ���� The proof is based on a construction that has
been used previously by Hirschman and Jenkins �HJ
�� �HJ��� Anderson
�A� and others for somewhat dierent purposes� Let

����� ��w� �
�Y
n��

�

 �

w

np

�
�

Clearly � is an entire function� By estimates given later� we will show
it has order 
�p� and moreover that

����� f�x� � ���i���
Z
�

��w���exw dw �

where x � R� and � denotes the imaginary axis traversed from ��
to ��� is an absolutely convergent integral� and that translating �
parallel to itself �to a position that does not contain a point �n�p

�n � N�� preserves convergence� and changes the integral only by the
sum of residues of the poles passed over� Moving the contour leftwards
to the position

����� �m � fRew � ��	m	m���
���g �

where for convenience we denote

���
	� 	m � m�p

and letting m�� gives� formally�

���

� f�x� �
�X
n��

����	n��� e��nx �

As we will show later� for n 
 n� we have

���
�� log j�� ��	n� j � �� ctg ���p� � o�
��n

as n��� and so

���
�� f�z� �
�X
n��

���	n���e��nz
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converges uniformly for z on compact subsets of fRe z 
 	g� We shall
show that this function f satis�es the requirements of the theorem�
Thus� cn � ���	n���� and ���
�� implies ���
��

We will �rst verify ����� which� since clearly f is C� on the closed
right half�plane� implies ����� �of course ����� is much stronger than
������� Fix x 
 	 in ����� and move � to the right� to fw � Rew � x��g�
A crude estimate gives

���
�� jf�x�j 	
e

��

���x��i�Z
���x��i�

j��w�j�� jdwj

and to get ����� from this we require a lower bound for j��w�j � We
have for Re w � u 
 	�

���
�� j��w�j � j
 � wj j
 � ��pwj
�Y
n��

j
 � n�pwj

and the in�nite product is not less than

�Y
n��

�

 � n�pu

�
�

Y
��n�u��p

�
n�pu

�
� �N ���p uN�� �

where N denotes the least integer � u��p� Simple estimates based on
Stirling�s formula show the last expression exceeds exp�p u��p� c logu�
for some positive c �henceforth c� c�� � � � will designate positive constants
whose precise value is of no concern�� Hence� from ���
���

j��u� iv�j � c� �
 � v�� exp
�
�p���u��p

�
and inserting this in ���
�� �with u � 
�x� gives ������

We turn now to the estimate ���
��� From ������

���
�� �� ��	n� � np
�Y

m��
m��n

�

�

np

mp

�
�

Now�

���
�� log
�Y

m��
m ��n

���
� np

mp

��� � �X
m��
m��n

log
���
� np

mp

��� � �X
m��
m��n

�
�m
n

�
�
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where

���
�� ��t� � log j
� t�pj � t 
 	 �

Note that for p 
 
 the improper Riemann integral of � over �	����
exists� and since � is piecewise monotone �decreasing on �	� 
�� increas�
ing on �
����� it is easy to verify that the Riemann sums

n��
�X

m��
n ��n

�
�m
n

�

converge to Ap �
R�
� ��t� dt� Thus

�X
m��
m��n

�
�m
n

�
� Ap n � as n�� �

so �Y
m��
m��n

���
� np

mp

��� � exp ��Ap � o�
��n
�

which yields ���
�� if we verify that the improper Riemann integral

���
�� Ap �

Z �

�

log j
� t�pj dt

has the value � ctg ���p�� For this� see �GH� p� ��� formula �a�� This
proves ���
���

To conclude the proof of the theorem� we now derive the estimates
for � that were needed to justify moving the contour of integration in
������ These are well known �cf� �Boa� p� 
���� but for the reader�s con�
venience we present the details since some of the intermediate estimates
will be required� We �rst study � in C n  	 where � � ��� and

����	�  	 � fz � j� � arg zj � �g �

In C n  	 � log� has a single�valued analytic branch that is real on
the positive real axis� In the following calculation� we work with this
branch� and restrict z to C n  	 �

log��z� �
�X
n��

log
�

 �

z

np

�
�

Z �

��

log�
 � t�pz� d�t�
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where ��� denotes the greatest integer function� Applying partial inte�
gration to the last integral gives

log��z� � p z

Z �

�

�t�

t

dt

z � tp

� p z

Z �

�

dt

z � tp
�O

�
jzj

Z �

�

dt

t jz � tpj

�
�����
�

The �rst integral on the right can be evaluated by applying Cauchy�s
theorem� First� observe thatZ �

�

dt

z � tp
�

Z �

�

dt

z � tp
�O

�
jzj��

�
� jzj � �

and� writing z � rei�� we move the line of integration in the right�hand
integral to farg t � ��pg� so that t � sei��p� s 
 	� We getZ �

�

dt

z � tp
�
�
exp i

�

p
� 


�
�
�Z �

�

ds

r � sp

which after some simpli�cation becomes Cp �re
i�������p� where Cp is a

positive constant �Cp �
R�
�
�
 � up��� du�� Thus� the �rst term on the

right of ����
� is C � z��p�O�
� for large z � C n 	 � We will now show
that the second term in ����
� is of smaller order� This will establish�

������ ��z� � exp
�
C �p z

��p
�

holds for large z outside each sector symmetric with respect to the neg�

ative real axis �where C �p is a positive constant depending only on p��
In particular� � is of order 
�p� Observe that ������ gives the rapid
decrease of j� �x � iy�j�� as jyj � � which was required for moving
the line of integration since� from ������ �with x � iy � z � rei��� we
get

������ j��z�j � exp
�
C �p cos���p� r

��p
�
� z � C n 	

and� since p 
 �� cos���p� is positive for j�j 	 ��
Now we estimate the O�term in ����
�� Consider separately the

cases x � 	 and x � 	�
For x � 	� jz � tpj� � jzj� � t�p� so

jzj

Z �

�

dt

tjz � tpj
	 jzj

Z �

�

dt

t �t�p � jzj�����
	 C log�
 � jzj� �
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while for Re z � 	� z � C n  	 we have

jz � tpj � c jzj � c � c��� �

Hence

Z �

�

dt

t jz � tpj
�
�Z T

�

�

Z �

T

� dt

t jz � tpj

�where T � �� jzj���p�� which is

	

Z T

�

dt

c jzj t
�

Z �

T

dt

t �
��� tp

�since jz � tpj � tp � jzj � �
��� tp for t � T ��

� �c jzj��� logT � O�T�p� � O
�
jzj�� log jzj

�
for large jzj� Hence� the O�term in ����
� is O�log jzj� for large jzj
outside  	� and ������ is completely proved�

To conclude the proof of our theorem we need only verify one last
point� that the integral ����� tends to zero as � is moved su�ciently far
to the left� since that was assumed in the passage from ����� to ���

��
For this purpose we recall that� since � is of order 
�p � 
�� there is a
sequence Rj �� such that

������ logm �Rj� 
 cos���p� logM�Rj� �

where m�R��M�R� denote the minimum and maximum of j��w�j on
fjwj � Rg� respectively �see �Boa� p� �	� Theorem� ��
����� Thus� we
may move � leftwards in ����� through the sequence �j � where �for some
�xed �� say � � ���� �j consists of an arc of fjwj � Rjg inside  	 �
completed by vertical half�lines outside  	 � It follows at once from
������ and ������ that

R
�j
j��w�j�� jdwj � 	 as j ��� This completes

the proof of Theorem ��
� apart from the sharpness of the constant in
���
� to which point we shall return in the next Section�
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� A result implying existence of singularities�

We saw� in the Corollary to Theorem ��
� that if p is an integer�
p � �� there exist complex fcng with

���
� 	 � lim
n��

jcnj
��n � � � 


such that

����� g�z� �
�X
n��

cn e
�nz

�the series converges absolutely to a function holomorphic on a neigh�
borhood of 	� whose p�fold symmetrization about 	�

����� F �z� p� �



p

p��X
k��

g
�
�kz

�
� � � e��i�p �

vanishes identically �and hence� is analytically continuable to all of C ��
We now show that for small enough � in ���
�� this cannot happen�

Theorem 
��� Let p � � be an integer and suppose fcng satisfy ���
�
with

� � �p � exp
�
� � ctg ���p�

�
�

Then F �z� p� does not extend to all of C without singularities� in fact� it

has a singularity in the disk centered at 	 of radius �����log�
����������

Observe that this implies the assertion in Theorem ��
 concerning
the sharpness of the constant� We do not know whether it is sharp also
for non�integral p �

Before giving the proof� we observe a consequence of the theorem�
for fcng satisfying ���
� with � � �p the power series

P�
� cn�

np is

not continuable across any point of �D � this follows by the �modi�ed�
Fredholm argument we presented in Section 
� Of course� this argument
has the blemish that the upper bound imposed on � is purely fortuitous�
one could remove it by combining the argument given with Hadamard�s
multiplication of singularities theorem and a few other things �see �KS�
for details��
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Proof of Theorem ���� Observe that ����� converges absolutely for
Re z 
 ��� where

����� � � log



�

and since g has period ��i� it must have a singularity at a point z� �
��� iy� for some y� with �� � y� 	 �� Let L denote the line segment
joining 	 to z� � It is clear that if f�

kz� � k � 
� �� � � � � p� 
g all lie in
fRe z 
 ��g� the analytic continuation of F �z� p� from 	 to z� along
L is possible as far as z� � and encounters a singularity at z� � since
each g��kz� for 
 	 k 	 p � 
 is analytic on a neighborhood of the
closure of L� And it is geometrically obvious that this occurs if the
angle subtended by the points ��  iy� at 	 is less than ���p� Since
this angle can not exceed � arctg ������ we will have a singularity of
F �z� p� at z� if

� arctg
�

�
�
��

p
�

i�e� if � 
 � ctg ���p�� and in view of ����� this completes the proof�

�� The integral analogue�

Corollary 
 to Theorem ��
 has an integral analogue�

Let f be a complex�valued continuous function �	���� and p 
 	�
If

���
� jf�x�j 	 C exp��c xp���

for some positive constants C� c and

�����

Z �

�

f�x�xpk dx � 	 � k � 	� 
� �� � � � �

then f � 	�

The proof is similar to that given in the discrete case� and may be
left to the reader� As before� we are mainly interested in examples to
show the sharpness of the condition ���
�� and shall prove�
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Theorem ���� Given any p 
 	 and 	 � q � p�� there is a continuous

f on �	���� f �� 	� satisfying ����� and

����� jf�x�j 	 C exp��xq� � x 
 	 �

Proof� As is well known� for 	 � b � 
 there is a non�null entire
function F of exponential type satisfying

����� jF �x�j 	 e�jxj
b

� x � R �

The Fourier transform bF of F �which is in�nitely dierentiable� has
compact support� Multiplying F by a suitable exponential ei�z we can
arrange that bF vanishes on a neighborhood of 	� and that the even part
of F �

Fe�x� �
F �x� � F ��x�

�

does not vanish identically� we assume this is done� Since all derivatives
of bF vanish at 	�

�����

Z �

��
F �x�xn dx � 	 � n � 	� 
� � � � �

hence

�����

Z �

�

Fe�x�x
�k dx � 	 � k � 	� 
� �� � � �

Changing variables in ������

�����

Z �

�

Fe�t
p��� tpk tp���� dt � 	 � k � 	� 
� � � �

Letting f�t� � tp���� Fe�tp��� and observing ������ it is clear that f
satis�es ����� if b is chosen greater than �q�p � This completes the
proof�

Remarks� The idea to look at the integral analogue was suggested to
us by D� J� Newman� who also provided an elegant proof of a weaker
variant of Theorem ��
� which we here sketch brie!y� Starting from

"�np� �

Z �

�

e�t tnp��dt �
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where p 
 �� rotate the line of integration to farg t � ��pg giving

"�np� � ��
�n
Z �

�

exp��ei�u�p�unp�� du

whence� taking imaginary parts

Z �

�

e� cos�u�p sin�sin��u�p��

u
unp du � 	

holds for n � 	� 
� �� � � � Thus� writing a � cos���p� 
 	� b � �
�a�����

we see that� setting

f�u� � e�au
� sin�sin b u�

u

�
������

Z �

�

f�u�unp du � 	 � for n � 	� 
� � � ������

This gives f which is precisely the continuous analogue of the sequence
fcng we constructed in Theorem ��
� it decays exponentially on R

�

and the moments ����� vanish� But for �xed p 
 �� this result is weaker
than Theorem ��
 �compare ����� with ������� Moreover� the method
we used to prove Theorem ��
 can be made to yield more� since F could
be chosen to satisfy not merely ������ but

jF �x�j 	 exp����jxj��

where � is any su�ciently regular positive increasing function on R�

with Z �

�

��t�


 � t�
dt �� �

Since these ideas are very well known� we do not pursue the details�
It would be interesting to extend Theorem ��
 to the discrete ana�

logue of Theorem ��
� but we do not know how to do this�
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