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Abstract� Let � be homogeneous of degree � in Rn and integrable on
the unit sphere� A rough maximal operator is obtained by inserting a
factor � in the de�nition of the ordinary maximal function� Rough sin�
gular integral operators are given by principal value kernels ��y��jyjn	
provided that the mean value of � vanishes� In an earlier paper	 the
authors showed that a two�dimensional rough maximal operator is of
weak type �
	
� when restricted to radial functions� This result is now
extended to arbitrary �nite dimension	 and to rough singular integrals�

�� Introduction�

Let � � � be an integrable function on the unit sphere Sn�� in
R
n 	 and extend it to a function in Rnnf�g	 homogeneous of degree ��

The rough maximal operator corresponding to � is de�ned by

M�f�x� � sup
r��




rn

Z
jyj�r

��y� jf�x� y�j dy � f � L�
loc�R

n� �

This operator is bounded on Lp�Rn�� 
 � p ��	 as seen by the method

�
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of rotations� It is	 however	 unknown whether it is of weak type �
	
��
Under �weak� additional assumptions on �	 several authors have

proved the weak type� see the authors paper �S�S� for details� That
paper contains a proof that M� is of weak type �
	
� in the plane when
restricted to radial functions f 	 for a general � � L�� In fact	 the same
result is proved for n � � when M� is replaced by the larger operator

M�
�f�x� �

Z
Sn��

����M�f�x� d� �

Here and below	 d� is the area measure on Sn��� Further	 M� is the
one�dimensional maximal operator in the direction � � Sn��	 de�ned
by

M�f�x� � sup
r��




r

Z r

�

jf�x� t ��j dt �

As we pointed out in �S�S�	 M�
� cannot be of weak type �
	
� on general

functions even when � is the constant function 
� In this paper	 we
shall extend the above to Rn 	 as follows�

Theorem �� The operator M�
� is of weak type �
� 
� when restricted to

radial functions in R
n � for any nonnegative � � L��Sn��� and any n�

The same is true for M��

Rough singular integral operators can be de�ned analogously� Now
� � L��Sn��� must have mean value �� Let

T�f�x� � p�v�

Z
��y�

jyjn f�x� y� dy � lim
���
R��

Z
��jyj�R

��y�

jyjn f�x� y� dy �

whenever the limit exists� The Lp boundedness of such operators
�which is easy when � is odd� was proved by Calder�on and Zygmund
�C�Z� assuming � � L logL�Sn���� There is a nice proof due to J�
Duoandikoetxea and J� L� Rubio de Francia �D�RF� when ��Lq�Sn���	
q � 
� With the same condition on �	 S� Hofmann �H� proved the weak
type �
	
� in the plane� The same was proved for � � L logL�Sn���
by M� Christ and J� L� Rubio de Francia �Ch�RF�� In an unpublished
work	 they also extended the result to dimension at most �� More
recently	 A� Seeger �Se� has proved it in any dimension	 again under
the hypothesis � � L logL�Sn���� We remark that the Lp inequality	

 � p � �	 cannot hold without additional assumptions on �	 since
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the Fourier multiplier corresponding to T� need not be bounded �cf�
�St	 Chapter II��� In our result	 we have no additional assumption on
�	 but apply the operator only to radial functions�

Theorem �� Let � � L��Sn��� with
R
Sn��

� d� � �� The operator

T�f is well de�ned for any radial function f � Lp�Rn�� 
 � p ��� in

the sense that the principal value exists for almost every x� Moreover�

when restricted to radial functions� T� is of weak type �
� 
� and bounded

on Lp� 
 � p ��� and so is the maximal singular integral operator

T ��f�x� � sup
����R��

���
Z
��jyj�R

��y�

jyjn f�x� y� dy
��� �

To prove the two�dimensional estimate forM�
� in �S�S	 Theorem ��	

we applied Theorems 
 and � of �S�S�� These two results say that
y��G�y �� � f�x� � L����y dx dy� y � �� for any f � L��R� and suitable
G � L��R�� Our method to prove Theorem 
 in the present paper is
similar� Implicit in our proof is a version of Theorem � of �S�S�	 where
R is replaced by Sn��� We point out that a version with R replaced by
R
n also follows from the arguments below� However	 we leave it to the

interested reader to state it explicitly�
Theorem 
 of this paper is proved in Section �� It is then one of

the tools used to prove Theorem � in Section ��
Finally	 with respect to the notation in this paper	 an integralR b

a
with a � b should be interpreted as �� Further	 C denotes many

di�erent positive �nite constants�

�� Proof of Theorem ��

We write x � R
n as x � r � with r � � and � � Sn��	 and

denote as in �S�S� by A��� �� � A��� x� � ��� 	� the angle between
� � Sn�� and �� Also let s��� �� � max fsinA��� ��� A��� ����g� With
� � g � L��tn�� dt� de�ned on R� 	 we follow �S�S� in de�ning

A�g�x� �



r

Z �

rs�����

g�t�
t dt

�t� � r�s��� �������
�

Consider the operator

Pg�x� �

Z
s������	

����A�g�x� d� �
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where 
 � � will be a small constant� The �rst part of the proof of
�S�S	 Theorem ��	 which is carried out for each n � �	 now shows that
we need only �nd an estimate

P � L�������� tn�� dt� �	 L����Sn�� 
 ������ rn�� d� dr� �

Notice that

A�g�x� � 


r
G�r s��� ��� �

where

G�u� �

Z �

u

g�t�
t��� dt

�t� u����
� u � � �

Essentially as in �S�S	 proof of Theorem ��	 we majorize G by

G � C
�X

��

��
��G
 � C h �

where

���
�

G
�u� � �
u��n
Z ��

��
u

u

g�t� tn�� dt

� C
X
k�Z

Z ����k��
��

��k���
g�t� tn�� dt

� �
�k����n����
	��k�

��
�����k��

��


�u�

and

h�u� �

Z �

u

g�t� dt �

This implies

�����

Pg�x� � C
�X

��

��
��r��
Z
s������	

����G
�r s��� ��� d�

� C r��
Z
s������	

����h�r s��� ��� d�

� C
�X

��

��
��P
g�x� � C Qg�x� �



Rough maximal functions and rough singular integral operators �

the last equality de�ning P
 and Q�
To extend the technique used to control P
 and Q from �S�S�	 we

need analogues of dyadic cubes in Sn��� First	 we divide Sn�� into a ��
nite number of disjoint subsets Es	 s � 
� � � � � s�	 with piecewise smooth
boundaries and of small diameters� In each Es	 we can then introduce
coordinates simply by projecting Es orthogonally onto a hyperplane
of Rn tangent to Es at some point of Es� In this hyperplane	 i�e� in
R
n�� 	 we introduce the ordinary hierarchy of dyadic cubes� Thus for

each j � Z	 we have a partition of Rn�� into cubes of side ��j � Some
of these cubes have images in Es under the inverse projection� These
images will be denoted �Iij�i and called ��j�cubes� This is for j � j�	
some j�� Suitably adapted near �Es	 all these sets will form a hierarchy
of partitions of Es and	 hence	 of S

n���
The conditional expectation at level j	 j � j�	 of a function f �

L��Sn��� is now de�ned by

Ejf�x� � jIij j��
Z
Iij

f � x � Sn�� �

where Iij is that �
�j�cube in Sn�� which contains the given point x�

Now consider Q� The desired estimate

Q � L��tn�� dt� �	 L����rn�� d� dr� �

can be seen as a version of Theorems 
 and � of �S�S�	 where R and Rn 	
respectively	 are replaced by Sn��� Instead of a convolution	 we now
have the integral de�ning Qg in ������ However	 the proof technique
carries over without problems� We can assume that the decreasing
function h has the form h �

P
ak�

	����k�C

� Also	 it is enough to

consider dyadic values of r �cf� the inequality ����� below�� One can
now easily relate Q to the conditional expectation	 essentially as in
�S�S�� The estimates needed for conditional expectation carry over� This
takes care of Q�

To control the operator P 	 we must also estimate the P
 � It is
enough to prove that each P
 maps L��tn�� dt� boundedly into
L����rn�� d� dr�	 with a constant that grows only polynomially in �
This will allow summing in L���� As in the proof of Theorem � in �S�S�	
we let r take only the values r � ��
j	 j � Z	 and prove that

�����

X
j

��
jnjf� � Sn�� � P
g��
�
j�� � �gj

� C �
 � �C



�
kgkL����tn��dt� �
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Here j � j is the area measure of Sn��� This will complete the proof�
To verify �����	 it is enough	 as in �S�S	 proof of Theorem ��	 to sum
in ���
� only over those k of the form k � � �
�� � �	 � � Z	 for each
� � �� � � � � �
�� � 
� For simplicity	 we shall consider only � � �� The
level set in ����� will thus be replaced by the set of those � � Sn�� for
which

�����
���
j

Z
s������	

����
�X

�

Z ��
���

����

�����
g�t� tn�� dt

�

� �
���n���
��
R��j���

��� d� � � �

where Rm��� is the ring

Rm��� � f� � Sn�� � ���
m � s��� �� � ��
����
mg �

Because of the condition s��� �� � 
 in the integral in �����	 we need
only consider m � m� here	 for some m� � �� This means that the sum
in ����� is taken over � � m� � j� Notice that the radius and the width
of Rm��� are approximately ���
m and ��
��
m	 respectively�

Next	 we let the point � move within a ��
����m��cube Ii
����m�
and form

Ri
m �

�
��Ii

�����m�

Rm��� �

This set is contained in a ring of width at most C ��
����m�� Clearly	
Ri
m is covered by those ��
����m��cubes intersecting it� Their number

is at most C ��n���
 � Among these ��
����m��cubes	 we discard those
which are not in the same Es as Ii
����m�� Then we enumerate the

remaining ones as I
��i�q�

����m�	 q � 
� � � � � q� � O���n���
�	 in a coherent

way as i varies� By this we mean that the direction from the midpoint
of Ii
����m� �which is the approximate centre of the ring�like set Ri

m� to

the midpoint of I
��i�q�

����m� should not vary too much with i	 for a �xed

q� It is enough if two such directions never form an angle greater than
	��	 say	 measured in the coordinate system of each Es�

In �����	 we shall now replace R��j��� by I
��i�q�

�������j� when � �

Ii
�������j�	 for a �xed q� More precisely	 this means that the level set
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in ����� is replaced by the union of those Ii
�������j� for which

���
j
Z
����

� X
��m��j

Z ��
���

����

�����
g�t� tn�� dt

�

� �
���n���
��
I
��i�q�

��������j�

��� d� � � �

This version of �����	 call it �����	 implies the theorem	 since we can
sum in q by means of the adding�up lemma in L��� as in �S�S��

The mean value of � in I
��i�q�

�������j� can be seen as an Sn�� version

of the translated conditional expectation from the proof of Theorem �
of �S�S�� In fact	 the arguments used in that proof now carry over and
prove ������ We leave the details to the reader� This ends the proof of
Theorem 
�

�� Proof of Theorem ��

We start with the L� case� Let

T ��R
� f�x� �

Z
��jyj�R

��y�

jyjn f�x� y� dy �

Notice that all the conclusions follow from the weak type estimate for
the maximal operator T ��� Also	 in the de�nition of T ��f�x�	 we need
only take R � 
� jxj � 
� �� This is because in the case R � 
� �	 one
has Z

��jyj�R

��y�

jyj f�x� y� dy � T ����
� f�x�� TR���

� f�x� �

Together with T ��R
� 	 we consider

���
� �T ��R
� f�x� �

Z
j jy�xj�jxj j��

jyj�R

��y�

jyjn f�x� y� dy �

We shall estimate the di�erence between these two operators�

The notation x � � �	 y � r �	 A � A��� �� will be as in Section
�� A radial function f � L� will be written f�x� � g�jxj�	 with g �
L��R� � �

n�� d��� The distance t � jx� yj satis�es
����� t� � �� � r� � � � r cosA �
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Hence	

����� r � � cosA�
q
t� � �� sin�A �

Proposition �� The operator

�T ��f�x� � sup
���

R���jxj

j �T ��R
� f�x�j �

is of weak type �
� 
� when restricted to radial functions�

Proposition �� The operator

D�
�f�x� � sup

���
R���jxj

jT ��R
� f�x�� �T ��R

� f�x�j �

is of weak type �
� 
� when restricted to radial functions�

It is clear that the L� part of Theorem � follows from these two
results�

Proof of Proposition �� In the integral de�ning �T ��R
� f�x�	 we pass

to polar coordinates	 getting

�T ��R
� f�x� �

Z
Sn��

���� d�

Z
j jx�r�j� j��

��r�R

g�jx� r �j�
r

dr �

Next	 we shall transform the inner integral here	 using t � jx� r �j as
a new variable of integration� One has dr � t dt��r � � cosA�� The
correspondence between r and t is not quite one�to�one	 and the sign
in ����� must be chosen correctly� As seen geometrically	 one obtains a
sum of four integrals� Indeed	

�T ��R
� f�x� �

Z
A����

���� d�

Z R���

��

g�t�

� cosA�
p
t� � �� sin�A

� t dtp
t� � �� sin�A
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�

Z
A����

���� d�

Z R���

��

g�t�

� cosA�
p
t� � �� sin�A

� t dtp
t� � �� sin�A

�

Z
A����

���� d�

Z ��

 sinA

g�t�

� cosA�
p
t� � �� sin�A

� t dtp
t� � �� sin�A

�

Z
A����

���� d�

Z ��

 sinA

g�t�

� cosA�
p
t� � �� sin�A

� t dtp
t� � �� sin�A

� I� � I� � I� � I� �

Here Rj��� � �R� ��R� �� for j � 
� ��
The integrand is the same in I� and I�	 and one �nds

I� � I� �

Z
Sn��

���� d�

Z R

��

g�t�

p
t� � �� sin�A� � cosA

t� � ��

� t dtp
t� � �� sin�A

� E �

Here the error E is due to the fact that Rj��� need not equal R	 j � 
� ��
It follows that

jEj �
Z
R��jyj�R�

j��y�j
jyjn jf�x� y�j dy � CM�f�x� �

and Theorem 
 gives the weak type estimate for sup��R jEj� Thus we
have

I� � I� �

Z R

��

g�t�
t

�� � t�
dt

Z
Sn��

����
� cosAp

t� � �� sin�A
d� �E

� J� � E �

where we used the equality
R
���� d� � �� Moreover	

I� � I� �

Z ��

�

g�t�
t

�� � t�
dt

Z
A����

sinA�t�

�����
� cosAp

t� � �� sin�A
d�

� J� �
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That part of J� obtained by integrating only over t � � � is easy to
control	 since its absolute value is at most

C

Z R

�

jg�t�j 

t

�

t
dt k�k� �

It is then enough to observe that

Z �

�

�n�� d�
Z �

�

jg�t�j �
t�
dt � C

Z �

�

jg�t�j tn�� dt �

This takes care of the supremum in R�
That part of J� which corresponds to t � ��� can also be easily

handled� Indeed	 it equals what one gets by restricting the integral
de�ning �T �

�f�x� to the region jy�xj � min f���� �� �g� Since jyj � jxj
in this region	 we can dominate by M�f�x� and apply Theorem 
 to
get the desired weak type estimate�

The remaining integrals are thus

J �� �
Z �

��

g�t�
t

�� � t�
dt

Z
Sn��

����
� cosAp

t� � �� sin�A
d�

and

J �� �
Z ��

��

g�t�
t

�� � t�
dt

Z
A����

sinA�t�

�����
� cosAp

t� � �� sin�A
d� �

Notice that the value for t � � of the inner integral in J �� is

a��� �

Z
Sn��

���� sgn cosAd� �

The corresponding quantity for J �� is

Z
A����

����� d� � a��� �

because of the vanishing mean value of �� Clearly a is a continuous
function on Sn���
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If we replace the inner integrals of J �� and J �� by a���	 the resulting
expressions will add up to

a���

Z
	����
n	�����


g�t�
t

�� � t�
dt �

This integral is a truncation of a smooth principal value singular inte�
gral on R� � By standard methods	 it can be shown to de�ne a weak
type �
	
� operator for the measure tn�� dt� So does the corresponding
maximal singular integral	 de�ned as the supremum in � of the integral�

Since a is a bounded function	 we also get a bounded operator from
L��tn�� dt� into L����Rn��

Thus	 to prove Proposition �	 it only remains to estimate the dif�
ference operators arising when we subtract a��� from the inner integrals
in J �� and J ��� For these operators	 we shall actually derive strong type
estimates�

For the case of J ��	 we write

��� � cosAp
t� � �� sin�A

� sgn cosA
����
���� cosA

� 
p
t� � �� sin�A

� 


� j cosAj
����

� � j cosAj
p
t� � �� sin�A� � j cosAj
� j cosAj

p
t� � �� sin�A

� t� � ��

t� � �� sin�A
�

where we multiplied and divided by the conjugate quantity of the nu�
merator	 to get the last inequality� Our di�erence operator is thus
controlled by

V�g��� �� �

Z �



jg�t�j t dt
Z
Sn��

j����j d�

t� � �� sin�A
�

One �nds

Z
Sn��

V�g��� �� d�

�
Z �



jg�t�j t dt
Z
Sn��

j����j d�
Z
Sn��

d�

t� � �� sin�A
�
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Writing s � t�� � �
� ��	 we see that the innermost integral here is

C���
Z ���

�

sinn�� �d�
s� � sin� �

� C���
Z �

�

un�� dup

� u� �s� � u��

� C���
Z �

�

dup

� u �s� u�

� C���
Z �

�

dvp
v �s� 
 � v�

� C���
�Z s��

�

�

Z �

s��

�

� C���p
s� 


�
C�����p
t� �

�

This impliesZ �

�

�n�� d�
Z
Sn��

V�g��� �� d�

� C

Z �

�

jg�t�j t dt
Z t

t��

�n������
d�p
t� �

k�k�

� C

Z �

�

jg�t�j tn�� dt k�k� �

Since V�g does not depend on �	 this is the desired strong type �
	
�
estimate�

To deal with the di�erence operator coming from J ��	 we observe
that	 almost as in the case of J ��	���

Z
A����

sinA�t�

�����
� cosAp

t� � �� sin�A
d� �

Z
A����

����� d�
���

� �

Z
A����

sinA�t�

j����j �� � t�

� cosA
p
t� � �� sin�A

d�

� �

Z
A����

sinA�t�

j����j d�

� K� �K� �
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With s � t�� � �
��� 
�	 we now get

Z
Sn��

d�

Z ��

��

jg�t�j t

�� � t�
dtK�

� �

Z 

��

jg�t�j t dt ���
Z
Sn��

j����j d�
Z
A����
sinA�s

d�

cosA
p
s� � sin�A

�

Here the innermost integral is

C

Z arcsin s

�

sinn���d�

cos�
p
s� � sin��

� C

Z s

�

un�� du
�
� u��

p
s� � u�

� C

Z s

�

du

�
� u�
p
s� u

� C

Z s

�

du

�
� s� u�
p
u

� Cp

� s

�

This implies
Z �

�

�n�� d�
Z
Sn��

d�

Z 

��

jg�t�j t

�� � t�
dtK�

� C

Z �

�

jg�t�j t dt
Z �t

t

�n��������
d�p
�� t

k�k�

� C

Z �

�

jg�t�j tn�� dt k�k� �

Similarly	

Z
Sn��

d�

Z ��

��

jg�t�j t

�� � t�
dtK�

� �

Z 

��

jg�t�j t

�� � t�
dt

Z
Sn��

j����j d�
Z
A����
sinA�s

d� �

Here the innermost integral is found to be O�
p

� s�� Integrating the

above against �n�� d�	 we get at most

C

Z
jg�t�j tn�� dt k�k� �
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as before� This strong type estimate ends the proof of Proposition ��

Proof of Proposition �� Observe that T ��R
� f�x� � �T ��R

� f�x� is in�
dependent of R� One has

����� D�
�f�x� � sup

���

Z
jyj��

j jx�yj�jxj j��

j��y�j
jyjn jf�x� y�j dy �

We assume that f� g � �� Notice that r � � is equivalent to t � t�	
where

����� t�� � �� � �� � � � � cosA �

One can assume that � � ���	 since otherwise the integral in ����� is
taken over a region where � � jyj � C�� Then the rough maximal
operator of Theorem 
 applies�

As in the preceding proof	 we write the integral in ����� in polar
coordinates and replace the integration in r by integration in t� Again	
we divide the resulting integral into four parts	 though not quite in the
same way as before� For the supremum of each part	 we shall derive a
strong or weak type �
	
� estimate�

Part 
� A � 	��� Then cosA � �	 and t � �� This part of the integral
in ����� is dominated in absolute value by

Z
A����

j����j d�
Z ��

t�

g�t�

� cosA�
p
t� � �� sin�A

t dtp
t� � �� sin�A

�

Z
A����

j����j d�
Z ��

t�

� j cosAj�
p
t� � �� sin�A

t� � ��

� g�t� t dtp
t� � �� sin�A

�����

� �

Z
A����

j����j d�
Z ��

t�

g�t� t dt

t� � ��
�

since here � j cosAj �
p
t� � �� sin�A�

The last inner integral is no larger than

Z ��

t�

g�t�
dt

t� �
�
Z ��



g�t�min
n 


t� �
�




t� � �

o
dt �
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Since the minimum here is decreasing in t for � � t � � � �	 it is
well known that the right hand integral is dominated by the maximal
function of g at � times

Z ��



min
n 


t� �
�




t� � �

o
dt � 
 � log

�

t� � �
�

Instead of the ordinary maximal function Mg���	 we can here use

M�g��� � M�g�
	����


���� �

since � � ���� Because of �����	 we have

log
�

t� � �
� log

� �t� � ��

�� � � � � j cosAj � log



j cosAj �

Altogether	 the expressions in ����� are majorized by

�M�g���

Z
Sn��

j����j
�

 � log




j cosAj
�
d� �

Here the �rst factor is in L�����n�� d�� and the second in L��Sn���
as a function of �	 as shown via Fubinis theorem� A product of this
type belongs to L�����n�� d� d��� Since the product is independent of
�	 this ends Part 
�

Part �� A � 	�� and r � �� cosA���� Since

r � � cosA�
q
t� � �� sin�A �

this implies

�����

q
t� � �� sin�A �




�
� cosA �

We can assume that

�����



�
� cosA � � �
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because otherwise we get nothing� The part of the integral in ����� we
get is

Z
A����

j����j d�
Z t�

��

g�t�

� cosA�
p
t� � �� sin�A

t dtp
t� � �� sin�A

�

Z
A����

j����j d�
Z t�

��

� cosA�
p
t� � �� sin�A

�� � t�
g�t� t dtp

t� � �� sin�A

� C

Z
A����

j����j d�
Z t�

��

g�t� t dt

�� � t�
�

the last step because of ������

We proceed as in Part 
� The logarithm to be estimated is now

log
�

�� t�
� log

� ��� t��

� � � cosA� ��
�

By means of �����	 we get rid of the �� term in the denominator	 and
the logarithm is seen to be dominated by log �
� cosA�� The rest is like
Part 
�

Part �� A � 	�� and �� cosA��� � r � � � cosA� This part of the
integral in ����� is dominated by the rough maximal function M�

�f�x��
We apply Theorem 
�

Part �� A � 	�� and r � � � cosA� Notice that this inequality for r is
equivalent to t � �� We can assume that A � 	��	 because otherwise
��C � r � C� for some C	 and M�

� will apply�

The integral we now get is

Z
����A����

j����jd�
Z ��



g�t�

� cosA�
p
t� � �� sin�A

t dtp
t� � �� sin�A

�
Z
����A����

j����j d�
Z �



g�t� t dt

t� � �� sin�A
�

Notice that the last expression does not contain �� Its integral with
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respect to dx � C�n�� d� d� is

C

Z �

�

�n�� d�
Z
Sn��

d�

Z
����A����

j����j d�
Z �



g�t� t dt

t� � �� sin�A

� C

Z �

�

g�t� t dt

Z
Sn��

j����j d�
Z t

t��

�n�� d�

�
Z
����A����

d�

t� � �� � �� cos�A
�

The innermost integral here is

C

Z ���

���

sinn�� �d�
t� � �� � �� cos� �

� C

Z ��
p
�

�

du

t� � �� � ��u�
� C

�
p
t� � ��

�

It follows that the fourfold integral is no larger than

C

Z
g�t� tn�� dt k�k� �

This ends Part � and the proof of Proposition ��

For the Lp part of Theorem �	 it is clearly enough to prove versions
of Propositions � and � with strong type �p� p� instead of weak type
�
� 
�� This requires only small modi�cations of the proofs just given�
For instance	 in the proof of Proposition � one obtains several strong
type �
� 
� inequalities by integrating various expressions with respect
to �n�� d� d�� For the Lp inequality	 one can instead estimate these
expressions by quantities like

CM�g���

Z
Sn��

j����j
�

 � log




j cosAj
�
d� �

which is in Lp��n�� d� d�� if g � Lp��n�� d� d��� We leave the details
of the rest of the Lp case to the reader�

This ends the proof of Theorem ��
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Elliptic gaussian

random processes

Albert Benassi� St�ephane Ja�ard and Daniel Roux

Abstract� We study the Gaussian random �elds indexed by Rd whose
covariance is de�ned in all generality as the parametrix of an elliptic
pseudo�di�erential operator with minimal regularity asumption on the
symbol� We construct new wavelet bases adapted to these operators�
the decomposition of the �eld on this corresponding basis yields its
iterated logarithm law and its uniform modulus of continuity� We also
characterize the local scalings of the �eld in term of the properties of
the principal symbol of the pseudodi�erential operator� Similar results
are obtained for the Multi�Fractional Brownian Motion�

R�esum�e� Nous �etudions les processus al�eatoires gaussiens X index�es
par Rd tels qu�il existe un op�erateur pseudo�di��erentiel A d�ordre donn�e
admettant pour parametrix la covariance de X�

Nous construisons une base d�ondelettes adapt�ee 	a l�op�erateur A�
La d�ecomposition du processus X sur cette base conduit 	a la loi du
module de continuit�e uniforme et 	a la loi du logarithme it�er�e� Nous car�
act�erisons aussi les propri�et�es d��echelle locales du processus au moyen de
la partie principale du symbole� Nous �etendons ces r�esultats au Mou�

vement Brownien Multi�Fractionnaire qui est associ�e 	a un op�erateur
d�ordre variable�

��



�� A� Benassi� S� Jaffard and D� Roux

�� Introduction and statement of results�

���� Introduction�

Let X
x� be a 
centered real valued� Gaussian Random Process
de�ned on R

d � of covariance R
x� y�  E 
X
x�X
y��� Two isomor�
phic Hilbert spaces are associated with X� the space H de�ned by the
closure of the random variables Z 

P
�iX
ti� for the scalar product


Z jT �  E 
Z T � and the Reproducing Kernel Hilbert Space 
R�K�H�S��
H composed of the functions which can be written


�� fZ
t�  E 
X
t�Z� �

with Z � H� the scalar product in H is


fZ � fY �H  E 
Z Y � �

By Riesz�s representation theorem� we can de�ne a self�adjoint positive
operator A � H � H �� the dual of H by


�� 
f� g�H  hA
f� j gi�H��H� �

where h � j � i�H��H� means the 
H �� H� duality�
Of particular signi�cance is the case where the norm in H is equiv�

alent with the norm of one of the Sobolev spaces Hs or of the homoge�
neous spaces �Hs 
in this last case H is de�ned by additional conditions�
for instance by vanishing conditions at the origin�� We will call Elliptic
Gaussian Random Processes the processes such that

C�kfk��Hs � 
A
f� j f�L� � C�kfk�Hs �

which is an ellipticity asumption on the operator A 
we borrow this
terminology from Guyon ���� where it covers a similar idea�� These
norm estimates imply that the operator is everywhere of order �s� We
will show later that the techniques we introduce allow also to study
the Multifractional Brownian Motion� a case where the order of the
operator is a function of x�

We specify the setting by requiring A to be a pseudodi�erential
operator� and we will make some limited regularity asumptions on its
symbol �
x� ��� Since theoretically all the information on X is contained
in the operator A� we want to investigate in details the correspondence
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between the properties of X and A� Some points are classical� for
instance X has the Markov �eld property if and only if A is di�erential�
X has stationary increments if and only if the symbol �
x� �� does not
depend on x 
the norm in H is then shift�invariant��

In this work� we will mainly study two properties of the process�

�� local self�similarity�

�� regularity of the sample paths� looking for exact constants in
the laws of local and uniform moduli of continuity�

Let us recall that a process X is said to be selfsimilar of order �
at the origin if� for all � � ��


�� Law f���X
� x�� x � R
dg  Law fX
x�� x � Rdg �

For instance� the Fractional Brownian Motion of order � is selfsimilar

of order �� at the origin� Dobrushin in ���� gives a complete charac�
terization of selfsimilar gaussian �elds with stationary increments� and
it follows from ���� that the exact scaling law 
�� can hold only for very
speci�c processes� The renormalisation operators R�

x��r are de�ned by

R�
x���

X
x� 
�

��

X
x� � � x��X
x���

and� by de�nition� a process X is locally asymptotically self�similar


L�A�S�S�� of order � � 
�� �� at x� if R�
x���

X has a non trivial limit in
law when ����

The case �  � requires a di�erent renormalisation formula� see

���� and the corresponding processes will be called locally asymptoti�

cally critical processes 
L�A�C���
Regularity properties for Gaussian processes have been considered

in full generality in ����� In the general case the uniform and local
moduli of continuity are known only up to a multiplicative constant� For
a large class of stationary increments processes Kono in ���� and Marcus
in ���� obtain the exact constants in laws of the moduli� but these cases
do not include in the elliptic setting the critical order s�d	� � N � One
of our purposes is to solve completely this problem 
Theorem ���� in
the general elliptic pseudodi�erential setting�

One of the main ideas behind the results we will describe is that
the local properties of an elliptic gaussian process are contained in the
principal part of the symbol associated with the operator A� Let us
illustrate this idea on a very simple example�
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Let W be the one dimensional Brownian motion issued from ��
The corresponding operator A� is the second derivative� whose sym�
bol ��
x� �� is j�j�� The fact that �� is an homogeneous function of
� independent of x implies that W is selfsimilar of degree �	�� The
Orstein�Uhlenbeck process V is the solution of the stochastic di�eren�
tial equation dV  �q V dt� dW � One easily checks that the R�K�H�S�
of this process is exactly the Sobolev space H� so that the correspond�
ing operator is A  q�Id� 
�	
x� of symbol �
x� ��  j�j� � q�� Since
the modi�cation of the symbol bears on low order terms only� for every
bounded open subset U of R� Law 
V jU � � Law 
W jU � 
the two pro�
cesses restricted to U are locally undistinguishable on one realization��
see ����� This has two more consequences�

�� The Orstein�Uhlenbeck process V will satisfy the following local
scaling property at any point t

lim
����

Law
nV 
t � � u�� V 
t�

����
� u � R

o
 LawW �

and we observe that the symbol of the �asymptotic process� is the
�principal part� of ��

�� The uniform modulus of continuity and the iterated logarithm
law 
the local modulus of continuity� of V and W are the same�

���� The Model�

In this paper we consider triples 
A�HA� XA� constituted by

	 An elliptic symetric positive pseudodi�erential operator A de�
rived from a symbol � � Rd 
 R

d � R by the usual formula


�� 
Af�
x� 
�


���d��

Z
eix��
x� �� �f
�� d� �

where �f is the Fourier transform of f � We will use the notation A 
Op
���

	 A Hilbert space HA whose scalar product is given by the gener�
alized Dirichlet form

A
f� g� 

Z
A
f�
x� �g
x� dx �
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de�ned at least for f� g � D� with D  D
Rd��

	 A gaussian centered process XA with HA as Reproducing Kernel
Hilbert Space 
R�K�H�S��� see ����� The covariance function r of XA

r
x� y�  E 
XA
x�XA
y�� �

is the kernel of A�� 
de�ned on appropriate spaces� and a parametrix
of the operator A�

Let us now de�ne a class of symbols and state some precise asump�
tions for the symbols � we use�

De�nition ���� A symbol � de�ned on R
d 
 R

dnf�g belongs to Smn �

m � R� n � N if�

�� for any multi�index s with length jsj  s� � � � �� sd � n� exists
Cs such that


�� j
s��
x� ��j � Cs 
� � j�j�m�jsj � for � � � �

�� there exists � � �� � � such that


�� j�
x� ��� �
y� ��j � C 
� � j�j�m���jx� yj� �

Note that these properties are not the minimal asumptions which
imply continuity of the operator between Sobolev spaces 
see ���� for
such conditions�� But they are the minimal regularity asumptions im�
plying that the symbol behaves �locally as if it were constant in x at
high frequencies�� a fact we will need to characterize the local scaling
properties of the process X�

Hypothesis HA 
m� �� Let m � � and  � �� A  Op 
�� satis�es
hypothesis HA 
m� � if

	 � � Sm��	�d�� �

	 there exists c � � such that

c j�jm � �
x� �� �

	 There exist C� and C� � � such that

C�

Z
j�jm j �f
��j� d� � 
A
f� j f�L� � C�

Z

� � j�j�m j �f
��j� d� �
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Remarks� a� The last inequalities can be rewritten as

C�kfk��Hm�� � 
A
f� j f�L� � C�kfk�Hm�� �

b� The hypothesis HA 
m� � is related to the existence of a dual
process for X 
see ���� or ������

Hypothesis HAS 
m� �� We say HAS 
m� � is satis�ed when there
exists c � �� such that

c 
� � j�jm� � �
x� �� � if � � �

and

A
f� j f�L�  kfk�Hm�� �

The model under Hypothesis HAS 
m� � when m � d� Let us
suppose m � d and HAS 
m� � holds for the symbol �� Let HA 
clA
D�� the closure of D  D
Rd� with respect to the inner product A�
Then Hm�� � HA � L� � H �

A and A�� � H �
A � HA can be written

using the kernel theorem as

A��f
x� 

Z
r
x� y� f
y� dy �

with r a continuous kernel on 
Rd��� As r is symetric and of positive
type we know 
see ����� that there exists a centered gaussian process
XA with covariance function r� The triple 
A�HA� XA� satis�es the
conditions we ask for our model�

The model under Hypothesis HA 
m� � when m � d� Let us now
suppose only HA 
m� � holds� As the operator A may be non�inversible�
a de�nition of HA requires more care� In ��� Bourdaud gives a dilation
invariant realization of the homogeneous Sobolev space �Hm��� Similar
ideas will be used here� Let us start with the case that turns out to be
the most important for us� for it leads to processes which are limits in
law of local renormalisations�

Suppose that m � d  � 
l � �� � � with l an integer and � �

�� ��� Let �
��  j�jmS�
�	j�j�� A  Op 
��� where the function S is
continuous on the unit sphere of Rd and takes only positive values� In
this case we set H  clA
D�� with

D� 
n
� � D � D	�
��  �� if j�j � m� d

�

o
�
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Let W be a gaussian white noise on Rd� The gaussian process Xx is
de�ned by


�� Xx 

Z
expl
i x �� ��
��

d �W 
��p
�
��

�

where expl
y�  ey �P��k�l y
k	k � For every � � L� let

f

x� 

Z
expl
i x �� ��
��

d�p
�
��

�

The following result shows that 
A�H�X� full�lls our conditions�

Lemma ���� The symbol � satis�es HA 
m� �� The Hilbert space H
is the R�K�H�S� of the gaussian process X and we have

H  ff
 � � � L�g �
��

A
f
� � f
��  
�� j���L� �
���

As this lemma can be deduced from results of ���� we only sketch the
proof� It is easy to check that ff
� � � L�g is a Hilbert space with A as
inner product and that 
��� holds� We can also notice that for � � D�

A
f
� ��  

p
� �f
 j

p
� ���L�  
 �� j p� ���L� �

Therefore if A
f
� ��  �� for all � � D�� we get ��  �� and then
f
  �� This shows that D� is dense in H and thus 
�� holds� It
remains to prove that H is the R�K�H�S� of X� i�e� for all x we have

f

x�  A
Kx� f
� �

where Kx
y�  E 
XxXy� is the covariance function of the process X�
Since Kx
y�  fkx � where

�kx
�� 
expl
�i x ��
j�jm��S
�	j�j� �

thus

A
Kx� f
� 
�

��
��� expl
�i x ��
j�jm��S
�	j�j�

�
L�

 f

x� �



�� A� Benassi� S� Jaffard and D� Roux

Remarks� When S
�� � � and l  �� X is the d�dimensional Fractional
Brownian motion of order ��

If �  �� the integral 
�� does not de�ne a process any longer 
to
study this case� we would have to split the integral�� This is coher�

ent with the facts that in this case �H l���d�� has no dilation invariant
realization 
see ���� and that a di�erent normalization is required for
Elliptic Gaussian Processes of critical order � l � d 
l � N� to have a
local asymptotic scaling law�

Finally one should notice that other spaces HA can be associated
with a single operator A  Op 
��� But the associated processes are lo�
cally the same� For example if Hypothesis HAS 
m� � holds� de�ne HA


respectively HA��� equal to clA
D� 
respectively clA
D��� and denote
by XA� XA�� the associated processes� For any open bounded subset
U � Rdnf�g it is easy to see 
think of the brownian motion and bridge�
that the laws of the restricted processes are equivalent� that is


��� Law 
XA��jU � � Law 
XAjU � �

Convention� From now on we suppose the triple 
A�HA� XA� is given
and satis�es the conditions of our model and� unless otherwise speci�ed�
Hypothesis HA 
m� ��

��	� Outline of the method�

The method we will use in order to obtain the modulus of continu�
ity and the local scaling laws of the elliptic processes is the following�

a� For an operator A satisfying HAS 
m� � we will construct in
Section � an orthonormal wavelet basis !� of HA indexed by the dyadic
cubes� and such that each !� is localized near the corresponding dyadic
cube 
precise localization estimates are stated in Theorem ��� of Section
����� Using the canonical isomorphism between H and HA we get


��� XA
x� 
X
�

��!� �

where the �� are independant normalized centered Gaussian� In Section
�� the local properties of the process XA will be deduced from this
decomposition�
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b� In the general case HA 
m� � we will perform a modi�cation
of the symbol at low frequencies in order to obtain a new process for
which the stronger asumption HAS 
m� � holds� and such that the two
processes have the same local properties� This will be true because low
frequency modi�cations do not alter such properties as local regularity
or asymptotic scaling� Let us state the modi�cation and prove this
result� Let g be a nonnegative function in D
Rn� such that supp 
g� �
B
�� ��� and


��� g
��  � � if j�j � � �

Let G be the operator of convolution with �g and set


��� Ag  
Id�G�A 
Id�G� � G �

Clearly� if A is selfadjoint positive� so is Ag� XA� XAg
will denote the

associated gaussian elliptic processes�

Proposition ���� The operator Ag satis�es HAS 
m� � and for any

bounded open subset U of Rd such that � �� U

Law 
XAjU � � Law 
XAg
jU � �

Proof of Proposition ���� The symbol �g of Ag is given by

�g
x� ��  g
�� � 
�� g
�����
x� �� � r
x� �� �

with r
x� �� a regularizing kernel� It is easy to check that �g ful�lls the
conditions of HA 
m� ��

C�

Z
j�j�sj �f
��j� d� � 
A
f� j f�L� � C�

Z

� � j�j�s�j �f
��j� d� �

The conditions for HAS 
m� � are satis�ed because


Ag
f� j f�L�  k
Id�G�fk��Hs � 
G
f� j f�L�


Z


�� g
��� j�j�sj �f
��j� d� �

Z
g
�� j �f
��j� d�


Z


� � j�j��sj �f
��j� d� �
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Using 
��� we can assume that the processes are starting from �� i�e�
the related R�K�H�S� are the closure of D� for A and Ag� The local
equivalence result follows from ���� Theorem ���� if we check that

i� CU 
x� y� � A��jU�U 
x� y��A��g jU�U 
x� y� � H��
Ag


U 
 U��

ii� �� is not an eigenvalue of CU � HAg
� HAg

�

Let us consider the operator B


�"� B � A� Ag  GAG�AG�GA� G �

As the function g belongs to D
Rd � we know that B is a regularizing
operator�

A�� � A��g  A��g 

I � BA��g ��� � I�

and

I � BA��g ��� 

X
n��


���n
BA��g �n �

Now if we consider the restrictions to open bounded U which are small
enough� the last series converges and the operator A�� � A��g is of
Hilbert�Schmidt type with a spectral radius less than �� so that condi�
tion ii� is satis�ed�

For the �rst condition� it is su#cient to show that


�$�m�

x 
�$�m�


y C
x� y� � L�
loc
R

d � R
d� �

But� as before


�$�m�

x 
�$�m�


y C
x� y�


X
n��


���n
�$�m�

x A��g 
BA��g �n
�$�m�


x 
x� y� �

which converges in L�
U 
 U� for U small enough� since A��g is an
operator of order �m and B is regularizing�

Finally we obtain the equivalence of laws for every bounded open
subset U of Rdnf�g� by decomposing U in a �nite number of small
enough open subsets�
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��
� Wavelets and pseudodi�erential operators�

We will construct a wavelet basis associated with an operator Ag

satisfying HAS 
m� �� We obtain this basis by applying Ag
���� on the

�Littlewood�Paley� orthonormal wavelet basis of L� de�ned by Lemari�e
and Meyer 
see ������ Let us recall some properties of this basis�

��
��� The �Littlewood�Paley wavelet basis�

There exists � and ��l�� l � L � f�� �gdnf
�� � � � � ��g� such that �� is

C� and supported in the domain j�j � ��	�� ���l� are C� with support
included in the domain ��	� � j�j � ��	�� the following translations
and dilations of these functions

�k
x�  �
x� k� � k � Zd �
�
�l�
j�k
x�  �dj����l�
�jx� k� � j � N � k � Zd� l � L �

are an orthonormal basis of L�
Rd � 
notice that the family f��l�
j�k � j �

Z� k � Zd� l � Lg is also an orthonormal basis of L�
Rd ���

In order to simplify the notations� let �
���������
��k � �k� k � Zd and

�� � �
�l�
j�k� �  
j� k� l� � Z
 Z

d 
 L � f�g 
 Z
d 
 f
�� � � � � ��g �

For a given �  
j� k� l�� the integer j will be often referred to as j��
and called the scale of �� By abuse� � will often be identi�ed with the
dyadic point %�  k ��j � l ��j�� and the corresponding dyadic cube
c�  %� � ��� ��d ��j��� Let & be the set of ��s such that j � �� and &
for the whole set 
j � Z��

The correlation 
or Gram� matrix of a 
S
Rd � � S �
Rd�� continu�
ous operator A is


��� MA
�� ���  
A
��� j����L� � �� �� � & �
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��
��� Wavelet orthonormal basis associated with a pseudo�

di�erential operator�

Let us de�ne


��� !�  A����g 
��� � � � & �

We can restate the norm equivalence of Proposition ��� as follows�

A
����
g is of the form DMD with M bounded on l� and D
�� ��� 

��jm������� � The important result that we will prove at the beginning
of Part � is decay of the entries of M � we will show that this matrix
is �almost diagonal� 
in a sense that will be made precise in De�nition
����� This will easily imply that the !� have the following �wavelet�like�
decay properties and have an �asymptotic behavior� for large j�s�

Theorem ���� Let m�  � �� suppose that Hypothesis HA 
m� � holds
and that Ag satis�es HAS 
m� �� The f!�g�	� de�ned by 
��� form an

orthonormal basis of HAg
with the following smoothness and localization

properties�

If jsj � �m	���


��� j
s!�
x�j � C� �j�d���jsj�m���


� � �j jx� �j�d�� �

If jsj  �m	���


��� j
s!�
x�� 
s!�
y�j � C� jx� yjm���jsj �jd��


� � �jjx� �j�d�� �

If �m	�� � jsj � � � m	���


��� j
s!�
x�j � C� �j�d���jsj�m���


� � �j jx� �j�d���m���jsj �

If jsj  � � m	���


��� j
s!�
x�� 
s!�
y�j � C� jx� yj��m���jsj �jd��


� � �j jx� �j�d �

The following theorem which describes the asymptotic behaviour
of the wavelets when j � �� shows that in this limit the wavelets are
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the same as wavelets associated with a Selfsimilar Gaussian Process�
thus it will allow us to derive the local scaling properties of the process
X�

Theorem ���� The hypotheses are the same as in Theorem ���� Let


g�� be de�ned by its Fourier transform as follows

�g�
��  
�
�� ������� ���
�� �

Then for all �� there exists J such that� for s � m	� and j � J

j
sg�
x�� 
s!�
x�j � � ��d���jsj�m���j


� � �jjx� �j�d�� �

������ Remarks� Let us now give a few remarks concerning the kind
of symbols we consider here and the wavelets we use� First we used
nonnegative scales 
j � �� for the following reason� If we used all the

�
�l�
j�k even for negative and arbitrary large j 
and no �k� we would not

be able to decompose symbols that depend on x 
and then in Part ��
to analyse stochastic processes that have nonstationary increments�� In
fact when the symbol depends on x and thus presents oscillation at 
say�
scale ��j� � its action on a wavelet indexed by �j � �j� does not give
a �vaguelette� at scale ��j � the function we obtain oscillates too much�

Thus the matrix of A in a basis composed of all the �
�l�
j�k 
including

negative and arbitrary large j� would not be �almost diagonal��
On the other hand� since we have to use the �
x� k� we may not

allow the symbol to vanish or to have a pole at �� otherwise it would
introduce a singularity at ��

���� Regularity of the Elliptic Gaussian Processes�

In this part m � d� 
l� �� � N
��� �� is de�ned by


���
m� d

�
 l � � �

Before giving the uniform modulus and the iterated logarithm law of
the processes XA� let us start with a �global� regularity result which
is a straightforward consequence of the wavelet decomposition of XAg

�
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under hypothesis HA 
m� � for A� Let us recall that a function f
belongs to the Besov space Bs

p�q if

jf js�p�q � kfkLp �
X
jrj��s	

j
rf j	�p�q �� �

where

�p
g� t�  sup
jyj�t

k
g
 � � y�� g
 � ��kLp �

�  s� �s� �

jgjq	�p�q 

Z �

�

��p
g� t�
t	

�q dt
t
�

with the usual modi�cation when q  �� Let us also recall that Sobolev
and H'older spaces are given by Hs  Bs

��� and Cs  Bs
����

������ Regularity of the process XAg
�

Proposition ���� If the symbol � satis�es HA 
m� �� then�

i� for each ! � HAg
� Ag
XAg

�!� is a well de�ned random variables

of law N 
�� k!kAg
��

ii� for each bounded open set U � R
d �

XAg

x� 

X
�	�

!�
x�Ag
XAg
�!�� �

with uniform convergence of the serie and its derivatives up to order l
on U �

iii� The above series converges locally in Bs
p�q when s � l � � P

almost surely�

In dimension d  � and for the fractionnal brownian motion of
order �� assertion ii� of this proposition is proved in ����� Note that
Besov spaces have also been used by D� Donoho and his collaborators

see ����� as a particularly convenient setting for wavelet based methods
in statistics�
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������ Laws of uniform and local moduli of continuity�

Let us de�ne di�s
x� y� 

x� y� � Rd 
 R
d � i  �� �� by

d���s
x� y�  E �

sXA
x�� 
sXA
y���� �
���

d���s
x� y�  E

h�

sXA
x�� � 
sXA

�x � y

�

�
� 
sXA
y�

��i
�
���

Recall that m� d  � 
l � ��� l � N � � � � � �� For any multi�index s
of lenght jsj  l we de�ne�

�� when �  ��


�"� c��s
y�  lim sup
x�y

d��s
x� y�

jx� yj

and


��� c��s
y�  lim sup
x�y

d��s
x� y�

jx� yjplog 
jx� yj��� �

�� When � � ��


��� c��s
y�  lim sup
x�y

d��s
x� y�

jx� yj� �

Lemma ���� Under the hypothesis HA 
m� � and if jsj  l� the func�

tions c��s� c��s belong to C��������
Rd ��

Let us now set� when D is a bounded open subset of Rd �

ci�s�D  sup
y	D

ci�s
y� �

We can express the main result of this paragraph� where we use the
notation� for r small enough

L
r�  log
��

r

�
� Lk
r�  log � � � � � log

��

r

�
� k times �
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Theorem ��	� Under the hypothesis HA 
m� �� if m � d� s � N
d �

jsj  l�

i� law of the uniform modulus�

	 when � � ��


��� lim sup
x�y	D�jx�yj��

j
sXA
x�� 
sXA
y�j
jx� yj�pL
jx� yj��� 

p
� d c��s�D �

P almost everywhere�

	 when �  ��


��� lim sup
x�y	D�jx�yj��

���
sXA
x�� � 
sXA

�x � y

�

�
� 
sXA
y�

���
jx� yjpL
jx� yj���


p

� d c��s�D �

P almost everywhere�

	 and


��� lim sup
x�y	D�jx�yj��

j
sXA
x�� 
sXA
y�j
jx� yjL
jx� yj��� 

p
� d c��s�D �

P almost everywhere�

ii� Law of the iterated logarithm�

	 when � � �� for all y � Rd �


��� lim sup
x�y

j
sXA
x�� 
sXA
y�j
jx� yj�pL�
jx� yj��� 

p
� c��s
y� �

P almost everywhere�

	 when �  �� for all y � Rd �


��� lim sup
x�y

j
sXA
x�� 
sXA
y�j
jx� yjpL
jx� yj���pL
jx� yj��� 

p
� c��s
y� �

P almost everywhere�
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Note that the law of the iterated logarithm may be used to identify
the �principal part� of the symbol� when it exists� If we assume that


��� �
x� ��  ax

� �

j�j
�
j�jm � o 
j�jm� �

we will obtain later� see 
���� in the case � � �� the very explicit formula


��� c���s
y�  sup
jvj��

Z
Rd

�
sin�
v �	��

j�jd��� ay
�	j�j� d� �


��� shows the precise relationship between the �principal part� of the
symbol � and the exact local modulus of continuity of the process X�

Theorem ��� is proved in Section �� The main idea is �rst to get the
results for the modi�ed process XAg

� using its wavelet decomposition

see Theorem ���� and then to transfer the regularity properties of XAg

to XA� as a consequence of Proposition ����

������ Remarks� When comparing 
��� with 
���� or 
��� with 
����
or 
��� with 
��� it appears that the case �  � is critical� In fact this
goes back to formula 
��� which for �  �� jsj  l gives


s!�
x�� 
s!�
y� � C� jx� yj � jx� yj � � �

with C� independent of the scale j of �� Assuming !� is supported by
the dyadic cube c�� with center � and sidelenght ��j � we would have
when l  �� �  �� jy � xj � ��n


�"�
j
sX
x�� 
sX
y�j

jx� yj � C
X

�	�
E�j��n
�fc��x�g �� �


��� and 
�"� will be obtained by studying large deviations for sums of
normal random variable indexed by a tree in Section ��

On the other hand� formula 
��� implies that in the case � � � the
uniform and local moduli can be studied with sums restricted to the
scales j near log�
jx� yj�� so that the proofs of 
��� and 
��� are close
to the proofs of ����
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����
� Comparison with known results�

When the symbol � is a function of � only� and m � d the process
XA has stationary increments� Let us then de�ne �
h� near the origin
by


��� �
jx� yj�  ds
x� y� �

Kono in ���� assumes that �� is concave and increasing near �� Formula

��� shows that� even in the stationary case� none of these two condi�
tions needs to be satis�ed� In dimension �� Marcus ���� Theorem ����
obtains the modulus of continuity under wider asumptions than Kono�
which however do not include the critical case �  � that we consider�

The results of Lemma ��� imply the hypotheses of Theorem ����
in ��"� which asserts the existence of a bounded random variable K
��
such that if � � �

j
sXA
x�� 
sXA
y�j � K
�� jx� yj� log
� �

jx� yj
����

�

P almost surely� and when �  �

j
sXA
x�� 
sXA
y�j � K
�� jx� yj log
� �

jx� yj
�
�

P almost surely� which is clearly less accurate than Theorem ��� in the
elliptic context� If A 

Qd
i��
�$ � c�i �� the results of Proposition ���

are proved in ���� If A is di�erential with C� coe#cients� it is proved
in ��� that

P 
XA � H l�d��
loc �  � � for all � � � �

���� Local scaling properties of Elliptic Gaussian Processes�

In this paragraph� we suppose that the symbol � satis�es HA

m� �� We show that the process XA satis�es some local scaling prop�
erty when its symbol � admits a �principal part� 
which is positively
homogeneous��

We will distinguish the two cases � � � and �  � 
l and � are
de�ned by 
�����
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De�nition ���� Suppose that � � � � �� The E�G�P� XA is Asymp�

totically Self Similar 
L�A�S�S�� of order 
�� l� if


��� lim
����

Law
n 
�$�l��XA
x � � u�� 
�$�l��XA
x�

��
� u � Rd

o
�

exists for every x and is not trivial� XA is Weakly Asymptotically

Self Similar 
W�L�A�S�S�� of order 
�� l� if for every x� we can �nd a

sequence 
�n� �� �� such that


�$�l��XA
x � �nu�� 
�$�l��XA
x�

��n
� u � Rd �

converges in law to a non trivial limit�

When m  d � ��� � � � � � 
l  �� the following theorem
characterizes the L�A�S�S� property� The general case is similar� after l
di�erentiations�

Theorem ��
� If the symbol � satis�es HA 
d� ��� � for � � � � ��
the following assertions are equivalent�

i� XA is a L�A�S�S� of order 
�� ���

ii� For all x� � Rd �


��� lim
���

�
x�� � ��

�d���
 �x�
�� �

exists� � is an 
d�����homogeneous non trivial symbol and � � Sd���
��� �

iii� For all x� � Rd �

lim
h���

E

h 
XA
x� � hu��XA
x���
�

h��

i
 c�x�
u� �

exists and the function cx� is an ��homogeneous non trivial function�

We now consider the critical case �  ��

De�nition ��	� Suppose that �  �� The E�G�P� XA belongs to the

weakly Locally Critical 
W�L�C�� class of order l if for every x� we can
�nd a sequence 
�n� which goes to �� such that


�$�l��XA
x � �nu�� 
�$�l��XA
x�

�n
p

log
�	�n�
� u � Rd �
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converges in law to the process f
G� u�� u � R
dg with G a gaussian

random variable on R
d � It belongs to the Locally Critical 
L�C�� class

of order 
�� l� if for every x there exists G a gaussian random variable

on R
d such that


���
lim
����

Law
n 
�$�l��XA
x � � u�� 
�$�l��XA
x�

�
p

log
�	��
� u � Rd

o
 Law f
G� u�� u � Rdg �

for every x�

The following theorem gives a characterization of the Locally Crit�
ical class�

Theorem ���� If the symbol � satis�es HA 
d � �� �� the following

assertions are equivalent�

i� XA is Locally Critical of order ��

ii� For all x� � Rd �


��� lim
���

�
x�� � ��

�d��
 �x�
�� �

exists and �x� is an 
d� ���homogeneous and non trivial symbol which

belongs to Sd��
��� �

iii� For all x� � Rd

lim
h���

E

h 
XA
x � hu��XA
x���

h� log
�	h�

i
 c�x�
u� �

exists and the function cx� is an ��homogeneous non trivial function�

Condition 
��� or 
��� means that the symbol has the following
asymptotic behavior

�
x� ��  h
x�F
� �

j�j
�
j�jm � o 
j�jm� �

it excludes symbols which have some slow oscillations at high frequen�
cies like

�
x� ��  j�jm
� � sin�
log
� � j�j���� �
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such symbols give rise to processes which belongs only to the above
weak classes� More precisely� let us consider a symbol � such that


��� �
��  ��
�� f
�� �

where the symbol �� is supposed to satisfy one of the equivalent condi�
tions of Theorem ���� Let X� be the gaussian process associated to ���
wich belongs to the L�A�S�S� class of order 
�� ���

Proposition ��	� Let f be an even and C� function on Rd such that

the operator of symbol �	f is positive de�nite� �	f belongs to L�
loc and�

for all s � Nd there exists Cs � � such that

j
sf
��j � Cs
� � j�j��jsj �

The gaussian process associated with � in 
��� belongs to the W�L�A�
S�S� class of order 
�� ��� Moreover X belongs to the L�A�S�S� class of
order 
�� �� if and only if limj�j�� f
�� exists and does not vanish�

The proofs of the local scaling properties are given in Part "�

���� Complements�

We now consider two interesting cases that do not �t strictly speak�
ing in the framework of Elliptic Gaussian Random Fields 
E�G�R�F���
but can nonetheless be studied by the methods introduced in this pa�
per� First we will consider the Generalized Gaussian Processes where
the order of A is less than d	�� in that case the corresponding process
is no more a function but a distribution� The second one is a Fractional

Brownian motion of nonconstant order that we will de�ne in 
���� It
will not be an E�G�R�F� but we will see that there is also a wavelet
basis �adapted� to this process so that the technique we developed will
immediately yield its regularity and scaling properties�

������ Extension to Generalized Gaussian Processes�

For the sake of simplicity we will consider only two cases which
are important in applications� the ��	f noise� which is used in signal
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analysis 
see ����� and the �free �eld� which is used in quantum �eld
theory 
see ��� and �����

We consider in dimension � the operator A  
�$����� the process
XA is no longer a random function� but a random distribution� i�e� a
Generalized Gaussian Process 
G�G�P�� which is called the �	f noise

see ������ because of its spectral function�

Let now d � �� q � R
� and A  �$ � q�� The process associated

with A is by de�nition the free �eld of mass q�
In both situations� let us de�ne a �truncated process� as follows

Xn
x� 
X

��E�j��n
!�
x� �� �

with E  
�� ��d�

Theorem ���� For every d � N� there exists Cd � � such that�

�� if d  � or ��

lim sup
n��

�

n
sup
x	E

jXn
x�j  Cd � P almost everywhere �

�� if d � ��

lim sup
n��

r
��n�d���

n
sup
x	E

jXn
x�j  Cd � P almost everywhere�

This result� which will be proved in Section "� shows the rate of
divergence in the space of bounded functions of the processes Xn which
are approximations of X in the distribution sense� If d  � � we see
that Xn diverges very slowly� This shows why the fact that X is not a
function but a distribution is hard to detect on numerical simulations�
see ����� In �eld theory ��� the di#culties of the renormalization increase
with d 
If d  �� jXnj� diverges like

p
n �n�� which shows one of the

reasons of the di#culty of P!
 theory�� We must also mention the
connected work ��� where the renormalisation of sums like

Xn
x� 
X
j��n

��
x� �� �j�jd�� �

is studied when the �� are Rademacher or Gaussian random variables
��� and ��
x� is the indicatrix function of a dyadic cell ��
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������ Multifractional Brownian Motion�

Let us state the de�nition we adopt for the Multifractional Brow�

nian Motion which extends 
���

De�nition ��
� Let a � Cr
Rd � 
�� ��� for some r � sup a
x� and W
a white noise� The Multifractional Brownian motion of order a
x� is

de�ned by


��� Ba
x� 

Z
eix� � �

j�ja�x��d�� d
�W 
�� �

The function C � Rd � R de�ned by

C�
x� 

Z
�� cos�
x ��

j�jd��a�x�
d� �

belongs to Cr
Rd � and

E 
jBa
x � h�� Ba
x�j��  C�
x� jhj�a�x� � o
h� �

In order to obtain a wavelet decomposition of Ba� one uses the follow�
ing decomposition of the white noise on the Fourier transforms of the
Littlewood�Paley wavelet basis

dW 
�� 
X

�� ���
�� d� �

where the �� are i�i�d� standard gaussian� if


��� ��
x� 

Z
eix� � �

j�ja�x��d��
���
�� d� �

then


��� Ba
x� 
X

�� ��
x�

and the following result will be a consequence of �vaguelettes� decay
estimates for the ��� In this part we de�ne aE  infx	E a
x�� CE 
supx	a���aE�
E C
x�� when E is a bounded open set�
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Theorem ���� Let E be an open bounded set� The Multifractional

Brownian motion Ba satis�es the following law of the uniform modulus

of continuity


�"� lim sup
x�y	E�jx�yj��

jBa
x�� Ba
y�j
jx� yjaEplog 
�	jx� yj�  CE

p
� d �

P almost everywhere� and the law of the iterated logarithm� for all y �
R
d


��� lim sup
x�y

jBa
x�� Ba
y�j
jx� yja�y�plog log 
�	jx� yj� 

p
� C
x� �

P almost everywhere� Furthermore� Ba is Asymptotically Self Similar

of order a
x�� at x�� i�e�


��� lim
����

Law
nB
x� � � u�� B
x��

�a�x��
� u � Rd

o
 Law fBa�x��g �

The reader can check that the same analysis would work after
introducing in 
��� a directional dependancy S
���

�� Wavelets and Elliptic Operators�

In this part we will construct the wavelet basis of HA and prove
Theorems ��� and ��� under regularity hypotheses on the symbol �� We
will also prove the equivalence in law stated in Proposition ���� This
opens the way to Theorem ��� 
proved in Section �� which gives the
uniform and local moduli of continuity of the process�

���� Wavelet matrices of pseudodi�erential elliptic operators�

The basic idea here is not to work directly on the operator itself
but rather on the in�nite matrix of its coe#cients on a wavelet basis�
We will show that the matrices of the pseudodi�erential operators we
consider and of their inverses are of the form DMD where D is a
diagonal matrix in a wavelet basis whereas M and M�� are �almost
diagonal� in the following sense 
see ������



Elliptic gaussian random processes ��

De�nition ���� �� A matrix M
�� ��� belongs to the algebra M� if

jM
�� ���j � C ��
�� ��� �

where

��
�� ��� 
���d�����jj�j

�j


� � jj � j�j��
� � �inf�j�j��j�� ��j�d�� �

�� A matrix M
�� ��� belongs to M��m 
m � R� if M  DMD
with M � M�

and D
�� ���  �jm�� ����� �

For operators� we have the corresponding classes�

De�nition ���� An operator A belongs to OP 
M��m� if its matrix

M����  hA
��� j���i in the �Littlewood�Paley� wavelet basis belongs

to M��m�

The following Proposition shows that the class of symbols consid�
ered here is related to the class of matrices just de�ned� Therefore
let


��� �
m� � � min
n

�� � ��
m

�

o
�

Proposition ���� If the symbol � satis�es HA 
m� �� then A �
OP 
M�m�� for all � � �
m� ��

The following theorem asserts a kind of symbolic calculus for the
operators we consider�

Theorem ���� If A satis�es HAS 
m� �� A�� belongs to OP 
M��m��
for all � � �
m� ��

We now prove Proposition ���� Let r  �� � d � �� �  �
m� ��
We know that � belongs to Smr � Denote by M���� the entries of MA�
the matrix of A in 
���j���� Since A is self�adjoint� we consider only
the case j� � j�

M���� 

ZZ
�
x� �� eix� ���
�����
x� dx d�

 �d�j
��j���

ZZ
�
x� �� ei�x���� ���l�

� �

�j

�
��l��
�j

�

x� k�� dx d�
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and thus


���
M����  ��d�j

��j���
ZZ

�
� x

�j�
� ��� �j�

�
� ei�x��j

�

�������j� ���l� 
����l��
x� dx d� �

Since the functions ��l� have fast decay� there exists a K � � such that�
for all l � f�� �gd and � � �	��


"��

Z
jxj����d

j��l�
x�j dx � K��r �

We distinguish two more cases�

Case �� l� � � and �j j�� ��j � �	��
The function F 
�� ��� x� ��  �
x � ��� �� ei�x��

����� satis�es esti�
mates 
�� and 
��� Thus� since ��l�� has a vanishing integral

M����  ��d�j
��j���

ZZ
F 
�� ��� ��j

�

x� �j�� ���l�
����l��
x� dx d�

 ��d�j
��j���

ZZ

F 
�� ��� ��j

�

x� �j��� F 
�� ��� �� �j���

� ���l�
����l��
x� dx d� �

so that

jM���� j � C� ��d�j
��j���

�
ZZ

j��j�xj�
� � �j j�j�m��j ���l�
��j j��l��
x�j dx d�

� C� ���d�����m����j��j��mj���mj���

� C� ��m���
�� �
���

Case �� �j j�� ��j � �	��
Let

J � ��d�j
��j���

ZZ
jxj����d

�
� x

�j�
� ��� �j�

�
ei�x��

j��������j�

� ���l�
����l��
x� dx d� �
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Using 
"�� and hypothesis HA 
m� �� we have

jJ j � C ��d�j
��j�

ZZ
jxj����d


� � �j j�j�mj ���l�
��j j��l��
x�j dx d�

� C
 ��d�j
��j����mj ��r

if � � �	�� With �  �j
� j�� � �j we obtain

jJ j � C

��d�j

��j����mj

�rj� j�� � �jr  C
 �m�j�j���� ���d���m���r��j��j�


�jj�� � �j�r �

The result will be achieved if we get a similar bound for

%M����  ��d�j
��j���

ZZ
jxj��j� j����j��d

�
� x

�j�
� ��� �j�

�
ei�x��

j��������j�

� ���l�
����l��
x� dx d� �

In fact there exists a coordinate direction� say the kth one� such that

j��k � �kj � �

d
j�� � �j �

Integrating by parts r times in the direction k� we get

%M����  ��d�j
��j���

�
ZZ

jxj��j� j����j��d

ei�x��
j��������j��

i �j
� xk

�j�
� ��k � �k

��r
� 
r�k

�
�
� x

�j�
���� �j�

�
���l�
��

�
��l��
x� dx d� �

In the domain of integration� jxk	�j
�

� ��k � �kj � j
� � ���	
�d�j so
that

j %M���� j � C�
��d�j

��j���


�j j�� ��j�r

�
ZZ ���
r�k��� x

�j�
� ��� �j�

�
���l�
��

�
��l��
x�

��� dx d�
� C�

��d�j
��j���


� � �j j�� ��j�r �mj

Z
j�l�
x�j dx

� C� �mj���mj��� ���d���m����j��j�


�j j�� ��j�r �
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Observe that if �j j����j � �	� and l�  � we have necessarily j�  j  �
and thus jk � l	� � k�j � �	�� which gives �  ��� hence Proposition
����

���� Construction of the wavelets�

In all this subsection we suppose that HAS 
m� � holds and we
will construct the basis 
!�� under this hypothesis� We de�ne !� 
A����
���� where we can use for instance Kato�s formula to de�ne
A����

A���� 
�

�

Z �

�

dt

t�Id � A
�

The fact that the 
!�� form an orthonormal basis of HA is just an
algebraic computation since the de�nition of A���� is such that A����

is a positive selfadjoint operator satisfying A���� �A����  A���
Let us recall that a family of functions 
f��� is a system of ��

vaguelettes if and only if the matrix of the family in any wavelet basis

with regularity strictly larger than �� belongs to M� see �����

Proposition ���� We have !�  ��mj���� where �� are ��vaguelettes
for every � � �
m� ��

Let us sketch the proof of Proposition ���� Let t � �� We de�ne
H
t� as the completion of D
Rd � for the norm

kuk�H�t�  h
t�Id � A�u jui �

Lemma ���� Wavelets are an unconditional basis of H
t� and the

following norm equivalences 
uniform in t� hold


"�� kuk�H�t�  kuk�Hm � t�kuk�L� 
X
�

jU�j���� �

where U� are the wavelet coe�cients of u and �� 
p
t� � �mj�

The �rst equivalence is nothing but the asumption H� on A� and
the second comes from the wavelet characterization of Hs 
see ������
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Proposition ��	� The following decomposition holds

t�Id � M  D�ND� �

where D� is diagonal on the L��orthonormal 
Littlewood�Paley� wavelet

basis� D�  Diag
��� and for all � � �
m� �� N and N
��

belongs to

M 
uniformly in t��

Let us admit this proposition for now and see why Proposition ���
is a consequence of Proposition ���� Using the de�nition of A����� we
have the following estimate for the matrix coe#cients of A����

jM����
���� j �

�

�

Z �

�

�p
t� � �mj

j�
�� ��� t�j �p
t� � �mj�

dt �

where �
�� ��� t�  N
��
���� � But for every � � �
m� � the Proposition

��� gives
j�
�� ��� t�j � C �
�� �

�� �

uniformly in t 
see the de�nition of �
�� �
�� in De�nition ����� Thus

jM����
���� j � C �
�� �

��
Z �

�

�p
t� � �mj

p
t� � �mj�

dt �

hence


"�� jM����
���� j � C �
�� �

�� 
� � jj � j�j���m supfj�j�g�� �

and since !� 
P

�� M
����
���� ��� � we have !�  ��mj��

P
�� ����� ���

where ����� belongs to M�� for any � � �
m� �� Hence Proposition
����

We will now prove Proposition ���� In the following� t � � will be
�xed� the dependancy of the coe#cients in t will often be forgotten� but
all estimates will be uniform in t�

From Theorem ��� we have


"�� M  DND �

where D is diagonal� D  Diag
�mj���� and N � M�� for any � �
�
m� �� then we get

t�Id � M  D�ND� �
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with

N���� 
t�������� � �m�j�j����N����p

t� � �mj
p
t� � �mj�

�

where ������� is the Kronecker symbol� As N � M�� � for all � � �
m� �

we obtain the same property for N and the �rst part of Proposition ���
is proved� We prove the second part after a study of invertibility of op�
erators in the algebra M� performed in the next subsection� Basically�
we will �freeze� the coe#cients of the operator t�Id � M at the center
of the �numerical support� of the wavelets� The matrice of t�Id �M in
a wavelet basis will thus be approximated by another matrix that will
be �invertible in M� for large j�s�� We will give a precise de�nition of
these approximations of matrices� and this will lead to the �symbolic
calculus� result stated in Theorem ���� In Subsection ���� these general
results will be applied to the operator t�Id � M �

��	� The �quasi�ideals I� �

De�nition ��	� A matrix S belongs to I if S � M and for all � � �
exists J such that j � J or j� � J implies

jS���� j � � �
�� �
�� �

Remark� Suppose that M � M and �� � �� Then M � I� if for all
�� C � �� there exists J such that if j or j� � J �


"�� jj � j�j � C and jk ��j � k���j
� j � C ��j implies jM���� j � � �

In fact if j and j� are small� there is nothing to prove� and if either
jj � j�j or jk ��j � k���j

� j is large� the result holds because �
�� �
�� �

� ��
�� �
���

Lemma ���� If S � I and M � M then for all �� � �� SM � I�
and MS � I� �

Note that I is not an ideal in the algebra M� The above lemma
shows that it shares the same property as ideals if we are ready to admit
an arbitrary small loss on the value of ��

Let
dist
�� ���  jj � j�j� j%�� %��j �
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which gives a distance on &� We can now sketch the proof of this
lemma� We know that SM � M� If � and �� are distant 
jj� j�j large
or jk	�j � k�	�j

� j large� then �
�� �
�� � � ��
�� �

�� hence the result in
that case�

Suppose now that � and �� are close� if j is small� we have nothing
to prove� If j 
and thus j�� is large

jSM���� j 
���X
���

S�����M������

���
�
X
���

� �
�� �
����
���� ���

� C ��
�� �
�� �

Hence the lemma in this case� The proof for MS is the same�

The importance of I comes from the following Proposition which
shows that I will play a role similar to compact perturbations of in�
vertible operators�

Proposition ��
� Suppose that M and M�� belong to M and that S
belongs to I� If M � S is invertible on l� then 
M � S��� � M and

for all �� � �� 
M � S��� �M�� � I� �

Proof of Proposition ���� The �rst step is to reduce the proposition
to the case where S����  � if j � J or j� � J � Let S the restriction of
Q to indexes 
�� ��� such that j � J or j� � J � The norm of S in I
can be made arbitrarily small by choosing J large enough� The set of
invertible elements in an algebra being open� M � S will be invertible
if J is large enough� hence the reduction that we claimed� We suppose
now S����  � if j � J or j� � J � We have

M � S  M 
Id � M��S�

and

Id�M��S���  Id � M��S 
Id�M��S��� �

Let E be the restriction of M�� to the indexes 
�� ��� such that j � J
and j� � J � and E����  � elsewhere� Then� one easily checks that
Id�ES is invertible� and that S 
Id�M��S���  Q 
Id�ES����

The fact that Id�ES belongs to M is equivalent to


""� j
Id�ES����� j � C

j� � dist
�� ���jd� �
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for all j� j� � J � The set of indexes we consider is a subset of Zd 

��� � � � � J �� If it were a subset of Z� a symbolic calculus result 
see
����� would show that 
""� and the l��inversibility of 
Id � ES� imply
that estimate 
""� holds for the invert of Id�ES� hence that 
Id �
ES���� � M since all other non diagonal entries of this matrix vanish�
Actually� one checks by inspection that theorem of ���� also holds in the
d�dimensional case�

Thus 
M � S��� � M� Actually


M � S��� �M��  M��S 
Id� ES���M��

and since S � I� Lemma ��� implies that 
M � S��� �M�� � I� for
all �� � ��

Corollary ���� Suppose that P � M and is selfadjoint positive and

invertible on l�� If there exists Q � M such that PQ� Id � I then

P�� � M and P�� �Q � I� � for all �� � � �

Proof� Let J � � be given� By hypothesis PQ  Id � R � S where
R����  � if j � J or j� � J and �  kSkM� can be choosen arbitrarily
small if J is large enough� Let IJ be the operator

�

IJ�����  � � if �  �� and j � J �


IJ�����  � � else �

For � � � we consider A 
B��IJ�  Id�R��PIJ�S� First note that if
� is large enough R�Id��AIJ is invertible on l� because� decomposing
the matrices according to their action on j � J and j � J � we can write

P 

�
P� P

P� P


�
� R 

�
R� �
� �

�
�

Thus

Id � R � �PIJ 

�
R� � Id � �P� �

�P� Id

�
�

Since P is selfadjoint positive invertible� P� has the same property� and

kP�k � kPk and kP��� k kP��k �



Elliptic gaussian random processes ��

Thus choosing � large enough� Id�R���P� is invertible� and� using the
same argument as in the proof of Proposition ���� its inverse belongs to
M�

The inverse of Id � R � �PIJ is�

Id � R� � �P��

�� �

��P�
Id � R� � �P��
�� Id

�
�

For a �xed �� the norms of Id�R��PIJ and of its inverse are bounded
indenpendantly of J � Choosing J large enough 
which can be done
independantly of the choice of ��� � 
 kSk� can be arbitrarily small�
and thus Id � R � �PIJ � S is invertible in l��

Applying Proposition ���� we see that P 
Q � �IJ� is invertible in
M� The same property holds for P because P��  
Q� �IJ� 
P 
Q�
�IJ�����

Furthermore P���
Q��IJ � � I� � for all �� � � and since IJ � I�
we see that P�� �Q � I� � for all �� � ��

��
� Application of the Quasi�ideals�

We �rst end the proof of Proposition ����
Recall that N is the matrix

N���� 


t�Id � M��� j����L�

�����

and let

P����  
������
�� � 

t� � �
�� ��� ��� j �����L� �

Q����  �����

t
� � �
�� ����� ��� j �����L� �

Lemma ��	� Under hypothesis HA 
m� � the matrices P and Q belong

to M�� for � � �
m� ��

Proof� As before we suppose � � j � j�� If jj � j�j � �� P����  �

because of the supports of the ���� If jj � j�j � � and j�� ��j � C ��j �

jP���� j �
Z

� � t� � j�jm
� � t� � �jm

��dj����dj
���
��� ��� �

�j

���� ��� ��� �

�j�

���� d� � C �
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If jj � j�j � � and �j j�� ��j is large�

P���� 

Z
t� � �
%�� ��

�����
��
� �

�j

�
��
� �

�j�

�
ei����

��� ��dj�� ��dj
��� d�

and integrating by parts in a chosen direction as above�

P���� 
�


�l � ��l�r ��j�j��d�������

�
X

p�q�r

Z

p�l�
�� �� 
q�l

�
�
� �

�j

�
��
� �

�j�

��
d� �

so that

jP���� j � C

j�� ��jr �����
X

p�q�r

Z
j�j��j���


� � j�j�m�p ��qj d�

and �nally

jP���� j � C


�j j�� ��j�r �

Hence Lemma ��� for P � The proof for Q is similar�

Lemma ��
� The matrix N � P belongs to I�� and PQ� � Id belongs

to I�� for any � � �
m� ��

Proof� By symmetry we can suppose j � j��


N � P ����� 
�

�����

Z

�
x� ��� �
�� ��� ���
�� eix� ���
x� dx d� �

Using the hypothesis HA 
m� ��

j
N � P ����� j � C

�����

ZZ
jx� %�j�
� � j�j�m�����dj��

� j ��
���j�j �dj��� j�
�j
�

x� k��j dx d�
� C

�����
���j

�

�d�j�j
����

�
ZZ


� � �j j�j�m���j ��
��j

� jx� �j
�


�� ���j �� j�
x�j dx d�
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and� because of 
"���

j
N � P ����� j � C

�����
���j

�

��
�j
� � �mj� � C� ������

��j �

Thus N � P � I�� �
Let us now prove the second result of Lemma ���� We have


PQ������ 
X
���



t� � �
�� ��� ��� j ������L�

������

� �������
�

�����
��� �

t� � �
��� ��
����
�
L�


X
���

���

��


t� � �
�� ��� ��� j ������L�

�
�

�����
��� �

t� � �
��� ��
����
�
L�


���

��

Z
t� � �
�� ��

t� � �
��� ��
���
�� �����
�� d� �

If jj � j�j � �� 
PQ������  � because the supports of ��� and ���� are
disjoint� If �  ���


PQ������ 

Z
���
�� ���
�� d�  � �

The remaining case is thus jj � j�j � �� � � ��� Since we can suppose
that 
"�� holds� ���	�� is of the order of magnitude of �� and we have
to estimate

�
����



Z
t� � �
�� ��

t� � �
��� ��
���
�� �����
�� d�



Z
�
�� ��� �
��� ��
t� � �
��� ��

���
�� ����� 
�� d� �


because of the orthogonality of the wavelets�� but

j�
����

j � C

Z j�� ��j�
� � j�j�m���


� � j�j�m
��� ���

� �

�j

���� ��� ���

� �

�j�

���� d�
� C jk � k�j� �j��

���� �
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This proves Lemma ����

End of the proof of Proposition ���� From Lemma ���� NQ� �
Id � I�� � for all � � �
m� �� From lemma ���� N is invertible on l��

Using Corollary ���� N
�� � M�� and N

�� �Q� belongs to I�� � for all
� � �
m� �� hence Proposition ����

���� Properties of the !��

Let us check that Theorems ���� ��� and Proposition ��� are a direct
consequence of the results given in the previous section� We �rst prove
Theorem ��� which gives the localization and regularity of the wavelets
!�� Recall that

!� 
X
��

M
����
���� ��� �

jM����
���� j � C ��
�� ��� ��m supfj�j�g�� �

thus
j
s!�
x�j � C

X
��

��
�� ��� ��m supfj�j�g��j
s���
x�j �

where

s��
x�  �dj��

s��
�jx� k� �

If jsj � m	�� we have

j
s!�
x�j � C ���m���j�j�jX
��

%��
�� ��� j
s���
x�j �

Since 
s�� are vaguelettes and �� � M� � using standard calculations
explicited in ����� we deduce 
��� and 
����

If jsj � m	��

j
s��
x�j � C ���m���jsj�j

�
X
��

��m���jsj�j��
�� ��� 
� � jj � j�j� ��m���jsj�j�
s�� �

As the matrix ��m���jsj�j��
�� ��� belongs to M��jsj�m�� 
��� and 
���
follow�
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As regards Theorem ��� we deduce from Lemma ���

M
����
���� � h�mj��g� j���i  ����� �

where the matrix 
�m sup�j�j���������� belongs to I�� for all � � �
m� ��
The inequality of Theorem ��� is now straightforward�

As an application of the smoothness and decay properties of the
wavelets� we now prove Proposition ���� We use the notation A
XA� f�
for the random variable associated to the function f by the isomorphism
HA � H� see 
���

On account of Theorem ��� the results i�� ii� can be proven exactly
as in ���� For the third result� we can use the following wavelet criterium

see ����� for Besov spaces� if 
����	� is a wavelet basis of L�
Rd�� the
function f 

P
�	� ���� belongs to the Besov space Bs

p�q if and only

if the sequence f�j�d�������p��s�
Pj��j
j��jp���pgj belongs to lq�

As the functions �mj��!� de�ne a Riesz basis of L�
Rd �� see The�
orem ���� and satisfy wavelet localization properties� see Theorem ����
we have only to show that

X
j�J

�jq�s�d���d�p�m���
� X
�	U�j��j

jA
XA�(��jp
�q�p

�� �

with probability one� The domain U being bounded� the cardinal of
f� � U� j�  jg is of order �jd so that we get this inequality as conse�
quence of the Borel�Cantelli Lemma when s � d	��m	� � ��

���� Equivalence in law of XA and XAg
�

Proof of Proposition ���� Let g be the function de�ned in 
���
and Ag be the operator de�ned in 
���� The symbol �g of Ag is given
by

�g
x� ��  g
�� � 
�� g
�����
x� �� � r
x� �� �

with r
x� �� a regularizing kernel� It is easy to check that �g ful�lls the
conditions of HA 
m� �� Moreover

C�

Z
j�j�sj �f
��j� d� � C�
A
f� j f�L�

Z

� � j�j�s� j �f
��j� d� �
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hence the following equivalences


Ag
f� j f�L�  k
Id�G�fk��Hs � 
G
f� j f�L�


Z


�� g
��� j�j�sj �f
��j� d� �

Z
g
�� j �f
��j� d�


Z


� � j�j��sj �f
��j� d� �

Using the notation C
x� y� for the kernel of an operator C� we can write

XAg

x� 

Z
Rd

A����g 
x� y� dW 
y� �

XA
x� 

Z
Rd

A����
x� y� dW 
y� �

where W 
dy� denotes the brownian standard measure on R
d �

In order to prove the equivalence of laws Law 
XAg
jU �  Law


XAjU � for every bounded open subset U of Rd we apply Theorem
��� of ����� Therefore� we will check that

i� CU 
x� y� � A��jU�U 
x� y��A��g jU�U 
x� y� � H��
Ag


U 
 U��

ii� �� is not an eigenvalue of CU � HAg
� HAg

�

Let us consider the operator B de�ned in 
�"�� As the function g
belongs to D
Rd� we know that B is a regularizing operator

A�� �A��g  A��g 

I � BA��g ��� � I�

and


I � BA��g ��� 

X
n��


���n
BA��g �n �

Now if we consider the restrictions to open bounded U which are small
enough� the last serie converges and the operator A�� � A��g is of
Hilbert�Schmidt type with a spectral radius less than �� so that condi�
tion ii� is satis�ed�

For the �rst condition� it is su#cient to show that


�$�m�

x 
�$�m�


y C
x� y� � L�
loc
R

d � R
d� �

But� as before


�$�m�

x 
�$�m�


y C
x� y�


X
n��


���n
�$�m�

x A��g 
BA��g �n
�$�m�


x 
x� y� �
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which converges in L�
U 
 U� for U small enough� since A��g is an
operator of order �m and B is regularizing�

Finally we obtain the equivalence of laws for every bounded open
subset U of Rd � by decomposing U in a �nite number of small enough
open subsets�

���� Quadratic variations�

In this paragraph� we will prove Lemma ���� For this purpose� we
will study some quadratic variations related to wavelets�

For y � Rd and s � Nd � jsj  l� we de�ne

c���s
y�  lim sup
x�y

�

jx� yj���
jx� yj�
sX

�

j
s!�
x�� 
s!�
y�j� �

where ��
h�  � if � � � and ��
h� 
p

log 
�	h� if �  �� If n is the
integer de�ned by ��n � jx� yj � ���n we deduce from 
���

a� for j � n�

X
k�l

j
s!�
x�� 
s!�
y�j� � C jx� yj� �������j �

b� for j � n�

X
k�l

j
s!�
x�� 
s!�
y�j� � C ���j� �

Summing up these inequalities for j � � yields

X
�

j
s!�
x�� 
s!�
y�j� � C 
u��njx� yj� � ���n�� �

with u��n  n 
respectively �������n� if �  � 
respectively � ��� As
��n � jx� yj � ���n�

c���s
y� � C �� � for all y � R
d �

Let us now show that c���s is H'olderian of order ��� � � � ��� where �
and �� are de�ned in 
��� Let us distinguish two cases�
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Case �� � � ��
For � � � �xed� using as above the results of Theorem 
����� we

have

X
j�n�log������

j
s!�
x�� 
s!�
y�j�
jx� yj�� � C ������� �
"��

X
j�n�log������

j
s!�
x�� 
s!�
y�j�
jx� yj�� � C ��� �
"��

X
�	�y�n��

j
s!�
x�� 
s!�
y�j�
jx� yj�� � C ������� �
"��

where in the last inequality

&y�n�� 
n
� � & � n� log�

��

�

�
� j � n � log�

��

�

�
� jy � �j � ��n

�

o
�

Let �  �	n� when n grows to � the value of c��s
y� is given by the
sum restricted to Vy�n��  &n&y�n��� De�ne h� by its Fourier transform

�h�
�� 
�p

�
y� ��
���
��

and observe that the estimates 
���� 
��� hold for h�� Then inequalities

"��� 
"�� and 
"�� hold with !� replaced by h�� Using Theorem ����
for n large enough


"��

X
�	Vy�n��

j j
s!�
x�� 
s!�
y�j� � j
sg�
x�� 
sg�
y�j�j

� C ��jx� yj�� �
thus hypothesis HA 
m� � implies that for � � Vy�n�� 
"�� holds for h�
instead of g�� Thus

c���s
y�  lim sup
x�y

X
�

j
sh�
x�� 
sh�
y�j�
jx� yj�� �

De�ne the function H by

�H
�� 
�p

�
y� ��
�
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so that

j
sh�
x�� 
sh�
y�j�  

sH
x� � �� 
sH
y � � � j����L� �

Since �� is an orthonormal basis of L��


���

c���s
y�  lim sup
x�y

�

jx� yj��
Z ���
eix� � eiy��


i��sp
�
y� ��

���� d�
 lim sup

u��

�

juj��
Z

sin�
�u�

�

� j�j�jsj
�
y� ��

d� �

We want to bound I
z� u�� I
y� u� where

I
y� u� �
�

juj��
Z

sin�
�u�

�

� j�j�jsj
�
y� ��

d� �

Recalling that jsj  l� �
l���  m�d� and using the change of variable
�  juj��

jI
z� u�� I
y� u�j �
Z j�	juj jm
j�
y� �	juj��
z� �	juj�j

� j�
y� �	juj�� �
z� �	juj�j sin�
�u	�juj�
j�jd���

d� �

As

j�
 � � ��j � C�
� � j�j�m �
���

j�
y� ��� �
z� ��j � C�
� � j�j�mjy � zj��� �
���

we get� using � � sin�
t� � min f�� t�g�

jI
z� u�� I
y� u�j � C jy � zj���
�Z �

�

r����� dr �

Z �

�

r����� dr
�

� C
 jy � zj���

and thus the ����H'older property for c���s�

Case �� �  ��
The di�erence with the previous case is that

X
k�l

j
s!�
x�� 
s!�
y�j�
jx� yj��
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no longer decreases 
as j increases�� We must replace the set &y�n�� by

%&y�n�� 
n
� � & �

p
n � j � n � log�

��

�

�
� jy � �j � ��n

�

o

and de�ne now Vy�n��  &n%&y�n��� We can then proceed exactly as
above and obtain


��� c���s
y�  lim sup
x�y

X
�

j
sh�
x�� 
sh�
y�j�

jx� yj� log
� �

jx� yj
�  � %I
y� u� �

with

%I
y� u� 
�

juj� log
�	juj�
Z

sin�
�u�

�

� j�j�l
�
y� ��

d� �

Using again 
���� 
���� we see that c���s is H'older of order ���� Hence
Lemma ���� Let us� still in the case �  �� consider the expression

c���s
y�  lim sup
x�y

�

jx� yj

sX
�

���
s!�
x�� � 
s!�

�x � y

�

�
�
s!�
y�

���� �
with y � R

d � s � N
d � jsj  l� Using once again the bounds for 
r!�


with jrj  l � �� given in 
���� we have for n � �log�
jx� yj��
X
k�l

���
s!�
x�� � 
s!�

�x � y

�

�
� 
s!�
y�

���� � C jx� yj
 ��j �

if j � n� and

X
k�l

���
s!�
x�� � 
s!�

x � y

�
� � 
s!�
y�

���� � C ���j �

if j � n� Thus� after summation

c���s
y� � C �� � for all y � R
d �

The required smoothness of c��s follows as above�
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	� Sums on the �d�adic tree�

The key idea to prove the law of uniform modulus in the criti�
cal case �  � is to notice the relationship between the expression of
the process XA decomposed on the !��s and sums of normal random
variable on the �d�adic tree�

As explained in Section �� we have to study when n  log�
jx �
yj� ��� the following sums

j
sXA
x�� 
sXA
y�j
jx� yj � Const�

X
�	�
D�j��n

�c��x� �� �

see 
�"�� But the last sum is exactly the sum of Gaussian standard
random variables on the paths of length n of a �d�adic tree� This will
be performed after introducing some notations�

Let T be the �d�adic tree of root � 
each �father� has �d children��
We denote by L the set f�� �gd and by L the set Lnf
�� � � � � ��g� The
elements of T can be coded in the following manner

t  t�t�t� � � � tj � with j � N � t�  �� ti � L for i  �� � � � � j �

The lenght j of t is denoted by jtj � j� For integers � � k � jtj we
write

t k  t�t� � � � tk �
so that the path from the root to t is

C�t  f�� � � � � t k� � � � � tg �

Let 
)�F �P� a probability space on which is de�ned the i�i�d� family
f�t� t � T g of Gaussian standard random variables� We set

S
t� 
X
s	C�

t

�s �

S�n  max
jtj�n

S
t� �

Proposition 	��� With the above notations the following limit holds

lim sup
n��

S�n
n


p

� d log � �
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P almost surely�

The aim of this paragraph is to prove Proposition ��� and to give a
corollary used in the proof of Theorem ��� in the critical case 
�  ���
A proof of Proposition ��� can be found in a recent work� see �����
where more general trees are considered� Our proof is very di�erent
and intends to show the production of asymptotic independent sums in
the tree� so that we the study will be reduced to the i�i�d� case�

A few more notations will be needed�
The sub�tree of index j of T is de�ned by

Tj  ft � T � jtj � jg �

The set of leaves of Tj is de�ned by

�j  ft � T � jtj  jg �

The tree is ordered by u � t which means that t � C�u� The cells

qj
t�� t � Tj� are de�ned by

qj
t�  fs � �j � s � tg �

We now de�ne the Haar basis of l�
�j��
For l � L and � � L� let

�l
�� 
dY
i��

�li
�i� �

where ��
��  ��
��  ��
��  ��� ��
��  ���
Let us now de�ne the functions �lj�s on l�
�j� by

�lj�s
t�  �d�jsj�j��� �ft	qj�s��t�sg �l
tjsj��� �

If we add to the family f�lj�sgs	j���l	L the function �� which is iden�

tically �dj on l�
�j� and if we set j�j  ��� we obtain the following
result whose proof is straightforward�

Lemma 	��� The family f�lj�tg���t�j���l	L is an orthonormal basis

of l�
�j��
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	��� Upper bound�

For t� u � T let

tu  �t� � � � tjtju� � � �ujuj �
St
u�  S
tu�� S
t� �


St�
�
j  max

juj�j
St
u� �

so that
S�j  �� � max

jtj��
fStg�j�� �

If E �� denotes the expectation with respect to the law of ��� we get

P 
S�j � ��  E ��

� dY
jtj��

P 
�� � 
St�
�
j�� � ��

�

 E �� 
P 
�� � S�j�� � ���
d

�

� P 
�� � S�j�� � ���
d


Jensen�

and by induction on j�

P 
S�j � �� � P 
�� � � � �� �j � ���
jd

�

Let � be a gaussian normal random variable and �  � 
j � ���

P 
S�j � � 
j � ��� � �� 
�� P 
� � �
p
j � ����

jd

� �jd P 
� � �
p
j � ��

� �jd e�	
��j���p

� � � 
j � ��
�

using a classical estimation on the gaussian tail�
Choosing � �

p
� d log � � we haveX
j

P 
S�j � � 
n � ��� �� �

and from the Borel�Cantelli Lemma we can conclude


��� lim sup
j��

S�j
j
�
p

� d log � �
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P almost surely�

	��� Lower bound�

Let Gj
t� u�  E �S
t�S
u�� be the covariance of S on �j � In the
following lemma we give the spectral decomposition of Gj � We de�ne

�s 
�d�j�jsj� � �

�d � �
�

Lemma 	��� For t� u � �j we have


�"� Gj
t� u� 
X

���jsj�j��
l	L

�s �
l
j�s
t��

l
j�s
u� �

This lemma is a direct consequence of the obvious formula

Gj
t� u� 

jX
k��

�t k�u k
�

where t k  � t�t� � � � tk� and � is the Kroneker symbol�

Now we de�ne the kernel G
����
j 
t� u� by

G
����
j 
t� u� 

X
���jsj�j��

l	L

�����s �lj�s
t��
l
j�s
u�

and the random variables �s by

�
s� �
X
t	�j

G
����
j 
s� t�S
t� � s � �j �

Lemma 	�	� The family �
s�� s � �j is i�i�d� with common law

N 
�� ���

The proof is immediate since in the gaussian centered case E 
��� 
� is equivalent to the independance of � and ��
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Let us introduce some more notations� For x � � let l
x� 
�log 
x�	d log ��  �log�d
x��� %j  j � l
j� and %�j
s� 

P
t	qj�s� �
t�	j�

the last expression being the arithmetic mean on qj
s� when jsj  %j�
The upper bound will be obtained by proving


��� lim sup
j��

�

j
max
jsj��j

S
s� �
p

� d log �� � � for all � � � �

First � we observe that


��� %�j
s� 
�

j

X
t	qj�s�

X
u	�j

X
jrj�j��
l	L

�����r �lj�r
t��
l
j�r
u�S
u� �

As
P

t	qj�s� �
l
j�r
t� is equal to j �l
s jrj��� �d�jrj�j��� or to � according

to 
r � s� r � s� or not� the expression 
��� can be simpli�ed in

%�j
s� 
X
u	�j

X
r�s
l	L

�l
s jrj����
����
r �d�jrj�j��� �lj�r
u�S
u� �

We consider now the decomposition %�j
s�  ��j 
s� � ��j 
s� with

��j 
s� 
X

u	qj�s j����

X
l	L
r�s

�����r �d�jrj�j��� �lj�r
u�S
u� �

��j 
s� 
X

u	�jnqj�s j����

X
l	L
r�s

�l
s jrj����
����
r �d�jrj�j��� �lj�r
u�S
u�

and j
��  j�� l 
j	��� Using the same cancellation property as above�
the summation in ��j can be restricted to r � s j���� The following

Lemma allows us to bound j��j j�

Lemma 	�
� For every � � � there exists a random variable N and a

constant C such that for all s � �j���


���
X
u	�j

X
l	L
r�s

j�����r �d�jrj�j��� �lj�r
u�S
u�j � C � � on fj � Ng �

P almost surely�
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Proof� Let � �
p

� d log �� and let N be some random variable such
that jS�j j � �j on fN
�� � jg which we determined during proof of

the upper bound� From the inequalities j�����r �lj�r
u�j � �d�jrj�j� and

card fu � �j � u � rg � �d�j�jrj�� we get

X
u	�j

X
l	L
r�s

j�����r �d�jrj�j��� �lj�r
u�S
u�j � �j

j���X
k��

�k�d��  C � �

on fj � N
��g� Hence Lemma ����

Consider now the following decomposition

��j 
s� 
X

v�s j���
jvj�j��l�j�

Bv � Cv �

where

Bv 
� X
u	qj�v�

X
l�r�s

�u�l�r

�
S
v� �

Cv 
X

u	qj�v�

X
l�r�s

�u�l�rSv
u� �

and
�u�l�r  �����r �l
s jrj��� �d�jrj�j��� �lj�r
u� �

Lemma 	���

lim
j��

X
v�sj���

jvj�j��l�j�
v �s j��l�j�

Bv  � �

P almost surely�

Proof� The summation on r is in this case reduced to r � s �j��l�j���
We have X

r�sj��l�j�

l

j�u�l�rj �
j��l�j�X
k��

��k�j�d�� � j�
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and thus


���
��� X
u	qj�v�

X
l

r�sj��l�j�

�u�l�r

��� � j�� �

As we can bound the cardinal of fv � s j���� jvj  j�� l 
j�g by ��dl������
we get when j ��

A �
X

v�s j���
jvj�j��l�j�
v �s j��l�j�

X
u	qj�v�

r�s j��l�j�

l

�u�l�r S
s j���� � � �

P almost surely� We still have to study

R �
� X

v�s j���
jvj�j��l�j�
v �sj��l�j�

Bv

�
�A �

But
R 

� X
u	qj�v�

r�s j��l�j�

l

�u�l�r
�� X

v�s j���
jvj�j��l�j�
v �s j��l�j�

Ss j���
v�
�

and using the independance of the random variable Ss j���
v� we have

E 
R�� � C j��� The convergence we claimed is now clear�

Lemma 	��� The following limit holds

lim
j��

X
v�s j���

jvj�j��l�j�

Cv  � �

P almost surely�

Proof� Using the de�nition of Cv we can writeX
v�s j���

jvj�j��l�j�
v �s j��l�j�

Cv  Qj � Rj �
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where
Rj 

X
u	qj�s j��l�j��

X
sj��l�j��r�s

l

�u�l�r Ss j��l�j�

u� �

so that only r � s j��l�j� are involved in Qj� We can proceed as in the
preceding lemma to get limj��Qj  �� P almost surely� Now we use
the upper bound to obtain for j large

Rj � C
p
l
j�

� j�l�j�X
k�j��l�j�

card fqj
s k� ��k�j�d��g
�


recall jsj  j�l
j� and j�u�l�rj � ��jrj�j�d��� and then Rj � C
p
l
j�	j�

hence the lemma�
It remains to estimate

Bj 
�X

l�r

X
u	qj�s j��Lj�

�u�l�r

�
S
s j��Lj� �

As the summation in r is reduced to r � s j��Lj � we get Bj  S
s j��Lj�
j 
� � �j�	j where �j � ��

The previous Lemmas and estimations give us

��j 
s� 
S
s j��Lj�

j

� � Tj� �

with limj�� Tj  �� P almost surely� and the lower bound is now a
direct consequence of the following lemma

Lemma 	���

lim sup
j��

max
jsj�j�Lj

j%�j
s�j 
p

� d log � �

Proof� The random variables
p
j %�j
s� are independant Gaussian cen�

tered and of variance �� so that the lemma is a classical asymptotic
result� see ���� for instance�
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	�	� A corollary�

We can identify the �d�adic tree � and D the set of dyadic points in

�� ��d� Let c be a continuous function on 
�� ��d� and 
�t�t	Dy an i�i�d�
family of centered Gaussian random variables such that var 
�t�  c
t��
We de�ne the process Zt by

Zt 
X
s	C�

t

�t �

Let c  maxt	�����d c
t��

Proposition 	���


��� lim sup
j��

�

j
max
jtj�j

jZtj  c
p

� d log � �

P almost surely�

Proof� The upper and lower bounds of the previous demonstration�
c � �� can be adapted to the present case� We need only to change the
constant of Lemma 
���� which becomes c

p
� d log ��


� Regularity of Elliptic Gaussian Processes�

In this part we prove Theorems ��� and ���� Recall that here m � d

then XA is an ordinary Gaussian process�� l � N and � � 
�� �� are the
numbers de�ned by 
m�d�	�  l��� Recall also that we can suppose
that HAS 
m� � hold�

We begin with the proof of Theorem ���� For the results of this
section the process XA is restricted to a bounded domain D� Without
loss of generality� we suppose that D  
�� ��d� We prove �rst the law
of the uniform modulus with l  �� �  �� then we study the case
l  �� we prove the law of iterated logarithm 
local modulus�� when
�  � and also when � � �� Finally we explain how to get the results
without restrictions on l�

As explained in Section �� we will use the decomposition of XA on
a wavelet orthonormal basis of HA� We introduce therefore a few more
notations� If f!�� � � &g is the wavelet basis of the Hilbert space HA�
given by Theorem ���� for each f � HA�

f 
X
�	�

f�!� � with f� � A
f�!�� �
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If g denotes a strictly increasing function of N in R� 
which will be
later chosen�� we de�ne the functions %f� fn� with �  
j� k� l�� by

%f
x� 
X
j��

X
jx��j���jg�j�pj

!�
x� f� �
���

fn
x� 
X

��j�n
!�
x� f� �
���

and in addition�


��� %Rf  f � %f � Rnf  f � fn �

We need another operation which will perform averages� Recall that c�
is the dyadic cell with center � and side length ��j � For f � L�

loc
R
d��

let


��� f
��  �jd
Z
c�

f
x� dx �


��� Law of the uniform modulus when l  �� �  ��

The main idea is to make reductions in order to be able to use
Lemma ��� and its corollary� This is done with the help of the projectors
de�ned above� Let %Xn be the process de�ned by 
���� 
��� and de�ne


�"� $n  f
x� y� � D 
D � �n�� � jx� yj � ��ng �

Let us explain the reductions we plan to do�

First reduction� We will prove


���

lim sup
n��

max
�x�y�	�n

j %Xn
x�� %Xn
y�j
jx� yjplog jx� yj��

 lim sup
n��

max
�x�y�	�n

jX
x��X
y�j
jx� yjplog jx� yj�� �

P almost surely� That is�


��� lim sup
n��

max
�x�y�	�n

jRnX
x�� RnX
y�j
jx� yjplog jx� yj��  � �
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P almost surely� and


��� lim sup
n��

max
�x�y�	�n

j %RXn
x�� %RXn
y�j
jx� yjplog jx� yj��  � �

P almost surely�

Second reduction� In order to describe this second reduction we must
�rst introduce some additional notations� For n � N let us de�ne n � N
and the set &n � & by


��� n 
h

log
�n

g
n�
p
n

i
� &n  f� � & � j�  ng �

Now if � � 
�� ��� the integers n� and m� and the set &�
n are de�ned by

n�  �
�� ��n� � m�  ��n� � &�
n  f� � & � j�  m�g �

Denote by Qn 
respectively Q�
n� the set of dyadic cells fc�� j�  ng


respectively fc�n� j�  m�g�� In a c�n�cell there are �n�m�cn�cells�

Remark ���� Let n� be the integer de�ned by


���
log 
g
n���n��

n�
� �� �

log 
g
n� � ����
n� � ��

n� � �
�

then n � m�� for all n � n��
When 
x� x�� � $n� 
y� y�� � $n and jx � yj � ��m� � the ran�

dom variables 
 %Xn
x� � %Xn
x��� and 
 %Xn
y� � %Xn
y��� are condition�
ally independent knowing �f��� j� � n�g� Now for every � � &� the
neighbourhood �
�� of � is de�ned by


��� �
��  f�� � & � j�  j�� and 
c�� � 
c� � �g �
Then if %Xn
�� is de�ned as in 
���� let dn
�� be de�ned by


��� dn
��  max
��	����

j %Xn
��� %Xn
���j
j�� ��j �

Thanks to Remark "��� we are now in the situation of applying Propo�
sition ��� and the second reduction consists in proving that


���

lim sup
n��

�

n
max
�	�n

dn
��

 lim sup
n��

max
�x�y�	�n

j %Xn
x�� %Xn
y�j
jx� yjplog jx� yj�� �
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P almost surely� and


��� lim sup
n��

�

n
max
�	�n

dn
�� 
p

� d CD �

P almost surely� with

C�
D  lim sup

x�t	D
jx�yj��

E �
X
x� �X
y����

jx� yj� log jx� yj�� �

Step �� Proof of 
����
As we have seen� if j�  m� there is �n�m� cells of Qn in each

q�� cell� Let K�
n be the set f�� � � � � �n�m�g and if � � &�

n let i
��
be the position in c�n of the ird cell c�� of Qn � c�n 
with the abuse
Qn � c�n  fc � Qn � exists %c � c�n and c � %cg�� Let

��
�� ���  E

h 
 %Xn
��� %Xn
�����

j�� ��j� log j�� ��j
i

and
��
��  max

��	����
��
�� ��� �

On the other hand� let us de�ne functions f�k
�� ���� k  �� � � � � ng and
random variables f�k
��� k  �� � � � � ng such that�

%Xn
��� %Xn
���
	

j�� ��j 
X
k�n

X
jx�rj���kdg�k�pk

�!r
��� !r
�
��

j�� ��j
�
�r

�
X
k�n

�k
�� ��� �k
�� �

Let n� be the integer of Remark "��� It is clear that f�� � j� � n�g is
an i�i�d� family of Gaussian normal random variables� Furthermore�

nX
k��

��k
�� ���  ��
�� ��� �

Hence� if � is �xed and n is large enough we will be in the situation
of Proposition ���� Therefore� for every sequence fingn�� such that
in � K�

n �

lim sup
n��

�

n
max
j�j�n�

dn
in
��� 
p


�� �� � log d CD �
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P almost surely� Let �� �� we obtain

lim sup
n��

�

n
max
j��n

dn
�� �
p

� d CD �

P almost surely� Since the upper bound is easily deduced from the one
of Proposition ���� we have proved 
����

Step �� Proof of 
����
Here we must go from averages to pointwise values� Let

S
�� ���x� y� 
�

n
dn
�� ����

%Xn
x�� %Xn
y�

jx� yjplog jx� yj�� �

for x � c�� 
x� y� � $n� In order to prove 
��� it is enough to show
that�


�"� lim sup
n��

max
�	�n
��	����
x	c�

�x�y�	�n

jS
�� ���x� y�j  � �

P almost surely� but

jS
�� ���x� y�j


�

n

���X
k�n

X
jr�k

�kjr��j�g�k�pk

�
�nd

Z
c�

�!r
x
��� !r
x�

��n

�
dx�

� �nd
Z
c�

�!r
y
��� !r
y�

��n

�
dy�
�
�r

��� �
On the other hand�Z

c�


!r
x
��� !r
x�� dx� �

Z
c�


!r
y
��� !r
y�� dy�

 C
�

�nd
Z
c�

D�!r
�� �
�� 
dx� dx�� � �

�
�

for C � �� Denote by Ar this quantity� using Theorem ����

jArj � C ��n ��d���m�����r ���n  C ��d���m�����n �
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Thanks to a result proved in ��� we have

X
�kj��rj�g�k�pk

jArj � �n �

if n is large enough� So

jS
�� ���x� y�j � �C
��n

n

X
k�n

p
k �k ��d���m�����n �

if n is large enough� Then 
��� follows�

Step �� Proof of 
����
It is su#cient to prove 
��� and 
���� Let us begin by 
���� Taking

into account that j�rj �
p

�
p
r if jrj is large enough� and that

X
jlj�g�k�pk

�


� � jlj�d��
� �

g
k�
p
k
�


��� becomes

j %RXn
s�� %RXn
y�j
jx� yjplog jx� yj�� �

�

n

nX
�

�

g
k�
�

but with a correct choice of function g we can deduce 
����
To prove 
��� we use the same method as above� For � � � using

again Theorem ���� 
��� becomes

jRnX
x��RnX
y�j
jx� yjplog jx� yj�� �

�

n

n�	 log nX
k�n

p
k � �

�n

n

p
k ��k

� �

n�
�

�

�
�

log np
n

�

if n is large enough� in the �rst part of the proof of the upper bound we
have used 
���� with j�j  � and with j�j  � in the second one� where
furthermore the inequality jx� yj � jxj� jyj has been used� hence the
factor ��
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Conclusion� The proof of the law of the uniform modulus 
��� results
then from 
���� 
��� and 
����


��� Law of the uniform modulus when l  �� � � � � ��

In the present case� the reductions we perform will lead to a Brow�
nian motion�like situation 
cf� Introduction� or more precisely ����like
situation� We set ��
r�  r��

First reduction� Let � � �� let us introduce the integers n�	  n �
�� logn�� We have to prove


��� lim sup
n��

max
�x�y�	�n

��Xn��

x��Xn��


y�
��

��
jx� yj�  � �

P almost surely� and


��� lim sup
n��

max
�x�y�	�n

��Rn��
X
x�� Rn��

X
y�
��

��
jx� yj�  � �

P almost surely� That is to say� low and high scales have no contribution
to the result� Let

Sn
x� y� 
�
Rn�

�
X
x�� Rn�

�
X
y�

	� �Rn�
�
X
x��Rn�

�
X
y�

	
�

corresponding to the terms of scale between n�	 and n�	 �


��� lim sup
n��

max
�x�y�	�n

jSn
x� y�j
l�
jx� yj�  lim sup

�x�y�	�n

jX
x��X
y�j
l�
jx� yj� �

P almost surely� is a consequence of 
��� and 
����

Second reduction� The second reduction will lead to a situation where
the wavelets will be thought of as compactly supported� We have to
show that

lim sup
n�

max
�x�y�	�n

jSn
x� y�j
l�
jx� yj�  lim sup

�x�y�	�n

j %Sn
x� y�j
l�
jx� yj� �
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P almost surely� where %S
x� y� is obtained by applying the operator 
���
in each variable x and y�

Third reduction� The third reduction consists in de�ning a sequence
of partitions 
Pn�n�� of the domain D such that if q and q� are two

elements of Pn su#ciently far away then f %Sn
x� y� � 
x� y� � q
 qg and
f %Sn
x� y� � 
x� y� � q� 
 q�g become independent�

The integer n is� as before� equal to �log 
�n	g
n�
p
n��� When s � �

let ns  n	ns� Consider the subsets

&n  f� � & � j�  ng � &
s

n  f� � & � j�  nsg �

Looking for the cells q� and qs� if � � &n and � � &
s

n respectively� we
de�ne %qs� as the cell with the same center as qs�� with faces parallel to
the axes and with side lengths ��n
n � ns�� In these conditions� for
all s � �� by construction we have independence between �f %Sn
x� y� �

x� y� � %qs�
 %qs�g and �f %Sn
x� y� � 
x� y� � %q��
x� y�
 %q��
x� y�g for � � ���
j�  j��  ns�

Now let �
�� as before the set of neighbours of �� We have to show
that


���

lim sup
n��

max
j��n�s log n
��	����

jSn
�� ���j
���n

p
n d log �

 lim sup
n��

max
�x�y�	�n

j %Sn
x� y�j
l�
x� y�

�

P almost surely� and this is a consequence of


��� lim sup
n��

max
j��n�s log n
�x�y�	�n

��� Sn
�� ���
���n

p
n d log �

� Sn
x� y�

l�
jx� yj�
���  � �

P almost surely� The proof of 
��� is in every way analogous to the one
of 
���� Now the method of ��� can be directly used for showing

lim sup
n��

max
j��n�s log n

jSn
�� ���j
��dn

p
n


p
d log � CD �

P almost surely� and also 
���� 
���� For the last results we use well
known bounds for independant gaussian random variables and the in�
equalities 
���� 
����
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�	� Law of uniform �Zygmund�class�modulus when l  ��
�  ��

We can proceed as in the last paragraph� using 
���� 
��� to restrict
the sum only to scales j�  log 
jx � yj�� Following the method of ���
the above reductions give the result�


�
� Law of the iterated logarithm when l  �� �  ��

Here we set l
���
� 
r�  jrj

p
log r�� log log log r��� To prove that for

y � D we have

lim sup
x�y

jX
x��X
y�j
l
���
� 
jx� yj�


p

� C
y� �

P almost surely� We consider reductions of the problem absolutely
similar to the preceding ones� We will also use the well known result of
Levy�Kinchin�


��� lim sup
n��

�p
n log log n

��� nX
k��

�k

��� 
p

� �

P almost surely� where 
�k� k � N� is an i�i�d� sequence of Gaussian
normal random variables�

Hence� using the modulus l��
�� in place of l�
r�  jrj log
r��� it is
possible to prove an inequality analogous to 
��� and 
���� therefore an
equality similar to 
���� In these conditions 
��� will become


���

lim sup
n��

�p
n log logn

�
max

�	�k�y�
dn
��

	

 lim sup
n��

max
�x�y�	�n

j %Xn
x�� %Xn
y�j
l
���
� 
jx� yj�

where &k
y�  f� � &k and �nd
�� y� � g
n�
p
ng�

Then using 
��� the �rst member of 
��� converges to
p

�C
y�
almost surely�
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��� Law of the iterated logarithm when l  �� � � � � ��

To prove the law of the iterated logarithm we have only to show
that


��� lim sup
x�y

jX
x��X
y�j
l
���
� 
jx� yj�

 lim sup
n��

�p
logn

max
�x�y�	�n

K �

P almost surely� with

K  ��n
��� X
n�	 log log n�k�n�	 log log n

�kjy�rj�g�k�pk


!r
x�� !r
y�� �r

���p� log � Cs
g� �

The same reductions as above show that we can use the proof of the
same result given in �BJR� for the one dimensional case� Hence 
����


��� The laws of moduli when l � ��

In order to end the proof of Theorem ��� we still have to consider
the case l � ��

Let s be a multi�index of length l� Let us set Y 
x�  
sX
x��
Thanks to Proposition ����

Y 
x� 
X
�	�


s!�
x� �� ��
X
�	�

�� �� �

Let %A be the elliptic operator de�ning the topology of the auto�reprodu�
cing Hilbert space Hy of Y � As �� is an orthonormal basis of Hy� it

follows that ��  %A������� as 
s��  
sA������� we get %A���� 

sA����� So� the symbol �y of %A is of degree m � �l� it satis�es Hy�
pothesis HA 
m � �l� �� Therefore� performing the same calculus as
above we obtain the theorem in the general case�


��� Approximation of elliptic gaussian generalized processes�

Let us now prove Theorem ��� which concerns generalized Gaussian
processes� From the estimations of Theorem ��� we know there exists
rd � � such that


��� i� lim
h��

X
��j��log��h���


!�
x � h�� !�
x���

jhj� log 
jhj���
 r�d �
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when d  � or d  �� and


�"� ii� lim
h��

X
��j��log��h���


!�
x � h�� !�
x���

jhj�  r�d �

if d � �� Using these limits we can transpose the proofs we gave for the
law of the uniform modulus to get the results of Theorem ���� Note that
when d  �� d  � then �  � 
critical case� so that Cd  rd

p
� log ��

When d � �� �  �	� and Cd  rc
p

� d log ��


��� Moduli of continuity for the multifractional Brownian

motion�

We constructed a collection of wavelets �� which� because of the
decomposition 
���� plays for the multifractional Brownian motion ex�
actly the same role as the !� for Elliptic Processes� The proofs of
regularity results for the multifractional Brownian motion are similar
to ��� and we will just sketch them� We �rst prove �vaguelettes�type�
localization estimates for the �� de�ned in 
����

Proposition 
��� We assume the function a belongs to Cr
Rd � 
�� ����
sup a
x� � r� r � �� 
j� l� � 
�� �� and K � N� Then there exists a

constant C 
which depends on K� such that


��� j��
x�j � C ��ja�x�
� �


� � j�jx� kj�K �
�


� � jkj�K
�

and

j��
x�� ��
y�j

� C ��ja�x�
��j jx� yj� j ja
x�� a
y�j


� � j�jx� kj�K �
j ja
x�� a
y�j


� � jkj�K
�
�
���

Proof� We want to bound

H 

Z
eix�

j�ja�x��d��
���
�� d�  ��jd��

Z
ei�x����

j�ja�x��d��
���l�
� �

�j

�
d� �

Let us recall that the support of �� is included in f� � ��	� � j�j �
��	�g� Setting �  �	�j in the integral we get easily

jHj � c ��ja��� �
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If this change of variable is made after K integrations by part in a
direction where

jx� �j � d jxp � �pj �
we get

H � c ��j�K�a�x��jx� �j�K �

From these two inequalities we deduce 
����
For the second result we write ��
x�� ��
y�  R � S� where

R  ��jd��
Z

ei�x����
ei�y�x�� � ��

j�ja�x��d��
���l�
� �

�j

�
d�

and

S  ��jd��
Z


ei�y�� � �� e�i��

j�ja�x��d��
� �

j�ja�y��a�x� � �
�

���l�
� �

�j

�
d� �

To give a bound for R we use jeih� � �j � jhj j�j and proceed as in the
proof of 
���� so that

jRj � c ��ja�x�
�j jx� yj


� � j�jx� kj�K �

Now we can split S as S  S� � S��

S�  ��j�a�x��d�
Z


ei�y�� � �� e�i��

j�	�jja�x��d��
� �

j�	�jja�y��a�x� � �

�
���l�
� �

�j

�
d� �

S�  ��jd
�j�a�x��a�y�� � ��

Z

ei�y�� � �� e�i��

j�	�jja�y��d��
���l�
� �

�j

�
d� �

With the same integrations by part� change of variable and using the
inequality

ra�y��a�x� � �  O 
ja
y�� a
x�j log r maxfra�x�� ra�y�g� �

we obtain

jSij � c ��ja�x�
j ja
x�� a
y�j


� � jkj�K �

and then the last estimate of the Proposition holds�
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Let us now prove the law of the uniform modulus� We use the
decomposition 
��� in order to estimate 
B�
x � h�� B�
x��� Setting
n  �log� jhj��� 
so that ��n�� � jhj � ��n�� we separate the sum into
four terms Ti which correspond to the cases

�� j � n� � logn�

�� j � n � � logn�

�� n� � logn � j � n � � logn� j
aE � a
��� � � log j�

�� n� � logn � j � n � � logn� j
aE � a
��� � � log j�

Using well known properties of an independant sequence of stan�
dard gaussian random variables as in ���� when �
��aE� � �	�� we get
from 
���

lim
h��

jhj�aET�  � �

and from 
���

lim
h��

jhj�aET�  � �

In the same way we deduce also from 
��� that

lim
h��

jhj�aET  � �

The relevant contribution of the sum is given by T
� Now� using the
continuity of the function CE and proceeding as in ���� we get

lim sup
x�y	E
jx�yj��

jBa
x��Ba
y�j
jx� yjaEplog �	jx� yj  CE

p
d �

P almost surely� The proof of the law of the iterated logarithm follows
exactly the corresponding proof for E�G�R�P� in the non�critical case�

The asymptotic self similarity of the Multifractional B�M� Ba is a
straightforward application of the following Proposition� We de�ne

�� 

Z
eix� � �

j�ja����d��
���
�� d� �
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Proposition 
��� If the function a belongs to Cr
Rd � 
�� ���� 
r � ���
we have the following asymptotic behavior

j��
x�� ��
x�j � c j ja
x�� a
��j
� ��jminfa�x��a���g

� �


� � j�jx� kj�K �
�


� � jkj�K
�
�

The proof is along the lines of Proposition ����

�� Scaling properties for Elliptic Gaussian processes�

In this part Theorems ���� ��" and Proposition ��� are proved� Re�
call that we want to study the local scaling properties for Elliptic Gaus�
sian processes� They will be connected them with scaling properties of
the associated symbols or wavelets� Consider a point x� in Rd which re�
mains �xed for the whole paragraph� The whole�scale Littlewood�Paley
basis 
of L�� is denoted by f��g�	�� where &  Z
 Z

d 
 L�
Let s be a symbol on R

d � We de�ne when it makes sense the
function gs� by its Fourier transform

�gs�
�� 
���
��p
s
x� ��

�

���� Scaling properties for elliptic symbols�

We suppose here that the symbol � full�lls hypotheses HA 
m� ��
We consider only the case m  d � ��� � � � � ��

For � � � we set

�x�
x� ��  �
x� � x� �� � �x�� 
x� ��  �m�x�
�
� x�

�

�

�
�

Using the scaling properties of f��g�� we have


��� g
�x�	
� 
x�  ���g�

x�

����
� x� �

if �  ��p� �
��  ��j�p
k � l	��  ��� The extension to � positive
real is obvious�
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Consequently� when 
����	� is an i�i�d� standard gaussian family�
we get


���

���
X
j���

�
g�

x�

� 
x ��p�� g�
x�

� 
��
	
��


X
j���

�
g
�x�	
������
x�� g

�x�	
������
��

	
�� �

This gives the following equality in law


����

���
X
j���

�
g�

x�

� 
x ��p�� g�
x�

� 
��
	
��

�d�


X
j���p

�
g
�x�	
� 
x�� g

�x�	
� 
��

	
�� �

Lemma ���� With the above notations� the convergence and the limit

of �x�� 
x� �� when �� �� is independant of x� In case of convergence�

the limit function � satis�es� for all � and r � ��


���� �
r ��  rm�
�� �

and also� for all ��


���� c j�jm � j�
��j � Cj�jm �

where c� C are the ellipticity constants given by hypothesis HA 
m� �
for the symbol ��

Proof� We know from HA 
m� � that

�m
�����x� � � x�

�

�

�
� �

�
x��

�

�

���� � K�m
�

� �
j�j
�

�m���

j� xj� �

with � � �� � �� This is bounded by K
� � j�j�m���jxj������  o 
���
The �rst assertion of the Lemma is now clear� The homogeneity prop�
erty of the limit function is classical� And the last inequalities are
deduced from

c j�jm � �
z� �� � Cj�jm � if j�j � R �




� A� Benassi� S� Jaffard and D� Roux

which are part of our hypothesis�

���� Local scaling for processes�

We de�ne the scaling operators R��� when � � �� L� when �  �
by

R���
f� 
f
x� � � ��� f�
x��

��
�

L�
f� 
�p

log 
�	��

f
x� � � ��� f�
x��

�
�

We suppose here that the symbol � full�lls hypotheses HA 
m� �� H��
We consider A  op 
�� and X the gaussian process associated with�
According to Proposition ��� we can write

Xx 
X
�	�

�� !�
x� �

with �� i�i�d� standard gaussian� We complete the family with ���
j� � � keeping the i�i�d� property valid�

We say that the symbol � satis�es hypothesis H
x�� when

lim
����

�x�� 
�� ��  �
�� � for almost every � � Rd �

In this case we set
Yx 

X
�	�

�� g
�
�
x� �

We can now state convergence in law 

d��lim� and equality in law 

�d�
 �

for the locally scaled processes�

Lemma ���� We suppose that the symbol � of the E�G�P� X full�lls

HA 
m� �� H
x�� and HAS 
m� �� If � � ��


���� 
d�� lim
����

R���X  Y �

and for all � � ��


���� R���Y
�d�
 Y �
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If �  �� there exists a gaussian vector G on R
d such that


��"� 
d�� lim
����

L�X  
d�� lim
����

L�Y  
G jx� �

Proof� Case � � �� Let us give �rst the idea of the proof� We
approximate

R���X  ���
X
j���


!�
x� � � ��� !�
x��� ��

by

���
X
j���

�
g�

x�

� 
� ��� g�
x�

� 
��
	
�� �

But as far as the laws are concerned we know from 
���� that the
renormalization of the above process is equivalent to a shift on the
scales� We obtain

R���X
�d�

X
j��log� �

�
g
�x�	
� 
x�� g

�x�	
� 
��

	
�� �

As lim���� log� �  �� and the symbol �x�� converges to � 
by hy�
pothesis� we get 
����


d�� lim
����

R���Xx 
X
�	�

�� g
�
�
x� �

Now let us give the technical justi�cations for the three steps just de�
scribed� For the �rst step we use the approximation of wavelets given
by the Theorem ���� so that

lim
����

���
X
j���

�
g�

x�

� 
� x�� g�
x�

� 
��
	
��  � �

uniformly on every bounded set� P almost surely�
In the second step we apply directly 
���� so that

X
j���

�
g�

x�

� 
x ��p�� g�
x�

� 
��
	
��

�d�


X
j���p

�
g
�x�	
� 
x�� g

�x�	
� 
��

	
�� �
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For the last step we use the convergence of symbols given by hypothesis
H
x�� and also Lemma "��� Then


d�� lim
����

X
j��� log� �

�
g
�x�	
� 
x�� g

�x�	
� 
��

	
�� 

X
j�	Z

�
g��
x�� g��
��

	
�� �

This gives the �rst result of the Lemma� The second one is another
direct application of the scaling result 
�����

Case �  �� The canonical basis of Rd is denoted by 
e�� � � � � ed�� We
know from our construction that 
i!�
x�  �
li� ��� when x � � 

j� k� l�� where � denotes the Kronecker symbol� and at the same time

j
i!�
x�j � K
�


� � jx� �j�d�� �

Then� if �� ��� using the proof that led to the uniform modulus result
in the critical case �  �� we get

�p
log 
�	��

X
�	�

!�
x� � � x�� !�
x��

�
��


dX
i��


x j ei�p
log 
�	��

X
��j�log�����

��j�x��i� �

where �j
x� i� is de�ned by �j
x� i�  
j� k� l� if and only if l  �
 � � i�
and x belong to a dyadic cube qj�k� The end of the proof is now an
application of the Central Limit Theorem�

As an immediate consequence we can now prove Theorem ���� ��"�

��	� Local scalings for XA�

We �rst prove Theorems ��� and ��"�
Lemma "�� gives ii� implies i� for both Theorem ��� and Theorem

��"� As i� implies iii� is clear� we have only to prove iii� implies ii��
Let us consider the symbols

�
�� � lim inf
����

�x�� 
x� �� � �
�� � lim sup
����

�x�� 
x� ��
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and recall that they satisfy 
���� 
see Lemma "����
In the case � � �� we deduce from the result 
��� and the hypoth�

esis of convergence

� �

Z
sin�
u��

�
��
d�

 lim
����

E

�X
x� � � u��X
x��
�

���

�



Z
sin�
u ��

�
��
d� �� �

This leads to the almost everywhere equality

�
��  �
�� �

and then to existence of the limit stated in ii��
In the case �  � the proof is the same� except that we use 
���

instead of 
����

We now prove Proposition ����
The fact that �  ��f satis�es HA 
m� � and that Proposition ���

can be applied is easy to check�
As we know that

lim
���

��
� ��

�d���
 �x�
�� �


see 
���� and also that the function f is bounded we obtain the exis�
tence of

lim sup
���

�
� ��

�d���
�

Then� with the same arguments as in the proof of Lemma "��� case
� � �� we see that the process XA belongs to the weak L�A�S�S� class�

Moreover the process XA belongs to the L�A�S�S� class if and only
if

lim
���

�
� ��

�d���
�

exists and this� within our hypotheses� is equivalent to the existence of
lim��� f
���
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Fonctions d��echelle interpolantes�

polyn�omes de Bernstein et

ondelettes non stationnaires

Pierre Gilles Lemari�e�Rieusset

R�esum�e� La th�eorie de la convergence des fonctions d��echelle �non�
stationnaires� et l�approximation des �ltres d��echelle interpolants �a l�ai�
de de polyn	omes de Bernstein
 permettent la construction d�une fonc�
tion d��echelle interpolante non�stationnaire aux propri�et�es d�approxima�
tion remarquables�

Abstract� The theory of convergence for �non�stationary� scaling func�
tions and the approximation of interpolating scaling �lters by means of
Bernstein polynomials
 allow us to construct a non�stationary interpo�
lating scaling function with interesting approximation properties�

�� Introduction�

Dans cet article
 nous nous int�eressons essentiellement �a des dis�
tributions � du type suivant� leur transform�ee de Fourier 	�
 d�e�nie
formellement par

�� 	���� � h�� eix�i �

Z ��

��
��x� e�ix� dx �

��
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est un produit in�ni

��� 	���� �
�Y
j��

mj

� �

�j

�
�

o�u les fonctions mj v�eri�ent pour deux constantes C� �  et N � �
ind�ependantes de j

���

mj � C��R���Z� � mj��� �  �

kmjk� � C� �
��� d
d�

mj

���
�
� C� j

N �

Sous les hypoth�eses ���
 il est facile de voir que le produit in�ni

�Y
j��

mj

� �

�j

�
�

converge ponctuellement
 uniform�ement sur tout compact et dans S ��R�
vers une fonction continue 	� �a croissance lente� Pour le v�eri�er
 il su�t
d��ecrire jN � CN �j�� et donc
 pour j�j � p

�


j 	����j �
�Y
j��

min
n
C��  � C�CN

� j�jp
�

�jo

� j�j� logC��log �
��Y
j��

� � C�CN��j��� �

En fait
 il su�t de supposer que

�X
�

��j
��� d
d�

mj

���
�
� �� �

puisque pour j�j��j assez petit��� log
� mj

���j

���� � C ��j
��� d
d�

mj

���
�
j�j �

Les produits in�nis du type ��� avec mj � m� ind�ependants de j font
depuis ��� l�objet d�une �etude intensive� Nous sommes alors dans le
cadre de l�analyse multi�r�esolution de S� Mallat et Y� Meyer ����
 ���
 du
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moins lorsque � est de carr�e int�egrable et que la famille f��x�k�gk�Z est
une base de Riesz d�un sous�espace ferm�e de L��R�� Les propri�et�es de la
fonction d��echelle � en fonction du �ltre d��echelle m� ont �et�e abondam�
ment d�ecrites
 en particulier celles qui d�ecrivent la r�egularit�e de � �A�
Cohen ���
 A� Cohen et I� Daubechies ���
 I� Daubechies et J� Lagarias
���
 T� Eirola ���
 L� Herv�e ���
 O� Rioul ����
 L� Villemoes ����
 par ex�
emple � � � �� Ces r�esultats forment ce que nous appellerons dans la suite
la �th�eorie classique� des ondelettes
 dont nous rappellerons dans la Sec�
tion � quelques traits fondamentaux sur lesquels nous baserons la suite
de nos r�esultats� Le r�esultat principal �Proposition �� indique
 sous
l�hypoth�ese que le �ltre m� v�eri�e le crit�ere d�Albert Cohen� l�existence
d�un indice �� � � ������ tel que pour s 	 ��
 � �� Hs �espace de
Sobolev� et pour s � ��� � est �a d�ecroissance rapide dans Hs �i�e� pour
tout k � N 
 xk� � Hs�� ce r�esultat donne de plus le calcul de �� en
fonction des propri�et�es spectrales de l�op�erateur de transition T� associ�e
�a m�
 et d�e�ni par

T�f��� �
���m�

� �
�

�����f��
�

�
�
���m�

� �
�

� �
�����f��

�
� �

�
�

Une premi�ere s�erie de r�esultats
 pr�esent�es dans la Section �
 concerne
le probl�eme de l�approximation de la fonction d��echelle � par des fonc�
tions d��echelle plus simples �N �essentiellement
 on demandera �a �N
d�	etre �a support compact�� La question �etudi�ee est essentiellement la
suivante� comment l�approximation du �ltre m� par des �ltres mN se
traduit�elle sur la qualit�e de l�approximation de � par les fonctions
�N associ�ees� Par rapport �a la �th�eorie classique�
 il s�agit donc es�
sentiellement d�un th�eor�eme de d�ependance continue par rapport aux
param�etres
 et il y aura donc besoin de peu d�innovation r�eelle pour
obtenir ces r�esultats� �La Section � contient donc des r�esultats orig�
inaux
 dont la d�emonstration est tr�es courte et renvoie �a la Section ��
la Section � contient une pr�esentation de r�esultats classiques refondus
pour 	etre imm�ediatement op�erationnels dans les sections � et ���

Le design de �ltres d��echelle nous imposera parfois d�introduire
des �ltres mN dont la limite n�est pas C� �par exemple
 si mN est
le N �i�eme �ltre de Daubechies ���
 le �ltre jmN ���j� converge vers la
fonction ���p�eriodique m� valant  sur ������ ���� 
 �� en ���� et �
sur ����� ��� le probl�eme de mN lui�m	eme se complique encore de l��etude
de sa phase ����� Nous discuterons bri�evement dans la Section � des
fonctions d��echelle �a d�ecroissance lente
 correspondant �a des �ltres peu
r�eguliers�
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L��etude des produits in�nis ��� avec mj d�ependant de j est beau�
coup plus r�ecente
 et a �et�e th�eoris�ee sous le nom d�analyse multi�r�esolu�

tion non�stationnaire ���� La principale motivation de cette �etude est
qu�elle permet l�obtention de fonctions d��echelle �non�stationnaires� C�

et �a support compact
 ce qui n�est pas possible dans le cas stationnaire�
�Si � est une fonction d��echelle de classe CN 
 alors le diam�etre de son
support est au moins N � ��� Les exemples usuels de telles fonctions
d��echelle non�stationnaires sont la fonction de Rvachev up�x� � ����

�� et la base de Berkola� ko et Novikov ���
 ��� qui permettent une
approximation spectrale des fonctions r�eguli�eres�

La fonction de Rvachev up�x� est encore mal connue du public
�math�ematique� occidental
 les principales r�ef�erences �etant en russe ou
en ukrainien �dont le livre ���� paru en ����� Nous en rappellerons
les principales propri�et�es dans la Section !� �Cette section expose les
r�esultats de Rvachev� Nous avons pr�ef�er�e travailler dans R plut	ot que
dans ��� ���

La seconde s�erie de r�esultats
 que nous pr�esentons dans la Section
�
 concerne les analyses multi�r�esolutions quasi�stationnaires� L�id�ee est
d�appliquer tout le m�ecanisme de l�analyse du comportement asympto�
tique des suites de �ltres d��echelle d�evelopp�ee dans la premi�ere s�erie de
r�esultats �a la suite mj qui intervient dans le produit ���� Nous verrons
que si la suite mj converge vers un �ltre asymptote m�� la connaissance
des propri�et�es de m� et de sa fonction d��echelle �� simpli�e grande�
ment l��etude de la convergence du produit in�ni ��� et de la taille et
de la r�egularit�e de la fonction d��echelle non�stationnaire ainsi d�e�nie�
�Avec la Section �
 c�est le principal r�esultat du papier��

La troisi�eme s�erie de r�esultats �sections � et �� concerne la con�
struction e"ective des suites de �ltres approximant un �ltre donn�e� La
construction est quasiment imm�ediate pour le cas des �ltres associ�es �a
des fonctions d��echelle interpolantes
 et fait intervenir l�approximation
des fonctions par des polyn	omes de Bernstein� En particulier
 nous
sommes �a m	eme de construire une fonction d��echelle interpolante non�
stationnaire
 ou �ondelette de Kharkov�
 jouissant de propri�et�es d�ap�
proximation remarquables �cf� Th�eor�eme ���

Le cas des fonctions d��echelle orthogonales est beaucoup plus com�
plexe
 �a cause du probl�eme de la phase� Nous essayerons ici de bien
poser le probl�eme
 en r�eservant l��eventuelle solution �a des travaux ult�eri�
eurs�
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�� D�ecroissance et convergence rapides dans un espace local

de distributions�

Nous avons regroup�e dans cette section quelques lemmes techniques
sur la convergence rapide �cf� D�e�nition ��
 qui nous seront utiles pour
v�eri�er les qualit�es d�approximation dans les th�eor�emes des sections
suivantes� Nous avons choisi de pr�esenter ces lemmes dans un cadre
axiomatique assez g�en�eral �ce que nous appelons dans la D�e�nition 
un espace local de distributions�
 mais en r�ealit�e nous travaillerons avec
des espaces simples comme L�
 L�
 Hs ou B���

� �c�est��a�dire l�espace
de H�older C� si 
 	 � et 
 �� N 
 l�espace de Zygmund C�

� si 
 � N���

De�nition �� Un espace local de distribution �ou E�L�D�� est un espace

de Banach E
 contin	ument inject�e dans D��R�
 tel que

i� pour tout � � E et tout � � C�c �R�
 � � � E 


ii� il existe C� � � et N� � N tel que� pour tout � � E et tout

� � C�c avec supp� 	 ��� � 


��� k��kE � C�

N�X
p��

��� dp

dxp
�
���
L��������	

k�kE �

iii� pour tout � � E et tout x� � R
 ��x � x�� � E et il existe

C� � � et N� � � tel que

�!� k��x� x��kE � C�� � jx�j�N�k�kE �

pour tout � � E et tout x� � R�

De�nition �� Soit E un E�L�D�

i� � est �a d�ecroissance rapide dans E si pour tout entier k � N 

xk� � E�

ii� Une suite f�ngn�N est �a convergence rapide dans E si les �n sont
�a d�ecroissance rapide dans E� convergent dans E vers une distribution

� et pour tout entier k � N 
 xk�n converge dans E vers xk��

On dira de m	eme qu�une s�erie
P

k�Z�k est �a convergence rapide si

les sommes partielles fPn
� �kgn�N et fP�

�n �kgn�N sont �a convergence
rapide�
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Lemme A �Lemme des blocs�� Soit E un E�L�D�

a� Si supp�k 	 �k � � k � � pour tout k � Z
 alors
P
Z
�k est �a

convergence rapide dans E si et seulement si la suite fk�kkEgk�Z est �a

d�ecroissance rapide �pour tout p � N 
 fkpk�kkEgk�Z� ���Z���

b� � est �a d�ecroissance rapide dans E si et seulement si � se

d�ecompose en
P
Z
�k avec supp�k 	 �k � � k � � et fk�kkEgk�Z

�a d�ecroissance rapide�

c� pour qu�une suite f�ngn�N converge rapidement dans E
 il su
t

que f�ngn�N converge dans E et que pour tout p � N 
 supk kxp�kkE �
���

Preuve� a� Le lemme est presque �evident� Si f�ng converge rapide�
ment dans E
 il est clair que supk kxp�kkE � ��� En particulier

si
P

�k converge rapidement
 avec supp�k 	 �k � � k � �
 on a
supk kxp�kkE � ��� Mais si � est C�
 vaut  sur ��� � et a son
support contenu dans ���� ��
 on a
 pour jkj � � 


�k � �k�x� k�xp�k�x� avec �k � �x � k��p��x� �

��� et �!� permettent de conclure que

k�kkE � Cp � � jkj��N��pkxp�kkE �

et donc que fk�kkEg est �a d�ecroissance rapide� Inversement
 si k�kkE
est �a d�ecroissance rapide
 on �ecrit xp�k � #�k�x � k��k avec #�k �
�x � k�p��x�� on a alors

kxp�kkE � Cp � � jkj��N��pk�kkE �

de sorte que
P

k�Zkxp�kkE � ��� La s�erie
P

xp�k converge dans E

et converge vers xp

P
�k puisque E s�injecte dans D�� Le point a� est

donc prouv�e�

b� est imm�ediat� si � est �a d�ecroissance rapide
 on prend  � C�c
avec supp  	 ��� � et

P
�x � k� �  et on pose �k � ��x � k��

Alors pour jkj � �
 on a

k�kkE � k�x� k�x�pxp�kE � Cp � � jkj��N��pkxp�kE �

et fk�kkEg est �a d�ecroissance rapide�
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c� est tout aussi imm�ediat� si �n converge vers �� �x � k��n
converge vers �x� k��� or on a

k�x� k��nkE � Cp � � jkj��N��pkxp�nkE �

Le point c� du Lemme A se g�en�eralise de la mani�ere �evident sui�
vante�

Lemme B� Soient E� E�� E� trois E�L�D� tels que E� 
 E� 	 E et�

pour tout f � E� 
 E�

kfkE � C�kfk�E�kfk���E�
�

pour un 
 � ��� �� Alors si f�ngn�N converge dans E� et v�eri�e pour

tout p � N 
 supn kxp�nkE� � ��
 f�ng converge rapidement dans E�

Preuve� M	eme d�emonstration� f�x � k��ngn�N converge dans E
�puisque elle est de Cauchy dans E� et born�ee dans E��� de plus

k�x� k��nkE� � C � � jkj��N�k�nkE�
et

k�x� k��nkE� � Cp � � jkj��N��pkxp�nkE� �

Lemme C� Soit E un E�L�D� et � �a d�ecroissance rapide dans E�

a� Si � �
P

�k est une d�ecomposition en blocs de � �i�e� supp�k
	 �k � � k � � et la s�erie converge rapidement dans E� alors si b �
C��R� est �a croissance lente ainsi que toutes ses d�eriv�ees �pour tout p�
N � il existe N � �
 �jxj � ��Ndpb�dxp � L�� la s�erie

P
k�Zh�k� bi

converge vers une somme ind�ependante du choix des blocs �k et not�ee

h�� bi�
b� La transform�ee de Fourier de �
 	���� � h�� eix�i
 est une fonc�

tion C� �a croissance lente ainsi que toutes ses d�eriv�ees�

Preuve� Remarquons d�abord que d�apr�es ��� on a� si supp� 	 ��� �
et � � E

jh�� �ij � C k�kE
NX
p��

���dp�
dxp

���
L������	
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en e"et
 on a pour � � E avec supp� 	 ��� �
 jh�� ij � C k�kE et
on utilise ceci pour � � � $�� On en conclut que

jh�k� bij � C � � jkj�M��N�k�kkE
NX
p��

���� � jxj��M dpb

dpx

���
�
�

de sorte que
P jh�k� bij converge� Le point a� est alors imm�ediat�

Pour le point b�
 il su�t de v�eri�er que 	� est continue
 puisque

�d�d��N 	� � ���i x�N� et que xN� est encore �a d�ecroissance rapide
dans E� Mais 	���� �

P
k�Z 	�k��� et on a

j 	�k���j � C � � jkj��N�k�kkE� � j�j�N �

de sorte que
P

	�k converge uniform�ement sur tout compact�

Lemme D �Lemme de d�erivation��

a� Soient E� et E� deux E�L�D� tels que d�dx est continu de E�

dans E�� Alors si � est �a d�ecroissance rapide dans E�
 d��dx est �a

d�ecroissance rapide dans E��

b� Le r�esultat reste vrai si l�on suppose seulement que d�dx est

continu de E��� � f� � E� � supp� 	 ��� �g dans E��

c� On a de plus

cd�
dx

��� �
Dd�
dx

� 
E

� � �

Preuve� Il su�t de prouver b�� On d�ecompose � en blocs � �
P

�k�
Alors

d�

dx
�
X d�k

dx

dans D�� De plus���d�k
dx

���
E�

� C � � jkj�N��N�k�kkE� �

de sorte que kd�k�dxkE� est �a d�ecroissance rapide�

Ce lemme a une r�eciproque�
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Lemme E �Lemme de primitivation�� Soient E� et E� deux E�L�D�
tels que� �� R x

�� ��t� dt est continu de E����	 � f� � E� � supp� 	
��� � et h�� i � �g dans E�� Alors si � � E� est �a d�ecroissance

rapide� � peut s��ecrire � � d��dx o�u � est �a d�ecroissance rapide dans

E� si et seulement si h�� i � ��

Preuve� Si � � d��dx
 on a 	� � i � 	� donc 	���� � �� Pour le
r�esultat inverse
 il su�t de montrer qu�on peut �ecrire � �

P
�k une

d�ecomposition en blocs avec h�k� i � � pour tout k� Si �k est le
primitive �a support compact de �k
 on aura alors

k�kkE� � C � � jkj�N��N�k�kkE�

et donc
P

�k sera une d�ecomposition en blocs d�une distribution � �a
d�ecroissance rapide dans E��

On commence par d�ecomposer � en � �
P

�k
 une d�ecomposition
en blocs sans condition sur �k� On prend alors 
 � E
 supp
 	 ��� �
et h
� i �  �un tel 
 existe si E �� f�g�� On �ecrit

�k � �k � h�k� i
 �x� k� � h�k� i
 �x� k� �

La somme X
k�Z

�k � h�k� i
 �x� k� �

est une d�ecomposition par blocs avec des blocs de somme nulle� Nous
sommes ramen�es �a traiter le cas de

� �
X
k�Z

�k 
 �x� k� �

avec f�kg �a d�ecroissance rapide et
P

�k � �� Il su�t d��ecrire �k �
sk � sk�� et

� �
X
k�Z

sk �
 �x� k�� 
 �x� k � �� �

on conclut en remarquant que fskg est �a d�ecroissance rapide puisque

sk �
��X
k

�p � �
k��X
��

�p �
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Lemme F �Lemme de primitivation discr�ete�� Soit E un E�L�D� et �
�a d�ecroissance rapide dans E� Alors les trois propri�et�es suivantes sont

�equivalentes�

F� pour tout k � Z
 	��� k �� � �


F��
P

k�Z��x� k� converge dans D� vers �


F�� Il existe � � E �a d�ecroissance rapide tel que

� � ��x�� ��x� � �

Preuve� Il n�y a presque rien �a d�emontrer� F�� implique F� est
�evident
 puisqu�alors 	� � � � e�i�� 	�� Pour F� implique F�� et F��
implique F��
 on commence par remarquer que si � est �a d�ecroissance
rapide dans E
 alors

P
��x� k� converge dans D� �et m	eme dans S ��X

h��x� k�� �i �
D
��
X

��x � k�
E

et
P

��x � k� est C� born�ee ainsi que toutes ses d�eriv�ees�

Il reste �a v�eri�er queX
��x� k� �

X
	��� k �� eikx �

c�est �evident si le support de � est compact� Dans le cas g�en�eral
 on
d�ecompose � en blocs

P
�p� on a

X
��x� k� �

XX
�p�x� k� �

au sens que pour tout b � S
XX
jh�p�x� k�� bij � �� �

On a donc X
��x� k� �

X
p

�X
k

	�p�� k �� eikx
�

et comme

j 	�p�� k ��j � CN
� � jkj�N

 � p�
�
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la convergence dans D� est imm�ediate�
Si
P

��x � k� � �
 on a 	��� k �� � �� Si 	��� k �� � �
 on aP
��x� k� � �� on d�e�nit alors

� �
�X
k��

��x� k� � �
��X

k���
��x� k� �

On a

k�x� p���x� k�kE � C � � jkj�N�k�x� p � k��kE �

et on d�eduit tout de suite que � est �a d�ecroissance rapide dans E�

�� La th�eorie classique des fonctions d	�echelle�

La notion de fonction d��echelle r�eguli�ere a �et�e introduite en ���
par Y� Meyer et S� Mallat ����
 ����

De�nition 
� Une fonction d��echelle r�eguli�ere est une fonction � �
L��R� telle que

i� � est �a valeurs r�eelles�

ii� � est �a d�ecroissance rapide dans L�� pour tout k � Z
 xk� � L�


iii� � engendre une base de Riesz f��x � k�gk�Z d�un sous�espace

ferm�e V� de L�


iv� ��x��� � V��

L��etude des fonctions d��echelle se ram�ene �a celle des �ltres d��echelle�
l�appartenance de ��x��� �a V� se r�e�ecrit en

��� �
�x

�

�
�
X
k�Z

ak ��x� k� �

o�u les ak sont �a valeurs r�eelles et dans ���Z�� Le �ltre d��echelle associ�e
�a � est la fonction ���p�eriodique m� d�e�nie par

��� m���� �


�

X
k�Z

ake
�ik� �
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Quelques lemmes classiques permettent alors de se ramener �a l��etude
des propri�et�es de m��

Lemme �� Si � et x� sont de carr�e int�egrable� alorsX
k�Z

j 	��� � � k ��j�

converge uniform�ement sur ���� ���

Preuve� j 	�j� � L� donc X
k�Z

j 	��� � � k ��j�

converge presque partout
 donc en au moins un point ��� Il su�t alors
d��ecrire pour � � ��� � �� �� � ������ X

jkj�K
j 	��� � � k ��j�

����
�
� X
jkj�K

j 	���� � � k ��j�
�������

�
� X
jkj�K

j 	��� � � k ��� 	���� � � k ��j�
����

�
� X
jkj�K

j� � ��j
Z ���k�

����k�

���d 	�

d�
���
���� d�����

� j� � ��j���
�Z

j����j��K���

��� d
d�

	����
���� d����� �

Lemme ��

i� Si � et x� sont de carr�e int�egrable� alors f��x � k�gk�Z est

une base de Riesz d�un sous�espace ferm�e de L� si et seulement siP
k�Zj 	��� � � k ��j� ne s�annule pas sur ���� ���

ii� La fonction m�� �ltre d��echelle associ�e �a une fonction d��echelle

r�eguli�ere �
 est C� et v�eri�e 	��� �� � m���� 	�����

Preuve� Le point i� est �evident� si � � L�
 le fait que f��x� k�gk�Z
soit une famille de Riesz est �equivalent �a ce que

inf ess
X
k�Z

j 	��� � � k ��j� 	 �
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et que

sup ess
X
k�Z

j 	��� � � k ��j� � �� �

si de plus x� � L�
 alors X
k�Z

j 	��� � � k ��j�

est continue� Pour ii�
 il su�t de remarquer que

m���� �

X
k�Z

	��� � � � k �� 	��� � � k ��X
k�Z

j 	��� � � k ��j�
�

X
k�Z

D
�
�x

�

�
� ��x� k�

E
e�ik�X

k�Z
h��x�� ��x� k�ie�ik�

et que les coe�cients h��x���� ��x � k�i et h��x�� ��x � k�i sont �a
d�ecroissance rapide�

Lemme 
� Si � est une fonction d��echelle r�eguli�ere� de �ltre m�
 alors
m���� � 
 	���� �� � et

	���� � 	����
�Y
j��

m�

� �

�j

�
�

Preuve� On remarque que jm����j � X
k�Z

j 	��� k ��j� � jm����j�
X
k�Z

j 	��� k ��j� �

On a alors

j 	����j �
NY
j��

���m�

� �

�j

���� ��� 	�� �

�N

���� � j 	����j
�Y
j��

���m�

� �

�j

���� �
La convergence du produit in�ni est en e"et imm�ediate� si jm����j � 

il converge vers �
 si jm����j � 
 on a jm����j �  � O ����j�� On en
conclut que 	���� �� �
 donc que m���� �  et en�n que

	���� � 	����
�Y
j��

m�

� �

�j

�
�



�
� P� G� Lemari�e	Rieusset

Lemme �� Si m� � C��R���Z� et m���� � 
 alors la fonction

�Y
j��

m�

� �

�j

�
est C��

Preuve� Comme

	���� �
�Y
j��

m�

� �

�j

�
v�eri�e

	���� �
NY
j��

m�

� �

�j

�
	�
� �

�N

�
�

il su�t de le v�eri�er sur un voisinage assez petit de �� Mais si � est assez
petit
 Rem�����j� 	 � pour tout j et on peut passer au logarithme

	���� � e
P�

j�� Logm�����
j	 �

Maintenant
 si � est d�e�nie sur ���� �� �� 	 ��
 C� sur ���� �� et si
���� � � alors

P
j�� �����j� est C� sur ���� ��� la convergence des

s�eries d�eriv�ees est imm�ediate et celle de la s�erie de d�epart s�obtient par����� �
�j

���� � C
j�j
�j

�

Les lemmes � et � ram�enent donc l��etude des fonctions d��echelle
r�eguli�eres �a celle des �ltres d��echelle� Les �ltres d��echelle ont �et�e car�
act�eris�es par de nombreux travaux �nous utiliserons essentiellement ���

��� et ����� Une cons�equence imm�ediate du Lemme � est que si � est une
fonction d��echelle r�eguli�ere alors 	� ne peut avoir de z�ero ���p�eriodique�
cela se caract�erise facilement sur le �ltre m�� c�est le crit�ere d�Albert
Cohen�

De�nition �� Une fonction m� � C��R���Z� telle que m���� � 
satisfait le crit�ere d�Albert Cohen s�il existe un compact K r�eunion �nie

d�intervalles ferm�es tel que � est un point int�erieur �a K et tel que

���
X
k�Z

�
K

�� � � k �� �  � presque partout
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o�u

�
K

�x� �

�
 � si x � K �

� � si x �� K �

Pour tous � � K
 j � 


��� m�

� �

�j

�
�� � �

Un tel compact est appel�e compact d�Albert Cohen associ�e �a m��

Le r	ole de ce crit�ere est explicit�e par le lemme suivant

Lemme �� Soit m� � C��R���Z� telle que m���� �  et soit

	� �
�Y
j��

m�

� �

�j

�
�

i� 	� n�a pas de z�ero ���p�eriodique si et seulement si m� v�eri�e le

crit�ere d�Albert Cohen�

ii� Dans ce cas� si K est un compact d�Albert Cohen associ�e �a m�

on a inf��K j 	����j 	 �� De plus les fonctions

�N ��� � �
K

� �

�N

� NY
j��

m�

� �

�j

�
convergent ponctuellement vers 	� et sont domin�ees par 	�

j�N ���j � 

inf
��K

j 	����j j 	����j �

En particulier si  � p � �� et w � L�
loc avec w�x� 	 �
 les trois

assertions suivantes sont �equivalentes�

j� �N � 	� dans Lp�w dx� quand N � ��


jj� 	� � Lp�w dx�


jjj� supN�� k�NkLp�w dx	 � ���

Preuve� Ce lemme est �evident� Si 	� n�a pas de z�ero ���p�eriodique
 on
note I� la collection des intervalles sur lesquels 	� ne s�annule pas
 et I
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la collection des intervalles I de la forme I � I� � � k �
 I� � I�
 k � Z�
on a clairement ���� �� 	 SI�I I et le compact K se construit �a l�aide
d�un sous�recouvrement �ni de ���� ���

Inversement
 si K est un compact d�Albert Cohen pour m�
 	� ne
s�annule pas sur K �puisqu�aucun des termes m�����j� ne s�y annule�
et y est continue� on a donc min��K j 	����j 	 �� Maintenant
 si � �
R
 il existe n�ecessairement k � Z tel que 	��� � � k �� � K� en e"et
�k�ZK � � k � est localement ferm�ee
 donc ferm�ee
 donc co� ncide avec
R tout entier �puisque jRn �ZK � � k ��j � ��� Le reste du lemme est
alors imm�ediat
 puisque

�N ��� �

���	��

	����

	�
� �

�N

� � si � � �NK �

� � si � �� �NK �

Le r�esultat classique principal est alors le suivant ���
 ����

Proposition �� Soit m� � C��R���Z� telle que m���� � � On note

	� la fonction

	���� �
�Y
j��

m�

� �

�j

�
et T� l�op�erateur agissant sur les fonctions ���p�eriodiques d�e�ni par

T�f �
���m�

��
�

�����f��
�

�
�
���m�

��
�

� �
�����f��

�
� �

�
�

Alors les deux assertions suivantes sont �equivalentes�

A� 	� est la transform�ee de Fourier d�une fonction d��echelle r�eguli�

�ere


A�� m� satisfait les trois conditions suivantes�

i� m���� � m�����

ii� m� satisfait le crit�ere d�Albert Cohen


iii� supN�N kTN� ��k� � ���

De plus� lorsque A� ou A�� sont v�eri��ees� il existe 
 	 � tel que

� � H� �i�e� tel que j�j� 	� � L���
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Preuve� A� implique A�� est �evident� i� vient de ce que � est �a
valeurs r�eelles
 ii� de ce que 	� n�a pas de z�ero ���p�eriodique
 en�n iii�
vient de ce que

��� �
X
k�Z

j 	��� � � k ��j�

ne s�annule pas et de ce que T� est un op�erateur positif

 � 

inf
j�j��

���
���

et T��� � 
 de sorte que

TN� ����� � 

inf
j�j��

���
TN� ����� �

���

inf
j�j��

���
�

A�� implique A�� On va commencer par montrer qu�il existe un �� �
��� � tel que

�� sup
��������

sup
N�N

��N�

X
�N��j���k�j	�N���

j 	��� � � k ��j� � �� �

Cela implique en particulier que 	� appartient �a H� d�es que ���� � 
�i�e� pour tout 
 � log ������ log ���

Pour cela
 on note

IN ��� �
X

�N��j���k�j	�N���

j 	��� � � k ��j� �

On a
 puisque 	���� � m������ 	������


IN ��� �
���m�

� �
�

�����IN����
�

�
�
���m�

��
�

� �
�����IN����

�
� �

�
� T��IN������

et donc
IN ��� � TN� �I����� �

De m	eme
 on note

JN ��� �
X

j���k�j	�N�

j 	��� � � k ��j�
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et on a JN � TN� �J��
 d�o�u

kJN ���k� � kJ�k�kTN� ��k� �

ce qui prouve

��� sup
�

X
k�Z

j 	��� � � k ��j� � �� �

En particulier
 	� � L� et les ��x � k�
 k � Z� engendrent une base de
Riesz d�un sous�espace ferm�e V� de L� �carX

k�Z
j 	��� � � k ��j� � inf

��K
j 	����j� 	 � �

pour K un compact d�Albert Cohen associ�e �a m��� De plus
X
k�Z

j 	��� k ��j� �
X
k�Z

j 	��� k ��j� � jm����j�
X
k�Z

j 	��� � � k ��j� �

ce qui prouve que m���� � � �car
P

k�Zj 	��� � � k ��j� 	 ��� et donc
que 	��� k �� � � pour k � Z�� On en conclut que I���� v�eri�e
 pour
j�j � �


I���� �
X

��j���k�j���
j 	��� � � k ��j� � C j�j � C �

��� sin �

�

��� �
de sorte que

IN ��� � C � TN�

���� sin �

�

���� �
Il reste �a estimer ���TN� ���� sin �

�

�������
�
�

On remarque d�abord que T� laisse invariant

E� �
n
f � C��R���Z� �

df

d�
� L� et f��� � �

o
�

De plus
 si f � E�
 on a

kTN� �f�k� � kTN� ��k�kfk� � C kfk�
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et��� d
d�

TN� �f�
���
�
�
��� d
d�

jm�j�
���
�
kTN��� fk� �



�

���T����� d
d�

TN��� f
�������

�

� 

�N

���TN� ����dfd� ��������
�

NX
k��

��� d
d�

jm�j�
���
�
kTN�k� fk�kT k��� ��k�

�

�

�k��
� C

�
kfk� �



�N

���df
d�

���
�

�
�

En particulier
 on obtient

���
��� d
d�

TN�M
� �f�

���
�
� C�

�
kTN� �f�k� �



�M

�
kfk� �

���df
d�

���
�

��
�

o�u C� ne d�epend ni de f� ni de N� ni de M�
Par ailleurs
 on obtient �egalement que fTN� �j sin �����j�gN�N est

born�ee dans E�� et le th�eor�eme d�Ascoli nous assure qu�il existe une
sous�suite �Nk

� TNk

� �j sin �����j� qui converge dans C��R���Z� vers
une fonction �� On consid�ere alors K un compact d�Albert Cohen as�
soci�e �a m�� La fonction

�n��� �

r��� sin �

�n��

��� �K� �

�n

� nY
j��

m�

� �

�j

�
�

converge ponctuellement vers
p

sin ��� 	���� � � et se majore par 	�����
inf��K j 	����j� Comme 	� � L�� le th�eor�eme de convergence domin�ee
donne �n � � dans L�� orZ

j�nj� d� �

Z �

��
Tn�

���� sin �

�

���� d� �
de sorte que

R �
�� � dx � �
 et donc � � � �puisque � � ���

On choisit dans ��� N � Nk assez grand pour que���TN� ���� sin �

�

�������
�

soit inf�erieur �a ����C�� et M assez grand pour que ����  �M � soit
inf�erieur �a ����C��� On obtient alors
 en posant P � N � M��� d

d�
TP�

���� sin �

�

�������
�
� 

��
�
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d�o�u
 pour tout � � ���� ��


TP�

���� sin �

�

���� � 

��
j�j � 

�

��� sin �

�

��� �
Maintenant
 pour Q � N quelconque
 on obtient���TQ� ���� sin �

�

�������
�
�
�

�

�Q�P
max
��r	P

���T r� ���� sin �

�

�������
�

�r�P �

Cela donne �nalement� jIN ���j � C�N� avec �� � ������P � Nous avons
donc d�emontr�e ���

Il ne reste plus �a v�eri�er que la d�ecroissance rapide de � dans L�

ou encore que �d�d��p 	� � L� pour tout p � N � On va en fait montrer
quelque chose de plus fort� il existe �p � ��� � tel que

��� sup
�

sup
N�N

��Np
X

�N��j���k�j	�N���

j 	��p	�� � � k ��j� � �� �

La d�emonstration de ��� se fait par r�ecurrence sur p� Le cas p � � a
�et�e trait�e avec l�in�egalit�e ��� On va montrer que kIN�pk� � Cp �

N
p o�u

IN�p��� �
X

�N��j���k�j	�N���

j 	��p	�� � � k ��j� �

Pour cela
 il su�t d��ecrire
 pour p � 


	��p	��� �

pX
k��

Ck
p



�p
m

�p	
�

��
�

�
	��p�k	

��
�

�
�

On utilise l�in�egalit�e� pX
k��

j
kj
��

� � j
�j� � �
� pX

�

j
kj�
��

� � j
�j� � � p

pX
�

j
kj� �

et on obtient

IN�p��� � 

��p��
T��IN���p����

� � p

pX
k��

�Cp
k ��

�p

����m�k	
�

� �
�

�����IN���p�k� �
�

�
�
���m�k	

�

��
�

� �
�����IN���p�k��

�

��
� 

��p��
T��IN���p���� � C �p �

N��
p �
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avec �p � max��q�p�� �q et

C �p �
p�

�p��

�
Cp��
p

��
max

��q�p��
�Cqkm�q	

� k�� �

Comme T� est un op�erateur positif
 en it�erant N fois on obtient

IN�p��� �
� 

��p��

�N
TN� �I��p�����

NX
k��

C �p �
N�k
p

� 

��p��

�k��
T k��� ����� �

Or on contr	ole kT k� ��k�
 et de m	eme

kTN� �I��p����k� � kTN� ��k�kI��pk� �

de sorte que

IN�p��� � C ��p
� 

���p���N
�

NX
�

�N�kp

� 

��p��

�k���
�

d�o�u en choisissant �p dans � max��p� ���p���� �

IN�p��� � C ��p �
N
p

�
 �

NX
�

��p
�p

�N�k�
� C ���p �

N
p �

��� est donc d�emontr�ee
 ainsi que la Proposition �

La d�emonstration de la Proposition 
 qui donne l�appartenance de
� �a H� pour un 
 	 �
 peut 	etre facilement adapt�ee pour l��etude de
l�appartenance de � �a Hs
 s � R� Parmi les multiples caract�erisations

nous en choisissons une qui sera particuli�erement bien adapt�ee �a notre
�etude de la convergence des �ltres�

Proposition �� Soit m� � C��R���Z� telle que m���� �  et qui

satisfait le crit�ere d�Albert Cohen� Soit 	� �
Q�

j��m�����j� et T�
l�op�erateur

T�f��� �
���m�

� �
�

�����f��
�

�
�
���m�

� �
�

� �
�����f��

�
� �

�
�

Soit en�n s � R� Alors les assertions suivantes sont �equivalentes�
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B� Il existe � 	 s tel que � � H
�

B�� Il existe un entier N � � tel que N 	 s� un nombre � tel que

� � �N�s et un entier Q �  tel que�

i� m� se factorise en m���� � ���e�i�����N #m���� avec #m� �
C��R���Z�


ii� l�op�erateur #T�
 d�e�ni par

#T�f �
��� #m�

��
�

�����f��
�

�
�
��� #m�

��
�

� �
�����f��

�
� �

�
v�eri�e

�!� k #TQ� ��k� � �Q �

Preuve� B�� implique B� est relativement imm�ediat� On aZ
j�j��

j�j�
j 	����j� d�

�
�X
k��

Z
�k��j�j	�k���

��k�����
 sup
j�j����

j 	����j�
k��Y
j��

���m�

� �

�j

����� d�
�

�X
k��

��k�����
 sup
j�j��

j 	����j�


Z
j�j	�k���

��� sin �

�k��

����N�N
k��Y
j��

jm�

� �

�j

����� d�
�

�X
k��

��k�����
�N sup
j�j��

j 	����j�
Z �

��
T k��
�

�
sin�N

�

�

�
d� �

Mais on a

T�
�

sin�N �

�
f
�

�


��N
sin�N

�

�
#T�f �

en e"et
 ���m�

��
�

����� � cos�N
�

�

��� #m�

��
�

�����
et il su�t d��ecrire

sin�N �

�
� ��N sin�N

�

�
cos�N

�

�

� ��N sin�N
� �

�
�
�

�

�
cos�N

��
�

�
�

�

�
�
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On obtient doncZ �

��
T k��
�

�
sin�N �

�

�
d� �

� 

��N

�k��
Z �

��
#T k��
� �� d�

et doncZ
j�j��

j�j�
j 	����j� d�

� �N��
 sup
j�j��

j 	����j�
�X
k��

� ��


��N

�k��

k #T k��
� ��kL������	 �

Cette s�erie converge d�es que k #T k��
� ��kL������	 � C�k�� avec � �

���N�
	� Or on a

k #T k��
� ��kL� � ��k #T k��

� ��k� � ���k�� max
��r	Q

��rk #T r� ��k�

�cela provient de ce que k #T r� ��k� est la norme d�op�erateur de #T r� sur

L����� ��� et donc k #T r�r
�

� ��k� � k #T r� ��k�k #T r
�

� ��k��� Si on a � �
�N�
� on a � � H
�

B� implique B��� On commence par remarquer que si � � H
�
pour un � 	 s� alors � est �a d�ecroissance rapide dans Ht pour tout
t � � �et en particulier dans Hs�� En fait
 d�apr�es le Lemme B
 il su�t
de le v�eri�er pour un seul t� � R� Pour t � t�
 cela sera alors imm�ediat�
pour tout t� � t � �� cela se fera par interpolation�

Puisque j 	����j � C � � j�j�L pour un L � N 
 on sait que la distri�
bution

	����� �
�� e�i�

i �

�L��

	����

v�eri�e que
P

k�Zj 	������ k ��j� converge uniform�ement sur ���� ��
 vers
une fonction � qui ne s�annule pas sur ���� ��� si K est un compact
d�Albert Cohen associ�e �a m�� on a

inf
�

X
k�Z

j 	���� � � k ��j� � inf
��K

���� e�i�

i �

����L��

inf
��K

j 	����j� 	 � �

On a 	����� �
Q�

j��m���� avec m� � ���e�i�����L��m�� Si on d�e�nit
T��� par

T���f �
���m�

� �
�

�����f��
�

�
�
���m�

� �
�

� �
�����f��

�
� �

�
�
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on a n�ecessairement kTN�����k� � sup �� inf �� La Proposition  mon�

tre alors que �� est �a d�ecroissance rapide dans L�� et que �d�dx�L����

est �a d�ecroissance rapide dans H�L��� En appliquant le Lemme F
 du

fait que ��d�dx�L���� � �� e�i��L�� 	�� on obtient que � elle�m	eme est
�a d�ecroissance rapide dans H�L���

On remarque �egalement qu�on peut supposer s � �� En e"et

si s � �� � est �a d�ecroissance rapide dans L�� Cela implique que
m���� � �� comme on l�a vu dans la d�emonstration de la Proposi�
tion � Alors m� se factorise en m���� � �� � e�i�����m���� et 	� en
	���� � �� e�i����i�� 	��� De plus � est �a d�ecroissance rapide dans Hs

si et seulement si d��dx l�est dans Hs�� �Lemme E�
 c�est��a�dire si et
seulement si �� l�est dans Hs�� �Lemme F�� Ainsi
 si N � s � N � �
on obtient que m���� � �� � e�i�����N�� #m���� et que � appartient �a
un H
 avec � 	 s si et seulement si #� �d�e�nie par sa transform�ee de
Fourier

Q�
j�� #m�����j�� appartient �a un Ht avec t 	 s�N �

On suppose donc que s � � et que � � H
 pour un � � �s� ��� On
a alors
 si K est un compact d�Albert Cohen associ�e �a m�Z

� � j�j��
j 	����j� d� �
Z

� � j�j��
�
K

� �

�M

�
j 	����j� d�

� 

C
��M ��
 inf

��K
j 	����j�


Z

�
K

� �

�M

� MY
j��

���m�

� �

�j

����� d� �
D�o�uZ �

��
TM� �� d� �

Z
�
K

� �

�M

� MY
j��

���m�

� �

�j

����� d� � C ���
��M �

On obtient que kTM� ��kL������	 � C�M 
 avec � � ��s� �Nous avons
vu qu�inversement cette in�egalit�e assure l�appartenance de � �a Ht pour
�t� � ��

Nous avons obtenu une condition n�ecessaire et su�sante pour l�ap�
partenance de � �a 

�sH
 lorsque s � �
 mais cette condition est
malcommode puisqu�il s�agit de montrer que

lim sup
M���

kTM� ��k��ML������	 � ��s �
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Il s�agit maintenant de remplacer la norme L� par la norme L� de
sorte �a estimer un rayon spectral �kTM� ��k� est la norme d�op�erateur
de TM� agissant sur L����� ���� Dans la litt�erature
 c�est souvent un
jeu d�enfant� on n��etudie que le cas des polyn	omes trigonom�etriques� T�
agit alors sur un espace de dimension �ni
 sur lequel les normes L� et
L� sont �equivalentes� Mais nous traitons ici un cas un peu plus g�en�eral
�m� � C��R���Z���

Pour contr	oler la norme kTM� ��k�� il su�t de remarquer que si
� � H
 pour un � 	 s� alors � est �a d�ecroissance rapide dans Ht pour
tout t � � �et en particulier pour t � �s� ���� or ceci est �equivalent �a ce
que �t� d�e�nie par 	�t � � � j��j�t�� 	�� soit �a d�ecroissance rapide dans
L� �il su�t de v�eri�er que� d

d�

�k
� � j�j��t�� � � � j�j��t���t�k���

o�u �t�k est C� born�ee ainsi que toutes ses d�eriv�ees�� le Lemme  donne
donc

��� sup
��������

X
k�Z

��j��� k �j��tj 	����� k ��j� � �� � pour t � � �

Soit alors K un compact d�Albert Cohen associ�e �a m� et IM�t la quantit�e

IM�t��� �
X
k�Z

�
K

�� � � k �

�M

�
� � j� � � k �j��tj 	��� � � k ��j� �

Si t � �� on a

�
K

�� � � k �

�M

�
� � j� � � k �j��tj 	��� � � k ��j�

� �
K

� �

�
� k �

�M��

�
�t
�

 �
����
�

� k �
�����t���m�

��
�

� k �
�����j 	���

�
� k �

�����
et donc

IM�t � �t T��IM���t�

� �Mt TM� �I��t�

� Ct �Mt inf
K
j 	����j� TM� ����� �
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de sorte que

kTM� ��k� � C �t ��Mt sup
�

X
k�Z

� � j� � � k �j��tj 	��� � � k ��j� �

Si on choisit r et t tels que s � r � t � �� on a donc kTM� ��k� �
C ��t ��Mt pour tout M� et donc kTM� ��k� � ��Mr pour M assez grand�
Il su�t alors de poser � � ��r�

Le principal argument de la preuve des propositions  et � a �et�e la
positivit�e de l�op�erateur T�� et l��egalit�e corollaire de kT�kL�L��L�	 et
kT���k�� Les propositions  et � s�adaptent alors ais�ement pour des
�ltres �a valeurs positives�

Proposition � bis� Soit M� � C��R���Z� telle que

i� M���� � 
 M���� � � et M���� � M����� pour tout ��
ii� M� v�eri�e le crit�ere d�Albert Cohen�

On d�e�nit 	% par

	%��� �
�Y
j��

M�

� �

�j

�
et l�op�erateur T� par

T�f��� � M�

� �
�

�
f
��

�

�
� M�

� �
�

� �
�
f
��

�
� �

�
�

Alors les assertions suivantes sont �equivalentes�

C� % est �a d�ecroissance rapide dans L� et pour un � 	 �
 % est

C� �r�egularit�e h�old�erienne�

C�� supN�N kTN� ��k� � ���

Preuve� La d�emonstration de la Proposition  s�adapte presque imm�e�
diatement�

C� implique C��� La seule chose �a v�eri�er est que
P

k�Z 	%�� �

� k �� converge pour tout � vers la fonction C�

P

k�Z%�k� e�ik��
Pour cela
 on consid�ere la fonction u��x� �

P
k�Z%�x � k� e�i�x�k	��



Fonctions d
echelles interpolantes ���

C�est une fonction p�eriodique
 born�ee et h�old�erienne� si � est C� et �a
d�ecroissance rapide dans L�� on a

���X
k�Z

��x � k�
��� � k��x� � � x��k�

X
k�Z



 � �x � k��
� C � �� �

���X
k�Z

��x � h � k�� ��x � k�
���

� k�kC� jhj�
� X
jx�kj�K�


�

� � k��x�x�k�
X

jx�kj�K�



jx � kj�

� C
�
K�jhj� �



K�

�
� C �jhj��� �

pour jhj �  et K� � jhj�����
Puisque u� est h�old�erienne
 on a

X
k�Z

%�x� k� e�i�x�k	� �
X
k�Z

	%�� � � k �� e��ik�x

pour tout x� en prenant x � �� on obtient la convergence souhait�ee�
C�� implique C�� La d�emonstration est exactement similaire �a

celle de la Proposition � On obtient en particulier que pour tout p � N 


X
k�Z

��� dp
d�p

	%�� � � k ��
��� � �� �

ce qui entra	 ne xp% � C��

Proposition � bis� Soit M� � C��R���Z� telle que

i� M���� � 
 M���� � � et M���� � M����� pour tout � � R�

ii� M� v�eri�e le crit�ere d�Albert Cohen�

iii� supN�N kTN� ��k� � �� o�u

T�f � M�

��
�

�
f
��

�

�
� M�

��
�

� �
�
f
��

�
� �

�
�

Soit 	% �
Q�

j��M�����j�� Alors les assertions suivantes sont �equiva�

lentes� pour 
 � ��
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D� Il existe � 	 
 tel que j�j� 	% � L� �ce qui �equivaut �a % � B���
�

puisque 	% est positive ou nulle��

D�� En �ecrivant 
 � �N � �
 N � N 
 � � � � �
 M� v�eri�e les

conditions suivantes�

i� M� � �� � cos �����N�� #M� avec #M� � C��R���Z��

ii� Il existe � � �� ���� et Q � N� tels que

k #TQ� ��k� � �Q �

o�u

#T�f��� � #M�

� �
�

�
f
��

�

�
� #M�

� �
�

� �
�
f
��

�
� �

�
�

Preuve� D�� implique D�� Comme pour la Proposition ��

D� implique D��� On commence par remarquer que si % � B���
� 


alors % est �a d�ecroissance rapide dans B���
� pour tout  � � �on utilise

l�inclusion L� 	 B���
� pour tout � � � et le lemme B pour B���

� et

B���
� ��

On montre alors que %�� de transform�ee de Fourier
Q�

j��
#M�����j�


est �a d�ecroissance rapide dans B���N����
� pour tout  � � �en parti�

culier pour 
 �  � ��� On obtient alors queZ �

��
#TM� �� d� � C ���N����	M �

pour tout M et le probl�eme est �a nouveau de passer de la norme L� �a
la norme L�� Pour cela
 on note u� la fonction d�e�nie par

	u� � j�j�N��� � j�j������N��	�� 	% �

On a � � j�j����	u� � L�
 de sorte que u� � B�����
� � De plus
 % est

�a d�ecroissance rapide dans L�� donc dans B���
� pour tout � � �� on

en conclut que u� est �a d�ecroissance rapide dans B�����
� �il su�t de

v�eri�er que �d��d���N��u� est �a d�ecroissance rapide dans B���N����
� �

puisque pour tout � � R et � � R
 �Id�&�� envoie B
��
� dans B
����

�

tandis que �x� �Id�&��� � �Id�&���S� o�u S� envoie B
��
� dans B
��

� ��
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On en conclut que u� est �a d�ecroissance rapide dans B
��
� pour tout

� � � � � donc �puisque  � �� dans L�� On sait alors queX
k�Z

� � j� � � k �j�����N��	��j� � � k �j�N�� 	%�� � � k ��

�
X
k�Z

u��k� e�ik� � C� �

De plus
 on a

X
k�Z

�x� k�p u��x� k� �
X
k�Z

�
i
�

��

�p
	u��� k �� e�ik�x �

au sens des distributions �la premi�ere s�erie convergeant uniform�ement
sur tout compact�� pour � � p � N � � on obtientX

k�Z
�x� k�pu��x� k� � � �

D�o�u � d

d�

�pX
k�Z

u��k� e�ik�
���
���

�
X
k�Z

��i k�pu��k� � � �

et doncX
k�Z

u��k� e�ik� � �� cos ��N��M��� � avec M � C��R���Z� �

Cela donneX
k�Z

� � j� � � k �j�����N��	��	 	%��� � � k �� � C��R���Z�

�car 	%��� � �������� cos ���N�� 	%����� et la d�emonstration peut alors
se faire�

En�n
 le dernier r�esultat classique caract�erise les fonctions d��echelle
interpolantes et les fonctions d��echelle orthonorm�ees�
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Proposition 
� Soit m� � C��R���Z� telle que m���� � � m���� �
m����� et m� satisfait le crit�ere d�Albert Cohen� et soit

	� �
�Y
j��

m�

� �

�j

�
�

i� Les deux assertions suivantes sont �equivalentes�

E� La famille f��x� k�gk�Z est orthonorm�ee�

E�� jm����j� � jm��� � ��j� � 
 pour tout � � R�

ii� Si m���� � � pour tout �
 alors les deux assertions suivantes

sont �equivalentes�

F� � � C�
 ���� �  et pour k � Z
 k �� �
 ��k� � ��

F�� m���� � m��� � �� � 
 pour tout � � R�

Preuve� Il su�t de d�emontrer l��equivalence entre F� et F��� En
e"et
 la famille f��x � k�gk�Z est orthonorm�ee si et seulement si la
fonction %�x� �

R
��y���y � x� dy v�eri�e %��� �  et %�k� � �� or on

a 	%��� �
Q�

j�� jm�����j�j��
Maintenant si m���� � � et si � est born�ee
 alors 	� doit 	etre

int�egrable de sorte que
P

k�Z 	����� k �� converge presque partout� De
plus
 au sens des distributionsX

k�Z
	��� � � k �� �

X
k�Z

��k� e�ik� �

Si � v�eri�e F�
 on trouve
P

k�Z 	��� � � k �� �  presque pour tout
 ce
qui entra	 ne F�� presque partout �et donc partout��

Inversement si m� v�eri�e F��
 alors T��� �  et donc 	� � L�

d�apr�es la Proposition  bis� On sait alors que si K est un compact
d�Albert Cohen


	�M �
MY
j��

m�

� �

�j

�
�
K

� �

�M

�
�� 	�

dans L�� et donc �M � � dans L�� Mais il est facile de v�eri�er que
���� �  et ��k� � � pour k � Z�� cela se d�eduit par r�ecurrence sur M �a
partir de

P
k�Z�K �� � � k �� �  presque pour tout et donc ����� � 


���k� � � pour k �� ��
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Nous avons maintenant tous les outils de la th�eorie �classique�
�l�eg�erement remani�ee pour les besoins de la cause� dont nous aurons
besoin par la suite�


� D�ependance de la fonction d	�echelle par rapport a son �ltre�

Nous pouvons maintenant facilement aborder le probl�eme de la
d�ependance de la fonction d��echelle � par rapport �a son �ltre m��
C�est��a�dire que peut�on dire des fonctions d��echelle �n dont les �l�
tres d��echelle mn convergent dans C��R���Z� vers une fonction m��
En fait
 la r�eponse est �etonnamment simple� La convergence est simple
�a v�eri�er� pour la convergence des d�eriv�ees
 il faut que celles�ci existent

et donc au moins que les �ltres mn s�annulent su�samment en � �et en
fait ce sera la seule restriction'��

Th�eor�eme � �Premier Th�eor�eme d�approximation�� Soit m� � C�

�R���Z� v�eri�ant le crit�ere d�Albert Cohen et soit

fmngn�N � C��R���Z�N

une suite de fonctions qui convergent vers m� dans C��R���Z�� On

suppose que pour tout n � N 
 mn��� �  et mn��� � mn����� On

d�e�nit �n �n � N � f�g� par

	�n �
�Y
j��

mn

� �

�j

�
�

i� Soit 
 � R� Alors les assertions suivantes sont �equivalentes�

G� Pour un � 	 

 �n est �a d�ecroissance rapide dans H� pour

n su
samment grand et �n converge rapidement vers �� dans H� �

G�� Pour un  	 

 �� � H� et pour n su
samment grand

on a� pour � � p � N�
 �d�d��pmn��� � � o�u N� � � si 
 � � et

N� � �
� si 
 � ��

ii� De m	eme si les mN sont toutes �a valeurs positives ou nulles� et

si 
 � � alors les assertions suivantes sont �equivalentes�

H� Pour un � 	 

 �n est �a d�ecroissance rapide dans B���
�

pour n su
samment grand et �n converge rapidement vers �� dans

B���
� �
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H�� Pour un  	 

 �� � B���
� et pour n su
samment grand�

on a� pour � � p � �N� � 
 �dp�d�p�mn��� � � o�u N� � �
����

Remarque� On peut bien s	ur remplacer l�espace de Besov B���
� par

l�espace plus naturel B���
� �puisque pour �� � ��� B

����
� 	 B����� 	

B����
� �� si � 	 � et � �� N 
 B���

� est l�espace des fonctions de classe
C ���� born�ees ainsi que leurs d�eriv�ees jusqu��a l�ordre ��� et telles que
leur d�eriv�ee ����i�eme soit h�old�erienne d�exposant � � ����

Preuve� On commence par remarquer qu�on peut supposer sans perte
de g�en�eralit�e que les �ltres fmngn�N	f�g v�eri�ent tous le crit�ere d�Al�
bert Cohen pour un m	eme compact K� En e"et
 	�n � 	�� uniform�e�
ment sur tout compact� sur un voisinage V de �
 il su�t de passer au
logarithme pour le voir� le cas g�en�eral s�en d�eduit ais�ement en �ecrivant
pour � � �LV 


�n��� � 	�n
� �

�L

� LY
j��

mn

� �

�j

�
�

Si K est un compact d�Albert Cohen associ�e �a m�� on a infK j 	�����j 	
�� on obtient alors que infK j 	�n���j 	 � pour n assez grand�

Les implications G� implique G�� et H� implique H�� sont imm�e�
diates� d�apr�es les propositions � et � bis
 si �n � H� pour un � 	 


alors mn peut se factoriser en �� � e�i�����N��� #mn��� et de m	eme on

a un r�esultat analogue si �n � B���
� �

G�� implique G�� On factorise mn en �� � e�i�����N��� #mn���
pour n � n� �o�u n � n� implique �dp�d�p�mn��� � � pour � � p �
N��� Alors #mn � C��R���Z� et converge dans C� vers #m�� On pose

#�n �
�Y
j��

#mn

� �

�j

�
et

#T��nf �
��� #mn

��
�

�����f��
�

�
�
��� #mn

��
�

� �
�����f��

�
� �

�
�

Puisque �� � H� 
 on sait qu�il existe  � �
� �� et Q � N� tel que

k #TQ�����k� � ��N�����	Q �

Comme #TQ��n�� � #TQ����� dans C��R���Z�� on conclut que si � �
�
� � il existe n� tel que pour n � n�

k #TQ��n��k� � ��N�����	Q
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et en�n
sup
n�n�

k�nkH� � �� � pour tout � � � �

Par ailleurs
 on v�eri�e facilement qu�il existe B � R tel que

sup
n
k� � j�j�B 	�nk� � �� �

�Bien s	ur
 B est tr�es n�egatif�� La convergence ponctuelle de 	�n vers
	�� donne que �n converge vers �� dans H
 pour tout � � B � ���
On obtient donc que �n converge vers �� dans H
 pour tout � � �
�par interpolation entre HB�� et H�
��	����

Par ailleurs �� e�i�

i �

�M
	�n � 	�n �

avec M � N 
 M 	 �B � ��
 v�eri�eX
k�Z

j	�n�� � � k ��j� � �� �

pour n � n�� et donc �� � e�i�����Mmn dans L�� De plus
 kxk�nk�
se majore �a l�aide des quantit�es k��p	n k� �o�u �n � �� � e�i�����Mmn�
pour � � p � k et supN�N kTN��n��k� et ���n �  tel que pour un Q


TQ��n

���� sin �

�

���� � �Q��n

��� sin �

�

��� �
o�u

T��n�f� �
����n��

�

�����f��
�

�
�
����n��

�
� �

�����f��
�

� �
�
�

Or on a bien �evidemment� supn k��p	n k� � ��� par ailleurs
 on a

sup
n�n�

sup
N
kTN��n��k� � sup

n�n�

sup
��������

X
k�Z

j	�n�� � � k ��j�

inf
��K

j	�n���j� � �� �

o�u K est un compact d�Albert Cohen commun �a tous les mn� En�n

on �ecrit �n � �� � e�i�����#�n et

T��n

���� sin �

�

���f� �


�

��� sin �

�

���S��n�f� �
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ou

S��n�f� �
��� cos

�

�

������#�n��
�

�����f��
�

�
�
��� sin �

�

������#�n��
�

� �
�����f��

�
� �

�
�

On a

TQ���
���� sin �

�

���� � �
��� sin �

�

��� �
avec � �  si et seulement si SQ����� � � avec � � �Q� Or SQ��n��

converge uniform�ement vers SQ���� Si on choisit �� � ��� �Q� 
 on trouve

que kSQ��n��k� � �� pour n assez grand
 et donc

TQ��n

���� sin �

�

���� � �Q�

��� sin �

�

��� �
avec �� � ���Q�����Q� On en conclut que
 pour tout p � N 


sup
n�n�

kxp�nk� � �� �

et donc supn�n� kxp�nkH�M � ��� Par interpolation
 �n est �a d�ecrois�
sance rapide et converge rapidement vers �� dans H
 pour tout � � ��

H�� implique H�� La d�emonstration est exactement similaire �a
G�� implique G�
 mutatis mutandis�

Ce premier th�eor�eme d�approximation est donc une adaptation as�
sez directe de la th�eorie �classique� des fonctions d��echelle� Mais sa
m�ethodologie peut facilement s��etendre �a des fonctions d��echelle non
classiques� les fonctions d��echelle non stationnaires�

�� Analyse multi�r�esolution non�stationnaire�

Nous allons donner ici une d�e�nition tr�es personnelle des analyses
multi�r�esolutions non�stationnaires
 et nous appellerons �analyse multi�
r�esolution non�stationnaire normale� ce que d�autres auteurs appellent
simplement �analyse multi�r�esolution non�stationnaire��

De�nition �� Soit � � L�
R
�R� une fonction �a valeurs r�eelles et �a

support compact � �� �� L�analyse multi�r�esolution non stationnaire



Fonctions d
echelles interpolantes ���

associ�ee �a � est la famille des sous�espaces fVj ���gj�N de L��R� d�e�nis

par f � Vj ��� si et seulement si f � L� et il existe fakg � C Z tel que

f �
X
k

ak�
�
x� k

�j

�
dans D� �

Bien s	ur
 f � Vj ��� si et seulement si f�x��j� � V����  ��j��� Dans
un premier temps
 nous commen(cons donc par d�ecrire les propri�et�es de
V����� Nous �ecrivons L�

comp � ff � L�
R

� supp f est compactg�

Lemme ��

i� Il existe �� � V���� 
 L�
comp
 �� � L�

comp tel que

h���x�� ���x� k�i � �k�� � pour tout k � Z �

ii� Pour f � V����


f�x� �
X
k

hf� ���x� k�i���x� k� �

iii� V���� est le plus petit sous�espace ferm�e de L��R� contenant �
et ses translat�ees ��x� k�
 k � Z
 et la famille f���x� k�gk�Z est une

base de Riesz de V�����

iv� Si #��
 #�� v�eri�ent les m	emes propri�et�es que ��
 �� alors� il

existe � �� �
 k � Z telle que #���x� � ����x� k��

En fait �� peut 	etre d�e�nie comme la fonction de V���� de support
minimum� Si h � L�

comp� on note hhi le nombre

hhi � sup supp h� inf supp h �

On a alors

��� h��i � min fh�i � � � V���� 
 L�
comp� � �� �g �

C�est �evident� si � � L�
comp
 on applique le point ii� du Lemme � pour

voir que � est une combinaison lin�eaire �nie des ���x � k�� ��x� �Pk�
k�
ak���x � k�
 ak� �� �� ak� �� � �si � �� ��� on a alors h�i �

h��i� k� � k�� En particulier
 le point iv� est �evident� h #��i � h��i
 et
donc k�� #��� � k�� #��� de sorte que #�� � ak����x� k���
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Preuve du Lemme �� Notons X� le plus petit sous�espace ferm�e de L�

qui contienne toutes les fonctions ��x � k�
 k � Z� Pour h� g � L�
comp


notons
Ph�g��� �

X
k�Z

hh�x�� g�x� k�i e�ik� �

Alors l�ensemble Ig � fPh�g � h � C�c g est un id�eal de l�anneau des
polyn	omes trigonom�etriques� Ph��g � Ph��g � Ph��h��g et e�ik�Ph�g �
Ph�x�k	�g� Si g �� �
 Ig a un unique g�en�erateur Pg �  �

P
k�� 
ke

�ik�

�o�u la suite 
k est presque nulle�� On note d�g� � degPg� On peut
alors choisir �� � X� 
 L�

comp et �� � C�c tels que�
d���� � minfd����� � L�

comp 
X� � � �� �g �
P����� � P�� �

Pour d�emontrer i�
 il su�t de montrer que P�� � 
 ou encore que

P���z� �
X
k�Z

h���x�� ���x� k�i zk �

ne s�annule jamais� Mais cela est �presque� �evident� Si P���$z�� � ��
alors Ph����$z�� � � pour tout h � C�c � de sorte queX

k�Z
zk����x� k� � �

dans D�� On pose alors

#�� �
X
k��

zk����x� k� � �
X
k	�

zk����x� k� �

On a ��x� � #���x�� z� #���x� �
 de sorte que

P�� � P����� � �� z�e
ix��P��� 
�� �

ce qui contredit la d�e�nition de �� si jamais #�� � X�
L�
comp� Mais bien

�evidemment #�� est �a support compact �car le support de
P

k�� z
k
����x�

k� est contenu dans �inf supp������ et celui de
P

k	� z
k
����x�k� dans

� ���� � sup supp����� Par ailleurs
 si jz�j � 

P

k�� z
k
����x � k�

converge dans L� et #�� � X�� si jz�j 	 

P

k	� z
k
����x � k� � X�� Si

jz�j � � on a��� NX
k��

zk����x� k�
���
�

� k #�� � zN��
� #���x�N � �k� � � k #��k� �
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� #�� � L�
 puisque #�� � L�
loc et #�� a un support compact�� par ailleurs


#�� � zN��
� #���x�N � � converge vers #�� dans D�� et donc faiblement

dans L�� de sorte que #�� appartient �a l�adh�erence faible du convexe
ferm�e X�� donc �a X�� Le point i� est donc d�emontr�e� Pour le point ii�


il su�t de remarquer que si P� � C
QK

� �X � zk�� alors

	���� � C �eiN�
Y

�e�i� � zk� 	����� �

En e"et
 la technique d�expulsion des z�eros que nous avons utilis�ee
entre �� et #�� dans la preuve du point i� peut s�appliquer �a 	� jusqu��a
compl�ete �elimination� Nous obtenons alors une fonction �� telle que
P�� �  et telle que � s�exprime comme une combinaison lin�eaire �nie
des ���x � k�� La famille ���x � k� est une base de Riesz de X� et
pour cette fonction �� au moins la propri�et�e ii� est �evidente� Il su�t
alors de remarquer que si � � X� 
 L�

comp alors d��� 	 d���� sauf si
� � ����x� k�
 ce qui se v�eri�e en d�ecomposant � sur les ���x� k��

Le seul point qui reste �a v�eri�er est X� � V����� On remarque
d�abord que X


� 
 L�
comp est dense dans X


� � si P� est le projecteur
oblique de L� sur X�

P�f �
X
k�Z

hf� ���x� k�i���x� k� �

alors X

� � �Id�P �� �L� et X


� 
L�
comp � �Id�P �� �L�

comp� Maintenant


si f � V����� alors f � �X

� 
 L�

comp�

 et donc f � X�� L�inclusion
X� 	 V���� est �evidente �il su�t de v�eri�er que V���� est ferm�e
 ou
encore que V���� � V������ mais si T � L��R���Z� et P � C �X��
il existe S � D��R���Z� tel que T � P �e�i��S���� et cela entra	 ne
V����� 	 V������

Nous comprenons maintenant pourquoi nous pouvons parler d�ana�
lyse multi�r�esolution�

Lemme ��

i� Vj ��� est ferm�e dans L� et a une base de Riesz f�j���j��jx �
k�gk�Z telle que �j � L�

comp et telle qu�il existe �j � C�c avec

h�j���j��jx� k�� �j���j��
jx� k�i � �k�� �

ii� Vj ��� 	 Vj������

iii�
S
j�� Vj ��� est dense dans L��
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Preuve� i� est �evident par renormalisation du Lemme �� ii� est une
�evidence par d�e�nition de Vj ���� Pour iii�
 on note E �

S
j�� Vj ����

Alors E est un sous�espace ferm�e de L�� invariant par toute translation
dyadique k��j
 k � Z
 j � N 
 donc par toute translation r�eelle� Cela
implique qu�il existe un ensemble mesurable F 	 R tel que� f � E si
et seulement si ff � L� et supp 	f 	 Fg� Comme � � E et que 	� est
une fonction analytique
 on a F � R et E � L��

Ainsi
 la fonction � permet d�approximer dans L�
 par ses trans�
lat�ees dyadiques
 toute fonction de carr�e int�egrable� Un probl�eme
int�eressant est alors de savoir �a quelle vitesse cette approximation a
lieu�

De�nition �� Une fonction � � L�
R

L�

comp�R�
 � �� �
 a une puissance

d�approximation d�ordre N si� il existe C � �
 jN � N 
 pour tout

f � HN 
 j � jN 


kf �)jfk� � C ��jNkf �N	k� �

o�u )j est le projecteur orthogonal de L� sur Vj ����

Par exemple
 si � est une fonction d��echelle associ�ee �a un �ltre m�

qui a un z�ero d�ordre N en �
 alors � a une puissance d�approximation
d�ordre N � Les fonctions d��echelle non�stationnaires ont �et�e introduite
pour permettre des puissances d�approximation d�ordre in�ni ��� On
parle alors d�approximation spectrale�

Remarquons �egalement que si � a une puissance d�approximation
d�ordre N� N � � alors on a

lim
j���

�j�N��	kf �)jfk� � � � pour tout f � HN�� �

En e"et
 si f � gA � hA� avec

	gA��� � �
������

� �
A

�
	f �

on a
 en �ecrivant gA � HN et hA � L� avec

kg�N	
A k� � Akf �N��	k�

et
khAk� � A�N��kf �N��	k� �
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�j�N��	kf �)jfk� � C ���jA�kf �N��	k�
� � ��j�N��	A�N���kf �N��	k� �

d�o�u
 si A � �j 


�j�N��	kf � )jfk� � �C � �� kf �N��	k� �

On r�einjecte cette in�egalit�e dans f � gA � hA� avec gA � HN et hA �
HN��
 A � �

p
��j 


�j�N��	kf � )jfk� � C �
p

���jkf �N��	k�
� �C � ��

�Z
j�j��

p
�	j

jf �N��	���j� d�
����

et on a bien �j�N��	kf �)jfk� � � quand j � ���

Dans une analyse multi�r�esolution non stationnaire �Vj ����
 nous
avons obtenu pour chaque niveau Vj ��� une fonction sp�eciale �j � et
l�inclusion Vj ��� 	 Vj����� donne une �equation �a deux �echelles

�j

�x
�

�
�
X
k�Z

D
�j

�x
�

�
� �j���x� k�

E
�j���x� k� �

qui se r�e�ecrit en

	�j�� �� �


�
P�j�x��	��j����� 	�j����� �

On �ecrit

mj����� �


�
P�j�x��	��j�����

et on a alors

��� 	����� �
MY
j��

mj

� �

�j

�
	�M

� �

�M

�
�

formule qui est tr�es proche de la formule qui relie la fonction d��echelle
au �ltre d��echelle� Mais ici
 a priori
 nous ne pouvons pas faire tendre
M vers ��� M	eme si nous pouvions normaliser �M par 	�M ��� �  �ce
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qui n�est pas toujours possible'�
 il n�y aurait aucune raison de conclure
que

lim
M���

	�M
� �

�M

�
�  �

Lorsque cela est le cas
 nous sommes dans le cas d�analyses multi�
r�esolutions non�stationnaires �normales� �au sens o�u seuls les �ltres
mj entrent en compte pour la d�etermination de ����

De�nition ��Une analyse multi�r�esolution non�stationnairefVj���gj��
est dite normale si les fonctions d��echelle non�stationnaires �j �i�e� les
fonctions �j telles que �j��

jx� � Vj ��� et le support de �j��
jx� est

minimum�� peuvent 	etre choisies de la forme

��� 	�j��� �
�Y
���

mj��

� �
��

�
o�u m� est un polyn	ome trigonom�etrique

m� � �
�degm�X
�degm�

ak�� e
�ik� �

�a coe
cients r�eels tel que m���� � 
 degm� � C�A �o�u A � N ne

d�epend pas de �� et

sup
�
km�k� � B � �� �

Comme nous l�avons expliqu�e dans l�introduction
 les produits par�
tiels d�j�N ��� �

NY
���

mj��

� �
��

�
d�e�nissant 	�j admettent un majorant �a croissance polyn	omiale
 de sorte

que d�j�N � qui converge vers 	�j dans C��R� �i�e�
 pour tout p � N 


�d�d��pd�j�N converge vers �d�d��p 	�j uniform�ement sur tout compact�
converge vers 	�j �egalement au sens des distributions temp�er�ees� De
plus supp �j�N 	 ��Mj �Mj� avec

Mj �
�X
���

deg �mj���

��
� C

�X
���

�j � ��A

��
�
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La convergence de �j�N vers �j a alors lieu avec des supports contenus
dans un compact �xe �i�e�
 �xe par rapport �a N 
 pas par rapport �a j��

Nous verrons dans la suite trois exemples de telles analyses multi�
r�esolution non stationnaires� fonction de Rvachev �Section !�
 base de
Berkola� ko et Novikov �Section �� et �ondelettes de Kharkov� �Section
���

�� La fonction de Rvachev�

La fonction up�x� a �et�e introduite en �� par V� A� et V� L�
Rvachev comme une fonction explicite C�� �a support dans ��� � et
dont les translat�ees par ��j
 fup�x� k��j�gk�Z
 permettent de recon�
struire tous les polyn	omes jusqu�au degr�e j

C j �X� 	
nX
k�Z

ak up
�
x� k

�j

�
� fakg � C Z

o
�

Nous translaterons cette fonction de  �c�est��a�dire que nous prendrons
up �a support dans ��� ��� pour pouvoir appliquer le formalisme des anal�
yses multir�esolutions non stationnaires�

La fonction up�x� peut 	etre d�e�nie comme un exemple classique de
fonction C� �a support compact par la formule

���� cup��� �
�Y
j��

	�
� �

�j

�
�

o�u � � �
�����

et donc

	���� �
� e�i�

i �
�

De tels produits interviennent dans la th�eorie des classes de fonctions
non quasi�analytiques �cf� le livre de Rudin ��!
 Chapter �
 p� �!�

par exemple��

Il y a de nombreuses fa(cons de justi�er la convergence de ����� Par
exemple


NY
j��

	�
� �

�j

�
� 	�N
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est la transform�ee de Fourier de la fonction �N � � � ����x� �    �
�N���Nx�
 qui est une fonction positive de masse totale  et �a support
contenu dans ��� ��� De plus
 k�Nk� �  �puisque

k�Nk� � k� � ��N����x�k� � k�k�k�N��k�� �

k�d�dx��Nk� � � �puisque d�N�dx � ��N����x� � ��N����x �
�� et que �N���x� et �N���x � �� sont �a support dans ��� �� et ��� ��
respectivement� et en�n

k�N�� � �Nk�
� sup

x

��� Z ��N �x�� �N �x� y�� �N�����N��y� dy
��� � ��N �

�N converge donc uniform�ement vers une fonction up qui v�eri�e

supp up 	 ��� �� �

Z
up dx �  � et up � � � �up��x� �

En particulier
 up est en quelque sorte sa propre r�egularis�ee et est dans
C��

La fonction up jouit de nombreuses propri�et�es remarquables
 d�ecri�
tes dans ���� et ����� Par exemple
 il est clair que

���
d

dx
up�x� � �up��x�� �up��x� ��

et que up�x� 	 � sur ��� �� 
 up�� � � �En e"et
 de ��� on tire
que � � inf suppup
 et donc up�x� 	 � sur ��� � tandis que up�� �

�
R �
� up�� t� dt � cup��� � �� On en conclut alors pour k � 

� � x � � et
dk

dxk
up�x� � � �

si et seulement si

x �
n 

�k��
�

�

�k��
� � � � �

�k � 

�k��

o
�

En fait c�est l�une des caract�erisations de up

Proposition � �Caract�erisation de up�� Chacun des probl�emes P� �a

P!� a pour seule et unique solution la fonction up�
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P� f � E �
 hf� i �  et f � �
�����

� � f��x�

P�� f � E �
 hf� i �  et df�dx � � f��x�� � f�x� ��

P�� f � C�
 supp f 	 ��� ��
 f�� �  et pour tout k �  on a�

� � x � � et f �k	�x� � � �

si et seulement si

x �
n 

�k��
�

�

�k��
� � � � �

�k � 

�k��

o
�

P�� f � C�
 supp f 	 ��� ��
 f�� � 


lim
n���

���n��	�n��	��kf �n	k� � � �

et� pour tout p � N 
 il existe fakg � C Z
 tel que

xp �
X
k�Z

akf
�
x� k

�p

�
�

P!� f � C�
 supp f 	 ��� ��
 f�� � 


lim
n���

���n��	�n��	��kf �n	k� � �

et� pour tous k � 
 � � f� �� � � � � �k � g


f �k	
� �

�k��

�
� � �

Quoique tous ces r�esultats aient �et�e prouv�es par V� A� et V� L�
Rvachev ����
 ����
 nous en donnerons la preuve �a titre d�introduction �a
la fonction up� Avant d�entamer cette preuve
 nous donnons le lemme
fondamental sur lequel repose une grande partie de la th�eorie de la
fonction up�

Lemme �� a� �Lemme d�encadrement� Soit n � � et soit An l�ensemble

des fonctions f qui v�eri�ent�

i� f � Cn et supp f 	 ��� ���
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ii� f �n	 est strictement monotone sur chaque intervalle �k��n� �k�
���n� �� � k � �n����

iii� Pour  � p � n et  � k � �p � 


f �p	
� k

�p��

�
� � �

iv� f�� � �

Alors si f � An
 on a en tout point x

���� �n�x� � f�x� � hn�x� �

o�u �� � �
 h� � �
�����

et �n�� et hn�� sont d�e�nis par �n�� �
R x
�
Ln�t� dt

et hn�� �
R x
�
Hn�t� dt
 o�u�

� pour � � x � ��
 Ln�t� � � �n�� t�
 Hn�t� � �hn�� t�


� pour �� � x � 
 Ln�t� � �hn�� t�
 Hn�t� � � �n�� t�


� pour  � x � ���
 Ln�t� � ��hn�� t���
 Hn�t� � �� �n�� t���


� pour ��� � x � �
 Ln�t� � �� �n�� t���
 Hn�t� � ��hn�� t����

En particulier� on a� si f� g � An� alors�

���� kf � gk� � khn � �nk� � �

�n
�

b� �Lemme d�extremalit�e� Soit �n le spline de degr�e n
 d�e�ni r�ecur�
sivement par

�� �


�
�
�����

et

�n�� �

Z x

�

���n�� t�� ��n�� t� ��� dt �

Alors �n�� � An et on a� pour tout f � An


���� kf �n��	k� � k��n��	
n�� k� �



�
��n��	�n��	��

et l��egalit�e n�a lieu que pour f � �n���

c� �Lemme de Majoration� Soit f � Cn�R� telle que f �n	 soit lip�
schitzienne et telle que f�k� � � pour tout k � Z et f �p	�k��p��� � �
pour tout k � Z et tout p � f� � � � � ng� Alors on a

��!� kfk� � ���n���n��	�n��		��kf �n��	k� �
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Preuve du Lemme �� Il est imm�ediat que si f � An
 alors on a

f ��x� � f �
�

�

�
f���x� � f �

��

�

�
f���x� �� �

o�u f� et f� sont dans An��� L�id�ee est alors de d�emontrer ���� par
r�ecurrence� On commence par v�eri�er que si f � An� alors pour  �
p � n
 ff �p	�x� � � et � � x � �g si et seulement si

x �
n 

�p��
�

�

�p��
� � � � �

�p � 

�p��

o
�

par hypoth�ese
 puisque

f �n	
� k

�n��

�
� f �n	

�k � 

�n��

�
� �

et que f �n	 est strictement monotone sur ��k��n� ��k � ���n� et sur
��k���n� ��k�����n�
 on voit que f �n	 ne s�annule pas sur �k��n��� �k�
���n��� et donc que f �n��	 y est strictement monotone� ce qui prouve
An 	 An�� et par r�ecurrence que les seuls z�eros de f �p	 sont les points
k��p���

Pour d�emontrer ����
 Rvachev introduit l�hypoth�ese de r�ecurrence
�Hn� suivante� �Si f � An� 
� � 	 � et x� � ��� �� v�eri�ent 
 �n�x�� �
f�x�� � � hn�x�� alors si x� � � on a 
 �n�x� � f�x� � � hn�x� pour
tout x � ��� x��
 et si x� � 
 on a 
 �n�x� � f�x� � � hn�x� pour tout
x � �x�� ����

H� est �evident� puisque �� � �� on a f�x� � 
 ���x� sur ��� ��� en
e"et f est croissante de � �a  sur ��� � et d�ecroissante de  �a � sur �� ���
de m	eme si f�x�� � � h��x�� � �
 on a n�ecessairement f�x� � � sur
��� x�� si x� � � sur �x�� �� si x� � �

Montrons que �Hn� implique �Hn���� Comme  est centre de
sym�etrie du probl�eme �pour tout n on a f�x� � An si et seulement
si f�� � x� � An� �n�x� � �n�� � x� et hn�x� � hn�� � x��� nous
pouvons supposer x� � � On suppose donc f � An��� x� �  et

 �n���x�� � f�x�� � � hn���x��� Sur ��� �� f ��x� � f ����� g��x�
avec f ����� 	 � et g � An� On consid�ere ��x� � f�x� � 
 �n���x��
Cette fonction v�eri�e ��x�� � � et ���� � �� On note x� le point
de ��� x�� o�u � atteint son minimum� Si x� � � ou x� � x�� alors
� � � sur ��� x��� ce qu�il faut d�emontrer� Si � � x� � ��
 alors
� � ���x�� � f ����� g��x����
 �n��x��� L�hypoth�ese �Hn� permet de
conclure que ���x� � � sur ��� x�� et donc ��x�� � ���� � �� De m	eme
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si �� � x� � � alors � � ���x�� � f ����� g��x�� � �
hn��x��
 de
sorte que ���x� � � sur �x�� � et donc ��x�� � ��x�� � �� En�n si
x� � ��
 le m	eme argument s�applique si n �  � �� si n � �� �� n�est
pas d�erivable en ��� cependant ������ � � et f���� 	 �
 de sorte que
����� 	 �� �Hn��� est donc d�emontr�ee
 le cas f�x�� � � hn���x�� se
traitant de fa(con analogue�

���� est alors imm�ediat� Pour n � �� nous avons d�ej�a vu que
� � f � �

�����
� Pour n � � on a f�� � �n�� � hn�� et �Hn� entra	 ne

����� Pour v�eri�er que �n�� � hn�� � � il su�t de remarquer que
pour t � ��� � on a �n�t� � hn� � t� � � C�est vrai pour n � �� Par
ailleurs
 on a

�n���t� � hn���� t� �

Z t

�

� �n��u� du�

Z ���

�

�hn��u� du

�

Z ��t

���

� �n��u� du

�

Z �

�

�n�u� du�

Z ���

�

hu�u� du

�

Z �

�

��n�u� � hn�� u�� du �  � si t � 

�
�

En utilisant le fait que �n��� u� � �n�u� et donc

Z ��t

���

� �n��u� du �

Z ���

t

� �n�� v� dv

et de m	eme �n���t� � hn���� t� �  si t � ���

Pour d�emontrer a�
 il ne reste plus qu��a estimer k�n � hnk�� En
fait
 on va montrer que pour � � x � � �n�x� � hn�x � ��n�� On
commence par remarquer que c�est vrai pour n � � ou � Par ailleurs

�n�x� � � pour x � ��� ��n� et donc hn �  pour x � ����n� ���n��
On va montrer par r�ecurrence que �n�x� � �n�x� � hn�x � ��n� est
nulle sur ��� �� En e"et
 on a�

� si � � x � ��


��n���x� � � �n��x�� �hn

�
�x� 

�n

�
� ��n��x� � � �
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� si �� � ��n�� � x � 


��n���x� �

��	�

�hn��x�� � �n

�
�x� 

�n

�
�

�hn��� �x�� � �n

�
�� �x�



�n

�
�

�


���n

�
�� �x �



�n

�
�

� �

� si �� � x � �� � ��n��


��n���x� � �hn��x�� �hn

�
�x� 

�n

�
� �� � � � �

de sorte que �n�� � �n����� � ��
On remarque alors que

khn � �nk� �
���hn�

�

�
� �n

�

�

���� �

Z ���

�������n
�hn���� t� dt � �

�n
�

Le point a� est donc d�emontr�e�
Le point b� est quasiment imm�ediat� L�appartenance de �n�� �a An

est imm�ediate �il su�t d��ecrire �n�� � �
�����

� ��n��x� pour v�eri�er

que pour tout n � �

R
�n dt �  et donc pour tout n � � �n�� � �

les annulations de �
�k	
n�� sont alors imm�ediates par r�ecurrence puisque

�
�k	
n�� � �k�

�k��	
n �� t� sur ��� � et � ��k�

�k��	
n �� t � �� sur �� ���� De

m	eme il est imm�ediat que sur �k��n� �k � ���n� 


�
�n��	
n�� � �k�n ��n��	�n��	��

o�u �k�n ne d�epend que de k et n et appartient �a f�� g� Le spline �n��

est donc un spline parfait �i�e� un spline de degr�e n �  tel que��� dn��

dxn��
�n��

��� � cte

presque partout sur son support�� Il su�t alors de v�eri�er que si

supp f 	 ��� ��� kf �n��	k� � k��n��	
n�� k� et f �p	�k��p��� � � pour

� � k � �p alors jf�x�j � �n���x� en tout point et f�� � �n���� � 
si et seulement si f � �n��� Cela est �evident par r�ecurrence� Si n � ��
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on a jf �j �  presque pour tout et donc jf�x� � f�x��j � jx � x�j� on
prend x� � � pour x � ��� � et x� � � pour x � �� �� et on obtient
jf�x�j � �� j� xj�� � ���x�� de plus on a

jf��j �
��� Z �

�

f ��t� dt
��� � Z �

�

 dt �  �

avec �egalit�e si et seulement si f ��t� � � presque pour tout sur ��� �
 o�u
j�j �  et � ne d�epend pas de t� on trouve donc f�� �  si et seulement
si f � �  sur ��� � et � sur �� �� 
 et donc si et seulement si f � ���

Maintenant
 si on suppose le r�esultat d�emontr�e pour n� il est facile
de le d�emontrer pour n � � En e"et
 puisque

k��n��	
n�� k� � �n��k��n��	

n�� k� �

on �ecrit f ��
�����

� g��x� et f ������� � h��x� �� et on peut appliquer la

propri�et�e au rang n �a g et h�

kg�n��	k� � ���n��	kf �n��	k� � � k��n��	
n�� k� �

et donc jf ��x�j � � j�n����x�j sur ��� � et � � j�n����x� ��j sur �� ���
En particulier


jf�x�j �
Z x

�

��n���� t� dt � �n���x�

si � � x � � et

jf�x�j �
Z �

x

��n���� t� �� dt � �n���x�

si  � x � �� de plus
 l��egalit�e f�� �  � �n���� n�est possible que
si f � � ��n���� t� presque pour tout sur ��� � et f � � ��n���� t �
�� presque pour tout sur ��� ��� donc f � �n��� Le point b� est donc
d�emontr�e�

Le point c� est maintenant �evident� Puisque f �n	 est continue et
que f a un z�ero d�ordre �n � � aux points entiers
 on peut �ecrire

f �
��X

k���
fk�x� � k� �
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o�u fk est �a support dans ��� ��� f
�p	
k ����p��� � � pour  � p � n�

 � � � �n �  et fk�� � �� f
�n	
k est lipschitzienne et kf �n��	

k k� �
kf �n��	k�� La fonction

#fk�� � �n�� � fk
k��n��	

n�� k�
kf �n��	k� � �

�o�u � 	 �� appartient �a An� de sorte que

k #fk�� � �n��k� � �

�n
�

Faisant tendre � vers �
 on obtient

kfk� � sup
k
kfkk� � �

�n
���n��	�n��	��kf �n��	k� �

Le Lemme � est donc d�emontr�e�

Preuve de la proposition �� On v�eri�e facilement que up est solu�
tion des probl�emes P� �a P!�� En e"et
 on a

d

dx
up � �up��x�� �up��x� ��

et
supp up��x� 
 supp up��x� �� � fg �

On en conclut��� dN

dxN
up
���
�

� �
��� dN��

dxN��
�up��x��

���
�

� �N
��� dN��

dxN��
up
���
�
�

et donc ��� dN

dxN
up
���
�

� ���N��	 ��N��	�N��	�� �

Il reste seulement �a v�eri�er que tout polyn	ome s��ecrit �a l�aide de trans�
lat�ees de up� On va montrer plus pr�ecis�ement
 pour p � N 
 pour
� � f�� � � � � pg


����
X
k�Z

� k
�p

��
up
�
x� k

�p

�
� �px� mod C ��� �X� �
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Pour p � �� ���� se r�eduit �a
P

k�Zup�x�k� � � ou encore �a cup��� � 
et cup��k�� � � pour k � Z�� ce qui est imm�ediat puisque

cup��� �
� e�i�

i �
cup��

�

�
�

Si ���� est vrai �a l�ordre p� cela l�est encore �a l�ordre p� pour � � � � pX
k�Z

� k

�p��

��
up
�
x� k

�p��

�
�
X
k�Z

� k
�p

��
up
�
x� k

�p

�
�
X
k�Z

� k
�p

��
up
�
x� 

�p��
� k

�p

�

�
�X

j��

� 

�p��

�j
Cj
�


X
k�Z

� k
�p

���j
up
�
x� 

�p��
� k

�p

�
� �px� � �p

�
x� 

�p��

��
mod C ��� �x�

� �p��x� mod C ��� �X� �

Pour � � p � � on utilise le fait que cup a un z�ero d�ordre p � � en
�p��k�
 k � Z�� puisque

cup��� �

p��Y
j��

� e�i���
j

i ���j
cup� �

�p��

�
�

la formule sommatoire de Poisson donne alors queX
k�Z

�
x� k

�p��

�p��

up
�
x� k

�p��

�
� Cte � p�� �

o�u p�� est une constante ne d�ependant pas de x� On obtient alors

� �

p��X
j��

Cj
p�����jxp���jX

k�Z

� k

�p��

�j
up
�
x� k

�p��

�
mod C p �X�

� ���p��
X
k�Z

� k

�p��

�p��

up
�
x� k

�p��

�
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�

pX
j��

Cj
p�����jxp���j �p��xj mod C p �X�

� ���p��
X
k�Z

� k

�p��

�p��

up
�
x� k

�p��

�
� ���p���p��xp�� mod C p �X� �

���� est donc prouv�e�
up est donc bien solution des probl�emes P� �a P!�� Par ailleurs


les restrictions sur la taille des d�eriv�ees de f dans P�� ou P!� sont bien
n�ecessaires pour ne pas avoir d�autre solution que up� pour P��
 la
fonction

f � up� 

d

dx
up �

o�u 
 	 � est arbitraire
 v�eri�e supp f 	 ��� ���
R �
�
f dx �  etX

k�Z

� k
�p

�p
f
�
x� k

�p

�
�
X
k�Z

� k
�p

�p
up
�
x� k

�p

�
� 


d

dx

�X
k�Z

� k
�p

�p
up
�
x� k

�p

��
� �pxp mod C p�� �X� �

tandis que

lim
n���

kf �n	k�
��n��	�n��	��

� 
 �

Pour P!�
 la fonction f � up��x�� v�eri�e supp f 	 ��� ��� f�� �  et

f �k	
� �

�k��

�
� �kup�k	

� ��

�k��
� 
�

� � �

tandis que

kf �n	k� � �n�n�n��	�� �


�
��n��	�n��	�� �

Il reste maintenant �a v�eri�er l�unicit�e des solutions de P� �a P!��

� Pour P�
 c�est �evident� si f � � � � f��x�
 alors

	f��� � 	���� 	f
��

�

�
�

NY
j��

	�
� �

�j

�
	f
� �

�N��

�
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et donc

	f��� � 	f���
�Y
j��

	�
� �

�j

�
� 	f���cup��� �

� Pour P��
 on remarque que

d

dx
�� � � f��x�� � � f��x�� � f��x� �� �

de sorte que pour f � � il est �equivalent de dire que f � � � � f��x� ou
que

df

dx
� � f��x�� � f��x� �� �

� Pour P��
 on utilise le Lemme �� si f v�eri�e les hypoth�eses de P��

alors f � An pour tout n� Comme up � An� le lemme d�encadrement
donne que

kf � upk� � khn � �nk� � �

�n
�

Comme c�est vrai pour tout n
 f � up�

� Pour P��
 on commence par remarquer la chose suivante� si
� � C�c et si � est la fonction de support minimum dans V����� avec �
une fonction dans C�c v�eri�ant h��x � k�� �i � �k�� pour k � Z� alors
le fait que f � L�

loc s��ecrive

f �
X
k�Z


k ��x� k� � avec f
kg � C Z �

entra	 ne que

f �
X
k�Z

hf� ��x� k�i ��x� k� �

En particulier
 si  �
P

k�Z
k ��x� k�
 on obtient que

 � h� �i
X
k�Z

��x� k� �

et donc que
P

k�d��dx��x� k� � �� cela entra	 ne que

d�

dx
� 
��x�� a��x� � �
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pour une fonction 
� � C�c 
 et donc que

	���� �
� e�i�

i �
	�����

pour une fonction �� � C�c � On a alors V��d��dx� � V������ A nouveau

si �� est la fonction de support minimum de V��d��dx� et si �� � C�c
v�eri�e D

��

�
x� k

�

�
� ��

E
� �k�� �

on a pour

f �
X
k�Z


k
d

dx
�
�
x� k

�

�
� f �

XD
f� ��

�
x� k

�

�E
��
�
x� k

�

�
�

Ainsi
 si en plus de  �
P

k�Z
k ��x� k� on a

x �
X
k�Z

�k �
�
x� k

�

�
�

on �ecrit

 �
X
k�Z

�k
d

dx
�
�
x� k

�

�
et on obtient �nalement

d

dx
�� � 
��x�� 
�

�
x� 

�

�
et en�n

	���� �
� e�i�

i �

� e�i���

i ���
	����� �

Cet argument s�it�ere �a l�in�ni et donne donc que si f v�eri�e les hy�
poth�eses de P��
 on a pour tout N � N 


	f��� �
NY
j��

� e�i���
j

�i ���j�
	fN����� �

avec fN�� � C�c � Le probl�eme est alors de montrer que

lim
N���

	fN����� � 
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ponctuellement� En notant f� � f 
 on a pour tout N 


fN�� �


�N

X
k��

d

dx
fN
�
x� k

�N

�
� � 

�N

X
k	�

d

dx
fN
�
x� k

�N

�
�

En particulier
 on a� supp fN�� 	 �inf supp fN � sup supp fN � ��N � �
��� ��N �
 de sorte qu�en fait on a

fN�� � �
������N �



�N
d

dx
fN � �

������N �
��N�N��	��

� d

dx

�N��

f �

et donc

	fN����� � ��N�N��	��

Z ���N

�

f �N��	�x� e�ix� dx �

Par ailleurs 	fN����� �  et donc

	fN������  � ��N�N��	��

Z ���N

�

f �N��	�x� �e�ix� � � dx �

d�o�u

j 	fN������ j � ��N�N��	��

Z ���N

�

kf �N��	k� j�j
�N

dx

� ��N�N��	����Nkf �N��	k� j�j
�N

� ���N��	�N��	��kf �N��	k� � j�j

et on a bien limN��� j 	fN����� � j � �� En�n P!� est imm�ediat
 en
appliquant le Lemme � �lemme de majoration� �a f � up�

La Proposition � est donc d�emontr�ee�

Une propri�et�e amusante de la fonction up est que ses valeurs aux
points dyadiques sont rationnelles et ais�ement calculables� Ce qui en
permet la tabulation et partant le calcul de toutes les quantit�esZ �k��	��j

k��j
x�up�x� dx �
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Lemme �� Pour tous j � N 
 k � f� � � � � �j�� � g
 up�k��j� � Q �

Preuve� On remarque d�abord que tous les moments

m� �

Z �

�

x�up�x� dx

sont �a valeurs rationnelles� En e"et
 on aZ �

�

x�up�x� dx � �
Z �

�

x���

�� 

d

dx
up�x� dx

�

Z �

�

��up��x� ��� �up��x��
x���

� � 
dx

�

Z �

�

up�t�
�� t � �

�

����

�
� t

�

����� dt

� � 

�


��

Z �

�

t�up�t� dt

�
���X
k��



� � 
Ck
���

�����k

����

Z �

�

tkup�t� dt �

Partant de
R �
�
up�x� dx � 
 on voit que

R �
�
t�up�t� dt � Q par induction

sur ��
On calcule alors up�k��j� par r�ecurrence sur j �a l�aide des formulesX

k�Z

�x� k

�j

�j
up
�x� k

�j

�
�

Z � x
�j

�j
up
� x

�j

�
dx � �jmj �

Partant de up�� � � on voit alors qu�on peut calculer les valeurs
up���k � ���j��� pour  � k � �j�� �a l�aide des valeurs up�k��j�

 � k � �j�� � 
 en r�esolvant le syst�eme de �j�� �equations �a �j��

inconnues�

�S�

������������������	�����������������


pour � � � � j
 pour  � r � �j��


������X
k��

��r � 

�j��
�

k

��

��
up
��r � 

�j��
�

k

��

�
� ��m� �

�j��X
k��

��k � 

�j��

�j��

up
��k � 

�j��

�

� �j��mj�� �
�j����X
k��

� k
�j

�j��

up
� k

�j

�
�
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Il reste �a v�eri�er que le syst�eme est de Cramer� Mais les �j �equations
correspondant �a � � � permettent d�exprimer up���r� ���j�� � � en
fonction de up���r����j��� � � r � �j� et �S� devient alors pour ces
valeurs up���r � ���j��� � � r � �j��

�S��

����������������������������������	���������������������������������


pour � � � � j
 pour  � r � �j��


����X
k��

���r � 

�j��
�

k

��
� 
��
�
��r � 

�j��
�

k

��

���
up
��r � 

�j��
�

k

��

�
� ���m� � m�

����X
k��

��r � 

�j��
�

k

��
� 
��
�

�jX
k��

���k � 

�j��
� 
�j��

�
��k � 

�j��

�j���j��

up
��k � 

�j��

�

� ��j��mj�� �
�j����X
k��

� k
�j

�j��

up
� k

�j

�

� m�

�jX
k��

��k � 

�j��
� 
�j��

�

�S�� se r�e�ecrit alors


�S���

������������	�����������


pour � � � � j � 
 pour  � r � �j����


������X
k��

��r � 

�j
�

k

��

��
up
��r � 

�j��
�

k

����

�
� c��r �

�jX
���

��k � 

�j

�j
up
��k � 

�j��

�
� cj �

o�u les c��r et cj sont des combinaisons lin�eaires des up�k��j� �a coe��
cients rationnels� On retrouve le syst�eme �S� au rang j �o�u les inconnues
up���k����j� sont remplac�ees par les inconnues up��� ��k����j�� et
par r�ecurrence sur j� on obtient bien que �S� est un syst�eme de Cramer�
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Nous pouvons maintenant pr�esenter le r�esultat le plus frappant de
Rvachev ����
 �����

Proposition � �S�erie de Taylor g�en�eralis�ee�� Pour � ��� �� � on d�esigne

par K� l�espace de Banach

K� � ff � C��R� � sup
N

��N��N�N��	��kf �N	k� � ��g �

Alors l�application

f �� ff�k�gk�Z
�n

��N��N�N��	��f �N	
� k

�N��

�o
N���k�Z

est un isomorphisme de K� sur ���Z� N� � Z�� Autrement dit toute

fonction de K� se d�ecompose en

f �
X
k�Z

f�k����k�x� �
�X
N��

X
k�Z

f �N	
� k

�N��

�
�N�k�x� �

o�u �N�k est l�unique solution de� �N�k � K�
 �N�k��� � �N���k�� et� d

dx

�j
�N�k

� �

�j��

�
� �N�j ���k �

pour j � � La convergence de la s�erie a lieu uniform�ement sur tout

compact de R pour f ainsi que pour toutes ses d�eriv�ees�

Preuve� Notons S� l�application

f �� ff�k�gk�Z
�n

��N��N�N��	��f �N	
� k

�N��

�o
N���k�Z

�

Il est clair que S� est injective de K� dans ���Z� N� � Z�� En e"et

si S�f � �� le Lemme � �lemme de majoration� donne que pour tout n
on a

kfk� � �
��

�

�n��

��n�����n��	�n��	��kf �n��	k� �

Si f � K�� cela donne kfk� � C �����n�� o�u C ne d�epend pas de n et
donc f � ��

Nous allons montrer maintenant l�existence de l�unique �N�k � K�

telle que

S���N�k� � f�N�� �k��g��Z
�
f��j ��j�j��	���N�j �k��gj�����Z �
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Nous montrerons de plus que �N�k � VN �up� et que pour N � �

supp�N�k 	
h
� E

� �k
�N��

�
� � E

� k

�N��

�
� 
i
�

Nous allons construire �N�k par r�ecurrence sur N� Si N � �� on conna	 t
d�ej�a la solution� ���k � up�x �  � k�� Pour construire �N�k� une fois
connues les �j�k pour j � N� on part de l��egalit�e

dN

dxN
up
� 

�N

�
� �N�N��	��

et on proc�ede en trois �etapes�

� en notant IN�k l�intervalle

IN�k �
h
�E

� �k
�N��

�
� � E

� k

�N��

�
� 
i
�

on d�e�nit �N�k par

�N�k �
X

���N���IN�k et ��k
cN�k�� up

�
x� �

�N��
�



�N

�
�

o�u les cN�k�� sont choisis de sorte que� pour ���N�� � IN�k et k � �


dN

dxN
�N�k

� �

�N��

�
� �k�� �

C�est*�a�dire qu�on prend cN�k�k � ��N�N��	�� et pour � 	 k


cN�k�� � ���N�N��	��
���X
m�k

cN�k�m
dN

dxN
up
� ��m

�N��
�



�N

�
�

Les cN�k�� sont donc bien d�e�nis et on a

dN

dxN
�N�k

� �

�N��

�
� �k�� �

pour tous les points ���N�� � IN�k
 tandis que pour tout p 	 N et tout
� � Z


dp

dxp
�N�k

� �

�p��

�
� � �
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� On corrige alors �N�k en

�N�k � �N�k �
X

��IN�k
�N�k��������x�

�
N��X
p��

X
���p���IN�k

dp

dxp
�N�k

� �

�p��

�
�p���x� �

On a alors �N�k��� � � pour � � IN�k et

dp

dxp
�N�k

� �

�p��

�
� �N�p �k�� �

our p �  et ���p�� � IN�k� En particulier �N�k a un z�ero d�ordre in�ni
aux deux bornes de IN�k�

� Il su�t alors de poser� �N�k � �N�k �IN�k �

Bien s	ur
 on peut remplacer dans ce raisonnement IN�k par n�im�
porte quel intervalle I � IN�k �a bornes dans Z� On obtient alors �N�k �
�I �I avec �I � VN �up�� cela entra	 ne que �N�k � VN �up�� �En e"et si
�N est une fonction de VN �up� �a support minimal et si ��N � C�c v�eri�eD

��N
�
x� k

�N

�
� �N �x�

E
� ���� �

on utilise le projecteur

PNf �
X
�

D
f� ��

�
x� �

�N

�E
�
�
x� �

�N

�
sur VN �up�� Son noyau est proprement support�e de sorte que PN�N�k �
�N�k est imm�ediat��

Il reste �a d�emontrer la convergence dans C� �convergence uniforme
sur tout compact de fonctions et de leurs d�eriv�ees� vers une fonction de
K� de �X

N��

X
k�Z

cN�k �N�k

lorsque f��N��N�N��	��cN�kg � ���N� � Z�� Pour cela
 on va noter
KN�p le nombre

KN�p � sup
n���X

k�Z
cN�k

dp

dxp
�N�k

���
�

� sup
k
jcN�kj � 

o
�
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Comme ���k � up�x�  � k�� on a �puisque supp up � ��� ���

K��p � �
��� dp

dxp
up
���
�

� �  �p�p��	�� �

Nous allons alors estimer KN�p par r�ecurrence sur N � On commence
par remarquer que si f � K� v�eri�e pour tout p � p� et tout � � Z


dp

dxp
f
� �

�p��

�
� �

alors

f �
X
�

f������� �

p���X
p��

X
�

f �p	
� f

�p��

�
�p�� �

�En e"et la convergence de

g �
X
�

f������� �

p���X
p��

X
�

f �p	
� �

�p��

�
�p��

est imm�ediate
 la s�erie �etant localement �nie� Par ailleurs
 l�appar�
tenance de g �a K� est imm�ediate� il su�t de remarquer que �p���x�� �
�p����p���x�
 de sorte que les estimations de taille sur les d�eriv�ees de g
sont imm�ediatement uniformes� En�n f � g puisque S��f� � S��g���
On remarque �egalement que si f � K� alors �df�dx��x��� � K�� si
g � �df�dx��x��� on a

��� dN

dxN
g
���
�

� ��N
��� dN��

dxN��
f
���
�

� ��N C �N����N��	�N��	��

� �C ��N �N�N��	�� �

On note alors �N �
P

k�ZcN�k �N�k� Si N � �� on a

����

d�N
dx

�


�N

X
k�Z

cN�k ��N���k��x�

�
X
k



�

d�N
dx

��k � 

�

�
�up��x� � k� �
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Cela nous donne���dN�N
dxN

���
�
�
��� dN��

dxN��
X
k�Z

cN�k �N���k
���
�

� �N�N��	�� sup
k

���
�

d�N
dx

��k � 

�

���� �
Par ailleurs on a

�N �k� � �� �N �k�� � �

�

Z k���

k�

d�N
dx

dx

�


�

d�N
dx

��k� � 

�

�
�

Z k���

k�



�N

X
k�Z

cN�k ��N���k��x� dx �

ce qui donne���
�

d�N
dx

��k� � 

�

���� � �

�N

���X
k�Z

cN�k �N���k
���
�
�

Le Lemme � �lemme de majoration� permet alors d��ecrire

���X
k�Z

cN�k �N���k
���
�
� ���N�N�N��	��

��� dN��

dxN��
X
k

cN�k �N���k
���
�
�

Au total
 on a donc obtenu

KN�N � KN���N��
�

 � �N�N��	�� �

�N
���N�N�N��	��

�
� KN���N��

�
 �

�

�N

�
�

On obtient donc

KN�N �
NY
j��

�
 �

�

�j

�
K��� � C� �

�Y
j��

�
 �

�

�j

�
K��� �
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Par ailleurs K��� �  et K��� est bien �ni puisque

K��� �
���d����

dx

���
�

�
���d����

dx

���
�

�
���d����

dx

���
�
�

On a donc montr�e

���� sup
N�N

KN�N �
�Y
j��

�
 �

�

�j

�
K��� � C� �

L�estimation de KN�p est alors facile�

� si p � N� on note

+N�p � �N�N��	�� ��p�p��	��KN�p

et en utilisant �a nouveau ���� on obtient

KN�p � �p�NKN���p�� � �p�p��	�� �

�N
��N�N��	��KN���N��

et donc

+N�p � +N���p�� �
�

�N
C� � +N�p�� � �C�

NX
N�p��



�r
�

Par ailleurs
 le Lemme � �lemme de majoration� donne que

KN�p�� � KN�p�N�p � ���N�p	��N�p	�N�p��	��

et donc +N�p�� � � ���N�p	C�� Au total

���� KN�p � ��N�N��	�� �p�p��	�� ���N�p	 !C� � pour � � p � N �

� Si p 	 N 
 on remarque que

dN

dxN

�X
cN�k �N�k

�
�
X
��Z

� dN

dxN

X
cN�k�N�k

�� �

�N

�
up��Nx � � ��

et donc �en utilisant que up�x� et up�x � �� sont �a supports disjoints�

���� KN�p � �KN�N ��N�N��	�� �p�p��	�� � pour p � N �
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On conclut alors que si ��N��N�N��	��jcN�kj �M 
 on a

��� dp

dxp

X
N

X
k

cN�k �N�k

���
�
�

�X
N��

KN�pM �N�N�N��	��

�M
X
N	p

�C� �p�p��	���N

� M
X
p�N

!C� �p�p��	���N���N�p	

� C�M �p �p�p��	��
�

�
X
���

����!
X
���

��
�

���
�

La Proposition ! et donc d�emontr�ee�

Nous allons maintenant d�ecrire l�analyse multi�r�esolution non�stati�
onnaire engendr�ee par up �d�ecrite dans �� par N� Dyn et A� Ron��

Proposition �� a� Soit upk la fonction de support minimum dans

Vk�up� normalis�ee par inf supp upk � � et cupk��� � � Alors on a

cupk��k�� �
�� e�i�

i �

�kcup��� ����

cupk��k�� �
�Y
j��

mj�k

� �

�j

�
avec mj��� �

� � e�i�

�

�j
�����

En particulier� up engendre une analyse multir�esolution non�station�

naire normale�

b� Soit )k le projecteur orthogonal de L� sur Vk�up�� Alors pour

tout N � �
 il existe une constante CN 	 � telle que� pour tous k � N 

f � HN

���� kf �)kfk� � CN ��kNkf �N	k� �

En particulier� la fonction up a un ordre d�approximation in�ni�

Preuve� a� On a

cup��� �
�Y
j��

	�
� �

�j

�
�
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Par ailleurs
 on sait que

	���� �
�Y
j��

� � e�i���
j

�

�
�

On obtient donc

cup��� �
�Y
j��

� �Y
���

 � e�i���
j��

�

�
�

�Y
���

� � e�i���
�

�

��
�

Le regroupement des termes �etant autoris�e par le fait que si j�j � �


��X
j��

�X
���

���Log
 � e�i���

j��

�

��� � �� �

En particulier


cup��� �
kY

j��

mj

� �

�j

�
	k���

avec

	k �
�Y

j�k��

mj

� �

�j

�
�

On v�eri�e facilement que k � Vk�up� 
 L�
comp� �Il su�t de v�eri�er que

si � � L�
comp v�eri�e

P
���k��x� k� � �
 alors  d�e�ni par

	��� � 	����
�

 � e�i�

v�eri�e  � V���� 
 L�
comp� en fait on a � � ��x� � �x � ����
 ou

encore

 � �
�X
�

��x � k� � ��
��X
��

��x � k� �

On a alors  � L�
loc
 supp  compact
 donc  � L�

comp et  � V������ De
plus k est de support minimal dans Vk�up�� on peut utiliser le crit�ere
d�A� Ron ���� qui dit que � est le support minimum dans V���� si la
fonction enti�ere 	��z� �

R
��x� e�izx dx n�a pas de z�ero �complexe� ���

p�eriodique� Ce crit�ere est �evident� si � n�est pas de support minimum


� �

k�X
k�

ak ���x� k� et 	��z� �
� k�X

k�

ak e
�ikz

�
	���z� �
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si � par contre est de support minimum et si � � C�c v�eri�e h�� ��x�
k�i � �k�� alors X

k�Z
	��z � �k�� 	��z � �k��

converge uniform�ement sur tout compact de C vers la fonction �

Nous avons donc prouv�e ����
 et donc que fVk�up�gk�� est normale�
��� se d�eduit imm�ediatement de ���� en mettant � � e�i����k en
facteur dans mj�k����

b� l�estimation ���� est relativement imm�ediate� On �ecrit f �
fk � gk o�u

	fk � �
������

� �

�k

�
	f �

On a

kgk �)kgkk� � � kgkk� � � ��k���Nkf �N	k� �
Par ailleurs
 on a

k)kfkk���


��

Z ��

��

���X
��Z

	fk�� � � �� �k�cupk�� � � �� �k�
�����X

��Z
jcupk�� � �� � �k�j�

�� jcupk���j� d�

�


��

Z ��k

���k
j 	fk���j� jcupk���j�X

��Z
jcupk�� � �� � �k�j�

d� �

et donc

kfk � )kfkk�� � kfkk�� � k)kfkk��

�


��

Z ��k

���k
j 	fk���j�

X
����

jcupk�� � �� � �k�j�X
��Z

jcupk�� � �� � �k�j�
d� �

On �ecrit

cupk��� �
�� e�i���

k

i���k

�kcup� �

�k

�
�
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d�o�uX
����

jcupk�� � �� � �k�j�X
�

jcupk�� � �� � �k�j�
�
X
����

jcupk�� � �� � �k�j�
jcupk���j�

�
X
����

��� �

� � �� � �k

����k jcup����k � �� ��j�
jcup����k�j� �

Si j�j � � �k
 alors



jcup����k�j � sup
j�j��



jcup���j � ��

tandis que
j�j

j� � �� � �kj �
j�j

�� �k � j�j � 

et j�j
j� � �� � �kj �

j�j
�� �k � j�j �

j�j
� �k

�

On obtient donc pour k � N 


kfk � )kfk�� �


��

Z ��k

���k
j 	f���j�

� j�j
��k

��N


sup
j�j��

X
����

jcup�� � �� ��j�

inf
j�j��

jcup���j� d�

� CN ���kNkf �N	k�� �
La Proposition � est donc d�emontr�ee�

En fait
 non seulement l�approximation par up et ses translat�ees est
spectrale
 mais elle est de plus optimale� Plus pr�ecis�ement
 Rvachev a
�etudi�e l�approximation des fonctions ���p�eriodiques par des translat�ees
�p�eriodis�ees� de up�x���� Rappelons que si B est un espace de Banach
et si A est une partie de B
 le diam�etre de Kolmogorov dn�A�B� est
d�e�ni par

dn�A�B� � inf
Vn�B

dimVn�n

sup
a�A

inf
v�Vn

ka� vkB �
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C�est la mesure de la meilleure approximation possible de A par des
vecteurs choisis dans un sous�espace de dimension n� On notera EB

�A� V � la quantit�e supa�A infv�V ka� vkB �
Les ���p�eriodis�ees de up��x � ��k���� forment un espace de di�

mension �k��
 not�e Upk� Rvachev montre alors �����

� si B � L� et AN � ff � HN �R���Z� � kf �N	k� � g
 il existe
k��N� tel que pour k � k��N�
 EL��AN � Upk� � d�k���AN � L

���

� Si B � L� et #AN � ff � CN���R���Z� � f �N	 � L� et
kf �N	k� � g
 alors

lim
k���

EL�� #AN � Upk�

d�k��� #AN � L��
�  �

Comme le souligne Rvachev
 les approximations optimales pour ces
diam�etres de Kolmogorov sont r�ealis�ees par les polyn	omes trigonom�etri�
ques ou par les fonctions splines� Cependant les polyn	omes trigonom�e�
triques n�o"rent pas de bonnes propri�et�es de localisation spatiale �puis�
que leur support est R���Z tout entier� tandis que les splines ont un
ordre d�approximation �ni� La fonction de Rvachev combine les deux
aspects �support compact
 approximation spectrale� tout en �etant op�
timale �pour l�approximation de HN � ou asymptotiquement optimale
�pour l�approximation de CN ��

On peut aussi �etudier l�interpolation par des translat�ees de up�
Plus pr�ecis�ement
 Rvachev montre que VN �up� contient une interpo�
lante ,N telle que

�k�� �

��	�

,N

� k

�N

�
� si N est pair �

,N

��k � 

�N��

�
� si N est impair �

Il s�int�eresse alors �a l�op�erateur d�interpolation

INf �

����	���

X
k

f
��k�

�N

�
,N

�x
�
� k

�N

�
� si N est pair �

X
k

f
��k � 

�N��
��
�

,N

�x
�
� k

�N

�
� si N est impair �

Il montre que l�on a
 si f � CM �R���Z�


kf � INfk� � CM
 � logN

�NM
kf �M	k�
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�alors que l�interpolation aux �N�� points �k���N 
 � � k � �N 
 par un
polyn	ome trigonom�etrique ne donne une qualit�e d�approximation que
de l�ordre de N kf �M	k���NM ���� on passe donc d�une estimation
d�erreur

�NMkf � INfk�
kf �M	k�

de l�ordre de N � Log� �N �a l�ordre de LogN � Log Log� �N ��

�� La base de Berkola��ko et Novikov�

En ���
 V� Berkola� ko et I� Novikov ont introduit une modi�cation
de la fonction de Rvachev pour obtenir une base orthonormale de L��R�
compos�ee d�ondelettes non stationnaires C� �a support compact ����
Cette construction a �et�e �egalement introduite par A� Cohen et N� Dyn
en ��� ���
 dans le cadre des travaux de N� Dyn sur les analyses multi�
r�esolutions non stationnaires� L�id�ee est de remplacer dans la formule
���� le �ltre

mj��� �
� � e�i�

�

�j
�qui est le �tre d��echelle du B�spline de degr�e j � � par le �ltre de
Daubechies

mj��� �
� � e�i�

�

�j
�j���

o�u �j �
Pj��

k�� �j�k e
�ik� est tel que jmj���j� � jmj�� � ��j� � � En

e"et
 ce �ltre conduit �a une fonction d��echelle qui a le m	eme ordre
d�approximation que le spline de degr�e j�  mais qui de plus engendre
une base orthonorm�ee d�ondelettes �a support compact�

Proposition �� Soient fmNgN�� des �ltres de Daubechies� avec

mN ��� �
� � e�i�

�

�N
QN �e�i�� �

o�u QN � R�X�
 degQN � N � 
 QN �� �  et

jmN ���j� � jmN �� � ��j� �  �
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On d�e�nit alors pour N � �
 %N et -N par les formules

	%N ��� �
�Y
j��

mN�j��� �����

	-N ��� � e�i���mN��

� �
�

� �
�

	%N��

��
�

�
���!�

Alors

i� %N et -N sont C� �a support compact� supp %N 	 ��� �N � ��

supp -N 	 ��N�N � ���

ii� La famille f�N��%N ��Nx� k�gk�Z est une base orthonorm�ee de

VN �%��� �En particulier %N ��Nx� est de support minimal dans VN �%��
et %� engendre une analyse multi�r�esolution non�stationnaire normale��

iii� La famille f�N��-N ��Nx � k�gk�Z est une base orthonorm�ee

de VN���%�� 
 VN �%��

� En particulier� la famille f%��x � k�gk�Z�

f�N��-N ��Nx� k�gN���k�Z est une base orthonorm�ee de L��R��

iv� %� a un ordre d�approximation in�ni� Plus pr�ecis�ement� pour

tout s � R et tout f � D��R�
 f appartient �a l�espace de Sobolev Hs�R�
si et seulement si Ns�f� � �� o�u

Ns�f��
�X
k�Z

jhf�%��x�k�ij��
��X
N��

X
k�Z

�Nsjhf� �N�� -N ��Nx�k�ij�
����

et les normes kfkHs et Ns�f� sont �equivalentes�

Preuve� La convergence du produit in�ni ���� est imm�ediate� En e"et

nous avons kmNk� �  et degmN � �N � 
 de sorte que l�in�egalit�e
de Bernstein nous donne kdmN�d�k� � C N 
 et donc���mN�j

� �

�j

�
� 
��� � C

N � j

�j
j�j �

comme �X
j��

�N � j�


�j
� N � � � �� �

le produit converge� Par ailleurs
 chaque produit �ni est born�e par �
la convergence a donc lieu dans S �� Par la transformation de Fourier
inverse
 on voit que %N est un produit in�ni de convolution de sommes
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de masses de Dirac� le j�i�eme terme du produit de convolution a son
support contenu dans ��� ��N � �j � ���j�
 de sorte que supp %N 	
��� �N � ���

Par ailleurs
 puisque jmN ���j� � jmN �� � ��j� �  pour tous N et
�
 les fonctions �N�p d�e�nies par

���� 	�N�p��� � �
������

� �

�p

� pY
j��

mN�j

� �

�j

�
engendrent des familles orthogonales f�N�p�x�k�gk�Z� Comme 	�N�p �
	%N quand p � �� �la convergence �etant ponctuelle�
 la preuve de la
Proposition � se r�eduit aux estimations suivantes

j	�N�p���j � C�j�j��jLog �j �����

j	-N ���j � Dkj�jk � pour k � N � k � N �  �����

o�u C� et 
 sont des constantes positives ne d�ependant ni de N ni de p

et o�u Dk ne d�epend pas de N �

���� est �evident si j�j � ��� ��� on �ecrit j	�N�p���j � � Si j�j �
��� ��
 on note � l�entier �� ��� tel que �� �� � j�j � ���� ��� Si p � �

	�N�p��� � �� Si p � � � 
 on a

j	�N�p���j �
���Y
j��

���mN�j

� �

�j

���� � AN�����BN����� �

o�u

AN����� �
���Y
j��

��� � e�i���
j

�

���N�j

et BN����� �
���X
j��

jQN�j�e
�i���j �j �

AN�� se majore facilement du fait que pour j�j � �����
 j sin ��������j �
������j�j������


AN����� �
���Y
j��

��� � e�i���
j

�

���N �Y
k��

��� ���Y
j�k��

 � e�i���
j

�

���
�
��� sin �����

���� sin ��������

���N �Y
k��

��� sin ����k���

�����k sin ��������

���
�
� �

j�j
�N �Y

k��

�k�

j�j
� ���N �������	�� �
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Pour BN��
 on part de la formule de Daubechies pour jQN �e�i��j ���

jQN �e�i��j� �
N��X
k��

Ck
N�k��

�� cos �

�

�k
�

Berkola� ko et Novikov ont remarqu�e que
 puisque Ck
N�k�� � Ck

N�k si

k � N � 
 on a jQN �e�i��j � jQN���e�i��j pour tous N et �� Par
ailleurs
 le contr	ole de QN �e�i��QN�e��i�� est classique

jQN �e�i��QN �e��i��j � jQN ���QN �e��i����j � �N���� �N�� �

En e"et


AN �X� �
N��X
k��

Ck
k�N��

��X

�

�k
d�ecro	 t sur ��� �� de plus on a toujours cos � � ��� ou cos � � � ���

de sorte que

jQN �e�i��QN�e��i��j � jQN ���QN �e��i����j �
Par ailleurs
 si X � �� on a

AN �X� � ��N��
��X

�

�N����X

�X
�

il su�t d��ecrire que Ck
N�k�� � Ck��

N�k�� donc que

Ck
N�k�� � �k�N�� CN��

�N�� � ��N�� �k�N�� �

cela donne jQN ���j � �N���� et jQN �e��i����j � �N��� Cette estima�
tion sur AN �X� donne �egalement lorsque cos � � �


jmN ���j�
� � cos �

�

�N��
�� cos ��N�� �N����

p� cos �
�

j sin �jNp
� j cos �j �

L�estimation de BN�� est alors facile� En e"et
 si � � � q
 on �ecrit

jBN�����j �
���QN���e�i����

qY
r��

Q�r���N �e�i���
�r

�Q�r���N�e�i���
�r��

�
���

� �N����

qY
r��

�N��r���� �N���r����

� ��
p

��N���������	�� �N���� ���� �
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tandis que si � � � q �  on �ecrit

jBN�����j �
qY

r��

��QN��r�e
�i����r���QN��r�e

�i����r �
��

�
qY

r��

�N��r���� �N���r

� ��
p

��N����	�������	����	�� ������	�� �

On obtient dans tous les cas

jBN�����j � ��
p

��N����	�� ��
p

������	����	��

et donc

jAN��BN��j � ���N ��
p

��N����	�� ��
p

������	����	�� �������	�� �

Comme � � ��
 �� � ���� � � ��! et donc

jAN��BN��j �
� ��

p
�����

�

��N�p�

�

�����
���� ������ ��

p
����� �

Comme  � ��
p

������� est �  �car �� � � ������� � ����� �
�������� et

p
��� � 
 on a en choisissant 
 � log �

p
������ �et


 	 ��

jAN��BN�����j � C �Ne���
�

�

o�u C ne d�epend ni de N 
 ni de �� Comme � � log �j�j�����log�
 on a

j	�N ���j � C
� j�j

��

��NLog ����	�Log �� j�j
��

���Log �j�j���	��Log�	�
�

���� est donc d�emontr�e�
���� est imm�ediat� En e"et
 si j�j � 
 on a j	-���j � � Si j�j � 


on a j��� � �j � ������ ����� �d�o�u cos �� � �� � ����� on �ecrit alors

j	-N ���j �
���mN��

��
�

� �
���� � j sin �����jN��p

� cos �����
�
� j�j

�

�N��

�
� j�j

�

�k
�

La Proposition � est alors facile �a �etablir� i� et ii� sont imm�ediats� Le
point iii� est facile �a v�eri�er� si f� g � VN �%��


	f��� � F
� �

�N

�
	%N

� �

�N

�
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et

	g��� � G
� �

�N

�
	%N

� �

�N

�
�

on a alors

hf� gi � �N
Z �

��
F ���G���

d�

��
�

On applique ceci �a f � -N�� et �a g � %N���x� k� ou -N���x� k��
En�n
 la caract�erisation de Hs est ais�ee �a �etablir� En utilisant ����

et ����
 on v�eri�e que pour tout k � N

sup
N��

sup
�

X
p�Z

j� � �� pjkj	-N �� � �� p�j� � �� �

sup
N�k��

sup
�

X
p�Z

j� � �� pj�kj	-N �� � �� p�j� � �� �

Cela entra	 ne que
 si ,s est l�op�erateur d,sf � j�js 	f 
 on a pour s � R
et N � �s

k,sQNfk� � Cs �NskQNfk� �
o�u

QNf �
X
k

�N hf�-N ��Nx� k�i-N ��Nx� k� �

En particulier
 on a

jh,sQNf�,
sQN �fij � jh,s�QNf�,

s��QN �fij
� �Ns �N

�s ��jN�N
�jkQNfk�kQN �fk�

et cela entra	 ne

kfkHs � C kNsfk� � C�kP�fk�� �
�X
�

�NskQNfk������

�o�u P� est le projecteur orthogonal sur V��%���� L�in�egalit�e inverse
s�obtient alors par dualit�e�

Remarque� On obtient facilement que

lim
N���

j	%N ���j �

���	��

 � si j�j � � �

p
�
� si j�j � � �

� � si j�j 	 � �
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En particulier
 par le th�eor�eme d�Ascoli
 cela entra	 ne que

lim
N���

inf
x�

Z
jx� x�j� j%N �x�j� dx � �� �

Ainsi
 le support num�erique de %N tend vers l�in�ni� Cela entra	 ne des
di�cult�es pour d�ecrire les propri�et�es d�analyse fonctionnelle de la base
de Berkola� ko et Novikov�

Dans les sections suivantes
 nous allons d�ecrire des analyses multi�
r�esolutions non�stationnaires o�u les fonctions d��echelle non�stationnaires
auront un bon comportement global en espace et en fr�equence�

�� Analyse multi�r�esolution quasi�stationnaire�

Le manque de contr	ole du comportement asymptotique des fonc�
tions %N de Berkola� ko et Novikov provient de ce que les �ltres de
Daubechies ont un mauvais comportement asymptotique lorsque N �
��

lim
N���

jmN ���j �

�����	����

 � si j�j � �

�
�

p
�
� si j�j �

�

�
�

� � si
�

�
� j�j � � �

La situation estdi"�erente lorsque les �ltres convergent dans C��R���Z�

De�nition� Une analyse multi�r�esolution quasi�stationnaire est l�ana�

lyse multi�r�esolution non�stationnaire fVk�%��gk�� associ�ee �a une fonc�

tion %� qui v�eri�e

i� 	%���� �
Q�

j��mj����j��

ii� mj est un polyn	ome trigonom�etrique �a coe
cients r�eels tel que

�X
j��



�j
degmj � �� �

iii� mj converge dans C��R���Z� vers une fonction m� qui est

un �ltre d��echelle associ�e �a une fonction d��echelle r�eguli�ere ���

iv� Pour j assez grand� mj��� � � et mj��� � �
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En fait
 seules les propri�et�es de m� d�eterminent les propri�et�es de
l�analyse multi�r�esolution�

Th�eoreme � �Deuxi�eme th�eor�eme d�approximation�� Soient fmjgj��
des fonctions de C��R���Z� v�eri�ant les hypoth�eses suivantes�

i� mj converge dans C��R���Z� vers le �ltre d��echelle m� d�une

fonction d��echelle r�eguli�ere ���

ii� Pour j assez grand� mj��� �  et mj��� � ��

Alors

a� Les fonctions 	%j��� �
Q�

���mj��������
 j � �
 sont C� et de

carr�e int�egrable� De plus leurs transform�ees de Fourier inverses %j sont

�a d�ecroissance rapide dans L� et convergent rapidement vers �� dans

L��

b� De m	eme si 
 	 �
 si �� � H��� pour un � 	 � et si pour

j assez grand on a ��p���p�mj��� � � pour � � p � �
�
 les %j sont

�a d�ecroissance rapide dans H� et convergent rapidement vers �� dans

H��

c� Si tous lesmj sont �a valeurs positives ou nulles� si 
 	 �
 si ���
B�����
� pour un � 	 � et si pour j assez grand on a ��p���p�mj���

� � pour � � p � ��
��� � 
 alors les %j sont �a d�ecroissance rapide

dans B���
� et convergent rapidement vers �� dans B���

� �

d� Tous les mj v�eri�ent jmj���j�� jmj�����j� �  si et seulement

si toutes les familles f%j�x � k�gk�Z sont des familles orthonormales�

�i�e� h%j�x� k��%j�x� ��i � �k����

e� Si tous les mj sont �a valeurs positives ou nulles� alors tous les

mj v�eri�entmj����mj����� �  si et seulement si toutes les fonctions

%j sont interpolantes� �i�e� %j�k� � �k����

f� Si tous les mj sont des polyn	omes trigonom�etriques et si

�X
j��

�degmj

�j

�
� �� �

alors toutes les %j sont �a support compact et pour j assez grand f%j��
jx

� k�gk�Z est une base de Riesz de Vj �%���

Remarques� a� Parmi les propri�et�es qui ne peuvent pas se lire sur
m�
 on peut se demander dans f� si %j��x� est de support minimum
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dans Vj �%��� C�est bien s	ur le cas si %j est interpolante �cas e�� ou
orthogonale �cas d���

b� Contrairement au cas de la fonction up ��
 on a un contr	ole de

sup
k�kk���

���X
k

�k %j�x� k�
���
�

inf
k�kk���

���X
k

�k %j�x� k�
���
�

�

uniforme en j �pour j assez grand�� en e"et
 cette quantit�e est donn�ee
par

sup
�

�X
k

j	%j�� � �k��j�
����

inf
�

�X
k

j	%j�� � �k��j�
����

et on montre facilement que
P

k j	%j�� � �k��j� converge uniform�ement
vers

P
k j 	���� � �k��j��

Preuve� La preuve de a�
 b�
 c� est similaire �a celle du Th�eor�eme 

demandant juste un peu de pr�ecautions oratoires pour tenir compte de
la non�stationarit�e�

On v�eri�e facilement que 	%j est C�� En e"et
 si V est un voisinage
compact de �� � R� on a sur V 
 Remj�������� � �� pour � assez grand�
il su�t de remarquer que

jmN ����mN ���j � sup
k

��� d
d�

mk

���
�
j�j �

On a alors ���Logmj��

� �
��

���� � � sup
k

��� d
d�

mk

���
�
j�j
��

et pour p � ��� dp
d�p

Logmj��

� �
��

���� � �

�

��p
�pp'

� pX
q��

sup
k

��� dq
d�q

mk

���
�

�p
�

Cela assure que
P

���� Logmj�������� est C� sur
o

V 
 et il en va de
m	eme pour

	%j �
Y

���	��
mj��

� �
��

�
e
P

����
Logmj������

�	 �
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Cette d�emonstration permet �egalement de voir qu�il existe C et M � �
tels que pour tout j et tout � on ait� j	%j���j � C � � j�j�M � Par
convergence domin�ee
 cela entra	 ne la convergence de %j vers �� dans
Hs pour s � �M ��� et dans B���

� pour � � �M �� Pour terminer
la d�emonstration de a�
 b�
 c�
 il su�t de v�eri�er que dans le cas b� on
a
 pour � � �� � min f�� �
� � � 
g pour tout k � N 


sup
j
kxk%jkH���� � ��

et dans le cas c� on a
 pour � � �� � min f�� ��
��� � �� 
g pour tout
k � N 


sup
j
kxk%jkB������

�
� �� �

Bien �evidemment
 on peut se restreindre �a j � j� et �ecrire�

� dans le cas b�


mj��� �
� � e�i�

�

�N
�j���

�j � j� ou j � ��� o�u N � �
� � � on a �j � �� dans C��R���Z�
et si

	+j �
�Y
k��

�j�k

� �
��

�
�

on a

	%j �
�� e�i�

i �

�N
	+j

et le probl�eme est alors de montrer que

sup
j
kxk+jkH��N��� � �� �

� dans le cas c�


mj��� �
� � cos �

�

�N
�j��� �

o�u N � ��
��� � � et

	%j �
�� �� cos ��

��

�N
	+j
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et le probl�eme est de montrer que

sup
k
kxk+jkB���N�����

�
� �� �

Nous traitons le cas b�
 le cas c� se traitant de mani�ere totalement
analogue �en �etudiant la norme kxk+jkB���N������

�

�� Nous cherchons �a

estimer

Ij�k �

Z
j�j��

j�j��������N
��� �k
��k

	+j���
���� d� �

ou encore �puisque 
 � �� �N � ��

#Ij�k �
�X
���

Z
j�j�����

� � j�j���������N
��� �k
��k

	+j���
���� d�

� C
�X
���

������������N sup
�

X
j����pj�����

��� �k
��k

	+j�� � �� p�
���� �

On note alors

Mj�k����� �
X

j����pj�����

��� �k
��k

	+j�� � �� p�
���� �

Si k � �
 on a

Mj��������
����j��

��
�

�����Mj��������
��

�

�
�
����j��

��
�

��
�����Mj��������

� �
�

�
� Tj�� � Tj�� �    � Tj���Mj������� �

o�u Tj est l�op�erateur de transition associ�e �a �j 
 i�e� Tj est d�e�ni par

Tjf �
����j� �

�

�����f��
�

�
�
����j��

�
� �

�����f��
�

� �
�
�

Par positivit�e des op�erateurs Tj et contr	ole uniforme des 	+j sur �����
���
 on obtient

jMj�������j � C Tj�� � Tj�� �    � Tj������� �

Par ailleurs
 si � est choisi de fa(con �a ce que �N���� � � � �N����
�

� on
sait qu�il existe Q tel que kTQ���k� � �Q� si maintenant �� est choisi
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de fa(con �a ce que � � �� � �N����
�

� on aura qu�il existe j� tel que si
j � j� on a

kTj�� � Tj�� �    � Tj�Q��k� � ��Q

et cela entra	 ne
 pour tous j et �


kMj����k� � C ���

et donc #Ij�� � C
P�

� ����
�����N

�� � ���
On traite de m	eme Mj�k��� on a

�k

��k
	+j �



�k

kX
���

C�
k

��

���
	+j��

� �
�

� �k��

��k��
	�j��

� �
�

�
�

d�o�u

jMj�k�����j
� 

��K��
Tj���Mj���k��������

� � k
kX

q��



�k
�Cq

k��
����m�q	

j��

� �
�

�����Mj���k�q����
� �

�

�
�
���m�q	

j��

��
�

��
�����Mj���k�q����

��
�

��
��

�

Par r�ecurrence
 on suppose montr�e que jMN�q�L���j � C �L pour q � k
o�u C� � ne d�ependent ni de N ni de L et max f� �N����g � � � �N���
On a alors

jMj�k�����j � 

��k��
Tj���Mj���k�������� � C ���� �

ce qui donne

Mj�k����� �
� 

��k��

��
Tj�� � Tj�� �    � Tj���Mj���k���

� C
���X
q��

Tj�� �    � Tj�q��
���q��

���k���q
�

Or nous savons montrer que pour tous j et � on a

kTj�� � Tj�� �    � Tj����k� � C ��
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et par ailleurs supj kMj�k��k� � ��
 de sorte que

kMj�k��k� � C
� 

��k��

��
� ����

���X
q��



���k���q
� C � �� �

Nous avons donc prouv�e

sup
j
kxk%jkH��� � �� �

Les points d� et e� sont relativement �evidents� D�emontrons par exemple
d�� Si %j et %j�� sont orthonormales �au sens que les familles f%j�x�
k�gk�Z et f%j���x� k�gk�Z le sont�
 alors mj�� v�eri�e

 �
X
k�Z

j	%j�� � � �k��j�

� jmj�����j�
X
k�Z

j	%j���� � �k��j�

� jmj���� � ��j�
X
k�Z

j	%j���� � � � �k��j�

� jmj�����j� � jmj���� � ��j� �
Inversement
 supposons que jmj���j� � jmj�� � ��j� �  pour tout ��
d�esignons par K un compact d�Albert Cohen associ�e �a m�� pour tout
p
 la fonction �N�p
 d�e�nie par

	�N�p��� �

pY
j��

mN�j

� �

�j

�
�
K

� �

�p

�
�

v�eri�e
h�N�p�x�� �N�p�x� k�i � �k��

par ailleurs
 on a

j	�N�p���j � j	%N ���j 

inf
��K

j	%N�p���j �

comme 	%N�p converge uniform�ement vers 	�� sur K et que infK j 	��j 	
�
 on peut appliquer la convergence domin�ee� �N�p � %N dans L�

quand p� ��
 de sorte qu�on a bien

h%N �x��%N�x� k�i � �k�� �



Fonctions d
echelles interpolantes ���

En�n
 le point f� est �evident
 d�apr�es la remarque qui suit le Th�eor�eme
��

Les th�eor�emes  et � donnent deux r�esultats d�approximation d�une
fonction d��echelle par d�autres fonctions d��echelle �stationnaires pour le
Th�eor�eme 
 non�stationnaires pour le Th�eor�eme ��� La section suivante
d�ecrit de telles approximations�

�� Polyn�omes de Bernstein� fonctions d	�echelle interpolantes

et ondelettes de Kharkov�

Le point ii� de la Proposition � �qui caract�erise les �ltres des
fonctions d��echelle interpolantes ��a transform�ee de Fourier positive��
et le point e� du Th�eor�eme � �qui caract�erise les �ltres associ�es �a
une suite quasi�stationnaire de fonctions d��echelle interpolantes non�
stationnaires� ont ramen�e l��etude de ces �ltres �a celle des fonctions m�

v�eri�ant�

i� m� � C��R���Z�
 m���� � m�����

ii� m���� �  et m���� � � pour tout �


iii� m���� � m��� � �� �  pour tout �


iv� m� v�eri�e le crit�ere d�Albert Cohen�

Il est alors facile de v�eri�er que les conditions i� �a iii� �equivalent �a
m���� � F �� � cos ����� o�u

j� F � C����� ��


jj� F �� �  et F �t� � � pour t � ��� �


jjj� F �t� � F �� t� �  pour tout t � ��� ��

Le cas o�u m� est un polyn	ome trigonom�etrique est particuli�erement
simple� la condition jjj� s��ecrit pour F 
 si degm� � N 


���� F �t� �
NX
k��

�N�k C
k
N tk�� t�N�k � avec �N�k � �N�N�k �  �

C�est��a�dire que F se repr�esente particuli�erement facilement dans la
base des polyn	omes de Bernstein de degr�e N ��
 ���
 �����
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Notation� Nous noterons PN la classe des polyn	omes F de degr�e � N
v�eri�ant F �t��F ��t� �  �ou encore qui admettent une d�ecomposition
���� dans la base des polyn	omes de Bernstein avec �N�k � �N�N�k��
Nous noterons P�

N la classe des �el�ements de PN pour lesquels on a de
plus �N�� � � et pour  � k � N� � � �N�k � �

Remarquons que si m���� � F �� � cos ����� avec F � P�
N alors

m� v�eri�e automatiquement les propri�et�es i� �a iv�� �Le crit�ere d�Albert
Cohen est automatiquement v�eri��e puisque dans ce cas m� ne s�annule
qu�en ��� La famille P�

N fournit donc une classe de �ltres d��echelle
associ�es �a des fonctions d��echelle interpolantes �a support compact �con�
tenu dans ��N�N ���

De plus
 si m� v�eri�e les propri�et�es i� �a iv�
 on peut �ecrire gr	ace au
lemme de Riesz m���� � jm����j� o�u m� est un polyn	ome trigonom�etri�
que ��a coe�cients r�eels� associ�e �a une fonction d��echelle orthogonale �a
support compact �� �o�u �orthogonale� signi�e que la famille f���x �
k�gk�Z est orthonormale�� Ainsi
 P�

N est associ�ee �a une classe de �ltres
d��echelle orthogonaux�

Parmi les �ltres d��echelle orthogonaux
 les plus connus sont les
�ltres de Daubechies m���� � �N ���
 d�e�nis ��� par deg�N � �N � 

j�N ���j� v�eri�e i� �a iv� et �N se factorise par �� � e�i�����N��� On a
alors

j�N ���j� � FN

� � cos �

�

�
o�u FN � P�

�N��� plus pr�ecis�ement on a

���� FN �t� �
�N��X
k�N��

Ck
�N�� t

k�� t��N���k �

C�est��a�dire que

��N���k �

��	�

 � si k 	



�
��N � � �

� � si k �


�
��N � � �

FN peut se caract�eriser de plusieurs fa(cons� Nous venons de l�introduire
comme le seul �el�ement de P�N�� qui a un z�ero d�ordre au moins N � 
en �� C�est aussi le seul polyn	ome de degr�e �N �  qui v�eri�e F �t� �
O �tN��� et F � � t� �  � O �tN���� cette description correspond aux
�ltres maximalement plats de Herrmann ����
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Une autre caract�erisation est li�ee �a la r�egularit�e des fonctions d��e�
chelle associ�ees�

Proposition �� Pour F v�eri�ant les propri�et�es j�
 jj�
 jjj� et le crit�ere

d�Albert Cohen pour

m���� � F
� � cos �

�

�
�

on note ��F � le nombre ��F � � sup f
 	 � � j�j� 	� � L�g o�u 	� est

donn�ee par

	���� �
�Y
j��

m�

� �

�j

�
�

Alors�

i� F � P�
�N�� v�eri�e ��F � � maxG�P�

�N��
��G� si et seulement si

F � FN �

ii� Pour tout � � ���� ��� il existe � 	 � et N� 	 N tel que

pour N 	 N� si F � P�
N et v�eri�e �N�k � � pour � � k � �N 
 on a

��F � � �N �

Preuve� i� est presque �evident� On remplace ��F � par

���F � � sup
n

 	 � �

n
�k� 	�

�
�k

��

�

�o
k��

� ���N�
o
�

Il est clair que ��F � � ���F �� par ailleurs

��� 	���k
��

�

���� �
��� 	����

�

����F�

�

�k
de sorte que ���F � � �LogF ����� log �� en�n
 d�apr�es un r�esultat de
Cohen et Conze ��!��
 ��FN � � ���FN ��

i� se ram�ene donc �a v�eri�er� pour F � P�
�N��
 F �� FN 
 on a

F ���� 	 FN �����



��� P� G� Lemari�e	Rieusset

Mais ceci est �evident


F
�

�

�
� FN

�

�

�
�

NX
k��

��N���k C
k
�N��


��

�

�k��

�

��N���k
�
�

�

��N���k��

�

�k�
�

NX
k��

��N���k C
k
�N��

�

�

�k��

�

��N���k


�

�
�

�

��N����k�
�

On a donc F ����� FN ���� 	 � si l�un des ��N���k �� � k � N� est
� �� Le point ii� est assez simple� On factorise dans F �t� un facteur
t��N � o�u � � �

m���� �
� � cos �

�

���N �

m����

et on obtient alors

	���� �
�� �� cos ��

��

���N � �Y
j��

m�

� �

�j

�
�

Le produit in�ni se contr	ole ais�ement
 comme nous l�avons fait d�ej�a
plusieurs fois
 pour j�j � �


��� �Y
j��

m�

� �

�j

���� � sup
j�j���

��� �Y
j��

m�

� �
�j

����� j�j
�

�log km�k�� log �

et donc on a

��F � � � ��N �� log km�k�
log �

�

Il faut donc estimer km�k� � sup��t���F �t��t��N ��� On �ecrit

F �t�

t��N �
�

NX
k���N ���

�N�k C
k
N tk���N � �� t�N�k

�
NX

k���N ���

Ck
N tk���N � �� t�N�k
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�
NX

k���N ���

C
��N �
N

C
��N �
k

C
k���N �
N���N � t

k���N � �� t�N�k

� sup
����N ��k�N

C
��N �
N

C
��N �
k

�
C
��N �
N

C
��N �
����N �

�

On utilise alors la formule de Stirling pour �ecrire pour k � 



C�

�k
e

�kp
k � k' � C�

�k
e

�kp
k �

d�o�u

km�k� � C�
NN

�N � ��N ��N���N �

� � ��N �� ��N ������N ����N �

� � ��N ������N �

� C�
�

� ��N �

N

�N���N �

� ��N �� ��N �

N

���N ���N �

� ��N �

N

���N �

� C�

� ��� �����

�� �������

�N
et donc

��F � �
�

� � � 

log �
log

��� �����

�� �������

�
N � O �� �

de sorte que ii� est prouv�e si on peut choisir � tel que

�� 	
��� �����

�� �������
�

Cela est possible puisque quand � � �� on a

�� �  � � log � � O ���� �

��� �����

�� �������
�

�
� �

�

����
�� �������

�
�� � � O �����

�� � � O ����� � � � log� � O �����

� � � log� � O ���� �
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Comme �� 	 
 on a log � 	 � log� et ii� est d�emontr�e�

Remarque� La d�emonstration du point ii� est bas�ee sur une id�ee
classique ������ Cependant si on factorisait tous les z�eros �� � ��
comme dans le cas classique
 on ne pourrait pas conclure� il faudrait
�� 	 ������������� Mais on a � ���� � �� d�o�u ��� ������ � 
tandis que ��������� 	 � M	eme dans le cas � � ��
 qui correspond
aux �ltres de Daubechies
 la factorisation totale ne permet pas de con�
clure lim inf B�FN ��N 	 � mais seulement lim inf ��FN �� logN 	 ��
Pour obtenir lim inf ��FN ��N 	 �
 il faut alors une �etude plus �ne deQ�

j��m�����j��

Bien �evidemment
 les polyn	omes de Bernstein peuvent nous per�
mettre d�approximer des fonctions� Nous obtenons alors le th�eor�eme
suivant�

Th�eoreme 
 �Approximation des fonctions d��echelle interpolantes��
Soit m� � C��R���Z� une fonction qui v�eri�e

i� m���� � m����� � � pour tout �


ii� m���� � 


iii� m���� � m��� � �� �  pour tout �


iv� m� satisfait le crit�ere d�Albert Cohen


et soit �� la fonction d��echelle interpolante r�eguli�ere associ�ee �a

m��
Pour N � 
 on d�e�nitmN 
 �a l�aide de la fonction F� � C����� ��

d�e�nie par

m���� � F�
� � cos �

�

�
�

par la formule suivante

��� mN ��� �
NX
k��

F�
� k
N

�� � cos �

�

�k�� cos �

�

�N�k
�

Alors�

a� Pour tout N 
 mN � P�
N et donc mN d�e�nit une fonction d��eche�

lle interpolante �a support compact �N �

b� mN � m� dans C��R���Z� quand N � ���
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c� �N converge rapidement vers �� dans L��

d� Si 
 �  et si �� � B�����
� pour un � 	 �
 alors il existe N�

tel que pour N 	 N�
 �N � B���
� et �N converge rapidement vers ��

dans B���
� �

e� Si m� est identiquement nulle sur un voisinage de �
 la conclu�

sion d� est valable pour tout 
 	 ��

f� De m	eme les fonctions d��echelle non stationnaires %N � d�e�nies
par

	%N ��� �
�Y
j��

mN�j

� �

�j

�
�

sont �a support compact� interpolantes et convergent rapidement vers

�� dans L�
 et dans B���
� si 
 �  et �� � B�����

� pour un � 	 �

et dans B���

� si 
 	 �
 �� � B�����
� pour un � 	 � et m� est

identiquement nulle sur un voisinage de ��

Ce Th�eor�eme � n�est bien s	ur qu�un th�eor�eme fant	ome
 il s�agit
d�une simple application des th�eor�emes  et � et de la th�eorie des ap�
proximations par les polyn	omes de Bernstein� Rappelons pour m�emoire
que si F � C����� �� les polyn	omes de Bernstein

NX
k��

F
� k
N

�� � x

�

�k�� x

�

�N�k
convergent vers F dans C����� ���

Cette construction d�interpolante non�stationnaire nous permet a�
lors d�introduire l�interpolante de Kharkov
 en hommage �a la ville d�o�u
proviennent et les polyn	omes de Bernstein ��� et la fonction de Rvachev�
L�interpolante de Kharkov sera construite �a partir d�une interpolante
de Lemari�e�Meyer ���
 d�esign�ee �egalement dans la litt�erature sous le
nom d�interpolante de Littlewood�Paley�Meyer� on prend une fonction
F� � C����� �� telle que�

i� F��t� � �


ii� F��t� � F��� t� � 


iii� F��t� � � pour jtj � ���
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Un exemple de telle fonction peut 	etre d�e�nie par

F��t� �

������	�����

 � si t � �

�
�

up
�

� t� 

�

�
� si



�
� t � �

�
�

� � si t � 

�
�

ou encore �d�dt�F��t� � �up�� t��� La fonction d��echelle �� associ�ee
�a

m� � F�
� � cos �

�

�
v�eri�e alors supp 	�� 	 ������� ����� de sorte que �� appartient �a la
classe de Schwartz S�R�� L�interpolante de Kharkov associ�ee �a F� est
la fonction %� d�e�nie par

	%���� �
�Y
N��

mN

� �

�N

�
�

o�u mN est d�e�nie par ����

Th�eoreme � �Interpolante de Kharkov�� Soit F� une interpolante

de Lemari�e�Meyer �de fonction d��echelle ���
 %� son interpolante de

Kharkov et plus g�en�eralement f%NgN�� les fonctions d��echelle inter�

polantes non�stationnaires associ�ees

�
	%N ��� �

�Y
j��

mN�j

� �

�j

��
�

On d�esigne par IN l�op�erateur d�interpolation

IN �f� �
X
k�Z

f
� k

�N

�
%N ��Nx�k� �

X
k�Z

�N hf� ���Nx�k�i%N ��Nx�k�

et par -N l�ondelette de Kharkov� -N � %N����x� �� Alors

i� %N � C�c pour tout N et %N � �� dans S�R� quand N � ���

ii� IN et IN�� � IN sont des projecteurs
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iii�

�IN�� � IN �f

�
X
k�Z

�
f
��k � 

�N��

�
�
X
��Z

f
� �

�N

�
%N

�

�
� k � �

��
-N ��Nx� k�

�
X
k�Z

�N hf� �N��Nx� k�i-N ��Nx� k� �

o�u

�N � �
�
x� 

�

�
�
X
��Z

%N

�

�
� �
�
��x � �� �

iv� Si p� q � ����� et s 	 �p alors pour f � D��R� les trois

assertions suivantes sont �equivalentes�

K� f � Bs�p
q 


K�� I�f � Lp et

k�Nsk�IN�� � IN �fkLp�R	k�q�N	 � �� �

K�� X
k�Z

jf�k�jp � �� �

et����N�s���p	
���f��k � 

�N��

�
�
X
�

f
� �

�N

�
%N

�

�
�k��

����
�p�k	

���
�q�N	

� �� �

Preuve� i� Le point i� est une cons�equence directe du Th�eor�eme ��

ii�� le fait que IN est un projecteur de C�R� �fonctions continues
sur R� sur nX

k�Z
ak%N ��Nx� k� � fakgk�Z� C Z

o
� VN

est �evident� Le fait que IN�� � IN est un projecteur revient �a ce que
IN�� �IN � IN �IN�� � IN � mais IN�� �IN � IN car VN 	 VN�� �par
construction de %N � tandis que IN � IN�� � IN est �evident puisque
IN��f et f co� ncident sur Z��N��
 donc sur Z��N �
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iii� est �evident

�IN�� � IN �f �
X
k�Z

�
f
� k

�N��

�
� INf

� k

�N��

��
%N����N��x� k� �

Nous arrivons au point iv�� Remarquons d�abord que l��equivalence entre
K�� et K�� est imm�ediate� il su�t de v�eri�er qu�il existe une constante
C� telle que pour tout N on ait

����


C�

�X
k�Z

j�kjp
���p

�
���X
k�Z

�k%N �x� k�
���
p
� C�

�X
k�Z

j�kjp
���p

�

Pour cela on note +N la fonction duale de %N

	+N ��� �
	%N ���X

k�Z
j	%N �� � �k��j�

�

Il est imm�ediat que +N � S et que +N � �� dans S quand N � ��

o�u

	�� �
	��X

k�Z
j 	���� � �k��j�

�

On a alors���X
k�Z

�k%N �x� k�
���
p
�
�X
k�Z

j�kjp
���p���X

k�Z
j%N �x� k�j

���
�
�

�X
k�Z

j�kjp
���p

� sup
k�kk�p���

���DX
k

�k%N �x� k��
X
k

�k+N �x� k�
E���

�
���X

k

�k%N �x� k�
���
p

���X
k�Z

j+N �x� k�j
���
�
�

���� est alors imm�ediat�

K�� implique K� est assez facile et plusieurs arguments peuvent
s�appliquer� Par exemple
 on prend une fonction d��echelle orthogonale
phi de Lemari�e�Meyer et psi son ondelette associ�ee� On sait ��� que
l�on a���X

k�Z
�k phi �x� k� �

�X
N��

X
k�Z

�N�k psi ��Nx� k�
���
Bs�p
q

� Cs�p�q
�k�kkp � k�N�s���p	k�N�kk�p�k	 k�q�N	

�
�
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pour tous s � R et p� q � ������ par ailleurs l�op�erateur T d�e�ni sur
S par �

T �phi �x� k�� � %��x� k� � k � Z �
T �psi ��Nx� k�� � -N ��Nx� k� � N � �� k � Z �

est un op�erateur pseudo�di"�erentiel exotique appartenant �a la classe
S���
� � son symbole est donn�e par

��x� �� � cphi ���
X
k�Z

	%��� � �k�� eikx

�
�X
N��

cpsi
� �

�N

�X
k�Z

	-N

� �

�N
� �k�

�
ei�

Nkx �

Or la classe S���
� op�ere contin	ument sur Bs�p

q pour tout s 	 � ���� et
donc K�� implique K� est prouv�e�

Il reste �a prouver K� implique K��� Par dualit�e
 cela revient �a
v�eri�er que �en notant p� � p��p� � et q� � q��q � ��

����

��� X
�k�Z

�k ��x� k� �

�X
N��

X
k�Z

�N�k �N ��Nx� k�
���
B�s�p

�

q�

� Cs�p�q
�
k�kkp� � k�N��s���p�	k�N�kk�p� �k	k�q� �N	

�
�

Pour cela
 on va v�eri�er que si � � ��p alors il existe C
�p�q 	 � tel
que pour tout N 	 �� et toute suite f�N�kg on ait

����
���X
k�Z

�N�k �N ��Nx� k�
���
B��p�

q�

� C
�p�qk�N�kk�p��N����p��
	 �

Supposons ���� �etabli et choisissons 
 	 � tel que �s � 
 � ��p et
�xons N� 	 s � 
� On a alors

� pour N � N����X
k�Z

�N�k �N ��Nx� k�
���
Bs�p�

q�

� CNk�N�kk�p� �k	 �

il su�t d��ecrire kFk
B�s�p

�

q�
� kFk

B�s���p
�

p�
et de remarquer que la norme

de Bs���p
p est localisable ���� de sorte que�X

k�Z
jf�k�jp

���p
� Cs���pkfkBs�p

p
�
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� pour N � N�� on a pour � � �
���X
k�Z

�N�k �N ��Nx� k�
���
B�s���p

�

q�

� Ck�N�kk�p��N����p��s��	

� C �N��N � o�u �N � �q �

Si

� �
X
N�N�

X
k�Z

�N�k �N ��Nx� k� �
X
N�N�

�N �

la d�ecomposition de Littlewood�Paley � � S� � �
P

j�� &j � permet

facilement de montrer que � � B�s�p
�

q�

kS� �kp� �
X
N�N�

kS� �Nkp� � C
X
N�N�

��N��N � �� �

tandis que

k&j �kp� �
X
N�N�

k&j �Nkp�

�
X

N�N��N�j
k�NkB�s���p�

q�
�j�s��	

�
X

N�N��N�j
k�NkB�s���p�

q�
�j�s��	

de sorte que

��jsk&j �kp� � C
X
N

���jj�Nj �N

et donc f��jsk&j �kp�g � �q�j� si f�Ng � �q�N��
Il reste �a v�eri�er ����� C�est presque imm�ediat� En e"et
 si + est

�a d�ecroissance rapide dans B
���p�

q� 
 on a���X
k

�k +�x� k�
���
B��p�

q�

�
�X

k

j�kjp
�
���p�

C�+�

�ce quelque soit � � R�� En e"et
 c�est �evident si p� � q� par localisation�

si p� �� q� on �ecrit B
�p�

q� 	 B

�����p�

p� 	 B
���p�

q� � Si � 	 �
 on en conclut
que pour A � ���X

k

�k +�Ax� k�
���
B��p�

q�

� C�+�
�X

k

j�kjp
�
���p�

A���p
��
 �
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Si � � �
 cela reste vrai pourvu que
R
xk+ dx � � pour � � k � ���� �

N�� dans ce cas on sait que + � �d�dx�N��� #+ o�u #+ est �a d�ecroissance

rapide dans B
���N����p�

q� � ���� est donc imm�ediat
 car les �N v�eri�ent

que pour tout p � N 
 fxp�Ng est une famille born�ee dans B
���p�

q� si
� � � � ��p et de plus h�N � xpi � � pour � � p � N �

Le Th�eor�eme � est donc d�emontr�e�

Remarques� i� Si � � s � �p et si

k�N�s���p	k�N�kk�p�k	k�q�N	 � �� �

on a d�emontr�e que

�X
N��

X
k�Z

�N�k-N ��Nx� k�

d�e�nissait un �el�ement f de Bs�p
q � Cependant on ne peut �ecrire �N�k �

�N hf� �N ��Nx�k�i puisque �N �� �Bs�p
q ��� En particulier
 on peut avoir

une s�erie d�ondelettes convergeant vers � dans Bs�p
q avec des coe�cients

�N�k non nuls�

ii� Le probl�eme de l�interpolation des fonctions p�eriodiques d�ecrit
�a la �n de la section V est �evident ici� si f � Br��

� �R���Z� on a
kf � INfk� � C���N �r
 ce qui est mieux que pour le syst�eme de
Rvachev ou pour le syst�eme trigonom�etrique�

�� Le probleme de la phase�

Dans la section pr�ec�edente
 nous avons d�ecrit les fonctions d��echelle
interpolantes et leur approximation par des fonctions d��echelle inter�
polantes �stationnaires ou non�stationnaires� �a support compact�

Par int�egration par parties ���
 nous pouvons de m	eme approximer
des fonctions d��echelle en bi�orthogonalit�e avec des fonctions splines�
en e"et dire que la fonction � est une fonction d��echelle r�eguli�ere en
dualit�e avec le B�spline N de degr�e k � 	N � ��� e�i���i ��k��� revient
�a dire que la fonction %� d�e�nie par �d�dx�k��% � &k��� o�u &� �
��x � �� ��x�
 est une fonction d��echelle interpolante�

Il serait de m	eme utile de savoir approximer les fonctions d��echelle
orthogonales par des fonctions d��echelle orthogonales �a support com�
pact� Nous pourrions alors construire une base de Berkola� ko�Novikov
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sur le mod�ele de l�interpolante de Kharkov
 et obtenir des fonctions
d��echelle orthogonales non�stationnaires �a support compact qui con�
vergeraient dans S
 de sorte que la base d�ondelettes non stationnaires
serait une �base universelle� �au moins dans les �echelles Bs�p

q � F s�p
q � � � � �

�a l�instar des bases de Lemari�e�Meyer�
Nous butons alors sur un probl�eme� nous n�avons pas de descrip�

tion directe des �ltres d��echelle orthogonaux �a r�eponse impulsionnelle
�nie� C�est��a�dire que pour construire un tel �ltre m�
 on construit
d�abord jm����j� �qui est un �ltre d��echelle interpolant� puis on en
prend une �racine carr�ee polyn	omiale� gr	ace au lemme de Riesz� on
a alors m���� � jm����j e�i���	 o�u la phase � d�epend du choix des
racines qu�on a conserv�ees pour d�e�nir m�� Comment alors contr	oler
cette phase pour que la convergence de jm�j� entraine celle de m��

Ce probl�eme reste extr	emement d�elicat �a traiter� Il a motiv�e ��a c	ot�e
d�autres raisons� l��etude d�un cas particulier� les �ltres de Daubechies
mN ���� Pour lesquels on a

lim
N���

jmN ���j� �

�	
  � si j�j � �

�
�

� � si
�

�
� j�j � �� � � ��

�
�

Dans ce cas
 une �etude de la phase peut 	etre pouss�ee assez loin ���

essentiellement parce que jmN ���j� est donn�e par

jmN ���j� � P�N��

� � cos �

�

�
�

o�u P�N�� est le polyn	ome de Bernstein associ�e �a la fonction analytique
par morceaux �

�������
� Mais nous ne disposons pas encore de r�esultats

applicables �a une interpolante de Lemari�e�Meyer�
Pour avoir une �base universelle�
 on peut
 au lieu de chercher �a

tout prix une base orthogonale
 scinder jm����j� en un produit m����
m���� en imposant le convergence dans C� de m� et de m�� On ob�
tiendrait alors une base bi�orthogonale d�ondelettes non�stationnaires
qui serait une �base universelle� et dont les fonctions d��echelle non�
stationnaires tendraient vers des fonctions d��echelle bi�orthogonales sta�
tionnaires�



Fonctions d
echelles interpolantes �	�

��� Filtres peu r�eguliers�

Comme nous l�avons expliqu�e ci�dessus
 la possibilit�e de d�ecrire
le comportement asymptotique de la phase des �ltres de Daubechies
tient �a la simplicit�e de la limite de jmN ���j�
 c�est��a�dire de la fonction
qui d�e�nit en retour les �ltres de Daubechies comme des polyn	omes de
Bernstein� Le point principal est que

d

dx
�
��������

� �
�
x� 

�

�
�

ce qui donne pour le polyn	omeX
k�N

Ck
�N��x

k�� x��N���k � P�N���x�

la formule

d

dx
P�N���x� � �N � �CN��

�N��x
N �� x�N �

de sorte que P�N�� s��ecrit simplement

P�N���x� �

Z x

�

��N � �'

�N '��
�t �� t��N dt �

Par ailleurs
 les fonctions d��echelle �N h�eritent de la mauvaise local�
isation de fonction d��echelle �� associ�ee �a m� � �

���������� ��� �

�sin�x����x�� de sorte que

lim sup
N���

inf
x�

Z
jx� x�j� j�N �x�j� dx � �� �

On peut alors chercher �a adoucir la limite de mN tout en conservant
des propri�et�es remarquables pour cette limite
 a�n d�	etre en mesure
de contr	oler la phase� Une id�ee prometteuse est alors de prendre pour
jm����j� un spline par morceaux
 c�est��a�dire un exemple �el�ementaire
de fonction analytique par morceaux dont les d�eriv�ees se calculent
ais�ement� un tel choix o"re par ailleurs l�avantage de permettre des cal�
culs explicites sur les �ltres interpolants construits �a l�aide de polyn	omes
de Bernstein
 donc d��echantillonnages de jm����j�� Cependant
 la con�
vergence des �ltres ne peut plus avoir lieu dans C� et la convergence des
fonctions d��echelle ne peut plus 	etre rapide� Il faut alors reprendre toute
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la th�eorie ci�dessus d�evelopp�ee pour l�adapter aux �ltres peu r�eguliers
et aux fonctions d��echelle peu d�ecroissantes� � � A titre d�exemple
 nous
signalons que le lecteur int�eress�e trouvera dans �!� une d�emonstration
du r�esultat suivant �qui g�en�eralise la Proposition ��

Proposition �� Soit m� � H������R���Z� o�u � 	 � telle que m���� �
� m���� � m������ On note 	� la fonction

	���� �
�Y
j��

m�

� �

�j

�
et T� l�op�erateur agissant sur les fonctions ���p�eriodiques d�e�ni par

T�f �
���m�

��
�

�����f��
�

�
�
���m�

��
�

� �
�����f��

�
� �

�
�

Alors m� satisfait le crit�ere d�Albert Cohen et supN kTN� ��k� � ��
si et seulement si � � jxj������� � L��R� et la famille f��x � k�gk�Z
est une base de Riesz d�un sous�espace ferm�e de L��R�� De plus pour

tout 
 	 ��
 jxj�� � L��R� si et seulement si m� � H��R���Z��
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Checkerboards� Lipschitz

functions and

uniform recti�ability

Peter W� Jones� Nets Hawk Katz and Ana Vargas

�� Introduction�

In his recent lecture at the International Congress �S�� Stephen
Semmes stated the following conjecture for which we provide a proof�

Theorem ���� Suppose � is a bounded open set in R
n with n � ��

and suppose that B�	� 
� � �� Hn������ � M � �� Then there are

� � 	� L � � �depending on n and M� and a Lipschitz graph  �with
constant L� such that Hn��� � ��� � ��

Here Hk denotes k�dimensional Hausdor� measure and B�	� 
� the
unit ball in Rn � By iterating our proof we obtain a slightly stronger
result which allows us to cover most of the unit sphere Sn���

Theorem ���� Same hypotheses� Given � � 	� there exist �� � � � �N �

N � N���M� n� so that each j is a C���M� n� Lipschitz graph and

Hn��
�
	
� N�
j��

j � ��
�� � 
n � � �

where 	 denotes the radial projection on Sn�� and 
n is the area of

Sn���

���
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We remark that Theorems 
�
 and 
�� are somewhat related to the
results of �J�� David and Semmes have reported to us �DS�� that they
also have proofs of the above theorems� The methods they use are�
however� quite di�erent from those we present� Whereas David and
Semmes work directly on the domain� we prove a theorem that allows
us to stitch together ��dimensional slices �where the result is trivial��
This result� which we call a Checkerboard Theorem� is perhaps the most
interesting result of this paper�

Let �	� 
�n be the unit cube in Rn � and let A�B � R
n be Lebesgue

measurable sets� We say that A is checkerboard connected through B if
for any two points x� y � A� there is a path from x to y which is a �nite
union of line segments� each line segment in one of the �n��coordinate
directions and having both endpoints in B� We de�ne dch�B�x� y�� the
checkerboard distance to be the in�mum over the lengths of such paths�
For example� if A � �	� 
�� is any set and B � �	� 
��� then for x� y �
�x�� x��� �y�� y�� � A we have

dch�B�x� y� � jx� � y�j� jx� � y�j �

On the other hand if A � B � �	� 
���� � ����� 
�� then the points
�	� 	�� �
� 
� � A are not checkerboard connected through B�

Theorem ���� �The Checkerboard Theorem� Given any � � 	 and any

measurable set B � �	� 
�n with jBj � �� there exists a subset A � B
with

jAj � �
� �� �n

and with A checkerboard connected through B� Furthermore� there ex�

ists a constant C � C��� �� n� �� such that for all x� y � A�

dch�B�x� y� � C jx� yj �

If jBj � 
�� with �	 
� we can choose jAj � 
�c � and dch�B�x� y� �p
n jx� yj� for x� y � A�

We remark that the �nal assertion of Theorem 
�� provides an
approach to a version of Almgren�s Tilt Excess Theorem �A�� In that
case one has � 
 
� jBj � 
��� and one obtains a subset A with jAj �

 � C� and a Lipschitz mapping F with Lipschitz constant � C

p
n�

This will be explained more precisely in Section ��
An examination of the constants in Theorem 
�� will allow us to

conclude the following
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Corollary ���� Suppose B � �	� 
�n� jBj � �� and F � B � X �any
metric space� satis�es a Lipschitz condition on any line parallel to the

coordinate axes

�F �x�� � � � � t� � � � � xn�� F �x�� � � � � s� � � � � xn�� � jt� sj �

for any two points on E di�ering only in one of the n coordinates� Then

if � � 	 there exists A � B with

jAj � �
� �� �n �

and such that F is Lipschitz on A�

�F �x�� F �y�� � C��� �n�����n �
p
n n�n����n� jx� yj �

The outline of this paper is as follows� In Section �� we recall
a proof of Theorem 
�
 in R� �this a known result included only for
the sake of completeness� Section � is devoted to the proof of the
Checkerboard Theorem� We then check constants to derive Corollary

��� This allows us to use the results of Section � to derive Theorem 
�
�
In Section � we provide a counter�example for the checkerboard constant
in Theorem 
�� �equivalently for the Lipschitz constant of Corollary

���� showing it must be at least �log �
��������log log �
���������

In Section �� we give another application of our methods by show�
ing how to use two dimensional slices to obtain part of the �Structure
Theorem� of geometric measure theory for sets of codimension 
� In
Section �� we discuss Almgren�s Tilt Excess Theorem and the easy case
of Theorem 
�� �i�e� the case when jBj 
 
��

�� A trivial result in R
� �

Let D� denote the closed unit disk in R
� � By a radial Lipschitz

graph we shall mean a set in R
� given in polar coordinates by the

equation r � f��� where f is a �	�periodic Lipschitz function� We also
de�ne the map 	 � R�n	 � S� to be radial projection� In this section�
we prove

Proposition ���� Let � � S� � R
� be a closed curve in R

�nD� with

degree 
 about 	� Suppose H����S
��� � M � for some M ��� Then for
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any � � 	 there exists  a radial Lipschitz graph over S� with Lipschitz

constant C���M� so that

H��	� � ��S���� � �	 � � �

Proof� The idea of the proof is that �rst we prune ��S�� into a graph
and then we trim it to make it Lipschitz � The �rst observation is that
� � 	��� � S� �� S� is a well de�ned continuous map with degree 
�
We may lift it by the universal cover to

�� � R �� R �

with ���	� � 	 and ����	� � �	� Furthermore� since the length of �
is bounded� we have that ��� is a signed measure on �	� �	� with total
measure �	� De�ne � � ��� � ����	�� This is a signed measure on
�	� �	� with total measure �	 � ����	� � 	� We shall now modify �
into a curve � in such a way that we change only pieces that give rise
to sets of measure 	 under � and replace them by line segments� Let
L � sup j����I�j the sup taken over open intervals I in �	� �	� satisfying
��I� � 	� We de�ne �� � �	� �	� �� R

� to be equal to � except on
an interval I with ��I� � 	 and with j����I�j � L��� Let x and y be
the endpoints of I� Let ���I� be the line segment between ��x� and
��y� parametrized so that 	���� has constant speed� We de�ne ��� as
before� noting that ����I� � 	� If the measure ��� is nonnegative then
�� is a graph� Otherwise� ��� is a signed measure with total measure
strictly less than that of � so that we may proceed recursively� removing
intervals with measure ��j measure 	 having large total measure and
replacing their images with line segments� At last� we obtain �� whose
image is a graph� since associated to it is ��� which is nonnegative�

We de�ne � � ���S
��� The next observation is that � �

	�H���� is a well de�ned positive measure on S
� and that�Z

S�
� �M �

LetM��� be the Hardy�Littlewood maximal function of �� We choose
C so that jfM��� � C��gj � ���� The set fM��� � C��g is open�
hence a union of open intervals and we de�ne the graph  by replacing
the part of � over each of these intervals by a line segment between the
images of the endpoints� The result is the desired graph with Lipschitz
constant C�
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By the results of �J�� one can in fact exhaust the image of � by a
�nite collection of Lipschitz graphs with universal Lipschitz constants
and a garbage set with small Hausdor� content�

�� The checkerboard Theorem�

Proof of Theorem ���� Let Mj be the one dimensional Hardy�
Littlewood maximal operator in the j�th coordinate direction� For
any set A� let �

A
denote its characteristic function and let Ac denote

��
� ��nnA� i�e� the complement of A in the triple of the unit cube�
Choose a small � � 	 and de�ne

B� � fx � B � M���Bc ��x� � 
� � �g �

and recursively for j � n�

Bj � fx � Bj�� � Mj��Bc
j��

��x� � 
� � �g �

By choosing � su�ciently small� we may ensure that

jBnj �
�

� �

�

���n
� �

�This follows easily from the Besicovitch covering Lemma� see �G� p� ����
In fact� we may choose � � C����n�� We shall now divide up Bn into
its checkerboard connected components and choose one that suits our
purposes� We shall do the same at each scale until we arrive at a set
which satis�es a dyadic version of the theorem� A similar treatment as
we have just given B will produce the desired set�

For any point in x � Bn� we de�ne its good set G�x� so that
y � G�x� provided y � B and there exist zj � Bj when 
 � j �
n � 
 so that 	��y� � 	��z�� and so that 	j�zj��� � 	j�zj� whenever
� � j � n � 
� and so that 	n�x� � 	n�zn���� Here the 	j�s are the
�n � 
��dimensional projections into all but the j�th coordinate� In
particular for any y � G�x� we have that dch�B�x� y� � �n� Further�
by the de�nition of Bn� we have that jG�x�j � �n�n� We de�ne the
neighborhod of x to be

N�x� � fy � Bn � G�x� � G�y� �� �g �
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We cover Bn by neighborhoods N�x��� � � � � N�xM� so that for i �� j we
always have xj �� N�xi�� Then we see thatM � 
���n���n��� since the
	��G�xi���s are disjoint and have total measure 
� Thus� in particular�

M � C���

n�n��
�

The checkerboard connected components of Bn through B� call them
C�� � � � � CN with N � M are just unions of disjoint subcollections of
N�x��� � � � � N�xM�� We have that for any x� y � Cj �

dch�B�x� y� � �nM �

We pause for a brief lemma which we will use to estimate the size of
one of the Cj �s�

Lemma ���� Let A � R
n be any measurable set of �nite Lebesgue

measure� then

DA �
jAjn��
nY
j��

j	j�A�j
� 
 �

We refer to DA as the checkerboard density of A� The proof is
simply to apply the 
�dimensional H�older�s inequality� n times toZ

�
���A�

�x�� � � � � xn�����A�
�x�� x�� � � � � xn� � � � ��n�A�

�x�� � � � � xn��� �

It is of some interest to note that the above argument also gives a
proof of the Sobolev imbedding Theorem �cf� �GT� p� 
��� equation
��������� That this link should exist is natural because both the Sobolev
imbedding Theorem and Theorem 
�� concern giving global properties
of functions in terms of their behavior on one dimensional slices�

Now we proceed to estimate the size of a Cj � We observe �rst that

NX
j��

jCj j � jBnj �
�

� �

�

���n
� jQnj �

On the other hand� since the Cj �s are checkerboard disjoint� their �n�

��dimensional projections are disjoint and hence we have for each k �
f
� � � � � ng�

NX
j��

j	k�Cj�j � j	k�Bn�j �
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Applying H�older�s inequality yields

NX
j��

nY
k��

j	k�Cj�j��n �
nY

k��

� NX
j��

j	k�Cj�j
���n

�
nY

k��

j	k�Bn�j��n �

Hence� there is at least one j for which

jCj j
nY

k��

j	k�Cj�j��n
� jBnj

nY
k��

j	k�B�j��n
�

Taking the previous equation to the power n� we arrive at the main
inequality

�z� jCj jDCj
� jBnjDBn

�

Observe that in particular�

jBnjDBn
�
� jBnj
jQnj

�n
jQnj �

�

� �

�

�
�n �

Hence� since DCj
� 
� one has that jCj j � �� ����njQnj� But what is

more� we have a procedure for taking any subset S of Bn in any cube Q
�

and �nding a subset �S � S which is checkerboard connected through
B with checkerboard diameter bounded by �M l�Q��� so that

j �SjD �S � jSjDS �

To see this� just dilate Q� into �	� 
�n and follow the above argument�
We require another lemma�

Lemma ���� Let t�� � � � � tn��� s � �	� 
�� then we have

sn

t�t�    tn�� �
�
� s�n

�
� t���
� t��    �
� tn���
� 
 �

Proof� It is clear that the minimum of

f�s� �
sn

t�t�    tn�� �
�
� s�n

�
� t���
� t��    �
� tn���
�



��	 P� W� Jones� N� H� Katz and A� Vargas

lies on the interior of �	� 
�� Setting f ��s� � 	 gives

s �
�t�t�    tn������n���

�t�t�    tn������n��� � ��
� t���
� t��    �
� tn�������n���
�

substituting back into f � gives that for any s�

f�s� �
�




�t�t�    tn������n��� �
� n��Y
j��

�
� tj�
����n���

�n��

�

Now Jensen�s inequality guarantees that f�s� � 
�

Now let A� be the set Cj and de�ne f� to be the constant function
DA�

on A�� Then the inequality �z� may be rewritten asZ
A�

f� � jBnjDBn
�

Then we obtain A� and f� as follows� We divide the cube �	� 
�
n into

its dyadic children Q�� � � � � Q�n and the set A� into A���� � � �A���n with
A��j � A� �Qj � Then Lemma ��� implies that

�
�
�nX
j��

jA��jjDA��j
�
Z
A�

f� �

This is because when we chop a set C into Cl and Cr one the left and
right sides of a hyperplane xj � c then 	k�Cl� is disjoint from 	k�Cr�
for k �� j� We chop A� once in each coordinate direction to obtain �
��

Now for each nonempty A��j we �nd Sj � a checkerboard connected
component of A��j in Qj � As before� it will have the properties that�

jSj jDSj � jA��jjDA��j
�

and for any x� y � Sj �

dch�B�x� y� � �M n l�Qj� �

This last is true since A��j � Bn � Qj and any connected component
of Bn � Qj which intersects A��j is contained in A��j� Now we de�ne
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�Sj � A� � A� and we let f� be the function on A� which is constant
on each Sj and equals DSj � We have shown thatZ

A�

f� �
Z
A�

f� �

We proceed recursively producing Aj from Aj�� by letting the cubes
at generation j � 
 give birth� and letting fj be the function which is
constant on the intersection of Aj and cubes of the j�th generation and
is equal there to the density of that intersection� Thus

Z
Aj

fj �
Z
Aj��

fj�� �

and we have found a decreasing sequence of sets Aj and a sequence of
functions fj supported on Aj and bounded by 
 so that for each j�Z

Aj

fj � jBnjDBn
�

In particular� this implies that

jAjj � jBnjDBn
�

and hence

��� jA�j � jBnjDBn
�
�

� �

�

�
�n �

where A� � �An� We have in addition that for any x� y � A��

��� dch�B�x� y� � �M ndd�x� y� �

where dd�x� y� is the dyadic distance between x and y� i�e� the side�
length of the smallest dyadic cube containing both x and y� The equa�
tions ��� and ��� are almost the statement of the theorem but for the
appearance of dyadic distance instead of Euclidean distance� We must
trim A� a little bit more in order to rectify this di�culty�

Now as we did to B� we de�ne

A��� � fx � A� � M���Ac
�

��x� � 
� � �ng �
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and recursively for j � n�

A��j � fx � A��j�� � Mj��Ac
��j��

��x� � 
� � �ng �

By choosing � su�ciently small� we may arrange that jA��nj �
�����njQnj� Let D be the set of points in Rn one of whose coordinates
is a dyadic rational� The set D has measure 	� We claim that A��nnD
is the desired set A�

We shall refer to a cube�s face of codimension 
 as walls� Every
cube has �n walls which are naturally divided into n pairs of opposite
walls� Each such pair corresponds canonically to a coordinate direction
j� namely the direction for which the coordinate function xj is constant
on both faces in the pair� We say that two dyadic cubes Q� and Q�

with the same sidelength are neighboring provided that the euclidean
distance is 	� If this is the case and Q�� Q� are distinct� then Q� and
Q� share a face F of codimension k where 
 � k � n and k is an
integer� Let j� � j� �    � jk be the coordinate directions whose
coordinate functions are constant on F � Then any two points x � Q�

and y � Q� may be joined by a path which is piecewise linear with
pieces in the coordinate directions j�� j�� � � � � jk in that order and with
corners in cubes �Qr with 
 � r � k � 
 where each �Qr neighbors Q��
The cube �Qr has a face in common with Q� of codimension k�r which
is associated to the directions jr	�� � � � � jk�

For any x and y in A either dd�x� y� � C����n�d�x� y� or there is a
scale l for which there are cubes Q� and Q� with x � Q� and y � Q� of
sidelength ��l � 
	pn����n�jx�yjwhich are neighbors with a common
face F of codimension j associated to the directions and j� �    � jk
of the previous paragraph� These can be chosen so that the distance
dx�Q from x to the boundary of Q� satis�es dx�Q � ���n��l�

By the de�nition of A��n� we may �nd a point x� � A��n�j� � �Q�

which can be connected to x by a line in the direction j�� We may
proceed recursively choosing x�� � � � � xr� y� with xl � �Ql � A��n�jl and
y� � Q� �A�� But then

dch�b�x� y� � �n� �M n� ��l

� C��� �n� �n��n����n���n
��
p
n ��njx� yj

� C��� �n�����n �
p
n n�n��n��� jx� yj �

This proves Theorem 
�� and Corollary 
��
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�� Proof of Theorems ��� and Theorem ����

In this section� we apply the checkerboard Theorem and Proposi�
tion ��
 to obtain a proof of Theorem 
�
� We observe that the proof of
Theorem 
�� is just a recursive iteration of the proof of Theorem 
�
�

Proof of theorem ���� Let en � �	� 	� � � � � 
� be the unit vector in
the n�th coordinate direction and let 	n be the projection of R

n into
the hyperplane perpendicular to en� Let Q be the cube in R

n�� � f	g
which is centered at the origin and which has sidelength 
���

p
n� 
��

We will �nd a Lipschitz graph  having large intersection with S so
that 	n�� � Q�

For v any unit vector in Rn�� let v� denote the �n � ���plane of
vectors perpendicular to v in Rn�� � let Pv denote the ��plane in R

n

spanned by v and en� and for w � v� denote by Pv�w the translate
Pv � w�

Consider S � Pv�w for w � Q� For � � 	� a real number� let

B��v � fw � v� � H��S � Pv�w� � �g �

By the Slice Theorem ��Si� p� 
���� jB��vj � M��� Further for each
w � Q� we have that Pv�w � S separates 	 from � in Pv�w� If we have
further that w �� B��v� then we can apply Proposition ��
 to a subset
of Pv�w � S� This is because any connected recti�able set with �nite
length can be parametrized� �see �DS�� We parametrize a component of
the boundary of the domain containing � in Pv�wnS which separates
	 from �� We apply Proposition ��
 to this subset to obtain a 
�
dimension Lipschitz graph v�w�C where C is the Lipschitz constant in
Proposition ��
� Recall that C depends only on the length of the curve
and the choice of �� which is at our disposal� De�ne

v�C�� �
�

w�QnB�

v�w�C �

By choosing C and � su�ciently large but depending only on n andM �
the measure of S� we may arrange that

j	n�v�C��� �Qj � jQj � � �

for whichever � � 	 we wish�
We need a small Lemma�
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Lemma ���� Let X be a measure space of total measure M � Fix

� � 	 and N � � �M���� � 
� Let A�� � � � � AN be subsets of X of

measure � �� Then there for � su�ciently small there exist j� k with

jAj �Akj � c ���M� where c � 	 is a universal constant�

Proof� Choose N� � N � ��M�����
� where �x� denotes the greatest
integer less than x� Let � � c ���M with c to be speci�ed later� Suppose
the Lemma is false� Then jAjnA� �    �Aj��j � ��� �j � 
���� Now

jXj �M �
X
j

jAjnA� �    � Aj��j � �
N�X
j��

j � c � N�
� �

M�

�
�

But for � su�ciently small� this is a contradiction�

Hence we may �nd v�� � � � � vn�� linearly independent vectors in
R
n�� with uniformly large angle between any pair so that

��	n���	vj �C��
� �Q�� � 


CMn��
�

and so that the smallest covering of Q by parallelpipeds P�� P�� � � � � PK
with edges in the directions vj has K depending only on M and n� For
some k then� we have that with

Ak � 	n��
�	

vj �C��
� � Pk �

then jAkj � 
��
	KMN �� where N � 	 depends only on n� To Ak� we
apply the checkerboard theorem on Pk� This proves Theorem 
�
�

Proof of Theorem ���� Observe that in the proof of Theorem 
�

above� we did not strongly use the fact that for some � � 	 of our
choosing� we have that jv�C��j � 
 � �� If we had simply had that
jv�C��j � ���
	n�� for instance� we would have found a universally
large intersection with universally bounded Lipschitz constant where
these depend only on � and n� Also� we do not have to use the cube
Q but may �nd a collection of �n � 
��cubes Q�� � � � � Q
n� so that the
sectors over them cover the �n�
��sphere� and de�ne v�C�� for v in any
of these cubes� Then we choose � in Proposition ��
 so that each v�C��
has projection onto Qj with measure at least jQjj�
 � ����� Then we
use the proof of Theorem 
�
 to extract � above the cube Q�� We now
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replace the v�C���s by v�C��n� and we may continue recursively until
for every cube Qj there is a v � Qj so that v�C��n� � l has measure
less than ���
	n��� At this point� j	�� �    � l�j � 
n�
� ���

�� Counterexample�

Given two sets E� � E � �	� 
�n� we de�ne the �checkerboard�
connectivity of E� through E�

�E�E
�� � sup

x�y�E�

dch�E�x� y�

d�x� y�
�

where d�x� y� denotes the euclidean distance between x and y�

Theorem ���� For every � � 
�� there is a set E � �	� 
� � �	� 
��
jEj � ���� with the following property� for every c � 	 there is c� � 	�
depending only on c and not on E nor E� so that� if E� � E and

jE�j � c ��� then �E�E
�� � c� �log �
��������log log �
���������

We pick � � 
�N�� N being a natural number� Divide the unit
square into 
�� disjoint subcubes�

Qn�m � �n
p
�� �n� 
�

p
� �� �mp�� �m� 
�p� � �

for n�m � 	� 
� �� � � � � 
�
p
��
� To describe the set E we de�ne E�Qn�m

E �Qn�m ��

������nm�
k��

Qk
n�m �

where

Qk
n�m � �n �

��� � �k � nm� ����� n ���� � �k � nm� 
� �����

� �m���� � k �����m ���� � �k � 
� ����� �

It is easy to see that jEj � ����
Let us denote � � �E�E

��� We can assume that Qi
n�m � E� when�

ever Qi
n�m � E� �� ��
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Lemma ����

a� Assume Qi
n�m� Q

j
n	k�m	l � E�� Then

j � i � n l�O����l� k � 
��� �

b� If � � 
���p��� then  fk � Qk
n�m �E� �� �g � 
 for all n�m�

Proof� The authors would recommend to the reader to sketch a pic�
ture of E�

a� We may restrict our attention only to paths which pass the
centers of small cubes Qk

n�m thus reducing everything to essentially a
problem in graph theory� Every such path is composed of elementary
steps � i�e� vertical or horizontal lines from a large cube Qn�m to one of
its neighbors� An elementary step has length 
 p� and connects Qk

n�m

to one of Qk
n	��m� Q

k
n���m� Q

k	n
n�m��� or Q

k�n
n�m	��

Now� by assumption� Qi
n�m and Q

j
n	k�m	l are connected by a path

composed ofM elementary steps withM � ��l�k�
�� Then the cubes

Qi
n�m and Q

j
n	k�m	l are joined through a sequence Q

a�t�
b�t��c�t� where a� b� c

are integer valued functions and t runs from 
 to M � We always have
n�O���l� k�� � b�t� � n�O���l� k��� Each upwards step increases
a�t� by b�t� while each downwards one decreases it by b�t�� There must
be l more upwards steps than downwards ones and at most M vertical
steps� Thus j � i � a�M�� a�	� � n l� O����l � k � 
����

b� Assume false� Then there are Qi
n�m and Q

j
n�m i �� j joined by a

path of consisting of less than or equal to ji � jj � � elementary steps�
This path must contain the same number of upward steps as downward
steps� Thus by the argument above� one must have

ji� jj � ji� jj����� �

but this is a contradiction since ji� jj � 
���

The following lemma tells us that given any cube Q the set E� has
to skip a considerable part of Q� The iterated application of this lemma
will give us the bound on the measure of E��

Lemma ���� Given any cube Q of sidelength D
p
�� for some D � � ���

there is a subcube Q� � Q with sidelength D
p
���� ��� so that Q��E� �

��
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Proof of the Lemma� Assume false� We divide Q intoM� � �� ����

squares of sidelength D
p
��M � Our assumption means that there is a

point of E� in each of them�
Without loss of generality� we assume that Q � �	� D

p
���� �We can

do this by simply renumbering the cubes�� Denote �Qu�v � �uD
p
��M�

�u�
�D
p
��M �� �v Dp��M� �v�
�D

p
��M � and xu�v � �Qu�v �E�� If

xu�v � Ql
n�m denote also l�xu�v� � l� n�xu�v� � n� m�xu�v� � m�

Then by the �rst part of Lemma ���

jl�x��v�� l�x��v���j � D�

M�
� O

�
��

D�

M�

�
� O

�
��

D�

M�

�
and

l�xu������ l�xu��� � buu
D

M
� O

�
��

D�

M�

�
�

where the sequence bu � m�xu����m�xu����� satis�es j
sP
r
buj � D�M

for all r � s� �The inequality is obvious� since the sum telescopes and
for any u� one has m�xu��� � D�M��

Also�

l�xu���M���� l�xu�M��� � cuu
D

M
� O

�
��

D�

M�

�
�

where j
sP
r
cuj � D�M for all r � s�

From all these inequalities� we can get an estimate of

jl�xM������ l�xM���M���j

using the following

Fact ���� Let fdug be a sequence so that j
sP
r
duj � D�M for all r � s�

Then ��� MX
u��

duu
��� � D �

Proof of Fact ���� One has simply

��� MX
u��

u du

��� � ��� MX
l��

� MX
u�l

du

���� � MX
l��

D

M
� D �
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Now we obtain�

jl�xM������ l�xM���M���j � O
�
��

D�

M

�
�

On the other hand� again by Lemma ���

l�xM���v����l�xM���v� � �m�xM���v����m�xM���v��D�O
�
��

D�

M

�
�

Hence�

l�xM������ l�xM���M��� � D� � O
�
��

D�

M

�
�

Therefore D� � O���D��M�� which is false if we take M � c ��� for a
su�ciently big c�

Remark ���� The argument of Lemma ��� actually proves that if
D � 
� ��� then for every k � f� ��� � �� � 
� � � � � 
� ��g there is a cube
�Qu�v with max�u� v� � k having empty intersection with E�� Thus the
measure of the union of those cubes is jQj���� ����

Now� we are ready to end the computations� Starting with the unit
cube Q� � �	� 
�� �	� 
�� we �nd a set A� which is a union of cubes of
sidelength 
��
� ��� so that E� � A� and jA�j � 
�
��
� ���� We take
a grid of cubes of sidelength 
��
� ���� Applying the remark again to
each of them� we �nd A� � A�� so that� E

� � A�� A� is a union of cubes
of sidelength 
��
� ���� and jA�j � �
� 
��
� ������ By induction� for
any m so that 
��
� ���m � p

�� we �nd a subset E� � Am union of
cubes of sidelength 
��
� ���m with measure jAmj � �
� 
��
� ����m�

Moreover� the second part of Lemma ��� implies that jE�j � ��jAmj
for all such m� Hence�

jE�j � ��
�

� 



� ��

�log ������ log �
� ��e�d�log ������ log �����

� � c �� �

when �� log � � c� log �
����

	� The Structure Theorem�

The checkerboard theorem also provides a new approach to part of
the �structure theorem� for n�dimensional �n � N� sets� To state that
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theorem in its �projection version� we need a de�nition� Here G�m�n��
m � n� denotes the Grassmannian manifold of all n�dimensional linear
subspaces of Rm � with its usual invariant measure�

Definition� For every plane P � G�m�n� denote by 	P the orthog�
onal projection onto P � Given a set E � R

m we de�ne the n�integral
geometric measure of E as

Un�E� �
Z
G�m�n�

Hn�	P �E�� dP �

Theorem 	�� �The Structure Theorem�� Let E � R
m � Hn�E� � ��

E has a decomposition into an n�recti�able set A and an n�unrecti�able
set EnA and Un�EnA� � 	�

The following theorem is the special case of the structure theorem
which we will show�

Theorem 	��� Let E � R
n	� � 	 � Hn�E� � �� so that Un�E� � 	�

Then there is P � G�m�n� and a Lipschitz graph LP onto P �i�e�� there
is a Lipschitz function fP � P � R

m�n whose graph is LP � such that

Hn�E � LP � � 	�

Along with the density theorems� Theorem ��
 is one of the central
theorems in geometric measure theory� It was proven by Besicovitch
�B� when m � �� n � 
 and generalized by Federer �F�� The proof of
Besicovitch�s result can be found in any manual on that subject �see
�Fa��� The checkerboard Theorem allows us to deduce the theorem for
higher dimensions� when m � n� 
� from that case�

We will make use repeatedly of the following well known �and easy�
fact

Remark ���� Let E be a n�recti�able set in Rn	k � Then for almost
every P � G�n � k� n� there is a Lipschitz graph LP onto P so that
Hn�E � LP � � 	�

Proof of Theorem 	��� The proof will be by induction on n� The
case n � 
 is assumed to be known�

We will identify G�l�
� l� and Sl in the standard way� P � G�l�

� l� is identi�ed with its orthogonal vector v � Sl�We will write P � Pv
and 	Pv � 	v�
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Assume that E is a compact subset of Rn	� � Hn�E� � � and
Un�E� � 	� Given 
 � Sn we de�ne the family of planes orthogonal
to 
� P��t � P� � t 
� Denote E��t � E � P��t � Given any vector �
orthogonal to 
� �or� in other words 
 � P�� we haveZ

R

Hn���	��E��t�� dt � Hn�	��E�� �

Consider the equator of the unit sphere

Sn�� � fx � �x�� x�� � � � � xn	�� � Sn � xn	� � 	g �

Given � � Sn�� we de�ne the meridian through � as

M	 � fx � Sn � 	�x� � t �� t � 	g �

where 	 denotes the orthogonal projection onto the plane fxn � 	g�
The assumption on the integral geometric measure of E implies

that� for any � � Sn���Z
M�

Z
R

Un���E��t� dt d


�

Z
M�

Z
R

Z
����

Hn���	��E��t�� dHn����� dt d
 � 	 �

We now apply the �n � 
��dimensional theorem to E��t whenever its
integral geometric measure is positive� We obtain a set C	 � M	�
H��C	� � 	� such that� for all 
 � C	 there is B�
� � fP � G�n �

� n�� 
 � Pg � fv � Sn � v is orthogonal to 
g� with Hn���B�
�� �
	� and for every P � B�
� there is a graph LP�� over P� Lipschitz in
the direction of 
� Hn�	P �E � LP���� � 	� In fact� for all 
 � C	�
Hn���G�n� 
� n� � f
 � Pg nB�
�� � 	�

Let us denote

�B��� �
�
fB�
� � 
 � M	g �

Then Hn� �B���� � 	� Therefore� using Fubini�s theorem�Z
G�n	��n�

Z
Sn��

�
�B�	�
�P � dHn����� dHn�P �

�

Z
Sn��

Z
G�n	��n�

�
�B�	�
�P � dHn�P � dHn����� � 	 �
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Hence� there is a plane P such that Hn���f� � P � �B���g� � 	� By
the de�nition of �B��� this is equivalent to Hn���f
 � P � B�
�g� � 	�
�Notice that P � Sn 
 Sn����

Let us denote D�P � � f
 � P � P � B�
�g� and E� � E � LP���

 � D�P �� Since Hn���D�P �� � 	� Hn�E� �� and Hn�	P �E��� � 	�
for all 
 � D�P �� then� we can �nd 
�� 
�� � � � � 
n � D�P � linearly inde�
pendent so that� Hn�	P ��E�k�� � 	� Now� we apply the checkerboard
theorem and conclude that there is �E � �E�k of positive n�dimensional
measure and contained in a Lipschitz graph LP over P �


� The tilt�excess Theorem�

In this section� we discuss a special case of the checkerboard The�
orem which immediately implies a version of the Almgren tilt�excess
Theorem� For our purposes� the tilt�excess Theorem �cf� �A�� is the
following�

Theorem 
��� Let � be an open set and suppose the unit ball B�	� 
� �
�� Suppose further that

Hn������ � �
 � ��Hn���Sn��� �

Then there exists a C�n� ���� Lipschitz graph  over Sn�� such that

Hn������� � ���� �

where � denotes symmetric di�erence�

Theorem ��
 will follow from the following simple version of the
checkerboard theorem�

Lemma 
��� Let A � Qn the unit cube in Rn with jAj � 
� �� Then
for su�ciently small � �with small depending on n�� there exists B � A
with jBj � 
 � Cn� �with C a universal constant� so that B is

p
n

checkerboard connected through A�

Proof of Lemma 	��� We de�ne as in Section �

A� �
n
x � A � M���Bc ��x� �




�

o
�
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and recursively for j � n�

Aj �
n
x � Bj�� � Mj��Bc

j��

��x� �



�

o
�

Then we have by induction jAnj � 
 � Cn�� We claim that An is the
desired set B�

Let x � ��x� xn� and y � ��y� yn�� Consider the sets in �	� 
��

S� � ft � �	� 
� � ��y� xn � t�yn � xn�� � An��g �

and

S� � ft � �	� 
� � ��x� xn � t�yn � xn�� � An��g �
Then by the de�nition of An we have that jS�j� jS�j � ���� Hence�
jS� � S�j � 
��� Thus there exists s � S� � S�� Thus letting x

n�� �
��x� s� and yn�� � ��y� s�� we have xn��� yn�� � An��� Analogously we
de�ne xn�� and yn�� by replacing x and y by �x and �y� We proceed
recursively� always having xj � yj � Aj � Then the path from x to y
through xn��� � � � � xj� � � � � yj� � � � � yn�� has length at most

p
n jx � yj�

and the lemma is proven�

Proof of Theorem 	��� By Lemma ��� and the argument used to
prove Theorem 
�
� there exists � a

p
n Lipschitz graph over Sn��

such that

Hn�������� � C�n� � �

Now let � � 	��Hn��j��� where 	 is radial projection� Thus with d�
de�ned as surface measure on Sn� we have that

d� � �
 � g� d� �

with jjgjjL��Sn��� � C�n� �� �Notice that if � � f��� n���F����� � � �
Sn��g where n��� is the unit normal vector to Sn�� at �� then we have
that g is on the order of jrF j��� Let M be the maximal operator on
the sphere and let

B � fMg � C�n� ����g �
so that Hn���Sn�� � A� � ����� Then we can replace � by  where�
letting

 � f��� n���F ���� � � � Sn��g �
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we have made F di�er from F� only on B� The reader may easily verify
that one way of doing this is by observing that B is open� and de�ning

F �x� � ��d�x� � F�� �

for x in B� Here d�x� is the distance from x to the boundary of B� We
have �xed some positive bump function � supported in the unit ball�
and �d�x� is a version of it scaled to have support in the ball of radius
d�x�� Thus the theorem is proved�

The reader may �nd it an amusing exercise to verify that the ex�
ponent 
�� is sharp�
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On the two weights problem

for the Hilbert transform

Nets Hawk Katz and Cristina Pereyra

�� Introduction�

In this paper� we prove su�cient conditions on pairs of weights
�u� v� �scalar� matrix or operator valued� so that the Hilbert transform

Hf�x� � p�v�

Z
f�y�

x� y
dy �

is bounded from L��u� to L��v�� When u � v are scalar� the classical
results were given in �HMW	 and �CF	� Earlier� �HS	 gave a characteriza

tion of these weights by complex methods which has been generalized
by �CS�	 and �CS�	 to the case of unequal weights� However these
complex
analytic results give conditions which as stated by �CS�	 are
not susceptible of being veri�ed in practice�� What follows shall be
all in the category of real analysis� Matrix results for equal weights
have recently been given in �TV	� For u and v scalar weights� a di�erent
su�cient condition from ours was given in �F	� More general conditions
than ours for the scalar case have recently been given by �TVZ	 using
very di�erent methods which do not seem to generalize to the operator
valued case�

We shall consider only �u� v� so that u��� v � L���
loc are positive and

u�� and v are doubling� There will be an auxiliary Hilbert space H�
with scalar product denoted by h � � � iH� The weights u and v shall be
operator valued and we de�ne for H valued functions f �

kfk�L��u� �

Z
hu�x�f�x�� f�x�iH dx �

���



��� N� H� Katz and C� Pereyra

Then we shall prove the following theorem�

Theorem� If �u� v� as above satisfy conditions a�� b� and c� then

H � L��u� �� L��v� �

For a full description of conditions a�� b� and c� in the scalar and
operator cases see Section �� We brie�y describe the conditions here�

Condition a� will state that for certain Haar multipliers Mu and
Mv� the operators

u����M����
u and v���M����

v

are bounded on L��R�H�� Operators of this form were �rst studied in
�P�	� They were �rst used to study boundedness of the Hilbert trans

form in �TV	� In Section �� we describe su�cient conditions for their
boundedness in the scalar case� The weakness of these conditions� and
their relation to the classical Ap conditions on weights make condition
a� seem reasonable�

Condition b� is a sort of non
local A� condition for �v���� u��������
Condition c� is the boundedness of two weighted paraproducts� �In the
operator case� part of condition c� is also a seemingly slightly stronger
assumption 
an inequality that in the scalar case automatically follows�
We point out that in the setting of �TV	� this inequality may be replaced
by the reverse inequality to A�� i�e� the inequality

� �

jIj

Z
I

w��
����� �

jIj

Z
I

w
�� �

jIj

Z
I

w��
����

� C �

which in the scalar case simply follows from H�older�s inequality� The
inequality is also true in the operator valued case� For information on
operator inequalities see �HP	 and the references cited therein��

In the matricial case when u � v� conditions a�� b� and c� are
equivalent to the classical Muckenhoupt A� condition�

Our theorem should be thought of as a sort of T ��� theorem �see
�D	� for two weights� In particular� condition c� should be seen as the
analogue of requiring that T ��� and T ���� are in BMO� In this way� our
proof di�ers from that of �TV	 in the case that the weights are equal�
We use only the standard kernel properties of the Hilbert transform H�
namely the decay of matrix coe�cients HIJ when �I � �J � � and
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the general decay of HhI � Further� we prove our bounds using not the
Senechkin
Vinogradov test �as in �TV	� but rather the two fundamental
lemmas of linear algebra�

Lemma ��� �Cotlar�� Let Tj be operators on H� a Hilbert space� Sup�

pose that for any j� k� one has

kTi T
�
j kH�H � a�ji� jj� �

and

kT �j TikH�H � a�ji� jj� �

where
P

j a�j�
��� � C then

���
j�NX
j��N

Tj

���
H�H

� C �

with constant independent of N �

For a proof see �D	� Decomposition of an operator T into
P

j Tj with
the Tj �s satisfying the hypotheses of the Lemma is called Cotlarization�
The other fundamental lemma of linear algebra �in the scalar case�� is

Lemma ��� �Schur�� Let T be an operator on L��X� with X a measure

space and let K�x� y�� its scalar�valued kernel be positive� Suppose there

are positive functions w��x� and w��x� with

Z
w��x�K�x� y� dx � C�w��y� �

and Z
w��y�K�x� y� dy � C�w��x� �

Then kTkL��X��L��X� � �C�C��
����

A proof may be found in �Da	� We state and prove a version in the
operator case� �Lemma ����� which� while it is not deep� we have been
unable to locate in the literature in this form�

Finally� we remark that the most important problem in the �eld
of weighted norm inequalities for the Hilbert transform is to �nd the
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necessary and su�cient condition when u � v in the case that H is not
�nite dimensional� It is conjectured that the condition is A�� We do not
know whether all A� weights satisfy our su�cient conditions� since the
generalization of Gehring�s theorem �G	 is unclear� Also unclear is the
correct de�nition for Carleson condition� We hope our paper inspires
future work�

�� Carleson conditions and bounded operators�

We let D denote the set of dyadic intervals in the real line� We
say that a sequence of real numbers fbIg indexed by D is a Carleson
sequence provided that for any I � D� we have that

X
J�D�J�I

b�J � C jIj �

We recall the Carleson Lemma� �For a proof see �M� p� ���	��

Lemma ��� �Carleson�� Let �I be any sequence of real numbers� De�ne

the function

���x� � sup
x�I

j�I j �

Then ���X
I

�I b
�
I

��� � C

Z
���x� dx �

For any interval I� we de�ne hI to be the Haar function of I�

hI�x� �
�

jIj���
��

Il
� �

Ir
� �

where I l and Ir are the left and right children of I� the function �
J

for any interval J is the characteristic function of J � and jIj denotes
the length of I� The hI �s form an orthonormal basis of L��R�� To any
sequence bI � we associate an operator �b� its paraproduct by

�bf �
X
I�D

bI hI mI �f� �

where mI�f� �
R
I
f�jIj is the mean of f on I� �More commonly� �b

is referred to as the paraproduct with or by the BMO function b �
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P
I�D bIhI � However throughout this paper the sequences fbIg occur

far more naturally than the function b and we prefer to think of �b as an
operator associated to the sequence rather than as a modi�ed product
with the function��

Corollary ���� The operator �b is bounded on L��R� if and only if b
is a Carleson sequence�

Proof� For one direction� we simply compute that if b is a Carleson
sequence�

k�bfk
�
L��R� �

X
I

b�I �mIf�
� � C

Z
�Mf�� � C kfk�L��R� �

The �rst inequality follows from Lemma ���� where Mf denotes the
dyadic maximal function of f � The second inequality follows from the
L��R� boundedness of the dyadic maximal function� see �D	� On the
other hand� if �b is bounded then k�b �I k

�
L��R� � C jIj� However

k�b �I k
�
L��R� �

X
J�I

b�J �

Hence b is a Carleson sequence�

Throughout this section� v shall be a weight 
that is
 a nonnegative
L�
loc function� and uI and bI shall be sequences indexed by intervals

�all intervals in the remainder of this paper shall be dyadic�� We shall
concern ourselves with two kinds of operators

����� Tv�uf � v
X
I

hf� hIi

uI
hI � vM��

u f

and

����� Sv�u�bf � M��
u �b�vf� �

Here� obviously� Mu denotes the Haar multiplier with coe�cients uI �
and h � � � i denotes the scalar product in L��R�� In this section� follow

ing �TV	� we shall show that the L� boundedness of the operators in
����� and ����� is related� We shall give su�cient conditions� and we
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shall demonstrate their relationship with the now classical Coifman

Muckenhoupt conditions on weights �see �CF	��

It is clear that a necessary condition for Tv�u to be bounded is that
mI�v

�� � Cu�I � Let bI � hv�� hIi�mI�v
��� Then we have�

Proposition ���� If mI�v
�� � C u�I then Tv�u is bounded on L��R� if

and only if Sv�u�b is bounded on L��R��

Proof� First observe that since mI�v
�� � C u�I � we have that

S�v�u�b hI �
hv�� hIi v �I
uI mI �v�� jIj

is a bounded set in L��R�� Hence� g
I
� Tv�uhI � S�v�u�bhI is a bounded

set in L��R�� If g
I
is also an orthogonal set in L��R�� then Tv�u�S�v�u�b

is a bounded operator on L��R�� Which would prove the proposition�
But in fact g

I
is an orthogonal set� To see this observe that for

each interval I� the function g
I
is supported on the interval I and that

restricted to each of the left and right halves of I� it is a constant
multiple of v� Thus to show that g

I
is an orthogonal set� it su�ces to

show that g
I
� v �

I
� But this is easy to verify since

Z
g
I
v �

I
�

�

uI

�Z
v�hI �

hv�� hIi

jIjmI�v��

Z
I

v�
�
� � �

which proves the proposition�

Next� we give a su�cient condition for Sv�u�b to be bounded�

Proposition ���� Suppose there exists � 	 � so that

� �mI�v
������������

uI

�
bI

is a Carleson sequence� Then the operator Sv�u�b is bounded on L��R��

Proof� We have that

kSv�u�bfk
�
L� �

X
I

b�I
u�I

�mI�vf��
� �
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However by H�older�s inequality�

mI�vf� � �mI�v
�������������mI�f

������������������������ �

Now simply applying Carleson�s lemma and the boundedness of the
dyadic maximal function on L������������ proves the proposition�

Corollary ���� Suppose w � RH�� that is there exists a constant C so

that for any dyadic interval I� mI�w
�� � C�mIw�

�� Then Tw�mI�w� is

bounded on L��R��

Proof� If w � RH� then w� � A�� Hence� hw�� hIi�mI�w
�� � bI is a

Carleson sequence �FKP	� By Proposition ���� we need only show that
Sw�mIw�b is bounded� but this follows immediately from the fact that
for some � � �� we have that w � RH��� together with Proposition ����

For other proofs� applications� and Lp versions of Corollary ���� see
�P�	� �P�	� �KP	�

Corollary ��	� Suppose that w � A��Then the operators Tw�����mIw����

and Tw������mIw����� are bounded on L��R��

Proof� By propositions ��� and ���� the operator Tw�����mIw���� is
bounded for any w � A�� This follows from hw� hIi�mI�w� being a
Carleson sequence� which occurs when w � A�� as well as the fact
that w � RH���� for some 
 	 �� Now since w�� � A�� we have that
Tw������mI�w������� is bounded� But since w � A�� it is the case that

��mI�w� � mI �w
���� This together with the boundedness of Haar

multipliers with bounded coe�cients proves the corollary�

For more information on the classical theory of Muckenhoupt
weights� we refer the reader to �D	�

We remark that Corollary ��� gives a trivial proof of the bound

edness of Haar multipliers with bounded coe�cients on L��w� for any

w � A�� The corollary says that w���M
����
w and the adjoint of its

inverse w����M
���
w are bounded where Mw is the Haar multiplier with

coe�cients mIw� Let L be a Haar multiplier with bounded coe�cients�
Then it is bounded on L��w� if and only if w���Lw���� is bounded on
L��R�� By the boundedness of the operators from Corollary ��� and

their adjoints� this is true if and only if M
���
w LM

����
w is bounded on
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L��R�� But everything commutes and M
���
w LM

����
w � L� Hence L is

bounded on L��w��
Similarly� one has a simple proof that �b where b is a Carleson

sequence is bounded on L��w� when w � A�� We simply observe that

it su�ces to show that M
���
w �bw

���� is bounded on L��R�� Now we
apply Proposition ��� using the fact that w � A� implies w � A����

The same ideas can be used to give simple su�cient conditions
for L and �b to satisfy two weight inequalities� For example� L takes
L��u� �� L��v� provided there exist sequences c� and c� so that
Tu�����c� and Tv����c� are bounded and �c�� c�� satisfy an A� condition�
i�e� ���c��Ic��I� � C for every dyadic I� Similarly� �b is bounded from
L��u� to L��v� provided Tv����c� is bounded and there exists � 	 � so

that �mI�u
��������������� � C c��I � The argument which proves this is

the same as the proof of Proposition ����
These ideas exactly form the basis for our two weights result for

the Hilbert transform� Some pieces of the operator we will study will
be treated like multipliers while others are treated like paraproducts�
First� however� we discuss the relationship of the boundedness of Tv����c�
to v � A��

As mentioned in the proof of Corollary ���� for any w � A�� we
have that Tw�����mI�w����� is bounded� This followed from the fact that

w � RH���� for some 
 	 �� In what follows� de�ne for any 
� wI�� �
�mI�w

������������� Fixing 
 	 �� we may ask when Tw�����wI������ is
bounded� Propositions ��� and ��� give as a su�cient condition that
there exists a � 	 � so that

bI �
hw� hIi�wI���

���

�mI�w���wI������
�

is a Carleson sequence� By H�older�s inequality� it is certainly su�cient
that cI � hw� hIi�wI�� is a Carleson sequence provided that � � � �

����
�� We do not necessarily get the result when � � 
����
� since
weights not in A� do not necessarily satisfy a reverse H�older condition�
When cI is a Carleson sequence we say that w � A���� Certainly� if
w � A� then w � A���� A priori� one might believe that any weight
in A��� is in A� or that all weights are in A���� In fact� neither is
the case� We thank Peter Jones for the following examples�

First consider w�x� � j�logx����xj on the interval ��� ���	� We
have that w�x� is not in A� since it is not in L��� for any �� However�
on every interval not containing �� it sati�es a reverse H�older inequality
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with uniform estimates� Thus we have w � A��� since on those inter

vals I containing �� we have cI � � while on the others we simply apply
�FKP	� In other words� to sum c�I for I�s contained in an interval of the
form ��� ��j	� we need only sum it over intervals contained in intervals
of the form ���k��� ��k	 with k 	 j� apply �FKP	 to each of these and
sum the geometric series�

Next� we de�ne a weight wj with the parameter j an integer� The
A��� constant for any � 	 � will be unbounded as we vary the pa

rameter j� We de�ne fj�����	 to be the function de�ned on the interval
��� �	 which takes on the value �j � � on ��� ��j	� is constant on the rest
of ��� �	 and has mean �� For any interval I� we let fj�I be the same
function rescaled to the interval I� Let wj�� � fj�����	 We choose

� 	 ����j���
j��

j

�

so that we may neglect it for what follows� Now we de�ne wj�� by letting
it equal wj�� in the interval ��� ��j	� Now in the interval �k ��j � �k �
�����j�	 for � � k � �j�� we let wj�� � wj��fj��k��j��k������j�	� We
repeat the procedure �j times letting wj � wj��j � Now

rj � �j
X

�����j 	�J�����	

hfj�����	� hJ i
�

f�J
�

can readily be seen to be comparable to the A��� constant of wj when

fJ �
� �

jJ j

Z
J

�fj�����	�
���

��������
�

But rj is readily seen to be approximately �j�������

�� A small section on operators�

The purpose of this section is just to discuss the generalizations of
Jensen�s inequality and Schur�s lemma which we shall be using in the
proof of the main theorem�

From this point on� H will be a Hilbert space� We will think of
H� the Hilbert transform as acting on L��R�H�� the space of square
integrable Hilbert space valued functions� This space is the same as
L��R�
H� Naturally� we de�ne the action of H byH�f
v� � �Hf
v��
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Our weights u and v shall be positive operator valued functions on H�
For any two self
adjoint operators A and B� we say that A � B when
B �A is positive� and for C a constant� A � C means that �C Id� A�
is positive�

First� we state and prove the correct version of Schur�s Lemma for
operator valued kernels�

Lemma ��� �Schur�� Let X be a measure space� And let K�x� y� be a

B�H� valued function on X�X� Suppose that K�x� y� � A�x� y�B�x� y�
where the multiplication is pointwise composition� Suppose further that

Z
A�x� y�A��x� y� dy � C� �

and that Z
B��x� y�B�x� y� dx� C� �

Then K�x� y� gives rise to a bounded operator on L��R�H� with bound

C
���
� C

���
� �

Proof� We need only to bound

Z
hf�x�� K�x� y� g�y�iH dx dy �

We observeZ
hf�x��A�x� y�B�x� y� g�y�iH dx dy

�

Z
hA��x� y� f�x�� B�x� y� g�y�iH dx dy

�
� Z

jA��x� y� f�x�j� dx dy
�����Z

jB�x� y� g�y�j� dx dy
����

�

here j � j denotes the norm in H� i�e� k � kH � �h � � � iH�
����

We write the �rst integral as

Z
hA�x� y�A��x� y� f�x�� f�x�iH dx dy �

and bound it by integrating �rst in y� We do the analogous thing for
the second integral�
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Further we need to state the operator version of Jensen�s inequality�

Lemma ���� Let A�x� be a positive operator valued function on a

measure space X� Let d��x� be a measure on X with total measure ��
Let � � p � �� Then

�Z
A�x�p d��x�

���p
�

Z
A�x� d��x� �

For � � p � �� the only case in which we will use this� the result
follows from �HP	 and from the monotonicity of the function f�t� � tr

when � � r � �� see �KR� Exercise ������	� All solutions are provided in
�KR�	� Of course� we get immediately by scaling a version of H�older�s
inequality�

Lemma ���� Let A�x� be a positive operator valued function and let

f�x� be a scalar� positive� integrable function� Then

Z
f�x�A�x� dx �

�Z
f�x�

���q�Z
f�x�A�x�p dx

���p
�

whenever � � p �� and ��p� ��q � ��

Proof� Simply apply Lemma ��� to the measure

d��x� �
f�x� dxZ
f�y� dy

�

Many norm estimates will be based on

Lemma ���� Let T� and T� be positive operators with T� � T�� Let S
be any �xed operator� Then

kT
���
� Sk � kT

���
� Sk �

Here k � k denotes the operator norm�

This is �KR� exercise �����	�
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�� The two weights problem�

In this section we will give a su�cient condition on pairs of doubling
weights �u� v� ensuring that the operator v���Hu���� is bounded where
H is the Hilbert transform� Here an operator valued weight v is said to
be doubling if there exists a constant C so that for any dyadic interval
I� whenever �I is its parent� one has

Z

I

v � C

Z
I

v �

with the inequality in the sense of operators�
As always D shall denote the set of all dyadic intervals in the real

line� The set of dyadic intervals of length ��k shall be Dk� We shall
divide the set of all ordered pairs of dyadic intervals into a union of �
disjoint sets� Let

Z� � f�I� J� � jIj 	 jJ j� �I � �J � �g �

Z� � f�I� J� � jIj � jJ j� �I � �J � �g �

Z� � f�I� J� � jIj � jJ j� �I � �J � �g �

Z� � f�I� J� � jIj 	 jJ j� �I � �J � �g �

and
Z � f�I� J� � jIj � jJ jg �

We let EI denote the projection onto the Haar function on I� which we
denote hI � In other words� EIf � hf� hIihI for all f � L��R�H�� here
hf� hIi �

R
f�x�hI�x� dx � H� We shall break up the Hilbert transform

into corresponding pieces

H� �
X

�I�J��Z�

EJ H EI �

Here  runs from � to ��
We now state our conditions on the pair �u� v� and derive a few

easy consequences�
First de�ne

uI �
� �

jIj

Z
u������

��������

and

vI �
� �

jIj

Z
v���

��������
�
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Here the number 
 	 � shall be �xed throughout� �By Lemma ���� it
is clear that if we de�ne the mean mI�u� �

R
I
u�jIj then one has the

operator inequalities mI�u
��� � uI and mI�v� � vI which we shall use

frequently��
We de�ne the operators acting on L��R�H�

Tuf � u����M����
u f �

X
I�D

u����u
����
I hf� hIihI �

and
Tvf � v���M����

v f �
X
I�D

v���v
����
I hf� hIihI �

Here M t
w denotes the Haar multiplier acting on L��R�H� with coe�


cient wt
I � for wI a given sequence of positive selfadjoint operators on

H�
We say that �u� v� satis�es condition a�� provided that Tu and Tv

are bounded operators on L��R�H��
We say that �u� v� satisfy condition b� provided that

����� u
���
I

��
jIj

Z
��I�c

v���

�x� yI��

��������
�vI�vI�jIj�vI�jIj

�
u
���
I � C �

and that

�����
v
���
I

��
jIj

Z
��I�c

u������

�x� yI��

��������
� uI � uI�jIj � uI�jIj

�
v
���
I

� C �

where yI denotes the center of I� We observe that for any A and B
positive operators� writing B���AB��� � C with C a constant is the
same as writing kA���B���k � C���� We also point out that for any
positive operator
valued function w� we have that

Z
��I�c

w

jx� yI jn
�

�

jIjn��

Z
��I�c

w

jx� yI j�
� for n 	 � �

This is not really H�older�s inequality but just the statement that on
��I�c� we have

�

jx� yI jn��
� C

�

jIjn��
�
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Finally� we come to condition c�� If cI is a sequence of bounded opera

tors in H �not necessarilly selfadjoint this time� indexed by the dyadic
intervals� we de�ne the paraproduct

�cf �
X
I

hI cI mI �f� �

Let cvI be the operator on H given by �mI�v��
��hv�H�hIi and cuI the

analogous thing for u��� where we de�ne

hv�H�hIi �

Z
v�x� �H�hI��x� dx �

Then we say that �u� v� satisfy condition c� provided that M
���
u �cvv

���

and M
���
v �cuu

���� are bounded and that the following inequalities are
satis�ed for any dyadic J � I

�mI�v��
����

� �

jIj

Z
Ic
v H�hJ

�
uJ
� �

jIj

Z
Ic
v H�hJ

�
�mI�v��

����

� C
� jJ j�

�dIJ ��

�
v
����
I vJ v

����
I ������

and

�����

�mI�u
��������

� �

jIj

Z
Ic
u��H�hJ

�
vJ

�
� �

jIj

Z
Ic
u��H�hJ

�
�mI�u

��������

� C
� jJ j�

�dIJ ��

�
u
����
I uJ u

����
I �

Here dIJ denotes the distance from J to the boundary of I and the
inequalities are in the sense of operators� �By contrast� we will de�ne
�IJ to be the maximum of jIj� jJ j� and the distance between I and J��

Let us observe a quick consequence of condition c�� Let h � H be

a �xed vector� We apply the operator M
���
u �cvv

��� to the test function
v���h�

I
� From the I
th summand of this we obtain the size estimate

����� ku
���
I cvI �mI�v��

���kH�H � C jIj��� �
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There is of course an analogous inequality when the u�s and v�s are
switched� In the case in which u and v are scalars� the inequality �����
�together with condition b�� implies the inequality ������

We now give the proof of this implication� In the case where v and
u are scalar� the de�nition of cvI together with ����� implies that

�����

Z
v H�hI � C

jIj����mI�v��
���

u
���
I

�

Now observe that H�hI is constant on intervals whose length is jIj�
Hence� jH�hI j � C�jIj��� everywhere and is constant on I� Thus from
������

�����

Z
Ic
v H�hI � C

�
jIj���mI�v� �

jIj����mI�v��
���

u
���
I

�
�

But from condition b� and the fact that mI�v� � vI � one has that

�mI�v��
��� � C

�

u
���
I

�mI�v�uI�
��� � C

�

u
���
I

�

So that ����� implies that

Z
Ic
vH�hI � C

jIj����mI�v��
���

u
���
I

�

Now we observe that on Ic� the function H�hI is always positive� This
is because HhI is positive on Ic and H�hI is given by the mean of HhI
on a certain Whitney decomposition of Ic �we will say more about this
in the proof of Theorem ����� In fact� we have on Ic that

H�hI�x� �
jIj���

��xI
�

Where we de�ne �xI to be the maximum of jIj and the distance from
I to x� Thus one has

Z
Ic
vH�hJ � C

jJ j���jIj���

d�IJ

Z
Ic
vH�hI �
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which immediately implies ������ In the last estimate we used the fol

lowing facts�

�i�

Z
dx

�sxI
�

�

jIjs��
�

for any � � s�

�ii�

Z
Ic

dx

��xJ
�

�

dIJ
�

for J � I�
This type of integral�series will appear repeatedly� Variations will

be introduced as subtler sets�intervals are de�ned�

Theorem ���� Suppose �u� v� satisfy conditions a�� b� and c�� Then

the Hilbert transform H is bounded from L��u� to L��v��

Proof� Our goal is to show that the operator v���Hu���� is bounded

on L��R� 
H� By condition a� which states that operators v���M
����
v

and u����M
����
u are bounded� it would su�ce to show thatM

���
v HM

���
u

is bounded� In fact� we will show that M
���
v �H� � H� � H�M

���
u � as

well as v���H�M
���
u and M

���
v H�u

���� are bounded� Then we shall
write

v���Hu���� � TvM
���
v �H� �H� �H�M

���
u T �u

� �v���H�M
���
u �T �u � Tv�M

���
v H�u

����� �

thereby proving the theorem�

By the symmetry between u and v� proving thatM
���
v H�M

���
u and

v���H�M
���
u are bounded is the same as proving thatM

���
v H�M

���
u and

M
���
v H�u

���� are bounded� The proof bounding M
���
v HM

���
u is also

exactly the same as the proof that M
���
v H�M

���
u is bounded once one

makes the trivial observation that for any two intervals I and J of the

same length� one has

jHIJ j � C
jIj���jJ j���

��IJ
�
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where �IJ is the maximum of jIj� jJ j� and the distance between I and
J and where HIJ � hHhI � hJi�

Thus we shall proceed to prove only that the operators M
���
v H�

�M
���
u and v���H�M

���
u are bounded on L��H��

We begin with M
���
v H�M

���
u � We shall denote its matrix coef


�cients by KIJ � Each is a linear operator on H� We have that for
jIj 	 jJ j with �I � �J � ��

KIJ � u
���
I HIJ v

���
J �

For these �I� J��s� one has the classical estimate see �Da�TV	�

jHIJ j � C
jIj���jJ j���

��IJ
�

Throughout this section whenever A is a real scalar or more gener

ally a self
adjoint operator� we shall� by abuse of notation denote by
A��� some choice of normal square root for A always using the fact
that A����A����� � jAj where jAj denotes the sum of the positive and
negative parts of A�

We apply Lemma ��� to KIJ � We let AIJ � u
���
I v

���
J H

���
IJ � Hence�

we let BIJ � H
���
IJ � The desired estimate on

P
I B

�
IJBIJ is simply the

corresponding estimate for the scalar Hilbert transform� We need only
bound

X
J �jJj�jIj
�J��I��

u
���
I vJ jHIJ ju

���
I � Cu

���
I

� X
J �jJj�jIj
�J��I��

vJ jJ j
���jIj���

��IJ

�
u
���
I �

where the last inequality is in the sense of positive operators� Suppose
that I � Dj � Then we subdivide into a sum over the intervals J � Dk

and over all k 	 j� Hence�

�����
X
J�Dk

AIJA
�
IJ � C

X
k�j

u
���
I

� X
J �J�Dk
�J��I��

vJ jJ j
���jIj���

��IJ

�
u
���
I �
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Now we estimate

��� �

X
J �J�Dk
�J��I��

vJ jJ j
���jIj���

��IJ

�
� X
J�Dk

jIj���jJ j���

��IJ

��������

�
� X

J�Dk
�J��I��

jIj���jJ j���v���J

��IJ

��������

� C
� jJ j���
jIj���

��������� X
J�Dk

�J��I��

jJ j���jIj���v���J

��IJ

��������

� C
jJ j���

jIj���

�
jIj

Z
��I�c

v���

�x� yI��

��������
�

Now plugging ��� � into ����� and using condition b� we conclude

X
J

AIJA
�
IJ �

X
k�j

jJ j���

jIj���
�

But this is a geometric sum� so that M
���
v H�M

���
u is bounded�

For the penultimate inequality in ��� � we used the fact that

�iii�
X
J�Dk

�

�sIJ
�

jIj

jJ j jIjs
�

for � � s� jJ j � jIj� which we can compare to

�iv�
X
I�Dj

�

�sIJ
�

�

jIjs
�
X
I�Dj

�

�sxI
�

for � � s� jJ j � jIj� and x � J �

Now� we write L � v����H� � ��cv �M
����
u � If we can bound the

operator L then we have proven the theorem by condition c�� We
shall apply Cotlar�s lemma writing L �

P
j Lj with Lj � L!j � where

!j �
P

I�Dj
EI � We must bound L�kLj � and it will be enough to
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consider only k � j by symmetry considerations the case k � j can be
done using the half of hypothesis a�� b�� c� that are not used in what
follows� Also we should not worry about bounding LkL

�
j because it can

be seen that for k � j one has LkL
�
j � ��

We write with I � Dj � J � Dk and z�� z� � H that

hL�hI 
 z��� L�hJ 
 z��iL��R�H� �
�X

���

hz�� L
�
IJz�iH �

To de�ne the decomposition L� we now de�ne a set of intervals Bjk�
An interval J is contained in Bjk precisely if J � Dk and there exists a
I � Dj so that the distance between J and �I is bounded by jIj���jJ j����
Now we de�ne

hz�� L
�
IJ z�iH � hv���H�hI u

���
I z�� v

���H�hJ u
���
J z�iL��R�H� �

when J � Bjk and � otherwise�

�hz�� L
�
IJ z�iH � hv���H�hI u

���
I z�� v

�����cvM
���
u �hJ 
 z��iL��R�H� �

when J � Bjk and � otherwise�

�hz�� L
�
IJ z�iH � hv�����cvM

���
u �hI 
 z��� v

���H�hJ u
���
J z�iL��R�H� �

when J � Bjk and � otherwise�

hz�� L
�
IJ z�iH � hv�����cvM

���
u �hI 
 z��� v

�����cvM
���
u �hJ 
 z��iL��R�H� �

when J � Bjk and � otherwise�

hz�� L

IJ z�iH � hv���H�hIu

���
I z�� L�hJ 
 z��iL��R�H� �

when J �� Bjk and � otherwise and

�hz�� L
�
IJ z�iH � hv�����cvM

���
u �hI 
 z��� L�hJ 
 z��iL��R�H� �

when J �� Bjk and � otherwise�
It su�ces to bound the operator
valued matrices L� with expo


nential decay in jj � kj� and this is what we shall do�
The main point of the argument is as follows� By the de�ni


tion of H�� the Haar expansion of H�hI is the sum of all components
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hHhI � hJihJ for J such that �I � �J � � and jIj � jJ j� denote that
collection of intervals by Z��I�� for each I� The dyadic intervals J with
the property �I � �J � � which have jIj � jJ j and such that their
parents �J belong to Z��I� form a disjoint covering of ��I�c and we may
de�ne JI�x� for any point x in ��I�c to be the element of this covering
containing x� For x � �I we de�ne JI�x� to be the dyadic interval of
length jIj containing x�

Then� by de�nition� we have that

�H�hI��x� � mJI�x��HhI� �

Thus while HhI has logarithmic singularities� the function H�hI does
not� In fact� we have the precise size estimates which we shall use from
now on

������ jH�hI�x�j � C
jIj���

��xI
�

Let us state some facts that will be used often in the proof� We let
Sjk � ���J�Bjk

J�� For I � Dj � J � Dk� and j � k�

�v�
X

J�Bjk

�

��xJ
�

C

jJ j�
�

for x � Sjk�

�vi�
X

J�Bjk

�

��xJ
�

C

jJ j jIj
�

for x � Scjk�

�vii�

Z
Sjk

�

��xI
� C

jJ j���

jIj���
�

We begin with

L�
IJ � u

���
I

�Z
v�H�hI� �H�hJ �

�
u
���
J �

We apply Lemma ���� letting

AIJ � u
���
I

�Z
v�H�hI� �H�hJ �

����
�
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and

BIJ �
�Z

v�H�hI� �H�hJ �
����

u
���
J �

We let Sjk � ���J�Bjk
J� and shall estimate separately the integral on

Sjk and on Scjk� We must estimate

X
J�Bjk

AIJA
�
IJ �

X
J�Bjk

u
���
I

���
Z

v�H�hI��H�hJ �
���u���I

�
X

J�Bjk

u
���
I

�Z
Sjk

vjIj���jJ j���

��xI �
�
xJ

�

Z
Scjk

vjIj���jJ j���

��xI �
�
xJ

�
u
���
I �������

Here again j � j denotes the sum of the positive and negative parts� Now�
we estimate the integrals using the trivial bound jJ j � �xJ � H�older� �v�
and �vii��

X
J�Bjk

Z
Sjk

vjIj���jJ j���

��xI �
�
xJ

�

Z
Sjk

vjIj���

��xI

� X
J�Bjk

jJ j���

��xJ

�

�
� jIj
jJ j

�����
jIj

Z
Sjk

v

��xI

�

� C
� jIj
jJ j

�����
jIj

Z
Sjk

v���

��xI

��������

�
�
jIj

Z
Sjk

�

��xI

��������
������

� C
� jIj
jJ j

����� jSjk � Ij
jIj

��������

�
�
jIj

Z
v���

��xI

��������

� C
� jIj
jJ j

��������������
jIj

Z
v���

��xI

��������
�

Here the factor of �jSjk � Ij�jIj� comes from the fact that �xI is al

most constant on intervals of length I� also remember that jSjk � Ij �
�jIj jJ j����� However for x � Scjk we may use that �xJ � �jIj jJ j�����
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thus obtaining� using �vi�� and H�older�

������

X
J�Bjk

Z
Sc
jk

vjIj���jJ j���

��xI �
�
xJ

�
� jJ j
jIj

�����
jIj

Z
Sc
jk

v

��xI

�

� C
� jJ j
jIj

�����
jIj

Z
v

��xI

�

� C
� jJ j
jIj

�����
jIj

Z
�

��xI

��������

�
�
jIj

Z
v���

��xI

��������

� C
� jJ j
jIj

�����
jIj

Z
v���

��xI

��������

Now we plug ������ and ������ into ������ using condition b� to obtain

X
J�Bjk

AIJA
�
IJ � C

�� jJ j
jIj

����
�
� jIj
jJ j

��������������
�

We compute directly

X
I�Dj

B�IJBIJ �
X
I�Dj

u
���
J

�Z vjIj���jJ j���

��xI �
�
xJ

�
u
���
J � C

jJ j���

jIj���
�

Here the last inequality follows from summing inside the integral� and
then applying H�older� condition b�� �i� and �iv� as in ������ and �������
But this provides the desired estimates on L�

IJ since the product of the
estimates on

P
J�Dk

AIJA
�
IJ and on

P
I�Dj

B�IJBIJ decays exponen

tially in k � j�

We will use repeatedly the estimate deduced by H�older and b� in
������

u
���
I

� Z jIj v�x�

��xI

�
u
���
I � C �

To bound L�
IJ � naturally� we shall use condition c�� recalling the esti


mate ����� namely

����� ku
���
I cvI �mI�v��

���kH�H � C jIj��� �



On the two weights problem for the Hilbert transform ���

We abbreviate DI � u
���
I cvI �mI�v��

���� By de�nition� we have that for
J � Bjk� and xJ � J �

L�
IJ � u

���
I �H�hI ��xJ��mJ�v��

���D�
J �

remember that

��cvM
���
u �hJ 
 z� �

�
J
�x�

jJ j
�cvJ�

�u
���
J z �

We apply Lemma ���� letting

AIJ � u
���
I �mJ �v��

��� jIj
���jJ j���

�IJ

and letting

BIJ �
�IJ

jIj���jJ j���
�H�hI��xJ�D

�
J �

Now we compute

X
J�Bjk

AIJA
�
IJ � u

���
I jIj

� X
J�Bjk

jJ jmJ v

��IJ

�
u
���
I

� C u
���
I

�
jIj

Z
Sjk

v

��xI

�
u
���
I

� C
� jJ j
jIj

���������

u
���
I

�
jIj

Z
v���

��xI

��������
u
���
I

� C
� jJ j
jIj

���������

�

Here Sjk is as in ������� the penultimate inequality comes from the same
application of H�older as in ������� and the �nal inequality comes from
condition b�� On the other hand� by ������ we see that

X
I

B�IJBIJ �
X
I

jIj�

��IJ
� C �

Hence� we have obtained the desired estimate for L�
IJ �

Next� we estimate L�
IJ � We obtain immediately from the de�nition

that

�L�
IJ �

�

jIj
u
���
I cvI

�Z
I

v�H�hJ �
�
u
���
J �
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As before� we shall use that from condition c�� we have ������ We apply
Lemma ���� letting

������ AIJ �
jJ j���

jIj
u
���
I cvI

�Z
I

vH�hJ

����
�

and letting

BIJ � jJ j����
�Z

I

vH�hJ
����

u
���
J �

We compute

������
X

J�Bjk

AIJA
�
IJ �

X
J�Bjk

�

jIj�
u
���
I cvI

�Z
I

jJ j�
v

��xJ

�
�cvI �

�u
���
I �

by plugging in ������ into the sum and using the size estimates onH�hJ �
Now� we estimate the integral in ������ by breaking up the interval I
into I � Sjk and I � Scjk observing� by summing under the integral and
using �v� and �vi�� that

������
X

J�Bjk

Z
I

jJ j�
v

��xJ
� C

�Z
Sjk�I

v �
jJ j���

jIj���

Z
I

v
�
�

The second piece in ������ is clearly bounded by jJ j���jIj���mI�v�� As
for the �rst piece� we use doubling observing that S � I is contained
in the rightmost and leftmost dyadic subintervals of I having measure
more that � jJ j���jIj���� Recall doubling implies that if K is any dyadic

interval and �K its parent then

Z

K

v � C

Z
K

v �

Now let Kb be K�s twin sister� Since
R
K
v �

R

K v�C while

R

K v �R

K
v �

R
Kb

v� one has that

Z
Kb

v �
�
��

�

C

�Z

K

v �

Naturally� the same holds for K by applying the doubling condition on
Kb� In fact if K � is any descendant of K after l generations� one has

Z
K�

v �
�
��

�

C

�l Z
K

v �
� jK �j

jKj

�� Z
K

v �
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where � � � depends only on the doubling constant� Now since S � I is
contained in two descendants of I of length at most �jJ j���jIj���� one
has that

������

Z
S�I

v � C
� jJ j
jIj

���� Z
I

v �

Plugging our observations into ������ yields that

������
X

J�Bjk

Z
I

jJ j�
v

��xJ
� C �jIj�����jJ j��� � jIj���jJ j���

�
mI�v� �

Now we plug ������ into ������� applying ����� and the fact that when
P� � P� then TP�T

� � TP�T
� for any P�� P�� and T to obtain that

X
J�Bjk

AIJA
�
IJ � C

�� jJ j
jIj

����
�
� jJ j
jIj

�����
�

Now�

X
I�Dj

B�IJBIJ �
X
I�Dj

u
���
J

�Z
I

jJ j v

��xJ

�
u
���
J � u

���
J

�Z jJ j v

��xJ

�
u
���
J � C �

Here we have used H�older and condition b� as in ������ and �������
Thus� we have obtained the desired estimates on L�

IJ �
We come now to L�

IJ � By de�nition� when J � Bjk and J � I�

L�
IJ � u

���
I cvI

�Z
J

v

jIj jJ j

�
�cvJ �

�u
���
J

�
� �

jIj

�
DI�mI�v��

�����mJ �v��
���D�

J �

when J � I � � then by support considerations L�
IJ � ��

As usual we apply Lemma ���� though the sum over I will be over
a set with only one element� We let

AIJ �
jJ j���

jIj
DI �mI�v��

�����mJ �v��
��� �

and

BIJ �
�

jJ j���
D�
J �
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We compute

X
J�Bjk

J�I

AIJA
�
IJ �

X
J�Bjk

J�I

� �

jIj

�
DI

� jJ j
jIj

�
�mI�v��

�����mJ �v���mI�v��
����D�

I

�
� �

jIj

��
DI�mI�v��

����

Z
S�I

v�mI�v��
����D�

I

� C
� �

jIj

�
DI

� jJ j
jIj

����
D�
I

� C
� jJ j
jIj

����
�

Here the penultimate estimate is by ������ and the last one by ������
The bound on B�IJBIJ independent of J is just ������ Hence� L�

IJ

satis�es the desired estimates�
Next we bound L

IJ � This time J �� Bjk� We de�ne

"J �
� jIj���
jJ j���

�
J

and we have that if J � I then "J � I� Now the reason that we are
Cotlarizing L � v����H� � ��cv�M

���
u instead of just v���H�M

���
u is

precisely that it gives us the cancelation

Z
v���LhI � � �

for every interval I� We now simply use the fact that H�hI is constant
on "J while Z

�J

v���LhJ � �

Z
�Jc
v���LhJ

to write

L
IJ � L��

IJ � L��
IJ

� u
���
I

�Z
� �J�c

v�H�hI� �H�hJ �
�
u
���
J

� u
���
I �H�hI ��xJ�

�Z
� �J�c

v�H�hJ �
�
u
���
J �
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First� we bound L��
IJ by Lemma ���� We let

AIJ � u
���
I

�Z
� �J�c

v�H�hI� �H�hJ �
����

�

and we let

BIJ �
�Z

� �J�c
v�H�hI� �H�hJ �

����
u
���
J �

We have

X
J ��Bjk

AIJA
�
IJ � u

���
I

� X
J ��Bjk

Z
� �J�c

vjIj���jJ j���

��xI �
�
xJ

�
u
���
I

� C u
���
I

�Z vjIj

��xI

�
u
���
I

� C �

Here� the penultimate inequality comes from the simple observation
that for each x�

�viii�
X
J�Dk

�

��xJ
�

�Jc
�x� �

C

jJ j���jIj���
�

The inequality �viii� is obtained by majorizing the sum by

�

jJ j

Z �

jJj���jIj���

dx

x�
�

Furthermore�

X
I�Dj

B�IJBIJ � u
���
J

� X
I�Dj

Z
� �J�c

vjIj���jJ j���

��xI �
�
xJ

�
u
���
J

� C
� jJ j���
jIj���

��
u
���
J

Z
jJ jv

��xJ

�
u
���
J

� C
� jJ j
jIj

����
�

which is the desired estimate for L��
IJ � Rede�ning AIJ and BIJ � we

continue by decomposing L��
IJ � AIJBIJ � First� we let

KIJ � �
�������
IJ �H�hI��J� �
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and we let

AIJ � jIj����������u
���
I �

��������
IJ K

���
IJ

�Z
� �J�c

v�H�hJ �
����

�

and

BIJ � �jIj������������K
���
IJ

�Z
� �J�c

v�H�hJ �
����

u
���
J �

We estimate

AIJA
�
IJ � u

���
I jKIJ j jJ j

���
�
jIj

Z
�Jc

v���

��xJ �
�
IJ

��������

�
�Z

�Jc

�

��xJ

��������
u
���
I

� C jKIJ j jJ j
���u

���
I

�
jIj

Z
�Jc

v���

��xI

��������

� u
���
I

� �

jJ j���jIj���

��������
�jIj jJ j���������

� C
�jIj jJ j����������������

�
������������
IJ

�

Here we have used the fact that on "Jc� one has ��IJ �
�
xJ � jIj jJ j��xI�

We sum obtaining

X
J�Dk

AIJA
�
IJ �

X
J�Dk

jIj���������������jJ j���������������

�
������������
IJ

�
� jIj
jJ j

�����������
�

Meanwhile� we compute

B�IJBIJ � �jIj jJ j����������������jJ j���jKIJ ju
���
J

�
�
jJ j

Z
�Jc

v���

��xJ

��������
u
���
J

� C
�jIj jJ j����������������

�
������������
IJ

�
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We conclude that

X
I�Dj

B�IJBIJ �
X
I�Dj

jIj���������������jJ j���������������

�
������������
IJ

�
� jJ j
jIj

����������������

�

which gives the desired estimate on L��
IJ �

Finally� we come to L�
IJ � We break up into L�

IJ � L���
IJ � L���

IJ �

Here� we let L���
IJ � L�

IJ when J � I and � otherwise� As before� we let

DI � u
���
I cvI �mI�v��

���� We let

FIJ � �mI�v��
����

� �

jIj

Z
Ic
vH�hJ

�
uJ
� �

jIj

Z
Ic
vH�hJ

�
�mI�v��

���� �

We have kDIk � CjIj��� and we have

FIJ �
jJ j�

d�IJ
u
����
I uJ u

����
I �

Recall dIJ is the distance from J to the boundary of I� Here we are
directly applying ������ Notice this is the only place where we use it�
Since all J �s we are considering are not in Bjk� we have that dIJ �
jIj���jJ j���� but for most J � it is even bigger� We write by de�nition
and cancellation�

�L���
IJ � u

���
I cvI

� �

jIj

Z
Ic
vH�hJ

�
u
���
J �

We let AIJ � L���
IJ and BIJ � �� Then we have

X
J �J�Dk

J ��Bjk

AIJA
�
IJ �

X
J

DIFIJD
�
I

� DI

� X
J�Dk

jJ j�

d�IJ
u
����
I uJ u

����
I

�
D�
I

�
jJ j�

jIj���
DID

�
I

� C
� jJ j
jIj

��
�
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for some � 	 � which is the desired estimate on L���
IJ � provided we can

show that X
J �J�Dk

J ��Bjk

jJ j�

d�IJ
uJ �

jJ j�

jIj���
uI �

where the sum is over J �s contained in I with dIJ � jIj���jJ j���� We
let Z� be the set of those J �s with dIJ � jIj���jJ j��� and Z� be the set
of those J �s with dIJ � jIj���jJ j���� We estimate for Z�� noticing that
card �Z�� � �jIj�jJ j�����

X
J�Z�

jJ j�

d�IJ
uJ �

X
J�Z�

jJ j

jIj�
uJ

�
� X
J�Z�

jJ j

jIj�
u���J

��������� X
J�Z�

jJ j

jIj�

��������

�
� �

jIj

�
uI
� jJ j
jIj

�����������
�

while for Z��

X
J�Z�

jJ j�

d�IJ
uJ �

X
J�Z�

jJ j�

jIj�
uJ

�
� jJ j
jIj

�� X
J�Z�

jJ j

jIj�
u���J

��������� X
J�Z�

jJ j

jIj�

��������

� uI

� jJ j
jIj�

�
�

This leaves us to bound L���
IJ �

By de�nition� for I � J � ��

L���
IJ � DI�mI�v��

����
� �

jIj

Z
I

vH�hJ

�
u
���
J �

zero otherwise�
We break up

AIJ � DI�mI�v��
����

� �

jIj

Z
I

vH�hJ

����
�
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and

BIJ �
� �

jIj

Z
I

vH�hJ
����

u
���
J �

and now we obtain bounds easily using the fact that J � I � � and
dIJ � �jIj jJ j����� We simply compute

X
J �J�Dk

J ��Bjk

AIJA
�
IJ �

�
sup
x�I

X
J�Dk

jJ j���

��xJ

�
DI�mI�v��

����

�
� �

jIj

Z
I

v
�
�mI�v��

����D�
I

� C
�

jIj���
DID

�
I � C jIj��� �

Here we use the fact that

�ix�
X

J �J�Dk

J ��Bjk

J�I��

jJ j���

��xJ
�

C

jIj���
�

At the same time� seeing that the sum on I merely extends the support
of the integral� we obtain

X
I

B�IJBIJ �
jJ j���

jIj
u
���
J

�
jJ j

Z
v

��xJ

�
u
���
J � C

� jJ j���
jIj

�
�

Multiplying these two estimates and obtaining decay� we prove Theorem
����

It may be worth pointing out that if assumptions ����� and �����
seem unappealing� we can also obtain the same result by assuming a
sort of doubling at in�nity� condition for v and u��� Thus it su�ces�
for example� to assume there is a � 	 � with

�Z
Ic
vH�hJ

�
�mJ�v��

��
�Z

Ic
vH�hJ

�

�
� jJ j
dIJ

���Z
Jc
vH�hJ

�
�mJ �v��

��
�Z

Jc
vH�hJ

�
�
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Then we simply use

kFIJk �
���u���J

�Z
Ic
vH�hJ

�
�mJ �v��

��
�Z

Ic
vH�hJ

�
u
���
J

��� �
together with the bound on the norm of DJ to obtain the same result�
This doubling assumption may seem more natural to the reader than
the assumption we make� until he realizes that it is not even automatic
that this doubling assumption is true for � � ��

References�

�CF� Coifman R� R� Fe�erman C� Weighted Norm inequalities for maximal

functions and singular integrals� Studia Math� �� ��	��� ������
�

�CS�� Cotlar M� Sadosky C� On the Helson�Szeg�o theorem and a related

class of modi�ed Toeplitz kernels� Proc� Symp� Pure Math� �� ��	�	�

�����
�� Amer� Math� Soc�

�CS�� Cotlar M� Sadosky C� Majorized Toeplitz forms and weighted inequal�

ities with general norms� In Harmonic Analysis� Lecture Notes in Math�

��� ��	��� ��	����� Springer�Verlag�

�D� Duoandikoetxea J� An�alisis de Fourier� Ediciones de la Universidad

Aut�onoma de Madrid �		��

�Da� David G� Wavelets and Singular Integrals on Curves and Surfaces�

Springer�Verlag �		��

�FKP� Fe�erman R� A� Kenig C� E� Pipher J� The theory of weights and

the Dirichlet problem for elliptic equations� Ann� of Math� ��� ��		��

�������

�F� Fujii N� A condition for a two�weight norm inequality for singular in�

tegral operators� Studia Math� �� ��		�� �����	
�

�G� Gehring F� W� The Lp integrability of the partial derivatives of a qua�

siconformal mapping� Acta Math� ��� ��	��� ��������

�HMW� Hunt R� Muckenhoupt B� Wheeden R� Weighted norm inequalities

for conjugate function and Hilbert transform� Trans� Amer� Math� Soc�

��	 ��	��� ��������

�HP� Hansen F� Pedersen G� K� Jensen�s inequality for operators and L�ow�

ner�s theorem� Math� Ann� 
�� ��	��� ��	�����

�HS� Helson H� Szeg�o G� A problem in prediction theory� Annali di Mat�

Pura ed Applicata �� ��	�
� �
������

�KP� Katz N� H� Pereyra C� Some new results on resolvents of paraprod�

ucts� Preprint �		��



On the two weights problem for the Hilbert transform ���

�KR� Kadison R� V� Ringrose J� R� Fundamentals of the Theory of Operator

Algebras� Vol� �� Academic Press �	���

�KR�� Kadison R� V� Ringrose J� R� Fundamentals of the Theory of Operator

Algebras� Vol� �� Birkh�auser �		��

�M� Meyer Y� Ondelettes et operateurs II� Hermann �		
�

�P�� Pereyra C� Sobolev spaces on Lipschitz curves� Paraproducts� and Re�

lated operators� Thesis Yale University �		��

�P�� Pereyra C� On resolvents of dyadic paraproducts� Revista Mat� Ibero�

americana �� ��		�� ��������

�TV� Treil S� Volberg A� Wavelets and the angle between past and future�

J� Funct� Anal� ��� ��		�� ��	��
��

�TVZ� Treil S� Volberg A� Zheng D� Hilbert Transform Toeplitz operators

and Hankel Operators and invariant A� weights� Preprint �		��

Recibido� �� de octubre de ��  �

Nets Hawk Katz#
Department of Mathematics and Statistics

University of Edinburgh
Edinburgh EH �JZ

UNITED KINGDOM
nets�maths�ed�ac�uk

and

Cristina Pereyra
Department of Mathematics and Statistics

University of New Mexico
Alburquerque� NM �����
����

U�S�A�
crisp�math�unm�edu

# The �rst author was partially supported by the National Science Foundation

Postdoctoral Fellowship�



Revista Matem�atica Iberoamericana

Vol� ��� N�
o
�� ���	

The phase of

the Daubechies �lters

Djalil Kateb and Pierre Gilles Lemari�e�Rieusset

Abstract� We give the �rst term of the asymptotic development for
the phase of the N �th �minimum�phased� Daubechies �lter as N goes
to ��� We obtain this result through the description of the complex
zeros of the associated polynomial of degree �N � 	�

�� Introduction�

The Daubechies �lters mN ��� are de�ned in the following way 
���

i� mN ��� is a trigonometric polynomial of degree �N � 	

�	� mN ��� 
�N��X
k��

aN�k e
�ik�

with real�valued coe�cients aN�k�

ii�
p
�mN ��� and

p
� e�i�mN ����� are conjugate quadrature �lters

��� jmN ���j� � jmN �� � ��j�  	 �

iii� mN ��� satis�es at � and �

mN ���  	 ����

�p

��p
mN ���  � � for p � f�� 	� � � � � Ng ����

���
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The importance of those �lters is due to the following facts� the asso�
ciated wavelet �N de�ned by

��N ���  e�i���mN

� �
�
� �
���Y
j��

mN

� �
�j

�
�

generates an orthonormal basis of L��R� f�j���N ��jx�k�gj�Z�k�Zand
satis�es the cancellation propertiesZ

xp�N �x� dx  � � for p � f�� 	� � � � � Ng �

and has a support of minimal length among all orthonormal wavelets
satisfying ����

Conditions �	� to ��� don�t de�ne mN in an unique way� As a
matter of fact� there is exactly ���N�����	 solutions mN �where 
x� is
the integer part of x�� Indeed� conditions �	� to ��� determine only the
modulus of mN

jmN ���j�  QN �cos �� ����

QN �X� 
�	 �X

�

�N�� NX
k��

�
N � k

k

��
	�X

�

�k
����

We are going to check easily the following result on the roots of QN �

Proposition �� The roots of QN are X  �	 with multiplicity N � 	
and N roots XN��� � � � � XN�N with multiplicity 	 such that

i� for 	 � k � N � ReXN�k � � and XN�N���k  XN�k�

ii� for 	 � k � 
N	��� ImXN�k � ��

iii� if N is odd� XN��N����� � 	�

With help of Proposition 	� we may easily describe the solutions
mN of �	� to ���� Indeed� if XN�k  �zN�k � 		zN�k�	� with jzN�kj � 	�
then we have

��� mN ��� 

��N�����	Y
k��

SN�k���
�	 � e�i�

�

�N��

�
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where� for 	 � k � 
N	���

�	��

SN�k��� 
�e�i� � zN�k� �e

�i� � zN�k�

j	� zN�kj�

or SN�k��� 
�	� zN�k e

�i�� �	� zN�k e
�i��

j	� zN�kj� �

If N is odd�

�		�

SN��N�������� 
e�i� � zN��N�����

	� zN��N�����

or SN��N�������� 
	� zN��N����� e

�i�

	� zN��N�����
�

The case where all the roots of MN �z� �the polynomial such that
mN ���  MN �e�i��� are outside the unit disk is the minimum�phased

Daubechies �lter

�	�� mN ��� 
�	 � e�i�

�

�N�� NY
k��

e�i� � zN�k

	� zN�k
�

The aim of this paper is to describe the phase of the Daubechies �lters
as N goes to ��� Indeed� the modulus of mN is described by ��� and
��� and one easily checks that

�	�� lim
N���

jmN ���j 

����������	
	 � if j�j 
 �

�
�

	p
�
� if j�j  �

�
�

� � if
�

�

 j�j � � �

The phase of mN � on the other hand� is much more delicate to study�
it depends of course on the choice of the factors SN�k in ���� but even
for the case of minimum�phased �lters we are not aware of any previous
results on the behaviour of the phase�

We are going to give an approximate value of zN�k which allows
the determination of the phase of mN � More precisely� if Z�� � � � � ZN are
N complex numbers such that for k � f	� � � � � Ng� jZkj � 	 and if

��Z�� � � � � ZN ���� 
NY
k��

e�i� � Zk
	� Zk

�
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we de�ne the phase ��Z�� � � � � ZN ���� as the C� real�valued function
such that ����  � and

��Z�� � � � � ZN ���� 
NY
k��




e�i� � Zk
	� Zk




e�i��Z������ZN ���� �

This function is easily computed as

�	�� ��Z�� � � � � ZN ����  Im
�Z �

�

NX
k��

i e�is

e�is � Zk
ds
�
�

Theorem �� Let QN �X� be given by ���� XN��� � � � � XN�N be its roots

which are not equal to �	 ordered by�

� for 	 � k � 
�N � 	�	��� ImXN�k � � and XN�N���k  XN�k�

� jXN��j 
 jXN��j 
 � � � 
 jXN���N�����	j
and let zN�k be de�ned by XN�k  �zN�k � 		zN�k�	� and jzN�kj � 	�

For 	 � k � N � we approximate zN�k by ZN�k where�

i� for 	 � k � 
�N��
�	LogN �� ZN�k  i � �k	
p
N � where ��� ���

� � � � �k� � � � are the roots of erfc�z�  	 � ��	
p
��
R z
� e

�s� ds� such that

Im �k � � and ordered by j��j 
 j��j 
 � � � 
 j�kj 
 � � � �

ii� for 
�N��
�	LogN � 
 k � 
�N�	�	��� ZN�k  N�k�
q
�N�k � 	�

where

Im N�k � � ��	��a�

	� �N�k 
�
	 �

	

N
Log ��

p
�N� sin�N�k�

�
e��i�N�k ��	��b�

and

�	�� �N�k 
� k � 	

�N � �
� �

iii� for 
�N � 	�	�� 
 k � N � ZN�k  ZN�N���k�

Then for any choice

mN ��� 
�	 � e�i�

�

�N��

��z��N��� � � � � z
�N
N�N ����
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of the Daubechies �lter mN �where �k  		 and �N���k  �k�� the

approximation

�mN ��� 
�	 � e�i�

�

�N��

��Z��
N��� � � � � Z

�N
N�N ����

satis�es

�	�� j��z��N��� � � � � z
�N
N�N ����� ��Z��

N��� � � � � Z
�N
N�N ����j � C�

�LogN��

N��

�

for all � � R� where C� doesn�t depend neither on N � � nor on � nor

on the �k�s�

Thus� due to Theorem 	� we may give the phase of mN with an
o �	� precision� Of course� we need the knowledge of the roots of the
complementary error function� these roots are described in 
�� and our
results give again the same estimates� as we shall see�

We may greatly simplify the approximating ZN�k�s if we accept
to get a greater error� For instance� we may characterize easily the
minimum�phased �lters with an O �

p
N� error�

Theorem �� Let

mN ��� 
�	 � e�i�

�

�N��

��zN��� � � � � zN�N ����

be the N �th minimum�phased Daubechies �lter� Then the phase

��zN��� � � � � zN�N ����

satis�es

�	�� j��zN��� � � � � zN�N �����N����j � C�

p
N � for all � � R �

where C� doesn�t depend on � nor on N and where

�	�� ���� 
	

��
�Li��� sin ��� Li��sin ��� 

�	
�

��X
k��

�sin ���k��

��k � 	��
�
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The Li� function is the polylogarithm of order �

���� Li��z� 
�X
k��

zk

k�


Z z

�

	

u
Log

	

	� u
du �

The function �Li��z�� Li���z��	� is known under the name of Legen�
dre�s �

�
function�

Theorem � will be proved by approximating mN by

�mN ��� 
�	 � e�i�

�

�N��

�� �ZN��� � � � � �ZN�N ����

with

�ZN�k 
p
e�i	N�k �

p
	 � e�i	N�k � N�k  �� �

	�k � �

�N � �
� �

Then �� �ZN��� � � � � �ZN�N�	N is identi�ed with a Riemann sum for the
integral

	

��
Im

Z 


�

Log

	p
e�i	 �

p
	 � e�i	 � e�i�

d  ���� �

This approximating �ZN�k is a simpli�ed version of the approximating
ZN�k of Theorem 	� obtained by neglecting the term

	

N
Log �

p
�N� sin�N�k �

We will be also able to give a description of a family of almost linear�
phased Daubechies �lters�

Theorem �� Let

mN ��� 
�	 � e�i�

�

�N��

��z
�N��

N�� � � � � � z
�N�N

N�N ����

be the N �th Daubechies �lter with N  � q and with the following choice

of �N�k� for 	 � p � q� �N��p��  �N��p  	 and �N��p��  ��p�� 
�	 �so that �N�N���k  �N�k�� Then the phase ��z

�N��

N�� � � � � � z
�N�N

N�N ����
satis�es�

��	�



��z�N��

N�� � � � � � z
�N�N

N�N ����� 	

�
N�



 � C� � for all � � R �
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where C� doesn�t depend on � nor on N �

We are now going to prove Theorem 	 �and obtain theorems � and �
as corollaries�� Of course� it amounts to give a precise description of the
roots XN�k of QN �X�� If we neglect the term Log �

p
�N� sin�N�k	N

in ZN�k� we obtain as a �rst approximation that the zN�k are close
to the arc fjz � 	j  p

�� Re z � �g �which can be parameterized as

f
p
e�i	 �

p
	 � e�i	� �� �  � �g�� or equivalently that the XN�k are

close to the half�lemniscate fj	�X�
N�kj  	�ReXN�k � �g� This will be

obtained by representing QN �X� as a Bernstein polynomial on 
�	� 	�
approximating the piecewise analytical function �

����	

���� QN �X� 
�N��X
k�N��

�
�N � 	

k

��	 �X

�

�k�	�X

�

��N���k

�a formula pointed by many authors 
	�� 
��� 
		��� In that form� QN �X�
corresponds to a Herrmann �lter 
�� and it is precisely the �gure in
Herrmann�s paper representing the zN�k�s for Q�� which lead us to con�
jecture the behaviour of the zN�k�s�

A classical theorem of Kantorovitch 
��� 
�� on the behaviour of
Bernstein polynomials of piecewise analytical functions ensures that
QN �X� converges to � uniformly on any compact subset of the interior
of the half lemniscat fj	 � x�j 
 	� Rex 
 �g and to 	 uniformly on
any compact subset of fj	 � x�j 
 	� Rex � �g� We will use similar
tools to study QN �X� outside of the convergence subsets�

Near the critical point X  �� the approximation by points on
the lemniscat is no longer precise enough� and we will show that for
the small roots XN�k� �

p
NXN�k is to be approximated by a root of

the complementary error function� Such an approximation occurs for
instance in the study of the �spurious� zeros of the Taylor polynomials
of the exponential function 
	�� and we will use quite similar tools to
get our description� The main di�erence� however� is maybe that we
are dealing with a divergent family of polynomials�

Notations� We will de�ne as usually Log z and
p
z as the reciprocal

functions of

z  Logw�fz � C � jIm zj 
 �g 
�� w  ez�fw � C � w �� ���� ���g �
z 

p
w � fz � C � Re z � �g 
�� w  z� � fw � C � w �� ���� ��g �
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The paper will be organized in the following way�

�� QN as a Bernstein polynomial and other preliminary results�
�� Small roots of QN � �rst estimates�
�� Big roots of QN � �rst estimates�
	� Big roots of QN � further estimates�

� Small roots of QN � further estimates�
�� The phase of a general Daubechies �lter�
�� Minimum�phased Daubechies �lters�
� Almost linear�phased Daubechies �lters�

�� QN as a Bernstein polynomial and other preliminary re�

sults�

We begin by proving a �rst localization result�

Result �� For N � � and t � �	� if QN �t�  � then j 	� t j
 	�

Proof� This will be the only time where we use the Daubechies formula
��� for QN �X�� This formula gives that if QN �t�  � and t � �	� then

����
NX
k��

	

�k

�
N � k

k

�
�	� t�k  � �

If we de�ne �k as �k 
�
N�k
k

�
	�k� � � k � N � then we have obviously

� 
 �� 
 �� 
 � � � 
 �N��  �N � and we may apply a very classical
lemma of Enestr�om� Kakeya and Hurwirtz �quoted by G� P olya and
Szeg�o 
	�� Exercise III������

Lemma �� If � 
 a� 
 a� 
 � � � 
 aN��  aN and if
PN

k�� aks
k  �

then jsj 
 	�

Proof of the lemma� If s � � then
PN

k�� aks
k � �� if s �� 
������

then 


a� � NX
k��

�ak � ak���sk



 
 a� �

NX
k��

�ak � ak��� jsjk �

thus if jsj � 	 �so that jsjk � jsjN��� and s �� 
������ we get


�	� s�
NX
k��

aks
k



 � jsjN��

�
aN �

NX
k��

�ak � ak���� a�

�
 � �
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Thus� we have shown that the roots t ofQN such that t � �	 are located
in the open disk of radius 	 and of center 	� and that the associated
values 	� t� are located in the interior of a cardioid�

From now until the end� we will use formula ���� instead of formula
��� to represent QN � The main interest in the representation of QN as
a Bernstein polynomial is that QN is easily di�erentiated� ���� gives

����
d

dt
QN �t� 

��N � 	��

�N �N ���
	

�
�	� t��N �

This expression can be easily related to the expression of QN �cos ��
given by Y� Meyer �
���

QN �cos �� 

Z cos �

��

��N � 	��

�N �N ���
	

�
�	� t��N dt



Z 


�

��N � 	��

�N �N ���
	

�
�sin ��N�� d �

We will use intensively formula ���� in the following� If t is small� we
approximate QN �t� by QN ���  		� and obtain

���� QN �t� 
	

�

�
	 �

��N � 	��

�N �N ���

Z t

�

�	� s��N ds
�
�

while for a bigger t �with Re t � �� we approximateQN �t� by QN �	�  	
and obtain

���� QN �t�  	� 	

�

��N � 	��

�N �N ���

Z �

t

�	� s��N ds �

Stirling�s formula N �  �N	e�N
p
��N�	� 		�	�N��O �		N��� allows

one to simplify formulas ���� and ����

����
��N � 	��

�N �N ���
 �

r
N

�

�
	 � O

� 	

N�

��
�

Thus QN �t�  � may be rewritten as

���� 	 �
�p
�

Z p
Nt

�

�
	� s�

N

�N
ds  	� �

p
Np
�

�N �N ���

��N � 	��
 O �

	

N�
�
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or as

����
p
N

Z �

t

�	� s��N ds  �
�N �N ���

��N � 	��

p
� � O

� 	

N�

�
�

Formula ���� will be used for the small roots �sections � and �� and
formula ���� for the big roots �sections � and ���

We mention a further application of ���� �which will not be used
in the following�� we may compute explicitly the generating series for
QN �t� when Re t 
 ��

Proposition �� Assume that Re t 
 � and j�	� t��uj 
 	� Then

����
��X
N��

QN �t�uN 
	

�

	� t�p
	� u �	� t�� ��t�p	� u �	� t���

�

Proof� We di�erentiate
P��

N��QN �t�uN with respect to t� Then ����
gives

�

�t

� ��X
N��

QN �t�uN
�


��X
N��

	

�

��N � 	��

�NN �

��	� t��u�N

N �


	

�
�	� u �	� t������� �

hence
��X
N��

QN �t�uN 

Z t

��

	

�

ds

�	� �	� s��u����
�

On the other hand� if we di�erentiate t	�	� u �	� t������� we get

�

�t

� t

�	� u �	� t������

�


	� u �	� t��� t�u

�	� u �	� t������


	� u

�	� u �	� t������
�

Thus we have

��X
N��

QN �t�uN 
	

� �	� u�

� t

�	� u �	� t������
� 	
�


	

� �	� u�

	� u �	� t��� t�

�	� u �	� t��������	� u �	� t������ � t�


	

�

	� t�

�	� u �	� t��������	� u �	� t������ � t�
�
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As a corollary� we get�

Result �� If t � C is such that j	� t�j � 	� then

lim sup
N���

jQN �t�j  �� �

Proof� If Re t 
 �� this is obvious by formula ����� the right�hand
term of equality ���� has 		j	� t�j as its radius of convergence in u� so
that

lim sup
N���

jQN �t�j��N  j	� t�j �

If Re t � �� then QN �t�  	�QN ��t� so that again

lim sup
N���

jQN �t�j��N  j	� t�j �

If Re t  � and t � �� then

jQN �t�j � 	

�
�

r
N

�

Z jtj

�

�	 � ���N d� �� �� � as N �� �� �

A last �and direct� application of formula ���� is Proposition 	�

Result ��

i� If t is a root of QN �t� and t � �	� then t has multiplicity ��

ii� If N is even� t  �	 is the unique real root of QN �

iii� If N is odd� QN has only one other real root xN��N����� � �	�
and xN��N����� � 	�

Proof� By ����� we know that the only roots of dQN	dt are 	 and
�	� so i� is obvious� Moreover� if N is even� dQN	dt is non�negative
on R and thus QN is increasing� �	 is the unique real root of QN � If
N is odd� then QN decreases on �����	�� vanishes at �	� increases
between �	 and 	� and decreases again from the value 	 at t  	 to the
value �� at t  ��� QN has another real root xN��N����� � 	�

Results 	 and � imply obviously Proposition 	�
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�� Small roots of QN � �rst estimates�

In this section� we are going to prove the following result�

Result 	� Let �� � ��� 		�� and K  
��LogN	������ Then� if N
is big enough� the number of roots t of QN �t� such that Im t � �
and jtj � p

�K�	N is exactly K� Moreover� if we list those roots

as xN��� � � � � xN�K with jxN�kj 
 jxN�k��j and �x �� � ���� 		��� we have

��	�



xN�k �

	p
N

�k




 � C���� ���
	p

N N�����
�

where ��� � � � � �K are the K �rst roots � of erfc���  � with Im � � ��

Proof� Assume that jtj �p�� LogN	N for some �xed �� � �� Then�
using formulas ���� and ����� we write

QN �t� 
�	
�
� �N

��
	 � ��N �

�p
�

Z p
Nt

�

�
	� s�

N

�N
ds
�
�

where �N � ��N are two constants �depending only on N� which are
O �		N��� Now� if juj � p

�� LogN� we have

ju�j
N

� ��
�

�LogN��

N
 o �	� �

hence one may �nd C� � � so that for N big enough �N � N� where
N� depends only on ���


�	� u�

N

�N
� e�u

�



 � C�




e�u� u�
N




 � C� �
�
�

�LogN��

N���� �

Hence we get for �xed �� � � and for N � N�����

����



�	

�
� �N

���
QN �t�� erfc��

p
N t�




 � C�
�LogN�
��

N���� �

for jtj �p�� LogN	N � where C� depends only on ���

Now� assume that  is such that QN ��  � or erfc��pN �  �
and that jj �p�� LogN	N � in every case we have

jerfc��
p
N�j � C�

�LogN�
��

N���� �
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We are going to show that for �� small enough� erfc��pN � z� is not
too small on jzj  ��� Indeed we have

jerfc��
p
N  � z�� erfc��

p
N �j  �p

�




 Z z

�

e�N	�e�
p
N 	se�s

�

ds





� 	

�

�p
�
je�N	� j jzj � 	p

�
N��� jzj �

provided that

jzj � min
n
�
p
�� LogN�

	

�C�

p
�� LogN

o
�

where C�  maxjwj�� j�ew � 	�	wj�
Thus� if jj � p�� LogN	N � where �� 
 �� 
 		�� and if N is

big enough so thatr
��

LogN

N
�

	

�C�

p
��N LogN




r
��

LogN

N

and

C�

p
�
�LogN�
��

N����� 

	

�C�

p
��LogN


 �
p
��LogN �

we obtain that QN �t� and erfc��pN t� have the same number of ze�
ros inside the open disk D�� C�

p
� �LogN�
��	N�������� �by Rouch e�s

theorem��
In order to conclude� we need some information on the zeros of

erfc�z�� A theorem by Fettis� Cuslin and Cramer �
��� gives a develop�
ment of �k

����

�k  e�i
��
�r�

� k � 	

�

�
�

� i

�

r�
� k � 	

�

�
�

Log
�
�
p
�

r�
� k � 	

�

�
�
�

� O
� �Log k��

k
p
k

��
�

Thus if M� is a �xed number in ���	�� ��	��� the number of roots �
of erfc���  � such that Im � � � and j�j � p

� k� �M� is exactly k
when k is large enough�
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Now we may prove Result �� Let �� 
 		� and K
��LogN	������
For each root t of QN �s� such that jIm tj � � and jtj � p�K�	N �p
��LogN	N there is a root  of erfc��pN s� such that

j � tj � C�

p
�
�LogN�
��

N������� �

�where �� 
 �� 
 		� and N � N������� Then we have

j
p
N j �

p
�K� � C�

p
�
�LogN�
��

N�����

�
p
�K� �

�

	�
p
�K�

�
r�

�K �
	

�

�
�

provided thatN � N������ But we know that there are exactly �K roots
of erfc��pN s� inside the disk D���

p
��K � 		���	

p
N�� Conversely�

if  is a root of erfc��pN s� such that

jj �
r

�K�

N
� C�

p
�

�LogN�
��

N��� � � ��
�
r
��

LogN

N
�

there is a root t of QN �s� such that

j � tj � C�

p
�
�LogN�
��

N������� �

hence jtj �p�K�	N � moreover for N � N����� we have

p
�K� � C�

p
�
�LogN�
��

N����� �
p
�K� � �

	�
p
�K�

�

r�
�K � 	

�

�
� �

so that we have again �K roots of erfc��pN s� such that

jj �
r

�K�

N
� C�

p
�
�LogN�
��

N����� �

Finally� we conclude by noticing that ���� shows us that if erfc��pNi�
 �� i  	� �� � � � and jij �

p
��K � 		���	N then j� � �j �
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C�	
p
KN and jIm ij � C�

p
K	N for some positive C� which doesn�t

depend on K nor N � hence the balls

D
�
i� C�

p
�
�LogN�
��

N�������

�
are disjoint and don�t meet the real axis �for N large enough�� Thus
��	� is proved� if we notice that

�LogN�
��

N����� 

	

N�����
�

for �� 
 ��� 
 		� and N large enough�

�� Big roots of QN � �rst estimates�

In this section� we are going to devote our attention to formula
����� A straigthforward application of ���� is the following one�

Result 
� For N large enough� if t ��	 and QN �t��� then j	�t�j�	�

Proof� If QN �t�  �� then we have
p
N
R �
t
�	� s��N ds 

p
� �	� �N �

with �N  O �		N��� Now� since Re t � � �due to Result 	�� we may
write Z �

t

�	� s��N ds 

Z ��t�

�

�N
d�

�
p
	� �

 �	� t��N��

Z �

�

�N
d�

�
p
	� ��	� t��

�

We write !  	� t�� If j!j � 	 then we will prove that

inf
������	

j	� �!j � 	

�
j	� !j �

This is obvious if Re! � �� we have j	 � �!j � 	 and j	 � !j � ��
If Re! � �� !  �ei� �� 
 � � 	� � � ���	�� �	���� we distinguish
the case � � sin� and � � sin�� If � � sin �� it is easily checked
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that j	 � �!j � j	 � !j� If � � sin�� we have j	 � �!j � sin� and
j	� !j � j	� ei�j  � j sin ��	��j� hence

j	� �!j �



 cos �

�




 j	� !j �
p
�

�
j	� !j �

Thus� we have for Re t � � and j	� t�j � 	




 Z �

t

�	� s��N ds



 � j	� t�jN��

N � 	

	

jtj �
	p
N

� 	p
N jtj

�
�

If jtpN j � �	
p
�� we get




pN Z �

t

�	� s��N ds



 � 	

�

p
� �

and thus QN �t� � � �for N large enough so that j�N j 
 		��� Ifp
N jtj � �	

p
�� then t � ��	pN for a root � of erfc�z� such that

j�j � �	
p
�� but the roots of erfc�z� satisfy �	� 
 jArg �j 
 ��	� so

that �for N large enough� jArg tj � �	� and t cannot lie inside the
lemniscate j	� t�j � 	�

We may now enter the core of our computations� We are going to

give a precise description of
R �
t
�	� s��N ds� Integration by parts gives

usZ �

t

�	� s��N ds 
�	� t��N��

� t �N � 	�
�
Z �

t

�	� s��N��

� s��N � 	�
ds


�	� t��N��

� t �N � 	�
� �	� t��N��

� �N � 	�

Z �

�

�N�� d�

�	� � �	� t������
�

We then de�ne ��t� as

���� ��t� 
jt�j

inf
������	

j	� � �	� t��j �

We have

����

Z �

t

�	� s��N ds 
�	� t��N��

� t �N � 	�

�
	 �

�	� t��

� �N � �� t�
�N �t�

�
�
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for Re t � � with

���� j�N �t�j � ��t���� �

Of course� ���� is a good formula if �N �t� cannot explode� As a matter
of fact� we will show that in the neighbourhood of the roots of QN �s�
we have j��t�j � C� where C� doesn�t depend on N nor t� but we are
still far from being able to prove it� The only obvious estimations on
� are the following ones� if Re t� � 	� we have of course j��t�j  jt�j�
while if Re t� 
 	 and j	� t�j � 	 we have

j��t�j  jt�j
j sin �Arg �	� t���j �

With help of formula ���� and a careful estimate of ��t� in ����� we are
going to prove�

Result �� Let �N�k  ��k � 	��	��N � ��� Then for N large enough�

the roots xN��� � � � � xN�N of QN such that xN�k � �	� ordered by

� for 	 � k � 
�N � 	�	��� RexN�k � � and xN�N���k  xN�k

� jxN��j 
 jxN��j 
 � � � 
 jxN���N�����	j
satisfy


xN�k �

p
� sin�N�k e

i�
����N�k���

� ei��
�����N�k���

�N
p
� sin�N�k

Log ��
p
�N� sin�N�k�





� C

	p
N

max
n �	 � Log k��

k���
�
�	 � LogN � 	� k��

�N � 	� k����

o
�

����

where C doesn�t depend on k nor N �

Proof� Since �N�N���k  � � �N�k� it is enough to prove ����� for
	 � k � 
�N �	�	��� i�e� for the roots which lie in the upper half�plane�
The proof is decomposed in the following steps� one �rst proves that
Arg �	 � x�N�k� cannot be too small� so that we have a �rst control on
�N �xN�k�� then one gives through ���� a �rst estimate on xN�k and on
the related error� this gives us a more precise information on Arg �	�
x�N�k� and thus we may conclude with our �nal estimate�
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Step 	� We want to estimate Arg �	 � x�N�k�� We �x � � ��	�� �	��
so that the sector fz � �	� � jArg zj � � � �g contains no zero of
erfc�z� �remember that limk��� Arg �k  ��	��� We now distinguish
the cases ArgxN�k � 
�� �� and ArgxN�k ���� �	�
� If Re 	� x�N�k � ��

we know that ��xN�k� � jxN�kj� � �� If Re 	�x�N�k � � and ArgxN�k �

�� �	��� then we see that jxN�kj� � j tanArg �	 � x�N�k�j �because � 

	 � x�N�k satis�es Re� � ��� 	� and j�j � 	 so that j sinArg�j � j	 �
�j � j tanArg�j�� moreover we have jxN�kj� � �� thus if j tan �Arg �	�
x�N�k�j � �� then we have

j sin �Arg �	� x�N�k��j 
j tan �Arg �	� x�N�k�jq
	 � tan��Arg �	� x�N�k��

� jxN�kj�p
	�

and ��xN�k� �
p
	�� On the other hand� if j tan �Arg �	 � x�N�k��j � ��

then we have jArg �	� x�N�k�j � 
Arg tan �� �	�� and thus

j sin �Arg �	� x�N�k��j � sinArg tan � 
�p
	�

� jxN�kj�p
	�

and ��xN�k� �
p
	� again�

If Arg �xN�k� � 
�	�� ��� we have

jIm �	� x�N�k�j  jx�N�kj j sin �ArgxN�kj
so that

jIm �	� x�N�k�j � jxN�kj� j sin � �j �
while

j sin Arg �	� x�N�k�j 
jIm �	� x�N�k�j
j	� x�N�kj

� 	

�
jIm �	� x�N�k�j �

so that

��xN�k� � �

j sin � �j �

The di�cult case is when � � ArgxN�k � �	� �as a matter of fact� we
will see in step � that this case never occurs when N is big enough���
For the moment� we will show that we have necessarily for such an xN�k

�and provided N is large enough� the inequality

N jxN�kj� � j cos �j
	��C�

�

 �� �
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where C� is given by

C�  max
n

sup
jj����




�� � Log �	� ���

��




� sup
jj��

je � 	j
j�j

o
�

Indeed� let A� � � be large enough so that for A � A�� e
�A� cos ��	����

�	 � A�	�� 
 			�� �remember that cos � � 
 ��� �	�A�j cos � �j� 

			�� and AeA

� cos ��	���� 
 			��� If
p
N jxN�kj � A� and N jxN�kj� �

��� we write

QN �xN�k� 
	

�
�
�
	 �O

� 	

N�

��rN

�

Z xN�k

�

�	� s��N ds

and thus

jQN �xN�k�j � 	

	�

p
N



 Z xN�k

�

�	� s��N ds



� 	

�
�

We write
�	� s��N  e�Ns�eN�s��Log ���s��� �

since jsj �p��	N	�� we have jsj � 		� for N large enough� thus

jN �s� � Log �	� s��j � C�jN s�j � 	

	��
�

thus
jeN�s��Log���s��� � 	j � C�

� jN s�j �
Thus� writing xN�k  �N�k e

i	N�k � we get

jQN �xN�k�j � 	

	�




 Z p
NxN�k

�

e�s
�

ds





� C�
�

	�

Z p
N�N�k

�

e�s
� cos �	N�k

s�

N
ds� 	

�

� 	

	�




 Z p
NxN�k

�

e�s
�

ds





� C�
�

	�

�
p
N �N�k�

�

N j cos � N�kj
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�
Z p

N�N�k

�

e�s
� cos � 	N�ks j cos � N�kj ds� 	

�

� 	

	�




 Z p
NxN�k

�

e�s
�

ds





� e�N��N�k cos �	N�k

�
p
N �N�k

�C�
� �
p
N �N�k�

�

	� j cos � �j
�
� 	

�
�

We have now to estimate
RpNxN�k

�
e�s

�

ds� We write

Z p
NxN�k

�

e�s
�

ds

 ei	N�k

�Z p
N�N�k��

�

e�s
�e�i�N�k

ds�

Z p
N�N�k

p
N�N�k��

e�s
�e�i�N�k

ds
�

 ei	N�k�I� � I�� �

We have jI�j � e�N��N�k cos ��	N�k����N�k

p
N	�� while

I� 
h e�s�e�i�N�k

�� s e�i	N�k

ipN�N�k

p
N�N�k��

�
Z p

N�N�k

p
N�N�k��

e�s
�e

�i�N�k

� s�e�i	N�k
ds


e�N��N�k e

�i�N�k

��pN �N�k e�i	N�k
� e�N��N�ke

�i�N�k��

�pN �N�k e�i	N�k
� I� �

We have

jI�j � 	

�
�	
�

p
N �N�k

��
j cos � N�kj

�
Z p

N�N�k

p
N�N�k��

e�s
� cos �	N�k� s j cos � N�kj ds

� e�N��N�k cos �	N�k

�
�	
�

p
N �N�k

��
j cos � �j

�
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Thus we get

jQN �xN�k�j

� 	

	�

e�N��N�k cos �	N�k

�
p
N �N�k

�
�
	� � e�N��N�k cos �	N�k�� � �

N ��N�kj cos ��j

�N ��N�k e
�N��N�k cos �	N�k�� � C�

� ��
j cos � �j

� 	�
p
N �N�k e

N��N�k cos �	N�k

�
� 	

	�

e�N��N�k cos �	N�k

�
p
N �N�k

�
	� �

	��
� 	

	��
� 	

	��
� 	

	��
� 	�

	��

�
� � �

which contradicts QN �xN�k�  �� Up to now� we have proved that if

argxN�k � � then either
p
N jxN�kj � A� or N jxN�kj� � ��� But

if jxN�kj � A�	
p
N and N is large enough� Result � ensures that

�pN xN�k is close to a zero of erfc�z�� This is not possible for N
large enough since the distance between fz � �	� � jArg zj � � � �g
and fz � erfc�z�  �g is positive�

Thus we must have N jxN�kj� � ��� Write again xN�k  �N�k e
i	N�k �

since jxN�k � 	j � 	 by Result 	� we have �N�k � � cos N�k� thus
� cos N�k � ���	N���� and

jImx�N�kj  jx�N�kj j sin � N�kj � sin �

���
N

����
jxN�kj� �

We thus have proved

��xN�k� 
jxN�kj�j	� x�N�kj

jImx�N�kj
� �N���

�sin �� �
���
�

 CN���

� �

We thus have proved

� if ArgxN�k 
 ��

j�N �xN�k�j � ��xN�k�
��� � C� �
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� if ArgxN�k � ��

j�N �xN�k�j � ��xN�k�
���

� �C�N
�������

 C
���
�

�N jx�N�k�
���

�N �jxN�kj����

� C
���
�

�
��
�

�N jxN�kj����� �

In any case� we have

���� j�N �xN�k�j � C �N jxN�kj����� �

�Remember that limN��� infkN jxN�kj�  j��j� � ���

Step �� We are now able to give an estimate for xN�k� Let us consider
a root y � �	 of QN such that Im y � �� We have

Z �

y

�	� s��N ds  �
�N �N ���

��N � 	��
�

hence from ���� and �����

����
�	� y��N��

� �N � 	�
p
� y

�
	 � O

���y����
N jyj�

��


r
�

N

�
	 � O

� 	

N�

��
�

�where �  O ���N� y�� means that j�j	��N� y� � C for a positive
constant C which doesn�t depend neither on N nor on y�� Taking the
�N � 	��th root of the modulus of both terms of equality ����� we get

j	� y�j  	 �
	

N � 	
Log
�
�
p
N�

N � 	

N
jyj
�

� O
� �LogN��

N�

�
� O

� 	

N�

�
� O

���y����
N�jyj�

�
 	 �

	

N
Log ��

p
N� jyj� �O

� �LogN��

N�

�
� O

���y����
N�jyj�

�
�
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Now� we write 	 � y�  � e�i� �� � 
�� ��� � � ��� so that y p
	� � e�i�� We have found

j	� �j  O
� 	

N
Log �

p
N jyj�

�
� O

� �LogN��

N�

�
� O

���y����
N� jyj�

�
 O

� 	

N
Log �

p
N jyj�

�
�

�since 		CN � Log �
p
N jyj�	N � C LogN	N � while ��y����	�N�jyj��

� C	�N�N jyj��� � C �	N�� Thus 	 � � e�i�  	 � e�i� � �	� �� e�i�

with 


 �	� �� e�i�

	� � e�i�




  O
�Log �pN jyj�

N jyj�
�

and we �nd

y 

s
�	� e�i��

�
	 �O

�LogpN jyj
N jyj�

��


r
� sin

��
�

�
ei�
�������

�
	 � O

�LogpN jyj
N jyj�

��
�

We insert this result in ���� and take the phase

��N � 	��� �

�
�
�

�
�O

�LogpN jyj
N jyj�

�
�O

���y����
N jyj�

�
 ��k�

or

���� � 
�k � 	

�N � �
� �O

�LogpN jyj
N�jyj�

�
� O

���y����
N�jyj�

�
�

If we assume
p
N jyj � A� where A� is big enough so that

O
�LogA�

NA�
�

�
�O

� 	

NA
���
�

�
is less than ��	��N � �� �A� being chosen independently from N�� we
see that � � � � � implies � � k � 
�N � 	�	��� moreover since

jyj 
r
� sin

��
�

� �
	 � O

�LogpN jyj
N jyj�

��
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we must have

� sin
��
�

�
� A�

�

N
�O

�LogpN jyj
N�jyj�

�
�

We take A�
� 

p
�K��� where K� is big enough� we then see that we

must have k � K��
If
p
N jyj � p

�K��� we know that �provided N is big enough�
y � ��k	

p
N for k � f	� � � � � K�g� We have moreover found candidates

yN�k for the remaining roots xN�k� K� 
 k � 
�N � 	�	��� which are
given by

��	� 	� y�N�k 
�
	 �

	

N
Log �

p
�N� sin�N�k

�
e��i�N�k �

for K� 
 k � 
�N � 	�	�� and �N�k  ��k � 	��	��N � ���
More precisely� we have shown that if QN �y�  �� Im y � �� y � �	

and
p
N jyj � p

�K��� then for some k � fK� � 	� � � � � 
�N � 	�	��g we
have

���� 	�y�  	�y�N�k�O
� �LogN��

N�

�
�O
���y����
N�jyj�

�
�O
�LogpN jyj

N�jyj�
�
�

We are going now to prove that� provided that K� is �xed large enough
�and provided thereafter that N is large enough�� for each yN�k there is
exactly one root y satisfying ����� Notice that jy�N�k � y�N�k��j � C�	N
while

O
� �LogN��

N�

�
� O

���y����
N�jyj�

�
�O

�LogpN jyj
N�jyj�

�
� C

	

N

� �LogN��

N
�

	

�
p
N jyj����

�
�

Indeed� let�s write s 
q
y�N�k � v where jvj  ��	N � �� small enough�

We are going to estimate QN �s�� We know thatZ �

s

�	� ���N d� 
�	� s��N��

� s �N � 	�

�
	 � O

� ��s�

N jsj�
��

�

where ��s� is bounded independently of s provided that j	 � sj 
 	�
j	 � s�j � 	 and jArg sj 
 � �where � � ��	�� �	���� Thus� we are
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going to estimate j	� sj� j	� s�j and jArg sj� We have obviously from
��	�

y�N�k  	� e��i�N�k � O
�Log k

N

�
 �	� e��i�N�k�

�
	 � O

�Log k
k

��
and such an estimate holds as well for s�� �We see also from ��	� that

j	� s�j � 	 �
	

N
Log �

p
�N� sin�N�k � ��

N

� 	 �
	

N
Log �

p
��K� � ��

N
� 	

provided �� is small enough�� Thus we �nd that

Arg s� 
�

�
� �N�k � O

�Log k
k

�

 � � �

if K� is large enough �so that O�LogK�	K�� 
 � � � �	�� and thus

Arg s 
�

�
� 	

�
�N�k �O

�Log k
k

�
� ���� �� �

Moreover�

jsj p� sin�N�k

�
	 �O

�Log k
k

��
and this latter estimate gives jsj 
 � cos�Arg s�� if �N�k � �� �where ��
is �xed small enough as we shall see below� and K� and N are large
enough we have

p
� sin�N�k

�
	 � O

�Log k
k

��
�
p
�
�
	 � C

LogK�

K�

�
�
p
�
�
	 �

��
	��

�
�

while

� cos �Arg s� � � cos
��
�
� C

LogK�

K�

�
� � cos

��
�
� ��

�

�
�
p
�
�
	 �

� ��
��

� ���
�

�
�
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On the other hand� if �N�k 
 �� we �nd

p
� sin�N�k

�
	 � O

�Log k
k

��
� p

� ��

r
	 � C

LogK�

K�
� C �

p
�� �

while � cos �Arg s� � � cos �� thus if �� is small enough to ensure �� 

�	���� � 		�� and �� 
 � cos� �	C

�� we �nd jsj 
 � cos �Arg s�� But
this latter inequality is equivalent to j	� sj 
 	� Thus we found

QN �s�  	�
�
	 � O

� 	

N�

��rN

�

�	� s��N��

� s �N � 	�

�
	 � O

� 	

jNs�j
��

�

We have moreover�

�	� s��N��  �	� y�N�k�
N��

�
	 �

v

	� y�N�k

�N��

 �	� y�N�k�
N��

�
	 �

Nv

	� y�N�k

�O �N�v��
�

s 
q
y�N�k � v  yN�k

�
	� v

� y�N�k

�O
� v�

y�N�k

��
�

This gives� since jsj has pk	N as order of magnitude

QN �s�  	�
�
	 �O

�	
k

�� �	� y�N�k�
N��

�
p
N� yN�k

�
�
	 �

Nv

	� y�N�k

�
v

� y�N�k

�O �N�v�� � O
� v�

y�N�k

��
�

Moreover

jyN�kj � �

r
�k � 	

�N � �

�
	 � O

� 	
k
Log k

��
and

yN�k 

r
� sin

� �k � 	

�N � �
�
�
ei�
����k���
����N�����

�
	 �O

� 	
k
Log k

��
�
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so that

�	� y�N�k�
N��

�
p
N� yN�k



�
	 �

	

N
Log �

r
�N� sin

� �k � 	

�N � �
�
� �N

�

r
�N� sin

� �k � 	

�N � �
�
� �

	 � O
�	
k
Log k

��


�
	 � O

� 	

N�
�Log k��

��N�
	 �O

�	
k
Log k

��
and �nally

QN �s�  	�
�
	 �O

�	
k
�Log k��

��
�
�
	 �

Nv

	� y�N�k

�
v

� y�N�k

�O �N�v�� � O
� v�

y�N�k

��
�

Now� we write

RN�k�s�  N
v

	� y�N�k

 N
y�N�k � s�

	� y�N�k

�

Since jvj  ��	N � we have

jRN�k�s�j  ��

�
	 � O

�Log k
N

��
�

while

jQN �s�� RN�k�s�j  O
� �Log k��

k

�
� O

���
k

�
� O ����� �

We choose �� small enough to ensure that the O ����� term is smaller
than ��	� �independently of N and k�� and then chooseK� large enough
to ensure that O ��Log k��	k��O ���	k� is smaller than ��	� for k � K��
For this choice of K�� we get

jQN �s��RN�k�s�j 
 �

�
�� 
 jRN�k�s�j �
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Thus� by Rouch e�s theorem� QN �s� and RN�k�s� have the same number
of roots inside the domain fjy�N�k � s�j � ��	N� Re s � �g�

Step �� We have thus found a number K� so that for N large enough
we may list the roots xN��� � � � � xN���N�����	 of QN with xN�k � �	�
ImxN�k � �� jxN�kj 
 jxN�k��j in the following way�

� for k � K�� jxN�kj 

p
�K��	N and xN�k � ��k	

p
N �

� for k � K��

jx�N�k � y�N�kj  O
���xN�k�

���

N�jxN�kj�
�
� O

�Log �pN jxN�kj�
N�jxN�kj�

�
�

where yN�k is given by ��	��

Moreover� we have seen in step � that in that case we must have
ArgxN�k 
 �� hence ��xN�k� is bounded independently of N and k�

Moreover xN�k is of order of magnituge
p
k	N � hence

jx�N�k � y�N�kj  O
�Log k
Nk

�
�

Thus we �nd

����

	� x�N�k 

�
	 �

	

N
Log �

r
�N� sin

� �k � 	

�N � �
�
� �

� e��i
�k�����N��� � O
�Log k
Nk

�
and thus

x�N�k 
�
	� e��i
�k�����N���

�
�
�
	� e��i
�k�����N���

N�	� e��i
�k�����N����
Log �

r
�N� sin

� �k � 	

�N � �
�
�

�O
�Log k

k�

��
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which gives

xN�k  ei�
����k���
����N����

r
� sin

� �k � 	

�N � �
�
�

�

	 �

ei�
����k���
��N����

�N sin
� �k � 	

�N � �
�
� Log �

r
�N� sin

� �k � 	

�N � �
�
�����

�O
�Log k

k�

��
�

which gives ���� for k � K�� For k � K�� ���� says only that xN�k is

O �		
p
N�� which we already known since

p
N jxN�kj �

p
�K���

Thus we have proved Result ��

A nice corollary of Result � is that we may recover formula ����
on the roots of erfc�z��

Corollary� The k�th root �k of erfc�z� such that Im �k � � is given by

�k  e�i
��
r�

� k � 	

�

�
�

�

	� i

�
�
�k � 	

�

�
�
Log �

p
�

r�
� k � 	

�

�
� �O

� �Log k��
k�

��
�

����

Proof� It is enough to use formula ���� for xN�k with N� k� �� and
k 
 LogN	�� we have

xN�k  ���kp
N

�O
� 	

N

�
and

k

N
 O

�LogN
N

�
�

thus we �nd �k� The only thing to check is the exact number of roots
� such that j�j � p

�K�� �since we used formula ���� to give it�� But
this is an old and classical result of Nevanlinna 
��� and thus we may
recover formula ���� from formula �����
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	� Big roots of QN � further estimates�

Though Result � is enough for the proof of theorems 	 to � �pro�
vided we improve result n� � for the smaller roots�� we may give even
more precise estimations for the roots xN�k� For instance� we may inte�
grate by parts one step further formula ���� and thus get an O ��Log k��

	Nk�� error instead of O �Log k	Nk� for 	� x�N�k�

More generally� how far can we compute
R �
t
�	� s��N ds" We haveZ �

t

�	� s��N ds  �	� t��N��

Z �

�

�N
d�

�
p
	� ��	� t��

�

If we write

	� ��	� t��  t�
�
	 �

	� t�

t�
�	� ��

�
�

we see that if Re t� � 		� �so that j	 � t�j 
 t��� we may develop
�
p
	� ��	� t����� as a Taylor series in �	 � �� and �nd �for Re t� �

		��

	p
	� ��	� t��


	

t

��X
k��

��	�k �k�

�k�k���

� �	� �� �	� t��

t�

�k
�

which gives

����

��������������������	

for Re t � � and Re t� �
	

�
�

Z �

t

�	� s��N ds


�	� t��N��

� t

��X
k��

��	�k ��k��

�k�k���
N � k�

�N � k � 	��

�	� t�

t�

�k
�

Unfortunately� we are mostly interested in small t�s �remember that
xN�k  O �

p
k	N��� ���� has to be replaced by an asymptotic formula

�which is obtained by repeatedly integrating by parts�

����

����������������������	

for Re t � � and M � N �Z �

t

�	� s��N ds


�	� t��N��

� t

MX
k��

��	�k ��k��

�k�k���
N � k�

�N � k � 	��

�	� t�

t�

�k
�RM�N �t� �
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where the remainder

RM�N �t�  ��	�M���	� t��N�M�� ��M � ���

�M����M � 	����

� N � �M � 	��

�N �M � ���

Z �

�

�N�M�� d�

�	� ��	� t�������M��

may be estimated by

����

jRM�N �t�j �



 �	� t��N��

� t




 ��M � ���

�M����M � 	����
�M � 	��N �

�N �M � ���

�



	� t�

t�




M��

��t�����M�� �

M  � gave Result �� M  	 gives the following result�

Result �� Writing �N�k  ��k � 	��	��N � �� and

�k  Log �
p
�N� sin�N�k �

we have more precisely for all k � f	� � � � � Ng

	� x�N�k  e��i�N�k

�
�
	 �

	

N
�k �

	

N�
�

�k
N�

�
��k
�N�

�
i e�i�N�k

�N� sin�N�k
��k � 	�

�
����

� �N�k �

where

j�N�kj � Cmax
n	 � �Log k��

Nk�
�
	 � Log �N � 	� k��

N�N � 	� k��

o
and C doesn�t depend neither on N nor on K�

Proof� We assume k � 
�N �	�	��� We write 	� x�N�k  	� y�N�k � v
and the problem is to estimate v� We already know v  O �Log k	�Nk���
Furthermore� we know thatZ �

xN�k

�	� s��N ds 
� �N �N ���

��N � 	��


r
�

N

�
	 �O

� 	

N�

��
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andZ �

xN�k

�	�s��N ds 
�	� x�N�k�

N��

� �N � 	�xN�k

�
	� 	� x�N�k

� �N � ��x�N�k

�O
� 	

N�x�N�k

��
�

Now� write

	� x�N�k

� �N � ��x�N�k


	� y�N�k

� �N � �� y�N�k

� O
�v
k

�
� O

�Nv

k�

�


	� y�N�k

� �N � �� y�N�k

� O
�Log k

k�

�
and

	� y�N�k

� �N � �� y�N�k


e��i�N�k

� �N � �� y�N�k

� O
�Log k
Nk

�


e��i�N�k

�N�	� e��i�N�k�
� O

�Log k
k�

�
�

so that

	� 	� x�N�k

� �N � ��x�N�k

� O
� 	

N�x�N�k

�
 	�

i e�i�N�k

�N sin�N�k
�O

�Log k
k�

�
�

We now turn our attention to �	�x�N�k�
N��	�� �N �	�xN�k�� We have

� �N � 	�xN�k

r
�

N

 �
�
	 �

	

N

�p
N�

q
y�N�k � v

 �
�
	 �

	

N

�p
N�

r
	� e��i�N�k � e��i�N�k

N
�N�k � O

�Log k
Nk

�
 �
�
	 �

	

N

�p
N�

p
� sin�N�k e

i�
����N�k���

�
�
	 �

i e�i�N�k

�N sin�N�k
�N�k � O

� �Log k��
k�

��
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and

�	� x�N�k�
N��  �	� y�N�k�

N��
�
	 �

v

	� y�N�k

�N��

 �	� y�N�k�
N��

�
	 �

�N � 	� v

	� y�N�k

�O
� �Log k��

k�

��
 �	� y�N�k�

N��
�
	 �Nv e�i�N�k �O

� �Log k��
k�

��
�

Finally we have

�	� y�N�k�
N��

�
p
�N� sin�N�k ei�
����N�k���




	 �

	

N
�N�k

	 �
	

N � 	
�N�k �

	

� �N � 	��
��N�k � O

� �Log k��
N�

�
�N��

 	� 	

N
�N�k � 	

�N
��N�k � O

� �Log k��
N�

�
�

We have thus obtained�
	 �

	

N

��
	 � O

� 	

N�

��


�	� x�N�k�
N��

�
p
N� xN�k

�
	� 	� x�N�k

� �N � ��x�N�k

� O
� 	

N�x�N�k

��
 	� �N�k

N
� 	

�N
��N�k �

i e�i�N�k

�N sin�N�k
�N�k �Nv e�i�N�k

�
i e�i�N�k

�N sin�N�k
�O

� �Log k��
k�

�
which gives the value of v with an O ��Log k��	�Nk��� error�

As a corollary� we �nd a further development of �k� which is exactly
the formula given in 
���
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Corollary� If �k  ��k � 		���� then

�k  e��i
��
p
�k
�
	� i

��k
Log �

p
��k � 	

���k
Log �

p
��k �

	

���k

�
	

���k
�Log �

p
��k�

� � O
� �Log k��

k�

��
�����

Proof� From ��	� and ����� we get

	� ��k
N


�
	�i �k

N

��
	�

	

N
Log �

p
�
p
�k�

i

�N�k
�Log �

p
�
p
�k � 	�

�
� O

� �Log k��
Nk�

�
�

hence

��k  �i �k � Log �
p
��k �

i

��k
Log �

p
��k � i

��k
� O

� �Log k��
k�

�
and

�k 
p
�i �k

�
	� i

��k
Log �

p
��k � 	

���k
Log �

p
��k

�
	

���k
�

	

���k
�Log �

p
��k�

� � O
� �Log k��

k�

��
and the corollary is proved�


� Small roots of QN � further estimates�

We are now able to give a much better estimate for the small roots

of QN � Indeed� we used the rough estimate je�Nx�N�k j � eNjx
�
N�kj which

is far from being good since xN�k accumulates on the line x  y for k

big �and k�  O �N��� so that e�Nx�N�k is much smaller than eNjxN�kj� �
indeed if k�  O�N� we �nd that

x�N�k  � 	

N
Log �

r
�
�
�k � 	

�

�
� �

i

N

�
�k � 	

�

�
� �O

�Log k
Nk

�
�
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hence

je�Nx�N�k j  eLog �
p

��k�����
 eO�Log k�k�

 �
p
�

r�
�k � 	

�

�
�
�
	 �O

�Log k
k

��
�

while

eNjxN�kj� � e��k�����

�
	 � O

�Log k
k

��
�

Thus� we may improve Result � in an impressive manner� for a much
bigger set of indexes k� ��k	

p
N provides a very precise approximation

of xN�k�

Result � There exist �� � � and C� � � so that for N large enough

and k � ��N
��
	�LogN���
 we have

��	�



xN�k �

�kp
N




 � C�
	

N
p
N

� k
��

	 � Log k

�
�

Proof� We write

�QN �t�  �

r
N

�

�N �N ���

��N � 	��
QN �t�  	�O

� 	

N�

�
��

r
N

�

Z t

�

�	�s��N ds

and approximate �	�s��N by e�Ns� �provided thatNt� remains bound�
ed� jNt�j � A��

�	� s���  eN Log���s��  e�Ns��	 �O �Ns��� �

Thus

�QN �t�  erfc��
p
N t� � O

� 	

N�

�
�
p
N

Z t

�

e�Ns�O �Ns�� ds �

Let   Arg t and assume  � ��	�� �	��� Then we have




pN Z t

�

e�Ns�O �Ns�� ds



 � C N

p
N jtj�

Z jtj

�

e�N�� cos �	� d�

� C
je�Nt� j pN jtj�

� j cos � j �
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We have thus proved that for jNt�j � A� and Arg t � ��	�� �	�� we
have

j �QN �t�� erfc��
p
N t�j � C

� 	

N�
�
p
N jtj� je�Nt� j

� j cos �Arg tj
�
�

Now� we write t  xN�k � �� j�j � ��	N � Remember that we have

jxN�kj 

vuut��k � 	

�

�
�

N

�hence we will look at k �pA�N	����� and

ArgxN�k
�

�
� 	

�
�N�k �Arg

�
	 �

i e�i�N�k

�N sin�N�k
Log ��

p
�N� sin�N�k�

�
� O

� �Logk�
k�

�


�

�
�

Log

�
�
p
�

r�
�k � 	

�

�
�

�
�
�
�k � 	

�

�
�

�O
� �Log k��

k�

�
�O

� k
N

�
�

hence if k � k� where k� is large enough so that

O
� �Log k��

k�

�
� O

� k
N

�
 O

� �Log k��
k�

�
�O

� 	
k

�
is smaller than

	

�

Log �
p
�

r�
�k � 	

�

�
�

�
�
�k � 	

�

�
�

�

we �nd that ArgxN�k � ��	�� �	��� �This is also true for k � k�� if N

is large enough� since xN�k � ��k	
p
N��
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Moreover

cos ��ArgxN�k�

 � sin

Log

�
�
p
�

r�
�k � 	

�

�
�

�
�
�k � 	

�

�
�

� O
� �Log k��

k�

�
� O

� k
N

��

 �
Log

�
�
p
�

r�
�k � 	

�

�
�

�
�
�k � 	

�

�
�

�O
� �Log k��

k�

�
� O

� k
N

�
�

hence cos ��ArgxN�k� has order of magnitude Log k	k� Thus we obtain
for �� small enough

� t  xN�k

�
	 � O

� 	p
Nk

��
�

� e�Nt�  e�Nx�N�k

�
	 � O

�r
k

N

�
� O

� 	

N

��
�

� Arg t  ArgxN�k � O
� 	p

Nk

�
 ArgxN�k �O

� 	

k
p
k

�
�

thus we have

j �QN �t�� erfc��
p
N t�j � C

� 	

N�
�
p
N
� k
N

���� p
k

�Log k�	k

�
� C �

k�

N Log k
�

On the other hand we have

jerfc��
p
N t�� erfc��

p
N xN�k�j





�rN

�

Z t

xN�k

e�Ns� ds





 je�Nx�N�k j �
r
N

�




 Z �

�

e��NxN�ks�Ns� ds



 �

We notice that

j�NxN�k s�Ns�j � � jxN�kj �� � ���
N
� C

��p
N

�
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so that if N is large enough�

je��NxN�ks�Ns� � 	j � 	

�
�

which gives

jerfc��
p
N t�� erfc��

p
N xN�k�j � �

r
N

�
je�Nx�N�k j 	

�
j�j � C

p
Nk j�j �

Thus

����

������	
jerfc��pN t�j � C�

p
N k � � C�

k�

N Log k
�

jerfc��pN t�� �QN �t�j � C�
k�p

N Log k
�

Now choose

�N�k 
�C�

C�

k
��

N���Log k

�we have �N�k 
 ��	N if k
��	Log k 
 ��C�

p
N	��C���� we obtain that

sup
jt�xN�kj��N�k

jerfc��
p
N t�� �QN �t�j � 	

�
inf

jt�xN�kj��N�k

j erfc��
p
N t�j �

hence by Rouch e�s theorem we �nd that �QN and erfc��pN t� have the
same number of roots in the disk jt� xN�kj 
 �N�k� Since

jxN�k � xN�k��j 
r

�

�kN

and

p
kN �N�k  O

� k�

N Log k

�
 O

� 	

N��
�LogN���


�
 o �	�

�if k � CN��
	�LogN���
�� we �nd� for k � ��N
��
	�LogN���
 ���

small enough�

jxN�k �
�kp
N
j � C

	

N
p
N

� k
��

Log k

�
�
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Result � is proved�

Result � is enough for what we want to prove� But� of course� we
may develop a bit further �	� s��N and get a better approximation for
xN�k�

Result �� For k � ��N
��
	�LogN���
 we have more precisely

xN�k  � �kp
N

�
	

N
p
N

�	
�
� �
k �

�

�
�k � O �

p
Log k�

�
�

Proof� We write Log �	� s��  �s� � s�	� �O �s��� Hence we have

�	� s��N  e�Ns�
�
	�N

s�

�
�O �Ns�� �O �N�s�

�
�

provided that jsj � A�	N
����

Thus we have for jtj � A�	N
��� and Arg t � ��	�� �	��


 �QN �t�� erfc��

p
N t� � �

r
N

�
N

Z t

�

e�Ns�s� ds
�

� C
� 	

N�
�
p
N



 t
e�Nt�

cos ��Arg t�




�N
p
N



 t�e�Nt�

cos ��Arg t�




� �
Moreover we have

N

Z t

�

e�Ns�s� ds 
h�e�Ns�s�

�

it
�
�

�

�

Z t

�

e�Ns�s� ds


�e�Nt� t�

�
� �

�N
e�Nt� t�

�

�N

Z t

�

e�Ns� ds �

Now� we write �  		
p
�N j cos ��Arg t�j �if t  xN�k� we have � p

�k	�N Log k� 
 jtj� and we write


 Z t

�

e�Ns� ds



 � Z �

�

je�Nt� j ds�
Z jtj

�

e�Ns� cos ��Arg t� s ds

�

� �je�Nt� j� je�Nt� j
�N j cos ��Arg t�j �


� je�Nt� jp

�N j cos ��Arg t�j �
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Finally we get

erfc��
p
N xN�k�  e�Nx�N�k

r
N

�
x�N�k � e�Nx�N�k

�

�
p
N�

xN�k

� O
� 	

N�

�
� O

� k�

N� log k

�
� O

� k


N� log k

�
� O

�plog k

N

�
and� assuming again k 
 ��N

��
	�LogN���
�

erfc��
p
N xN�k�  e�Nx�N�k

r
N

�
x�N�k

�
	 �O

� 	
k

��
On the other hand� we have xN�k  ��k	

p
N � s with

s  O
� 	

N
p
N

k
��

Log k

�
and we want a better estimate for s� We have

p
N s�k  O

� 	

N

k�

Log k

�
 O

� 	

N��


�
and thus we may develop

erfc��k �
p
N s�  e��

�
k

�p
�

Z �pN s

�

e���ku�u
�

du

 � �p
�
e��

�
k

p
N s �	 � O �

p
N s�k� � O �Ns��� �

Hence we �nd

� �p
�
e��

�
k

p
N s �

r
N

�
x�N�k e

�Nx�N�k

and therefore

s � �	

�
x�N�k  O

� k���
N���

�
�
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so that

� e��
�
k

�p
�

p
N s
�
	 � O

�k�
N

�
�O

� k�
N�

��


r
N

�
x�N�k e

�Nx�N�k �
�

�
p
N�

xN�k e
�Nx�N�k � O

�pLog k

N

�
�

so that �since e�Nx�N�k��
�
k  	 � O�

p
N s�k�  	 �O �k�	N��

s  �	

�
x�N�k �

�

�N
xN�k � O

�pLog k

N
p
N

�


	

�

� �
k

N
p
N

�
� �k

�N
p
N

� O
�pLog k

N
p
N

�
and Result � is proved�

�� The phase of a general Daubechies �lter�

We have now almost achieved the proof of Theorem 	� Indeed� we
have given estimates for xN�k� hence for zN�k� which is the solution of
xN�k  �zN�k � 		zN�k�	� with Re zN�k � �� hence which is given by

zN�k  xN�k �
q
x�N�k � 	� We thus have proved�

Proposition �� Let PN be the N �th polynomial of I� Daubechies

���� PN �z� 
�	 � z

�

��N�� NX
k��

��	�k
�
N � k

k

��	� z

�

��k
which is related to QN by

���� ei��N����PN �e�i��  QN �cos ��

or equivalently

���� PN �z�  z�N��QN

�	
�

�
z �

	

z

��
�

Then the roots of PN are precisely given as the following ones�

� z  �	 with multiplicity �N � ��
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� �N roots with multiplicity 	 which can be decomposed inton
zN�k� zN�k�

	

zN�k
�

	

zN�k

o
��k��N��	

�

�together with fzN��N������ 		zN��N�����g if N is odd�� where Im zN�k �
�� Re zN�k � �� jzN�kj � 	� Im zN�k � � for k 
 
�N � 	�	�� and

Im zN��N�����  ��
Moreover we have� for N large enough�

� if k � ��N
��
	�LogN���
 �where �� is �xed independently of N

and is small enough�

���� zN�k  i� �kp
N

�O
� k
N

�
�

where �k is the k�th zero � of erfc�z� with Im � � �

� for all k

���� zN�k  yN�k �
q
y�N�k � 	 � O

�	 � Log k

k
p
Nk

�
�

where

yN�k 

�
	� e��i�k���
��N���

� 	

N
e��i�k���
��N��� Log �

r
�N� sin

� �k � 	

�N � �
�
� ����

�

Proof� Just write zN�k  xN�k �
q
x�N�k � 	 and apply results � and

��

Of course� we could give better estimates using results � and �� but
we won�t need them� We have easy estimates for 		zN�k as well since

		zN�k  xN�k �
q
x�N�k � 	�

We are now going to use proposition � in the estimation of the
phase of a Daubechies �lter� We want to approximate for � � 
��� ���
		�e�i� � �N�k� where

�N�k �
n
zN�k�

	

zN�k
� zN�k�

	

zN�k

o
�
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A direct consequence of Proposition � is the following proposition�

Proposition 	� Let � � 
��� �� and let zN�k� 	 � k � 
�N�	�	�� be the
roots of PN described in Proposition �� Let �N�k � fzN�k� 		zN�k� zN�k�
		zN�kg� Then

i� for 	 � k � ��N
��
	�LogN���
 we have� writing gzN�k  i �

�k	
p
N �

����



 	

e�i� � �N�k
� 	

e�i� � g�N�k




 � C
k

N

	

k

N
� j cos �j�

�

where C doesn�t depend neither on N nor on k nor on � �and whereg�N�k  gzN�k if �N�k  zN�k� 		gzN�k� if �N�k  		zN�k and so on � � � ��

ii� for k � k� �k� large enough independently of N� we have� writingdzN�k  yN�k �
q
y�N�k � 	 as in formula �����

����



 	

e�i� � �N�k
� 	

e�i� � d�N�k




 � C
Log k

k
p
Nk

	

k

N
� j cos �j�

�

Proof� Of course� we may assume � � 
�� ��� If � � 
�	�� ��� the

estimation is easy since Re e�i� 
 � and Re�N�k � � �as well Re d�N�k

and Re g�N�k�� Thus�

je�i� � �N�kj � Re ��e�i� � �N�k� � C

r
k

N
� j cos �j

and the same for je�i� � d�N�kj and je�i� � g�N�kj� Of course� we must

prove that min fRe�N�k�Re d�N�k�Re g�N�kg � C
p
k	N � For Re g�N�k� it

is obvious� since

Re g�N�k � �Re �k
p
N



i� �kp

N




� 
r
k�

N
�

For Re�N�k� if k 
 ��N
��
	�LogN���
� we deduce that Re�N�k �

C
p
k	N since

j�N�k � g�N�kj � jzN�k � gzN�kj � C
k

N
�
r

k

N
C �N���
 �
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We thus turn our attention to Re d�N�k � Re dzN�k	jdzN�kj� and Re�N�k �
Re zN�k	jzN�kj� for large k�s� We de�ne �N�k 

p
	� e��i�k���
��N���

and �N�k  �N�k �
q
��N�k � 	� We have

�N�k 

r
� sin

� �k � 	

�N � �

�
ei�
����k���
����N�����

� ei�
����k���
��N����

 	�
p
� ei�
����k���
����N�����arcsin

p
� sin�
����k���
���N�����

and thus we study 	 �
p
� ei���arcsin

p
� sin�� for � � 
�� �	��� We have

Re
�
	 �

p
� ei���arcsin

p
� sin��

�

p

	� � sin� �
�p

	� � sin� � �
p
� cos� �

�

p
cos ��

�p
� cos� � �

p
	� � sin� �

� �r �

�

��
�
� �
�
�

which gives

Re �N�k �
r
�
�k � 	

�N � �
�
r

k

N
�

Now we have

jdzN�k � �N�kj � C

r
k

N

Log k

k
�

so that if k is large enough we have

Re dzN�k � C �
r

k

N
�

Moreover

jzN�k � dzN�kj � C

r
k

N

Log k

k�

and thus

Re zN�k � C ��
r

k

N
�

Finally� we control jzN�kj and jdzN�kj by

jzN�kj� jdzN�kj � 	 �
p
� �O

�r k

N

Log k

k

�
� C �
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Thus we obtain

Re�N�k � C

r
k

N
and Re d�N�k � C

r
k

N
�

We are going to prove that

je�i� � �N�kj � C
�r k

N
� j cos �j

�
and

je�i� � d�N�kj � C
�r k

N
� j cos �j

�
holds for � � 
�� �	�� as well� Notice that if j�N�kj 
 	� we have

j�N�k � e�i�j 



 	

zN�k




 


e�i� � 	

�N�k




 � 	

C �




e�i� � 	

�N�k





�and the same for je�i� � d�N�kj� so that we may assume j�N�kj � 	� If
�N�k  zN�k� our equality is obvious� for �N�k we have either Im �N�k � 	
or Re �N�k � � and� since Im e�i� 
 �� we �nd je�i� � �N�kj � 	� hence
�for k large�� je�i� � zN�kj � 		� and je�i� � dzN�kj � 		�� while

	

�
� 	

�

�r k

N
� j cos �j

�
�

Now if �N�k is the conjugate of zN�k or dzN�k� we are going to show that

je�i� � �N�kj � C
�r k

N
� j cos �j

�
�

which gives the control over je�i� ��N�kj for large k�s� Thus we are led
to show that

��	�

������������	

for � �
h
��
�

�

i
and � �

h
��
�

�

i
�

je�i� � 	�p� e�i���arcsin
p
� sin��j

� C
�
j cos �j�

r
�

�
� �

�
�
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We compute easily ���� ��  je�i� � 	�p� e�i���arcsin
p
� sin��j�

���� �� 
�
cos � �

p
	� � sin� �

�p
� cos� �

p
	� � sin� �

���
�
�
sin � �

p
� sin�

�p
� cos� �

p
	� � sin� �

���
 	 �

�p
� cos� �

p
	� � sin� �

��
� �
�p

� cos� �
p
	� � sin� �

�
� � cos �p	� � sin� � � sin �

p
� sin�

�

�p

� cos� � 	 �
p
	� � sin� �

��
� �
�p

� cos� �
p
	� � sin� �

�
� �	� cos �� � arcsin �

p
� sin���

�
� 	� � sin� � � � �	� cos �� � arcsin �

p
� sin���� �

We have

	� � sin� �  cos �� � �

�

��
�
� ��

�
�

On the other hand� we have

	� cos �� � arcsin
p
� sin��  � sin�

��
�
� 	

�
arcsin

p
� sin�

�
� �

��
j� � arcsin

p
� sin�j� �

Moreover we have

�

�
� arcsin

p
� sin�  arcsin

p
cos �� � �

�

p
cos �� �

hence we have �using ja� bj� � a�	�� b�	��

���� ��� � cos �� �
�

��




� � �

�
�
�

�
� arcsin

p
� sin�




�
� cos �� �

�

���




� � �

�




� � �

��




�
�
� arcsin

p
� sin�




�
� 	

�
cos �� �

�

���
cos� �

� �

���

�
cos� � �




�
�
� �



�
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and thus ��	� is proved�
Proposition � is then obvious since

 	

e�i� � �N�k
� 	

e�i� � ��N�k




  j�N�k � ��N�kj
je�i� � �N�kj je�i� � ��N�kj

and since we control each term due to ��	� or to Proposition ��

We may now obtain Theorem 	 as a corollary of Proposition ��

Corollary� With the same notation as in Proposition �� if k� � kN �
��N

��
	�LogN���
 then

����

Z �


�




 ��N�����	X
k��

i e�i�

e�i� � �N�k

�
kNX
k��

i e�i�

e�i� � ��N�k

�
��N�����	X
kN��

i e�i�

e�i� � ��N�k




 d�
� C

�k���Np
N

�
Log kN
kN

�
�

Proof� Using Proposition �� and writing IN ��� for

IN ��� 
NX
k��

i e�i�

e�i� � �N�k
�

kNX
k��

i e�i�

e�i� � ��N�k

�
��N�����	X
kN��

i e�i�

e�i� � ��N�k

�

we get

IN ��� �
kNX
k��

C
k

N

	

k

N
� j cos �j�

�

��N�����	X
kN��

C
Log k

k
p
Nk

	

k

N
� j cos �j�

�

Thus we have to estimateZ �


�

d�

k �N j cos �j� � �

Z arccos
p
k�N

�

d�

N cos� �
� �

Z 
��

arccos
p
k�N

d�

k


�

N
tan
�
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r
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�
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�
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�
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r
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so thatZ �


�

IN ��� d� � C �
� kNX
k��

r
k

N
�

��N�����	X
kN��

Log k

k�

�
� C ��

�k���Np
N

�
Log kN
kN

�
�

Now Theorem 	 is proved with kN  
N��
	LogN �� At least� we have
proved it for � � 
�� ���� But ��z��N��� � � � � z

�N
N�N �� ��Z��

N��� � � � � Z
�N
N�N � is

���periodical� since ��Z�� � � � � ZN ����������Z�� � � � � ZN ����  �i�M
where M is the number of Zk�s which lie inside the open disk jZj 
 	�

�� Minimum�phased Daubechies �lters�

This section is devoted to the proof of Theorem ��

Result ��� We have the following inequality

����



 d
d�
��zN��� � � � � zN�N ����� N

��
Im

Z 


�


i e�i�

e�i� � ����
d�



 � C

p
N �

where ���� 
p
e�i� �

p
	 � e�i��

Proof� We approximate zN�k by ZN�k  Z���k � 	��	��N � ����
�	 � k � N� where

Z��� 
p
� sin� ei�
������� � ei�
����� �

We have shown that for k� � k � 
�N � 	�	��� �k� large enough� we
have 


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
Log kp
Nk

	

k

N
� cos� �

and 


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
Log kp
Nk

	

k

N
� cos� �

�notice that zN�N���k  zN�k and ZN�N���k  ZN�k�� If k 
 k�� we
have to prove similarly


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
	p
N

	
	

N
� cos� �
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and 


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
	p
N

	
	

N
� cos� �

�

We have of course

jzN�k � ZN�kj � jzN�kj� jZN�kj � Cp
N

�

so that we only have to check that

je�i� � ZN�kj � 	

C

� 	p
N

� j cos �j
�

�which is an easy consequence of ��	�� and that

je�i� � zN�kj � 	

C

� 	p
N

� j cos �j
�
�

If j� � �	�j � � j�k� j	
p
N and � � 
���� ��� we �nd

e�i� � zN�k  � e�i�����
��� sin
��
�
�
�

�

�
� �kp

N
� O

� 	

N

�
�

hence

je�i� � zN�kj �



 sin��

�
�
�

�

�


� j�k� jp
N

�O
� 	

N

�
� 	

�




 sin� �
�
�
�

�

�



� max

n	
�
j cos �j� �

�

j�k� jp
N

o
�

On the other hand� if j� � �	�j � � j�k� j	
p
N � we have

e�i� � zN�k  �
� �
�
�
�

�

�
� �kp

N
� O

� 	

N

�
�

hence

je�i� � zN�kj � 	

�

inf Im �kp
N


c�p
N
� C�max

n 	p
N
�

	

� j�k� j
j cos �j

o
�
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Thus we have obtained


 d
d�

��zN��� � � � � zN�N �����
NX
k��

Im
i e�i�

e�i� � ZN�k





� C

NX
k��

�	 � Log k�p
Nk

	

k

N
� cos� �

� C
p
N

�X
�

	 � Log k

k
p
k

�

Now we look at

SN ���  Im
NX
k��

i e�i�

e�i� � ZN�k

as at a Riemann sum� we have

�

N
SN ��� ��

N��
Im

Z 


�

i e�i� d�
e�i� � Z���

�

If � � 	�	�� we have a proper Riemann integral� if �  	�	�� the
integrand is unbounded at � ��  ��	�� or � ��  �	��� but for
�  ��	� we have e�i� � Z���  ei
��

p
�� � O ��� near �  � and

thus Z 


�

	

ji� Z���j d� 
 �� �

It is easy to evaluate the distance between �SN	N and the integral�
We have


 Z �
��N���

�

d�

e�i� � Z���
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Z �
��N���

�

d�p
�
� C �

	p
N

�




 Z 


�N���
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� � �
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	p
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p
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and �nally for 	 � k 
 N





Z �k���
��N���

�k���
��N���

	

e�i� � Z���
d� � ��

�N � �

	

e�i� � Z
� �k � 	

�N � �

�
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� C

Z �k���
��N���

�k�����N���




Z���� Z
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�N � �

�
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�N � �
�
�


 d�

� C �
Z �k���
��N���
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��N���

	p
Nkr

k

N

r
k

N

d�

� C ��
	

k���
p
N

and thus 


 �
N

SN ���� Im

Z 


�

i e�i�
d�

e�i� � Z���




 � C
	p
N

�

Thus� Result 	� is proved since writing �e��i�  e�i givesZ 


�

i e�i�
d�

e�i� �p� sin� ei�
������� � ei�
�����


	

�

Z 


�

i e�i�

d�

e�i� �
p
e�i �p	 � e�i

�

We will easily prove Theorem � if we know the value of I��� R 

�
 i e

�i� d�	�e�i� � ������

Result ��� Let ���� 
p
e�i� �

p
	 � e�i and � � 
��� ��� Then
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�

i e�i�
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e�i� � ����
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� �
�

�
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�
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�
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�

�
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We �nd that I��� is continuous� which is obvious since by ��	�

je�i� � ����j � C
p
�� � �� �

so that we may apply Lebesgue�s dominated convergence theorem�

Proof� Since ����  ������ we �nd that

I����  �
Z 


�


i e�i�

e�i� � ����
d�  �I��� �

so that it is enough to compute I��� for � � 
�� ���
Writing e�i  u� we may write

I��� 

Z ���i�

���i�

e�i�p
u�

p
	 � u� e�i�

du

u
�

where u runs clockwise on the circle juj  	� The function

f�z� 
e�i�

z �
p
z �

p
	 � z � e�i��

is analytical on C n���� �� and may be extended continuously to ����
�� � i � and ���� ��� i � but at three points� z  � �both a pole and
a branching point�� z  �	 �a branching point� and if � � 
�� �	�� at
� sin� � � i �  z�� Thus we may write�

� for � � 
�	�� ��

I���  lim
���

Z ��

��

e�i�p
u� i � �

p
	 � u� e�i�

du

u

�

Z ��

��

e�i�p
u� i � �

p
	 � u� e�i�

du

u

�

Z ���i�

���i�

e�i�p
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p
	 � u� e�i�
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u

 � i

Z �

�
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cos � �p	� t�
� � i �

e�i�

	� e�i�

 � i
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�

cos�

cos � � cos�
d�� � cotan

��
�

�
� � i �
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� if � � ��� �	�� we have� writing t�� 
p
sin� � � � and t�� p

sin� � � �
I���  lim

���
A� � B� � C� �

where

A� 

Z ��t�� ��
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�
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��t�� ��
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p
	 � u� e�i�
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u

�
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�
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p
�

�
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Hence we have

I���  �
�
� cotan � � cotan

��
�

��
� i � � � i lim

���

Z t��

�

�

Z �

t��

dt

cos � �p	� t�
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� �
�

�
� i � � � i lim
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�

�
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�

where ���  arcsin t�� and ��
�  arcsin t�� �

Thus� for proving Result 		� we just have to estimate for � � ��� ���
� � �	�

A���  lim
���
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�

�

Z 
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���

cos�d�

cos � � cos�

with ���  arcsin
p
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p
sin� � � �� We do the
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�
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�
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and

��� � tan
��
�

�
�
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�
	 � tan�

�

�

��
� sin � cos �

� �
�
��� � tan

� �
�
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�

Thus

A���  ��
�
�

cos �

� sin �
Log
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	 � sin �

and Result 		 is proved�

Now� ���� gives


 d
d�

��zN��� � � � � zN�N ����� N

��

cos �

sin �
Log

	� sin �

	 � sin �




 � C
p
N �

Integrating this for � � 
��� �� we get


��zN��� � � � � zN�N ����� N

��
�Li��� sin ��� Li��sin ���




 � C
p
N �

Since both functions are ���periodical� this inequality can be extended
to all � � R and Theorem � is proved�

� Almost linear�phased Daubechies �lters�

In this section� we prove Theorem �� The proof is very easy�
Indeed� we want to estimate for N  �q� ��z

�N��

N�� � � � � � z
�N�N

N�N ���� with
�N�k  	 if k  � mod � or k  	 mod �� and �N�k  �	 otherwise�

We have �writing �N for ��z
�N��

N�� � � � � � z
�N�N

N�N �� KN for fk � N � 	 �
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X
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�
X
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But we have
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�
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andZ 


�


d�
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where

�N��  �e��i
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We thus have proved Theorem �� since
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�bounds for spherical

maximal operators on Z
n

Akos Magyar

Abstract� We prove analogue statements of the spherical maximal
theorem of E� M� Stein� for the lattice points Zn� We decompose
the discrete spherical �measures� as an integral of Gaussian kernels
st���x� � e��ijxj

��t�i��� By using Minkowski	s integral inequality it is
enough to prove Lp
bounds for the corresponding convolution opera

tors� The proof is then based on L�
estimates by analysing the Fourier
transforms �st������ which can be handled by making use of the �cir

cle� method for exponential sums� As a corollary one obtains some
regularity of the distribution of lattice points on small spherical caps�

�� Introduction�

Let us denote by �� the characteristic function of the sphere of
radius ���� in Zn� i�e�

�� � �
fx�Zn�jxj���g

and S� �
X
x�Zn

���x� �

Let � be a xed positive number and dene the spherical maximal
operator as

��� M�f�x� � sup
������

���
���
S�

� f
�
�x�

��� �

���
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It is proved that

Theorem �� If n � �� p � n��n� ��� f � Lp�Zn�� then

��� kM�fkLp�Zn� � cn�p kfkLp�Zn� 	

where the constant cn�p is independent of ��

We generalize estimate ��� to the case of the k
spheres� which are
dened by

�� � �
fx�Zn�jxj���g

and it is proved�

Theorem �� Let k � �� K � �k��� then for n � �K k� p � n��n �
�Kk� we have

��� kM��kfkp � cn�k�p kfkp 	

where the constant cn�k�p is independent of ��

It is well
known� that for n � �� there exist constants � 
 cn 
 Cn

such that

��� cn �
n���� � S� � Cn �

n���� �

We start with the decompositions

���x� �

Z �

	

e��i�jxj
����t dt

and

��� e����� ���x� �

Z �

	

e��ijxj
��t�i�� e���i�t dt

and dene the modied maximal operator as

��� �M���f�x� � sup
������

j�e�������n������� � f�x�j �

From inequality ��� it follows� that if � � ��� and f � �� we have

��� M�f�x� � c �M���f�x� 	
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for every x� so it is enough to prove ��� for the modied maximal
operator� Introducing the convolution operator

St��f � st�� � f 	 where st���x� � e��i jxj
��t�i�� �

Minkowski	s integral inequality together with formulae ��� and ��� im

ply

��� k �M���fkp � cn �
�n����

Z �

	

kSt��fkp dt �

In order to understand the integrand on the right side of inequality ����
we will apply the so
called �circle� method in the variable t �cf� �����
First we decompose the interval ��	 �� into neighborhoods of rationals�
whose denominator is smaller than a given number N as follows�

Let N � � be given and consider the set

H � fp�q � � � q � N	 � 
 p � q	 �p	 q� � �g 	

and dene the neighborhoods

Vp�q �
n
t � ��	 �� �

���t� p

q

��� � min
r�H

jt� rj
o
�

From the obvious inequalities�
if p�q �� p��q� then

�I�
���p
q
� p�

q�

��� � �

�Nq
�

�

�Nq�
�

For every t � ��	 �� there exists p�q � H such that�

�II�
���t� p

q

��� � �

Nq
	

it follows
W �

p�q � Vp�q � Wp�q 	

where W �
p�q � ft � jt�p�qj 
 ����Nq�gWp�q � ft � jt�p�qj � ���Nq�g�

The crucial point is that one can estimate the Fourier transform
�st����� separately in each neighborhood Vp�q by using Poisson summa

tion and the properties of Gaussian sums� as it is shown below�
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�� Fourier transform estimates�

Lemma �� Let t � p�q � � � t � Vp�q� then

���� kStfkL� � cn q
�n��min f��n��	 ��n��g kfk� �

Proof� The Fourier transform of the function st � st�� is dened by

�st��� �
X

e��i�jxj
��t�i���x	� 	 � � �n

and inequality ���� is equivalent to

���� sup
	
j�st���j � cn q

�n��min f��n��	 ��n��g �

Since �st��� is the product of n one dimensional functions� i�e� �st��� �
�j�st��j� it is enough to prove formula ���� in case when n � �� By
Poisson summation and substituting x � rq � s� we have

�st��� �
X
x

e��ix
�p�q s
 �x�e

��ix	

�

q��X
s�	

e��is
�p�q

X
r

s
 �rq � s� e��i�rq�s�	

�

q��X
s�	

e��is
�p�q

X
l

�

q
e���is�q �s


� l
q
� �

�
	

where �s
 ��� �
R
R
s
 �x� e

���ix	 dx is simply the Fourier transform of s

as function on R� which has the simple form

�s
 ��� �

Z
R

e��i�x
��
�i���x	� d� � ��� i������ e�	

�����i
� �

So we have the formula

����

�st��� � ��� i������

�
X
l

��
q

q��X
s�	

e��i�p�qs
��l�qs�

�
e���	�l�q�

�������i
�� �
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In order to estimate this expression� rst we note that because of the
properties of Gaussian sums one has

����
q

q��X
s�	

e��i�s
�p�q� sl�q�

��� � p
� q���� �

Now we choose � � ���� N � ������ �where �x� denotes the integer part
of x�� and since t � p�q � � � Vp�q we have � � ���Nq� � ����q��� It
follows

�

q���� � ���
� �

� q��
� �

�
	 if � � �

and

�

q���� � ���
� �

� q���
�

�

�
�����q������� � �

�
	 if � � � �

Now it is easy to estimate the right hand side of formula ����

j�st���j � j�� i� j����q����
X
l

e�������q	�l�
��q�����
����

� c q������ ������
�X

l

e���
�q	�l�
l
�

� c q������� ������ 	

where the constant c is independent of q and ��
This proves inequality ���� and Lemma � follows�

Proof of Theorem �� It is easy to see that

���� kStfk� � kStk� kfk� � cn �
�n�� kfk� �

Let � 
 p � � and we choose the number  such that ��p � ��������
Interpolating between estimates ���� and ����� we have

kStfkp � cn q
�n�����n��min

n
�	
��
�

��n���o
kfkp �

This impliesZ
Vp�q

kStfkp � cn �
�n����q�n���

�
�Z �

	

��n�� d� � ��n��
Z �

�

��
�

��n���
d�
�

� cn q
�n��������n����

� c�n q
�n���kfkp �
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It follows when n � ��  � ��n or equivalently p � n��n� ��

k �M���fkp � cn

� X
p�q�H

q�n���
�
kfkp

� cnkfkp
� �X
q��

q�n�����
�

� cnkfkp �

This proves Theorem ��

�� Estimates for k�spheres�

We now brie�y describe how the L� estimate generalize to k

spheres� The extra complications arise are similar to those of the War

ing problem� Indeed we refer to the analysis of Hardy
Littlewood in ����
where it was proved that for n � �k��k

���� cn�k �
n�k�� � S��k � Cn�k �

n�k�� 	

hence as for k � � one has

kM��kfkp � cn�k �
�n�k��

Z �

	

kStfkp dt 	

where the kernel of the operator St is st�x� � e��i�
P

j jxj j
k��t�i���

For t � p�q � � Poisson summation yields

�st��� �
�X

l���

��
q

q��X
s�	

e��i�s
kp�q�sl�q�

�
�s


� l
q
� �

�
	

where �s
 ��� �
R
R
s
 �x� e

���ix� dx is the Fourier transform on R�
The decomposition into neighborhoods of rationals for k � � looks

as follows

Hk�	 �
np
q
� q � ���k

o
	 Hk�� �

np
q
� ���k 
 q � �����k

o
�

Vp�q is called a major arc if p�q � Hk�	 and a minor arc if p�q � Hk���
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The reasoning of Theorem � generalizes to the major arcs as is
shown in

Lemma �� Let p�q � Hk�	� t � Vp�q� Then we have for p � n��n�k���

���� ��n�k��

Z
Vp�q

kStfkp dt � cn�k�p q
�n��Kkfkp 	

where  � � p��p� ���

Proof� We make use of the following estimates which are proved in
��� using slightly di�erent notations�

���� j�s
 ���j � c j� � i �j���k

holds uniformly in �� Let � � l � q � then one has

����

����s

�
� � l

q

���� � ck j� � i �j������k���� q�k�������k����

� j�j��k�������k���� e��cj�jk��k���� �
From inequalities ���� and ���� it follows

�X
l���

����s

�
�� l

q

���� � ck �j��i �j���k�j��i �j������k���� q�k�������k����� 	

where inequality ���� is used when jl � q �j is minimal� Also one has
the standard estimate for the Weyl sum

���q��
q��X
s�	

e��i�s
kp�q�sl�q�

��� � c q���K 	

which holds uniformly in l� when K � �k��� Taking the n
th power of
�st� we obtain �in n
dimension� on the major arcs

sup
	
j�st���j

� cn�k q
�n�K�j� � i �j�n�k � j� � i �j�n����k����qn�k�������k����� �

Let ��p � �� � ��  and using the trivial estimate

kstk� �
�X
x�Z

e����jxj
k
�n

� cn �
�n�k 	
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we obtain by interpolation

kStkp�p � cn�k�p q
�n��K ��n�k

�
����i� �

�

����n�k �
���i� �

�

����n����k��������kq�n�k�������k����
��

�

Using the facts that on a major arc ���kq � ����kq � � and the simple
estimate Z

R

���i� �

�

���� d� � c � 	 for � � � �

Estimate ���� follows when n����k � ��� � �� This proves Lemma ��

On the minor arcs one can give direct estimates for �st��� exploiting
that the denominator q is large

Lemma �� Let p�q � Hk��� t � Vp�q then we have

���� sup
	

�st����� � cn�k �
n�k�n��
kK� �

Proof� It is enough to prove ���� in one dimension� Let L � ���k���
for some � � �� then one has

���� �st��� �
LX

x�	

e��i�x
k�t�i���x	� �O

�X
x�L

e��x
k
�

and X
x�L

e��x
k � e���

���

����k � e��
�

���k � O ��� �

To estimate the maim term of formula ���� we use partial summation�

Let us dene the sums sl�	 �
Pl

x�	 e
��i�xkp�q�x	�� we have

����

LX
l�	

�sl�	 � sl���	� e
��ilk�
�i��

�
LX
l�	

sl�	 �e
��ilk�
�i�� � e��i�l���

k�
�i��� �

Since on the minor arcs � � ���k��q�� � ���� it follows

je��i�
�i��lk � e��i�
�i��l
k�� j � ck �

���k�k� 	
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so the sum in the formula ���� is less than equal

j�st���j � ck��
�
max
l�L

jsl�	j
�
��k���� �

Using the standard estimate for Weyl sums �cf� ��� Chapter ���� one
has

����
���

lX
x�	

e���x
kp�q�x	�

��� � ck�� �
���k��������K����k�

holds uniformly in � and p� when ���k � q � �����k� l � ���k���
The above estimates imply for � � ��k� the estimate

���� j�st�����j � ck�� �
��k�����kK��
k� � ck �

��k����
kK� � cn�k

holds uniformly in � � and Lemma � follows�

Proof of Theorem �� Interpolation between the trivial L�� and the
L� estimate ����� shows that for ��p � ���� on a minor arc we have

��n�k��kStkp�p � cn�k�p �
n�k�n���
Kk� �

Hence for n � �Kk� p � n��n� �Kk� one has

kM��kfkp � cn�k�p

� X
p�q�H��k

q�n��K � ��n�k���n�k�n���
kK�
�
kfkp

� c�n�k�p kfkp 	

since n�K � � and n���Kk� � �� This proves Theorem ��

We would like to point out how these estimates are connected with
the distribution of integer points on spherical caps� More precisely we
dene the maximal function

s���l � sup
������

jSn��� 	 �x�Dn
l �j 	

where x � Dn
l � fu � Z

n � jx � uj � l���g� On the other hand the
average number of integer points on a spherical cap of radius l��� lying
on the sphere of radius ���� is clearly

�S��l � l�n���������� �
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Theorem �� implies the following

Corollary �� Let � � �� If l � ������ then

���� ��n��jfx � Dn
� � s���l�x� � �� �s��lgj 
 cn�� �

��n����n���� �

Proof� Let � � �� f�x� � jxj�n��� First we estimate M�f�x� from
below as follows

M�f�x�

� cn �
�n���� sup

������

�X
l��

l�n����jfy � Zn � jx� yj� � l	 jyj� � �gj

� cn �
�n����

� sup
������

X
L dyadic

L�n����jfy � Zn � L � jx� yj� 
 �L	 jyj� � �gj

� cn �
�n����

� sup
������

X
L dyadic

L�n����jfy � Zn � jx� yj� � L	 jyj� � �gj 	

where the last inequality was obtained by partial summation� This
immediately implies

���� M�f�x� � cn �
�n����

s���L�x�

�s��L

L���

����
	

for every dyadic value L � �l� but it remains true for every integer l
since the function s���l�x� is monotone increasing in l�

Choosing p � n��n� �� � �� it follows for l � ������

kM�fkpp � ����n�������n��
X
x�Dn

�

�s���l�x�
�s��l

l���

����

�n��n�����

� ���n�
�n�����n����n��jfx � Dn
� � s���l � ���s��lgj �

Choosing � small enough estimate ���� follows immediately� since f �
Lp�Zn� and the maximal operator M� is bounded in Lp�Zn� by Theo

rem ��
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Hilbert transform� Toeplitz

operators and Hankel operators�

and invariant A� weights

Sergei Treil� Alexander Volberg and Dechao Zheng

Abstract� In this paper� several su�cient conditions for boundedness
of the Hilbert transform between two weighted Lp�spaces are obtained�
Invariant A� weights are introduced� Several characterizations of in�
variant A� weights are given� We also obtain some su�cient condi�
tions for products of two Toeplitz operators or Hankel operators to be
bounded on the Hardy space of the unit circle using Orlicz spaces and
Lorentz spaces�

�� Introduction�

Let �D be the unit circle and dw denotes the Lebesgue measure
on �D� For p � � and v a positive function on �D� Lp�v� denotes the
space of functions f on the unit circle such that

Z
�D

jf�w�jp v�w� dw �� �

We use Lp to denote Lp�v� if v 	 �� Let Hp be the subspace of Lp which
those functions are analytic on the unit disk D� There is an orthogonal
projection P from L� onto H�� The Hilbert transform T is de
ned to
be T 	 �i P � i �I � P ��

���
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We are concerned with the problem of identifying those pair �v� u�
of positive functions on �D for which the Hilbert transform T is bound�
ed from Lp�u� to Lp�v�� that is

���

Z
�D

jTf�w�jp v�w� dw � C

Z
�D

jf�w�jp u�w� dw �

for all f � Lp�u��
This problem was 
rst raised by Muckenhoupt and Wheeden in

���� There is a very elegant theorem of Cotlar�Sadosky ����� ���� which
gives a necessary and su�cient condition that ��� holds for a given con�
stant C� The theorem of Cotlar and Sadosky generalizes the Helson�
Szeg�o theorem in two weights case� On the other hand� it is a consider�
ably interesting question in harmonic analysis to 
nd explicit estimates
of the norm of the Hilbert transform between two weighted spaces� see
��� for further references� So it seems interesting to 
nd characteriza�
tions of the weight functions for ��� close in form to the following Ap

condition ����� It remains an open question ���� ����� and �����
In case that u 	 v� Hunt� Muckenhoupt and Wheeden ���� have

proved that ��� holds if and only if v satis
es a simpler condition

�Ap� sup
I

� �
jIj

Z
I

v�w� dw
�� �

jIj

Z
I

v�w�����p��� dw�p�� �� �

where the supremum is taken over all arcs I� Muckenhoupt ���� has
shown that the Ap condition is a necessary and su�cient condition
that the Hardy�Littlewood maximal function

Mf�x� 	 sup
x�I

�

jIj

Z
I

jf�w�j dw �

satis
es the following inequality

���

Z
�D

jMf�w�jp v�w� dw � C

Z
�D

jf�w�jp u�w� dw �

One may expect that the following condition is a necessary and su�cient
condition that inequality ��� holds even u �	 v

�A�p� sup
I

� �
jIj

Z
I

v�w� dw
�� �

jIj

Z
I

u�w�����p��� dw
�p��

�� �
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Simple examples ��� show that the A�p condition is not su�cient for
either ��� or ��� to hold� Sawyer ���� has shown that ��� holds if and
only if

�Sp�

sup
I

�Z
I

�M��
I
u������p���w��p v�w� dw

�

�
�Z

I

u�w�����p��� dw
���

�� �

where �
I
denotes the characteristic function of I� Sawyer ���� also

showed that the Sp condition with additional conditions is su�cient for
���� Fujii ��� has obtained the following su�cient condition for ����

There exist constants � � � � �� 	 and � � C� �� such that� for

every arc I and all measurable subsets E and F of I with E � F 	 �
and jF j � �jIj�

�Z
E

v�w� dw
��
jIj��

Z
c�n���I

u����p����w� dw
�p

� C�

� jEj
jIj

�� Z
F

u����p��� �w� dw

�� �

where c�n� �� is a constant greater than � and c�n� ��I is the arc with

the same center as I and expanded c�n� �� times�

Sawyer�s condition involves the operator M � and it is interesting
to obtain su�cient conditions close in form to the A�p condition� In
that direction� Neugebauer ���� has obtained the following su�cient
condition for ��� for r � ��

��� sup
I

� �
jIj

Z
I

vr�x� dx
�� �

jIj

Z
I

u�r��p����x� dx
�p��

�� �

Recently P�erez ���� has improved the condition ��� and obtained weaker
su�cient conditions for ��� using the general maximal operator involv�
ing in Banach function spaces�

In this paper� using Banach function norms we de
ne a maximal
operator and a nontangential maximal operator� We shall show several
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su�cient conditions for ���� In particular� we prove that if �u� v� is a
pair of weights such that for some r � ��

��� sup
z�D

vr�z� �u�r��p����z��p�� �� �

then the Hilbert transform is bounded from Lp�u� to Lp�v�� Here we
follow the convention of identifying functions on the unit circle with
their harmonic extensions� de
ned via Poisson�s formula� into the unit
disk D�

The condition ��� is analogous to the condition ��� and the follow�
ing condition� for � � � � � and r � ��

���

sup
I
jIj��n

� �
jIj

Z
I

vr�x� dx
����pr�

�
� �
jIj

Z
I

u���p
��r�x� dx

����p�r�
�� �

Sawyer and Wheeden ���� have shown that the condition ��� is a su��
cient condition for fractional integral operators

I�f�x� 	

Z
jx� yj���f�y� dy

to be bounded from Lp�u� to Lp�v��
For z � D� let 
z�w� be the M�obius map


z�w� 	
z � w

�� z w
�

for w � D�
We can improve the condition ��� using the scale of Lorentz spaces

or Orlicz spaces which are concrete examples of Banach function spaces�
Let P �z� x� be the Poisson kernel

P �z� x� 	
�� jzj�

j�� z xj�
�

We shall show that one of the following conditions is a su�cient condi�
tion for ���

��

sup
z�D

�
sup
t��

Z
v�x��t

trP �z� x� dx
�

�
�
sup
t��

�Z
u���x��t

tr��p���P �z� x� dx
�p���

�� �
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for some r � �� and

��� sup
z�D

kv��p 	 
zkL� ku
�� 	 
zkL� �� �

for some Young functions such as

��t� 	 tp log p������ � t�

and
��t� 	 tp

�

log p
������� � t� �

or weaker ones

��t� 	 tp log p���� � t� �log log �� � t��p����

and
��t� 	 tp

�

log p
����� � t� �log log �� � t��p

����� �

for some � � ��
We will introduce invariant A� weights and give several charac�

terizations of invariant A� weights� From these characterizations we
can easily tell the di�erence between A� and invariant A� weights�

If we assume that both v and u����p��� are invariant A� weights�
we will show that the condition

��� sup
z�D

v�z� �u����p����z��p�� �� �

is a necessary and su�cient condition for the Hilbert transform to be
uniformly bounded from Lp�u 	 
z� to L

p�v 	 
z� for all z � D�
Boundedness of the Hilbert transform between two weighted L�

spaces is related to boundedness of products of two Toeplitz operators
or Hankel operators on the Hardy space H�� On products of Toeplitz
operators Sarason ���� made the following conjecture�

Let f and g be outer functions in H�� The product TfTg is bounded
if and only if

��� sup
z�D

jf j��z� jgj��z� �� �
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On the product of Hankel operators it is natural to make the fol�
lowing conjecture �����

Let f and g be in L�� Then the product H�
fHg is bounded if and

only if

���� sup
z�D

kHf kzk� kHg kzk� �� �

Let f� denote �� � P � f for f � L�� Then the condition ���� is
equivalent to

���� sup
z�D

kf� 	 
z � f��z�k� kg� 	 
z � g��z�k� �� �

Treil ���� showed that if the product TfTg is bounded� then the condi�
tion ��� holds in Sarason�s Conjecture� Conversely� it was shown ����
that the following condition implies that TfT�g is bounded

���� sup
z�D

jf j�r�z� jgj�r�z� �� �

for some r � �� Also in ���� it was shown that the condition ���� is
necessary for H�

fHg to be bounded and that the following condition is
su�cient

���� sup
z�D

kf� 	 
z � f��z�k�r kg� 	 
z � g��z�k�r �� �

for some r � ��
In this paper we will improve the above su�cient conditions for

boundedness of the product of two either Toeplitz operators or Hankel
operators using Orlicz spaces or Lorentz spaces� In particular� we will
show that if for two outer functions f and g in H��

���� sup
z inD

kf 	 
zkL� kg 	 
zkL� �� �

then TfTg is bounded� and if for two functions f and g in L
��

���� sup
z�D

kf� 	 
z � f��z�kL� kg� 	 
z � g��z�kL� �� �
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then H�
fHg is bounded� Here the Young function � is t

� log����� � t�

or t� log �� � t� �log log �� � t����� for some � � ��
The letter C will denote a positive constant� possibly di�erent on

each occurrence�

�� Banach function spaces�

Recall some basic facts about the theory of Banach function spaces�
Orlicz spaces and Lorentz spaces� We shall refer the reader to ���� ����
and ���� for a complete account� A Banach function space X over the
unit circle is a subspace of the Lebesgue measurable functions with a
Banach function norm� The most important property of the Banach
function space is the generalized H�older inequality

���

Z
jf�x� g�x�j dx � kfkXkgkX� �

where X � is the associate space to X�
Let us look at several concrete examples of Banach function spaces�

A function � � �����
 ����� is a Young function if it is continuous�
convex and increasing satisfying B��� 	 � and B�t� 
 � as t 
 ��
Each Young function � has associated a complementary Young function
��� The Orlicz space L� consists of all Lebesgue measurable functions
f such that Z

�
� jf�x�j

�

�
dx �� �

for some � � �� The space L� is a Banach function space with the
Luxemburg norm de
ned by

kfk� 	 inf
n
� � � �

Z
�
� jf�x�j

�

�
dx � �

o
�

Its associated space is L
	�� A Young function � is said to satisfy the

 ��condition if there exist C � � and T � � such that

��� t� � C ��t� �

for all t � T �
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Let � � s� q � �� The Lorentz space Ls�q is the space of the
Lebegue measurable functions f such that

kfkLs�q 	
�
q

Z �

�

�
t j fx � �D � jf�x�j � tgj��s

�q dt
t

���q
�� �

if q ��� and

kfkLs�� 	 sup
�	t	�

t j fx � �D � jf�x�j � tgj��s �� �

if q 	 �� The Lorentz space Ls�q is a Banach function space with the
associate space Ls

��q��
Let X be a Banach function space over �D with respect to the

Lebesgue measure� Given a measurable function f and any interval I
we de
ne the X�average of f over I by

kfkX�I 	 kjIj�f�I �kX �

where �� with � � �� is the dilation operator �f�x� 	 f�� x�� �
E
is

the characteristic function of E� We de
ne a natural maximal operator
MXf�x� associated to the space X by

���� MXf�x� 	 sup
x�I

kfkX�I �

where the supremum is taken over all intervals containing x�
For any x � �D� and a 
xed � � � let

!�x� 	
n
z � D �

jx� zj

�� jzj
� �

o
�

We de
ne a nontangential maximal operator NXf�x� associated to the
space X by

���� NXf�x� 	 sup
z�
�x�

kf 	 
zkX �

Let X 	 L� be the Orlicz space de
ned by a Young function �� Then
the maximal operator MX is de
ned in terms of the average

kfkX�I 	 inf
n
� � � �

�

jIj

Z
I

�
� jf�x�j

�

�
dx � �

o
�
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If X is the Lorentz space X 	 Ls�q� then the maximal operator is

MXf�x� 	 sup
x�I

�

jIj��s
kf�

I
kLs�q �

Proposition �� Let X be either an Orlicz space or a Lorentz space�

Let f be in X� Then there is a constant C such that

���� NXf�x� � CMXf�x� �

for x � �D�

Proof� We shall consider only the case that X is the Orlicz space L�

with a Young function �� The same method will prove the theorem in
the case that X is a Lorentz space�

We may assume x 	 �� We will use polar coordinate reit for points
in the unit disk� Let us 
rst consider the points z 	 r on the real axis
in the cone

!��� 	
n
z � D �

j�� zj

�� jzj
� �

o
�

Then

f�r� 	

Z
P �r� eit� f�eit� dt �

and the kernel P �r� eit� is a positive even function which is decreasing
for positive t� That means P �r� eit� is a convex combination of the
box kernels �

��h�h�
�t����h�� Take step functions hn�t�� which are also

nonnegative� even� and decreasing on t � �� such that hn�t� increases
with n to P �r� eit�� Then hn�t� has the form

NX
j��

aj���tj �tj�
�t�

with aj � �� and
R
hn�t� dx 	

P
j � tjaj � �� Suppose that � � � such

that � � MXf���� Thus

� �
jIj

�Z
I

�
� jf�eit�j

�

�
dt � � �
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for all intervals I containing �� Then

���
Z

hn�t� �
� jf�eit�j

�

�
dt
��� �

NX
j��

� tjaj
�

j��tj� tj�j

Z
��tj �tj�

�
� jf�eit�j

�

�
dt

�
nX

j��

� tjaj

� � �

Then by monotone convergence

Z
�
� jf 	 
r�eit�j

�

�
dt 	

Z
�
� jf�eit�j

�

�
P �r� eit� dt � � �

Hence kf 	 
rkX � �� Now 
x z � !���� Then j� � reisj � ��� � r��
and P �reis� eit� is majorized by a positive even function ��t�� which is
decreasing on t � �� such that

Z
��t� dt � A� �

for some constant A�� The function is ��t� 	 sup fP �re
is� eil� � jlj � tg�

Approximating ��t� from below by step functions hn�t� just as before�
we have Z

��t� �
� jf�eit�j

�

�
dt � A� �

By convexity� we obtain

Z
�
� jf 	 
z�eit�j

A��

�
dt 	

Z
�
� jf�eit�j

A��

�
P �z� eit� dt

�

Z
�
� jf�eit�j

A��

�
��t� dt

� � �

Thus by the de
nition of the Luxemburg norm� we have

kf 	 
zkX � A�� �

Therefore
NXf��� � A�� �
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So we conclude that

NXf��� � A�MXf��� �

�� Distribution function inequality�

In this section we will get two distribution function inequalities in�
volving the Lusin area integral and the nontangential maximal operator
NX for Banach function spaces X�

For w a point in �D� we let !w denote the angle with vertex w and
opening ��� which is bisected by the radius to w� The set of points z
in !w satisfying jz � wj � � will be denoted by !w�
� We 
x the shape
of our typical truncated cone !w�
� Whenever h is in L

�� we de
ne the
truncated Lusin area integral of h to be

���� A
�h��w� 	
�Z


w��

jrh�z�j� dA�z�
����

�

Here h�z� means the harmonic extension of h on D�

jrh�z�j� 	
����h
�z

���� �
��� �h
� z

���� �
and dA�z� denotes the area measure on the unit disk� Then A
�h��w�

�

represents the area �points counted with their multiplicity� of the image
in the complex plane of the truncated cone !w�
 under the map z 

h�z��

The Lebesgue measure of the subset E of �D will be denoted by
jEj� For z � D� we let Iz denote the closed subarc of �D with center
z�jzj and measure ��z� 	 �� jzj�

For a number p � �� we use p� to denote the number so that
��p� ��p� 	 �� Let Q denote the operator I � P � As in ����� we have
the following distribution function inequalities�

Theorem �� Let X and Y be two Banach function spaces� Let f and

g be in X and Y respectively� and 
 and � in X � and Y �� For jzj � ���
and a � � su�ciently large� there is a constant Ca � � such that

����

jf� � Iz � A���z��P �f 
�����A���z��P �g ������

� a kf 	 
zkXkg 	 
zkY

� inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�gj � CajIzj
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and

����

jf� � Iz �A���z��Q�f 
�����A���z��Q�g ������

� a kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY

� inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�gj � CajIzj �

Moreover� the constant Ca can be chosen to satisfy Ca 	 �� �a
����C

for some positive constant C�

Proof� We will show only the 
rst distribution function inequality�
The same method will prove the second one�

For a 
xed z in D� and a � � let E�a� be the set of points in Iz
where

A���z��P �f 
����� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

and F �a� the set of points in Iz where

A���z��P �g ������ � a��� kg 	 
zkY inf
w�Iz

NY ���w� �

We claim the following distribution function inequalities� i�e� for a � �
su�ciently large

���� jE�a�j � Ka jIzj �

and

���� jF �a�j � Ka jIzj �

and lima��Ka 	 ��
First we show how Theorem � follows from those two distribution

inequalities� If w � Iz is in E�a� � F �a�� then

A���z��P �f 
����� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

and
A���z��P �g ������ � a��� kg 	 
zkY inf

w�Iz
NY ���w� �

Thus

A���z��P �f 
�����A���z��P �g �����

� a kf 	 
zkX kg 	 
zkY inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w� �
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So E�a� � F �a� is a subset of

f� � Iz � A���z��P �f 
�����A���z��P �g ������

� a kf 	 
zkX kg 	 
zkY inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�g �

On the other hand� we have

jE�a� � F �a�j � jE�a�j� jF �a�j � jIzj �

Since lima��Ka 	 �� we have

jf� � Iz � A���z��P �f 
�����A���z��P �g �����

� a kf 	 
zkX kg 	 
zkY inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�gj

� jE�a� � F �a�j � jE�a�j� jF �a�j � jIzj � ��Ka � �� jIzj

if Ca 	 �Ka � �� This completes the proof of Theorem ��

Now we turn to the proof of our claim� For simplicity we will
present only the details of the proof of ����� Using the same method we
can prove ����� The proof consists of three steps� Let �

E
denote the

characteristic function of the subset E of �D� In order to prove ����
we write P �f 
� as P �f 
� 	 P �
�� � �P
�� where 
� 	 f��

�Iz

� and


� 	 f��
�Dn�Iz


��

Step �� There is a constant C � � such that for all t � ��

����

jf� � Iz � A���z��P �
��� � tgj

�
�
��

C kf 	 
zkX infw�Iz NX�
�w�

t

�
jIzj �

From the de
nition of the truncated Lusin area integral� we easily see
that

A���z��P �
��� � A���z��
�� �

Thus

f� � Iz � A���z��
�� � tg � f� � Iz � A���z��P �
��� � tg �

To prove ���� we need only to show

���

jf� � Iz � A���z��
�� � tgj

�
�
��

C kf 	 
zkX infw�Iz NX�
�w�

t

�
jIzj �
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By the theorem of Marcinkiewicz and Zygmund� and the fact that the
nontangential maximal functionM is of weak type ��� �� then the trun�
cated Lusin area integral A
f�w� is also of weak type ��� ��� So we
have� for t � �

jf� � Iz � A���z��
�� � tgj �
C

t

Z
�D

j
�j dw 	
C

t

Z
�Iz

jf�w�
�w�j dw �

Since an elementary estimate shows that for w � �Iz� P �z� w��C�j�Izj�
it follows that

Z
�Iz

jf�w�
�w�j dw � C jIzj

Z
jf�w�
�w�jP �z� w� dw

	 C jIzj

Z
jf 	 
z�w�
 	 
z�w�j dw �

By the generalized H�older inequality we have

Z
�Iz

jf�w�
�w�j dw � C jIzj kf 	 
zkXk
 	 
zkX� �

Because for each u � Iz� z is in !�u�� we have

jf� � Iz � A���z��
�� � tgj �
C jIzj

t
kf 	 
zkX inf

w�Iz
NX�
�w� �

Thus

jf� � Iz � A���z��
�� � tgj �
�
��

C kf 	 
zkX infw�Iz NX�
�w�

t

�
jIzj �

Step �� On Iz�

���� A���z��P ��
����w� � C kf 	 
zkX inf
w�Iz

NX��
��w� �

for some C � ��
For 
�� we shall use a pointwise estimate of the norm of gradient

of P �
��� Since P �
�� is analytic in D� we have

r�P �
���w�� 	
�

��

Z
� 
����

��� w ���
d� �
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Thus

jrP �
���w�j � C

Z
j
����j

j�� w �j�
d� � C

Z
�Dn�Iz

jf���
���j

j�� w �j�
d� �

On the other hand� there is a constant C � � so that

��� �� ��� z�
�� ��� w�

��� � C �

for all � in �Dn�Iz and w in !u����z�� Thus we obtain

jr�P
���w�j � C

Z
�Dn�Iz

jf���
���j

j�� z �j�
d���� �

Applying the generalized H�older inequality yields

jr�P
���u�j �
C

�� jzj�
kf 	 
zkXk
 	 
zkX� �

Because z belongs to !�u�� for any u � Iz� the last factor on the right
is no larger than CNX�
�u�� and the desired inequality is established�

Step �� This step will complete the proof of the distribution function
inequality ���� by combining last two steps� Since P �f
� 	 P �
�� �
P �
��� we have

A���z��P �f
���w� � A���z���P
����w� �A���z��P �
����w� �

So for any � � ��

��
i��

n
w � Iz � A���z���P
i�� �

�

�

o
� fw � Iz � A���z��P �f
�� � �g �

Let Ei�a� be the subset of Iz such that

A���z���P
i�� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

for i � ��
Then we have

��
i��

Ei

�a
�

�
� E�a� �
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If in Step � we choose that t 	 a��� kf 	 
zkX infw�Iz NX�
�w�� then
we have ���E�

�a
�

���� � ��� C a����� jIzj

for a su�ciently large a�
By Step �� for a � � su�ciently large we have

A���z��P �
����u� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

everywhere on Iz� which implies jE��a���j 	 jIzj� So

jE�a�j � ��� a����C� jIzj �

This completes the proof of ���� if we choose Ka 	 �� a����C�

�� Hilbert transform�

In this section we apply the distribution function inequality ����
in Theorem � to get a su�cient condition for the boundedness of the
Hilbert transform on two weighted Lp� Let kTkzp denote the norm of
the Hilbert transform T from Lp�u 	 
z� to L

p�v 	 
z��
Given a Banach function space X� we will use X � to denote its

associate space which is another Banach space�

Theorem �� Let u and v two positive functions on the unit circle� and

� � p � �� Suppose that X and Y are two Banach function spaces

such that NX� maps Lp
�

to Lp
�

and NY � maps Lp to Lp� Then there is

a constant C � � such that

����

�kTk�p�
p � C

�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p�

�

for all � � D�

Proof� Since T 	 �i P � i �I � P �� it su�ces to show that there is a
constant C � � such that

����

�kPk�p�
p � C

�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p�

�
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for all �� As �v 	 
���z� 	 v�
��z�� we see that

sup
z�D

kv��p	
zkX ku���p	
zkY 	 sup
z�D

kv��p	
�	
zkX ku���p	
�	
zkY �

So it su�ces to show

�kPk�p�
p � C

�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p�

�

This is equivalent to show

Z
jP �
��w�jpv�w� dw

� C
�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY����

�
�
sup
z�D

v�z� �u����p����z��p��
���p� Z

j
�w�jpu�w� dw �

for all 
 � Lp�u�� Let � 	 
u��p� Then the above inequality is
equivalent to the following inequality

Z
jP �� u���p��w�jpv�w� dw

� C
�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p� Z

j��w�jp dw �

for all � � Lp� On the other hand�

Z
jP �� u���p��w�jpv�w� dw 	

Z
jv��p�w�P �� u���p��w�jp dw

and the dual space of Lp is Lp
�

� Then

Z
jP �� u���p��w�jpv�w� dw

	 sup
khkp���

h�Lp�

���
Z

v��p�w�P �� u���p��w�h�w�dw
��� �
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So we need only to estimate the pairing

Z
v��p�w�P �� u���p��w�h�w�dw �

NowZ
v��p�w�P �� u���p��w�h�w�dw

	

Z
P �� u���p��w�P �v��p h��w� dw �

Using the Littlewood�Paley formula ����� we have

Z
P �� u���p��w�P �v��p h��w� dw

	 P �� u���p����P �v��p h��������

�

ZZ
hr�P �u���p ���z��r�P �v��p h��z�i log

�

jzj
dA�z� �

De
ne

TermI 	

ZZ
jzj����

hr�P �u���p ���z��r�P �v��p h��z�i log
�

jzj
dA�z� �

and

TermII 	

ZZ
jzj	���

hr�P �u���p ���z��r�P �v��p h��z�i log
�

jzj
dA�z� �

It is easy to verify that

jP �� u���p����P �v��p h����j � C �v���u����p������p�����pk�kp khkp� �

and

jhr�P �u���p ���z��r�P �v��p h��z�ij

� C �v���u����p������p�����pk�kp khkp�

for jzj � ���� So we need only an estimate of TermI � We claim that
there is a constant C � � such that

jTermI j � C sup
z�D

kv��p 	 
zkX ku���p 	 
zkY k�kp khkp� �
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So by ����� P is bounded from Lp�u� to Lp�v� and its norm is bounded
by

C
�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY �
�
sup
z�D

v�z� �u����p����z��p��
���p�

�

Now we turn to the proof of the claim� Fix an a � � for which the 
rst
distribution function inequality in Theorem � holds� For w � �D� let
��w� denote the maximum of those numbers � for which

A
�P �u
���p ����w�A
�P �v

��p h���w�

� a sup
z�D

kv��p 	 
zkX ku���p 	 
zkY NX�h�w�NY ���w� �

ThusZ
�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

� a sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

Z
NX�h�w�NY ���w� �

By the H�older inequality� we haveZ
�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

� a sup
z�D

kv��p 	 
zkX ku���p 	 
zkY kNX�hkp� kNY �gkp �

Since NX� maps L
p� to Lp

�

and NY � maps L
p to Lp� we haveZ

�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

� C sup
z�D

kv��p 	 
zkX ku���p 	 
zkY k�kp khkp� �

On the other hand� let �w �z� denote the characteristic function of
!w���w�� we haveZ
�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

	

Z
�D

�Z

w���w�

jr�P �u���p ���z�j� dA�z�
����

�
�Z


w���w�

jr�P �v��p h��z�j� dA�z�
����

d�

�

Z
jzj����

Z
�D

�w�z� jr�P �u
���p ����z�j jr�P �v��p h���z�j dw dA�z� �
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Now the distribution function inequality ���� tells us that ��w� � ����
jzj� on a subset of Iz whose measure is at least Ca��� jzj�� If ��w� �
��� � jzj�� then z is in !w���w�� Thus �w �z� 	 � on a subset of Iz of
measure at least Ca���jzj�� Combining this observation with previous
inequality� we obtainZ

�D

A��w� �P �u
���p ����w�A��w��P �v

��p h���w� dw

� Ca

Z
jzj����

jr�P �u���p ���z�j jr�P �v��p h��z�j ��� jzj� dA�z�

� CajTermI j �

So
jTermI j � C sup

z�D
kv��p 	 
zkX ku���p 	 
zkY k�kp khkp� �

This completes the proof of the theorem�

Corollary �� Let X and Y be either Orlicz spaces or Lorentz spaces�

Suppose that MX� maps Lp
�

to Lp
�

and MY � maps Lp to Lp� Then the

Hilbert transform T is uniformly bounded from Lp�v 	 
z� to L
p�v 	
z�

for all z � D�

Proof� Since X and Y are either Orlicz spaces or Lorentz spaces�
by Proposition �� the maximal operators MX� and MY � dominate the
nontangential maximal operators NX� and NY � respectively� So NX�

maps Lp
�

to Lp
�

and NY � maps L
p to Lp� Also it was shown in ���� that

if MX� maps L
p� to Lp

�

� then

kfkp � C kfkX �

for any f � X� Then

sup
z�D

v�z� �u����p����z��p�� � C
�
sup
z�D

kv��p 	 
zkX ku����p��� 	 
zkY
�p
�

So the corollary follows immediately from Theorem ��

A particular example is when X 	 L pr and Y 	 L p�r� where r � ��
In this case the associate spaces are X � 	 L�pr�

�

and Y � 	 L�p
�r�� whose

corresponding maximal operators are given by

MX�f�x� 	 sup
x�I

� �
jIj

Z
I

jf�y�j�pr�
�

dy
����pr��
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and

MY �f�x� 	 sup
x�I

� �
jIj

Z
I

jf�y�j�p
�r�� dy

����p�r��
�

which are bounded on Lp
�

and Lp� respectively� By Proposition �� the
maximal operator MX dominates the nontangential maximal operator
NX if X is an Orlicz space� So we have the following corollary�

Corollary �� Let � � p � �� and suppose that �u� v� is a pair of

weights such that for some r � ��

sup
z�D

vr�z� �u�r��p����z��p�� �� �

Then the Hilbert transform is bounded from Lp�u� to Lp�v��

The condition in Corollary � is quite close to the necessary condi�
tion that the Hilbert transform is uniformly bounded from Lp�u 	 
��
to Lp�u 	 
�� for � � D�

Proposition �� Let u and v be two positive functions on the unit

circle� Let � � p � �� If the Hilbert transform is uniformly bounded

from Lp�u 	 
�� to Lp�u 	 
�� for � � D� then

sup
z�D

v�z� �u����p����z��p�� �� �

Proof� For a 
xed � � D� let P� be the operator

P � z P z

from Lp�u� to Lp�v�� It is easy to check that

P�f 	
�Z

f�x� e��x� dx
�
e� �

for f � Lp�u 	 
�� where e��z� 	 �� Since the Hilbert transform is
unformly bounded from Lp�u 	 
�� to L

p�v 	 
��� P is also uniformly
bounded from Lp�u 	 
�� to L

p�v 	 
��� So there is a constant C � �
such that

kP�kLp�u	���Lp�v	�� � C �
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for all � � D� On the other hand� the norm of P� from Lp�u 	 
�� to

Lp�v 	
�� is ku
���p 	
�kp� kv 	
�k

��p
� � This completes the proof of the

proposition�

We can improve Corollary � using the scale of Lorentz spaces� if
X 	 Lpr��� then X � 	 L�pr�

��� and MX� is bounded on L
p� � By Propo�

sition �� the maximal operator MX dominates the nontangential maxi�
mal operator NX if X is a Lorentz space� Hence we have the following
corollary�

Corollary �� Let � � p ��� and � � r ��� Suppose that �u� v� is a
pair of weights such that

sup
z�D

�
sup
t��

� Z
fv�x��tg

trP �z� x� dx
��

�
�
sup
t��

�Z
fu���x��tg

t�r��p���P �z� x� dx
�p���

�� �

Then the Hilbert transform is bounded from Lp�u� to Lp�v��

More interesting examples are provided by the theory of Orlicz
spaces� We have the following theorem which improves Corollary �� In
particular� if Young functions � and � are in the following forms

��t� 	 tp log p���� �� � t� �

and
��t� 	 tp

�

log p
����� �� � t� �

or weaker ones

��t� 	 tp log p���� � t� �log log �� � t��p����

and
��t� 	 tp

�

log p
����� � t� �log log �� � t��p

����� �

then the correspoding Orlicz spaces satisfy conditions in the following
theorem�

Theorem �� Let � � p ��� and let ��t� and ��t� be Young functions
satisfying  ��condition such that

Z �

c

� tp

��t�

�p��� dt
t
�� and

Z �

c

� tp
�

��t�

�p�� dt
t
�� �
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for some positive constant c� Let �u� v� be a pair of weights such that

sup
z�D

kv��p 	 
zkL� ku
���p 	 
zkL� �� �

Then the Hilbert transform T is bounded from Lp�u� to Lp�v��

Proof� Let X 	 L� and Y 	 L�� To prove the theorem� by Theorem
�� we need to show that NX� maps L

p� to Lp
�

and NY � maps L
p to Lp�

By Proposition �� we see that MX� and MY � dominate NX� and NY � �
respectively� On the other hand� it is shown in ���� that MX� maps
Lp to Lp and MY � maps L

p� to Lp
�

� This completes the proof of the
theorem�

�� Invariant A� weights�

A� weights are introduced in connection with several problems
in harmonic analysis by Muckenhoupt ���� and Coifman�Fe�erman ����
First we introduce the A� condition as ��� and ����� A weight function
v on the unit circle is in A� if there are positive constants C� � � � so
that given any arc I and any measurable subset E � I

Z
E

v�w� dw
Z
I

v�w� dw
� C

� jEj
jIj

��
�

There are many characterizations of A� weights ���� A characterization
of A� similar to the Ap condition is found in ����� That is� a weight
function v is in A� if and only if

sup
I

�

jIj

Z
I

v�w� dw
� �
jIj
exp

�Z
I

log v���w� dw
��

�� �

But the A� condition is not M�obius invariant in the sense

sup
z�D

sup
I

�

jIj

Z
I

v 	 
z�w� dw
� �
jIj
exp

�Z
I

log v�� 	 
z�w� dw
��

�� �

We de
ne a weight v to be an invariant A� weight if

���� sup
z�D

v�z� exp ���log v��z�� �� �
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The invariant A� weights were 
rst studied by Wol� in ���� He ���
showed that a weight v is an invariant A� weight if and only if for any
� � � there is a 	 � �� for any subarc I � �D and subset E � I� thenZ

E

v�w�P �z� w� dw � 	

Z
I

v�w�P �z� w� dw

implies that Z
E

P �z� w� dw � �

Z
I

P �z� w� dw �

for all z � D� So comparing an equivalent condition to A� ����
Lemma ��� we see that invariant A� weights have a certain invariant
property�

If two weights are invariant A� weights� 
rst we will show a neces�
sary and su�cient conditions for the Hilbert transform to be uniformly
bounded between two weighted spaces�

Theorem �� Suppose that both v and u����p��� are invariant A�
weights� The invariant Ap condition

sup
z�D

v�z� �u����p����z��p�� ��

is a necessary and su�cient condition for the Hilbert transform to be

uniformly bounded from Lp�u 	 
z� to Lp�v 	 
z� for all z � D�

Proof� By Proposition �� we see that the condition in Theorem � is
a necessary condition that the Hilbert transform is uniformly bounded
from Lp�u 	 
z� to L

p�v 	 
z� for all z � D�
We need only to show that the condition in Theorem � is su�cient�

As pointed out in ���� the invariant A� weight condition is equivalent
to that v�w�P �z� w� dw is comparable to P �z� w� dw in the sense of ���
uniformly over z � D� So the equivalent conditions of ��� Lemma �� are
valid for the measures v�w�P �z� w� dw and P �z� w� dw uniformly over
z � D� So there are positive constants B and r � � such that

vr�z� � B �v�z��r

for all z � D�
Since both v and u����p��� are invariantA� weights� we can choose

a constant r � � so that

vr�z� � B �v�z��r �

u�r��p����z� � B �u����p����z��r �
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for all z � D� Thus

vr�z� �u�r��p����z��p�� � B��v�z��r�u����p����z��r �

for all z � D� If u and v satisfy

sup
z�D

v�z� �u����p����z��p�� �� �

then they also satisfy

sup
z�D

vr�z� �u�r��p����z��p�� �� �

By Corollary �� the Hilbert transform T is uniformly bounded from
Lp�u 	 
z� to L

p�v 	 
z�� This completes the proof of Theorem ��

What is the di�erence between A� weights and invariant A�
weights" The following theorem answers the question completely�

Let f�z� and g�z� be two nonnegative functions� We use f�z� �	
g�z� to denote that there are two positive constants C� and C� such
that

C�f�z� � g�z� � C�f�z�

for any z�
For each z 	 reit � D� recall Iz as in Section �

Iz 	
n
ei� � �D � j� � tj �

�� r

�

o
�

Theorem 	� Let v be a positive function on the unit circle� Then v is

an invariant A� weight if and only if v is an A� weight� and

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�

Proof� Suppose that v is an invariant A� weight� First we will prove
that log v is in BMO� By the Jensen inequality� we have

exp
�Z

D

�log v � �log v��z��Pz�e
i�� d�

�

�

Z
D

exp �log v � �log v��z��Pz�e
i�� d� � C �
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Hence

exp
�Z

D

�log v � �log v��z���Pz�e
i�� d�

�

� exp
� Z

D

�log v � �log v��z��Pz�e
i�� d�

�
� C �

and

exp
�Z

D

�log v � �log v��z���Pz�e
i�� d�

�

� exp
� Z

D

�log v � �log v��z��Pz�e
i�� d�

�
� C �

becauseZ
D

�log v � �log v��z���Pz�e
i�� d� 	

Z
D

�log v � �log v��z���Pz�e
i�� d� �

On the other hand�

Z
D

j log v � �log v��z�jPz�e
i�� d� 	

Z
D

�log v � �log v��z���Pz�e
i�� d�

�

Z
D

�log v � �log v��z���Pz�e
i�� d�

� � logC �

So log v is in BMO� For each interval I� there is a point zI such that
I 	 IzI � We use vI to denote the average of v over I� Since log v is in
BMO� we have

j�log v�I � �log v��z�j �
��� �
jIzj

Z
Iz

�log v � �log v��z�� d�
���

�
�

jIzj

Z
Iz

j log v � �log v��z�j d�

� C

Z
Iz

j log v � �log v��z�jPz�e
i�� d�

� C k log vkBMO �

Hence

vI � v�zI� � C e�log v��z���log v�I��log v�I � C e�log v�I �
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So v is an A� weight� In addition�

v�z� � C e�log v��z���log v�I��log v�I � C e�log v�I �

By the Jensen inequality we have

v�z� � C vI �

Conversely suppose that v is an A� weight and satisfy

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�
Since v is an A� weight� log v is in BMO and

�

jIzj

Z
Iz

v�ei�� d� � C exp
� �
jIzj

Z
Iz

log v�ei�� d�
�
�

for some C � �� On the other hand�

�

jIzj

Z
Iz

�log v � �log v��z�� d� �
�

jIzj

Z
Iz

j log v � �log v��z�j d�

� C

Z
Iz

j log v � �log v��z�jPz�e
i�� d�

� C k log vkBMO �

Hence
�

jIzj

Z
Iz

�log v� d� � C k log vkBMO � �log v��z� �

Thus

v�z� � C
�

jIzj

Z
Iz

v�ei��d�

� C exp
� �
jIzj

Z
Iz

�log v��ei�� d�
�

� C eC�k log vkBMO��log v��z�

� C e�log v��z� �
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So v�z� is an invariant A� weight� This completes the proof of Theorem
��

We remark that A� condition is not comparable with

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D� There is an A� weight v which v�z� is not equivalent
to
R
Iz
v�w� dw�jIzj� As in ���� for example v�e

i�� 	 j�j is in A�� But

it is not in invariant A�� So by Theorem �� v�z� is not equivalent toR
Iz
v�w� dw�jIzj�

Also there is a function v � � such that v�z� is equivalent toR
Iz
v�w� dw�jIzj� But v is even not in A�� see examples in �����

If v is in A�� then v�z� is equivalent to
R
Iz
v�w� dw�jIzj� Thus an

A� weight is also an invariant A� weight� So a weight function v is
an A� weight if and only if both v and v

�� are invariant A� weights�
Therefore invariant A� weights are somehow ��� � A� weights� But
there are invariant A� weights which are not in A� ����

Recently Fe�erman�Kenig�Pipher ��� characterized A� weights in
terms of Carleson measures� which is very close to log v � BMO� To
state their result more precisely we consider weights v on the real line R�
Let �t�x� 	 c t����e�jxj

��t� 
x a function v which veri
es the doubling
condition Z

jx�x�j	�t

v��� d� � �

Z
jx�x�j	t

v��� d� �

for some � � �� The heat extension of v will be de
ned by v�x� t� 	
�v � �t��x�� and rv�x� t� will denote the spatial gradient� Fe�erman�
Kenig�Pipher showed that v � A��R� if and only if for all x� � R and
t � ��

�

t

Z t�

�

Z
jx�x�j	t

jrv�x� s�j�

�v�x� s���
dx ds � C �

They ��� made a remark that the above result with the harmonic �Pois�
son� extension in place of the heat extension would not characterize
A��R�� for the Poisson kernel need not have su�ciently rapid decay�

However� using harmonic extension of weights we will characterize
invariant A� weights in terms of Carleson measures�

Theorem 
� Let v be a positive function on the unit circle� Then v
is an invariant A� weight if and only if �jrv�z�j��v�z������ jzj�� is a
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Carleson measure� i�e��

Z
S�I�

� jrv�z�j�
v�z��

�
��� jzj�� dA�z� � C jIj �

for any subarcs I of the unit circle� where

S�I� 	 freit � D � �� r � jIj� eit � Ig �

Proof� Since v�z� is harmonic on D� we have

� log�v�z�� 	
jrv�z�j�

�v�z���
�

By Green�s formula� we obtain

log �v�z��� �log v��z� 	 �

Z
D

log
����� z w

z � w

��� �log �v�w��� dA�w� �
So

log �v�z��� �log v��z� 	

Z
D

log
����� z w

z � w

��� jrv�w�j�
�v�w���

dA�w� �

For ��� � jwj � �� it is easy to check that log jwj�� �	 �� � jwj���
Also since v�w� is harmonic on D� jrv�w�j���v�w��� is bounded by a
constant M for all w with jwj � ���� By the above equation� we have

log �v�z����log v��z� �

Z
jwj����

�
��
����� z w

z � w

�����
� jrv�w�j�
�v�w���

dA�w��M

and

log �v�z��� �log v��z� �

Z
jwj����

�
��

����� z w

z � w

�����
� jrv�w�j�
�v�w���

dA�w� �

By ����� ���jwj�� jrv�w�j� dA�w���v�w��� is a Carleson measure if and
only if

sup
z�D

Z
D

��� jzj��

j�� z wj�
jrv�w�j�

jv�w�j�
��� jwj�� dA�w� �� �
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This is equivalent to

log �v�z��� �log v��z� � C �

for all z � D� This completes the proof of Theorem �

Another important property of A� is that

A� 	
�
p��

Ap �

We will show that invariant A� weights have such property also�

Theorem �� Any weight function v satisfying invariant A� already

satis�es invariant Ap for some p ���

Proof� Since v is an invariant A� weight� we have

���� log �v�z��� �log v��z� � C �

By the Jensen inequality� we also have

���� log �v�z��� �log v��z� � � �

On the other hand� by Theorem �� we see that v is an A� weight� It
follows from ���� that log v is in BMO� By the theorem of John and
Nirenberg ����� there exist positive constants C� and C� such that

jfw � �D � j log v�w�� �log �v�����j � �gj � C� e
�C���k log vkBMO �

for � � �� Let 
z�w� denote the M�obius map on the unit disk� Then
k log v 	 
zkBMO 	 k log vkBMO� Therefore

jfw � �D � j log v	
z�w�� log �v	
z����j � �gj � C� e
�C���k log vkBMO �

By ���� and ����� we have

����
jfw � �D � j log v 	 
z�w�� log �v�z��j � �gj

� C� e
�C���k log vkBMO �

Let E be a subset of �D� For z � D� let

�z�E� 	

Z
E

P �z� w� dw �
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Then ���� is equivalent to

��� �zfw � �D � j log v�w�� �log v��z�j � �gj � C�e
�C���k log vkBMO �

Let Ek 	 fw � �D � ekv�z��� � v�w��� � ek��v�z���g� Then

v����p����z� � v�z�����p���
�
� �

�X
k��

��Ek�e
�k�����p���

�
�

By ���� we have

v�z�����p���
�
��C�

�X
k��

e�k�����p�����C�k��k log vkBMO
�
� C v�z�����p���

if ���p � �� � C��k log vkBMO� Therefore if p � � � k logwkBMO�C��
we have

v�z� �v�����p�����z��p�� � C �

for all z � D� This completes the proof of the theorem�

Now we show another characterization of invariant A� weights�

Theorem �� A weight function v is an invariant A� if and only if

there is a constant C � � such that

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D where Ps�z� 	 ��� jsj��j�� szj� for s� z � D� and

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�

Proof� Suppose that v is an invariant A� weight� By Cauchy and
Jensen inequalities

exp ��log v��z�� � �v����z��� � v�z� �

and since v is an invariant weight�

v�z� exp ���log v��z�� � C �
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Therefore
v�z� � C �v����z��� �

In addition by Theorem � �jrv�z�j��v�z������jzj�� is a Carleson mea�
sure�

Z
D

v
� jrv�z�j�

v�z��

�
��� jzj�� dA�z�

�

Z
D

��v�����z���
� jrv�z�j�

v�z��

�
��� jzj�� dA�z�

� C

Z
�D

�v����ei���� d�

	 C

Z
�D

v�ei�� d�

	 C v��� �

In the above inequality replacing v by v 	 
z and making the change of
variables give

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D�
Suppose that a weight function v satis
es two conditions in Theo�

rem �� By Theorem �� we need only to show that v is an A� weight�
By Green�s formula� we have

v�z� log �v�z��� �v log v��z�

	 �

Z
D

log
����� z w

z � w

��� �v�w� log �v�w��� dA�w� �

It is easy to check that

 �v�w� log �v�w��� 	 v�w�
��� jrv�w�j�
v�w��

��� �

So

v�z� log �v�z��� �v log v��z�	�

Z
D

log
����� z w

z � w

���v�w�
��� jrv�w�j�
v�w��

��� dA�w� �
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By the 
rst condition in Theorem �� we have

Z
Pz�w� v�w� log

�v�w�
v�z�

�
dw � C v�z� �

Hence Z
Pz�w�

�v�w�
v�z�

��
log

�v�w�
v�z�

��
dw � C �

Now we write logx 	 log� x�log� x� It is easy to see that x log� x � C�
Then Z

Pz�w�
�v�w�
v�z�

��
log�

�v�w�
v�z�

��
dw � C �

for all z � D�
For L � ��� then we have

Z
fv�Lv�z�g

Pz�w� v�w� dw �
C

logL
v�z� �

Hence Z
fw�Iz v�Lv�z�g

v�w� dw �
C

logL
v�z� jIzj �

For any subset E of Iz with jEj � jIzj�L
��

Z
E

v�w� dw 	

Z
fEv�w��Lv�z�g

v�w� dw �

Z
fEv�w��Lv�z�g

v�w� dw

� Lv�z� jEj�
C

logL
v�z� jIzj �

By the second condition in Theorem �� we have

Z
E

v�w� dw �
�

L

Z
Iz

v�w� dw �
C

logL

Z
Iz

v�w� dw

	
� �
L
�

C

logL

�Z
Iz

v�w� dw �

If L is su�ciently large� there are two numbers � � � 	 ��L� � � and
� � 	 	 ��L�C� logL � � such that whenever E � Iz and jEj � �jIzj�

Z
E

v�w� dw � 	 jIzj �
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We have proved that v is an A� weight by ���� This completes the
proof of Theorem ��

In ����� it is shown that if a measure � in D satis
es

Z
D

Ps�z� v�z�
� d��z� � C v�s� �

then the following imbedding theorem

Z
D

j�f v�����z�j� d��z� � K�C� kfk�� �

for all f � L�� holds� We will characterize invariant A� weights by the
so�called imbedding theorem�

Theorem � A weight function v is an invariant A� weight if and

only if there is a constant C � � such that

Z
D

j�f vs��z�j
� �

vs�z�

� jrvs�z�j�
vs�z��

�
��� jzj�� dA�z�

� C

Z
�D

jf�ei��j� vs�e
i�� d� �

for all f � L��vs� and all s � D� where vs 	 v 	 
s� and

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�

Proof� Since the condition in v is an invariant A�� by Theorem �� we
have that there is a constant C � � such that

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D� The above condition is invariant� So we need only to
show that

Z
D

j�f v��z�j�
�

v�z�

� jrv�z�j�
v�z��

�
���jzj�� dA�z��C

Z
�D

jf�ei��j� v�ei�� d� �
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for all f � L��v�� Let g 	 fv��� and

d� 	

� jrv�z�j�
v�z��

�
��� jzj�� dA�z�

v
�

Then it is su�cient to show
Z
D

j�g v�����z�j� d��z� � C

Z
�D

jg�ei��j� d� �

By Theorem ��� in ����� it is su�cient to show that

Z
D

Ps�z� �v�z��
� d��z� � C v�s� �

This is equivalent to

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

Conversely suppose that v satis
es the conditions in Theorem �� If we
let f be � in the 
rst condition we have

Z
D

j�vs��z�j
� �

vs�z�

� jrvs�z�j�
vs�z��

�
��� jzj�� dA�z� � C

Z
�D

vs�e
i�� d� �

Making the change of variable implies

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D where Ps�z� 	 ���jsj
���j��szj� for s� z � D� By Theorem

� we conclude that v is an invariant A� weight� This completes the
proof of Theorem ��

	� Toeplitz operators and Hankel operators�

Let f be in L�� The Toeplitz operator Tf and the Hankel operator
Hf with symbol f are de
ned by Tfp 	 P �fp�� and Hfp 	 ���P ��fp��
for all analytic polynomials p� Obviously they are densely de
ned on
the Hardy space H�� In this section we will show several su�cient
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conditions for the product of two Toeplitz operators or Hankel operators
to be bounded�

Theorem ��� Let X and Y be two Banach function spaces such that

NX� and NY � map L� to L�� Suppose that �f� g� is a pair of functions

in L� such that

sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY �� �

Then the product H�
fHg is bounded on the Hardy space H��

Proof� Let 
 and � be in H�� Then

hH�
fHg�� 
i 	 hHg��Hf
i �

Using the Littlewood�Paley formula� we have

hH�
fHg�� 
i 	

ZZ
hr�Hg���z��r�Hf
��z�i log

�

jzj
dA�z� �

De
ne

TermI 	

ZZ
jzj����

hr�Hg���z��r�Hf
��z�i log
�

jzj
dA�z�

and

TermII 	

ZZ
jzj	���

hr�Hg���z��r�Hf
��z�i log
�

jzj
dA�z� �

It is easy to verify that there is a compact operator K on H� such that

TermII 	 hK�� 
i �

We claim that there is a constant C � � such that

jTermI j � C sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY k�k� k
k� �

So

kH�
fHgk � kKk� C sup

z�D
kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY �
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Now we turn to the proof of the claim� Fix an a � � for which the
distribution function inequality ���� holds� For w � �D� let ��w� denote
the maximum of those numbers � for which

A
�Hf
��w�A
�Hg���w�

� akf� 	 
z � f��z�kX kg� 	 
z � g��z�kY NX��
��w�NY �����w� �

Thus

Z
�D

A��w��Hf
��w�A��w��Hg���w� dw

� a sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY

�

Z
�D

NX��
��w�NY �����w� dw

� a sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY

� kNX��
�k� kNY ����k�

� a sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY k
k� k�k� �

The last inequality holds because NX� and NY � are bounded on L
��

On the other hand� letting �w�z� denote the characteristic function
of !w���w�� we have

Z
�D

A��w��Hf
��w�A��w��Hg���w� dw

	

Z
�D

�Z

w���w�

jr�Hf
��z�j
� dA�z�

����

�
� Z


w���w�

jr�Hg���z�j
� dA�z�

����
d�

�

Z
jzj����

Z
�D

�w�z� jr�Hf
��z�j jr�Hg���z�j dw dA�z� �

Now the distribution function inequality ���� tells us that ��w� � ����
jzj� on a subset of Iz whose measure is at least Ca��� jzj�� If w � Iz
and ��w� � ��� � jzj�� then z in !w���w�� Thus �w �z� 	 � on a subset
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of Iz of measure at least Ca��� jzj�� Combining this observation with
the previous inequality� we obtain

Z
�D

A��w��Hf
��w�A��w��Hg���w� dw

� Ca

Z
jzj����

jr�Hf
��z�j jr�Hg���z�j ��� jzj� dA�z�

� Ca jTermI j �

So

jTermI j � C sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY k
k� k�k� �

This completes the proof of the theorem�

Theorem ��� Let X and Y be two Banach function spaces such that

NX� and NY � map L� to L�� Suppose that �f� g� is a pair of outer

functions in H� such that

sup
z�D

kf 	 
zkX kg 	 
zkY �� �

Then the product TfTg is bounded on the Hardy space H��

Proof� Let 
 and � be two polynomials�

hTfTg �� 
ihTg �� Tf 
i �

Using the Littlewood�Paley formula� we have

hTg �� Tf 
i 	

Z
D

hr�Tg ���z��r�Tg 
��z�i log
�

jzj
dA�z� �

De
ne

TermI 	

ZZ
jzj����

hr�Tg ���z��r�Tf 
��z�i log
�

jzj
dA�z� �

and

TermII 	

ZZ
jzj	���

hr�Tg ���z��r�Tf 
��z�i log
�

jzj
dA�z� �
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It is easy to verify that there are constants C� � � and C� � � such
that

jTermII j � C� k�k� k
k�

and

jTermII j � C� k�k� k
k� �

We will show that there are the same estimates of TermI as above ones�
Let X and Y be two Orlicz spaces� Fix an a � � for which the

distribution function inequality ���� holds� For w � �D� let ��w� denote
the maximum of those numbers � for which

A
�Tf 
��w�A
�Tg ���w�

� a kf 	 
zkX kg 	 
zkY NX��
��w�NY �����w� �

Thus

Z
�D

A��w��Tf 
��w�A��w��Tg ���w� dw

� a sup
z�D

kf 	 
zkX kg 	 
zkY

Z
�D

NX��
��w�NY �����w� dw �

On the other hand� letting �w �z� denote the characteristic function of
!w���w�� we have

Z
�D

A��w��Tf 
��w�A��w��Tg ���w� dw

	

Z
�D

�Z

w���w�

jr�Tf 
��z�j
� dA�z�

����

�
�Z


w���w�

jr�Tg ���z�j
� dA�z�

����
d�

�

Z
jzj����

Z
�D

�w �z�jr�Tf 
��z�j jr�Tg ���z�j dw dA�z� �

Now the distribution function inequality ���� tells us that ��w� � ����
jzj� on a subset of Iz whose measure is at least Ca��� jzj�� If w � Iz
and ��w� � ��� � jzj�� then z in !w���w�� Thus �w �z� 	 � on a subset
of Iz of measure at least Ca��� jzj�� Combining this observation with
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the previous inequality� we obtain

Z
�D

A��w��Tf 
��w�A��w��Tg ���w� dw

� Ca

Z
jzj����

jr�Tf 
��z�j jr�Tg ���z�j ��� jzj� dA�z�

� Ca jTermI j �

So

jTermI j � a sup
z�D

kf 	 
zkX kg 	 
zkY

Z
NX��
��w�NY �����w� dw

� a sup
z�D

kf 	 
zkX kg 	 
zkY kNX��
�k� kNY ����k� �

Since NX� and NY � are bounded on L
�� we have

jTermI j � a sup
z�D

kf 	 
zkX kg 	 
zkY k
k� k�k� �

This completes the proof of the theorem�
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Complete interpolating sequences

for Paley�Wiener spaces and

Muckenhoupt�s �Ap� condition

Yurii I� Lyubarskii and Kristian Seip

Abstract� We describe the complete interpolating sequences for the
Paley�Wiener spaces Lp� �� � p ��� in terms of Muckenhoupt�s �Ap�
condition� For p � 	
 this description coincides with those given by
Pavlov ��
 Nikol�skii ��
 and Minkin �� of the unconditional bases
of complex exponentials in L����� ��� While the techniques of these
authors are linked to the Hilbert space geometry of L��
 our method of
proof is based on turning the problem into one about boundedness of
the Hilbert transform in certain weighted Lp spaces of functions and
sequences�

�� Introduction�

In this paper we study interpolation in the Paley�Wiener spaces Lp�
�� � p ���
 which consist of all entire functions of exponential type at
most � whose restrictions to the real line are in Lp� The Paley�Wiener
spaces are Banach spaces when endowed with the natural Lp�R��norms�
We want to describe those sequences � � f�kg
 �k � �k � i �k
 in the
complex plane C for which the interpolation problem

��� f��k� � ak �

���
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has a unique solution f � Lp� for every sequence fakg satisfying

�	�
X
k

jakj
pe�p�j�kj �� � j�kj� �� �

Such sequences � are termed complete interpolating sequences for Lp��
A classical example of a complete interpolating sequence for Lp� �� �
p ��� is the sequence of integers Z�

In the case p � 	 this problem is equivalent to that of describing
all unconditional bases in L����� �� of the form fexp �i �kt�g� We refer
to �� for an account of this problem
 including a detailed survey of
its history� The unconditional basis problem was solved by Pavlov ��
under the additional restriction sup jIm�kj � � and by Nikol�skii ��

assuming only inf Im�k 	 ��� Finally
 Minkin �� solved the problem
without any a priori assumption on ��

The methods of ��
 ��
 ��
 �� are of a geometric nature and make
crucial use of the Hilbert space structure of L��� In this paper
 we shall
give a simpler proof
 which works equally well for all p
 � � p � ��
Incidentally
 our method of proof shows that for p � � or � � p � �
there are no complete interpolating sequences� �See also �	
 which
�explains� this curious phenomenon�� The core of our approach is a
careful study of properties of the Hilbert transform in weighted spaces
of functions and its discrete version in weighted spaces of sequences�
More precisely
 we turn our problem into one about boundedness of the
discrete Hilbert transform in a weighted space
 de�ned on a subsequence
of � located in a horizontal strip
 where the weight is expressed in terms
of certain in�nite products involving all the points of ��

As an application of our main theorem
 we prove a counterpart of
the well�known Kadets ��� theorem�

�� Preliminary observations and statement of the main result�

Suppose that � is a complete interpolating sequence for Lp�� By
a classical theorem of Plancherel and P�olya �see ��
 Lecture �
 Theo�
rem ��


���

Z �

��

jf�x� i a�jp dx � ep�jajkfkpLp

for every function f � Lp� and each a � R
 and so exp �i � z� f�z�
belongs to the Hardy space Hp of C �a �� fz � C � Im z 	 ag for each
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a � R� Hence the sequence � � C �a is Hp�interpolating in C �a �see ��

Chapter ��� Similarly
 � � C

�
a is Hp�interpolating in the half�plane

C
�
a �� fz � C � Im z � ag� So the sequences �� C �a and �� C �a satisfy
the Carleson condition in the corresponding half�planes
 i�e�


���

inf
Im�j�a

Y
Im�k�a
k ��j

��� �j � �k

�j � �k � i 	 a

��� 	 � �

inf
Im�j�a

Y
Im�k�a
k ��j

��� �j � �k

�j � �k � i 	 a

��� 	 � �

As a side remark
 we mention that this condition may be expressed in
di�erent ways� For instance
 by manipulating the Carleson condition
in much the same way as in ��
 p� 	���	�� �we omit the details�
 we
obtain the following equivalent condition

��� sup
j

X
k

k ��j

�� � j�j j� �� � j�kj�

j�j � �kj�
�� �

Trivially
 the inequalities in ��� imply that for each a � R

inf
Im�j�a
Im�k�a
k ��j

��� �j � �k

�j � �k � i 	 a

��� 	 � �

inf
Im�j�a
Im�k�a
k ��j

��� �j � �k

�j � �k � i 	 a

��� 	 � �

Choosing respectively a � �� and a � � in these two inequalities
 we
deduce that for some 
 	 � the disks

K��k� �� fz � jz � �kj � �� 
 �� � j�kj�g

are pairwise disjoint� �We �x this value of 
 until the end of the paper��
Moreover
 ��� implies that the measure

��� ��
X
�k��

�k ��k
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��� is the unit point measure at �� is a Carleson measure
 i�e�
Z
C�

jf js d��� � C kfksHs

for each function f in the Hardy space Hs�C ��
 s � � �see ��
 p� ����
Similarly
 � generates a Carleson measure in the lower half�plane as
well as in each of the half�planes C �a �

If � is a complete interpolating sequence for Lp�
 then

��� kfkLp�R� � C
�X

k

jf��k�j
p e�p�j�kj �� � j�kj�

���p
� f � Lp� �

Indeed
 since the interpolation problem ��� has a solution f � Lp� when�
ever �	� holds
 the operator

T � f ��� ff��k� e
��j�kj �� � j�kj�

��pg

is bounded from Lp� onto l
p� By the uniqueness of the solution of the

interpolation problem
 we have kerT � f�g
 and it su�ces to apply the
Banach theorem on inverse operators�

Given x � R
 r 	 �
 let Q�x� r� be the square with center at x

side length 	 r
 and sides parallel to the coordinate axes� We say that
a sequence � 	 C is relatively dense if there exists r� 	 � such that

� �Q�x� r�� 
� � for each x � R �

If � is a complete interpolating sequence for Lp�
 ��� forces � to be
relatively dense� if this is not the case and there exist sequences fxjg 	
R and rj �� such that Q�xj � rj� � � � �
 then
 setting

fj�z� �
sin

�

	
�z � xj�

z � xj
�

we �nd thatX
k

jfj��k�j
p e�p�j�kj �� � j�kj� �� � � j ��� �

while kfjkLp is independent of j�
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Suppose that � is a complete interpolating sequence for Lp�� Take
r 	 r�
 where r� is as above
 de�ne

Qj � Q�� r j� r� � j � Z �

and pick a sequence � � fjg 	 � such that j � Qj � Let  � f�jg be
another sequence with jj � �j j � 
� Suppose w � fwjg is a positive
weight sequence� Associate with it the weighted space lpw consisting of
all sequences a � fakg satisfying

kakpw�p ��
X
k

jakj
pwk �� �

We are interested in the boundedness of the discrete Hilbert operator

H	�
 de�ned by the relation

H	�
 � a � fajg ��� f�H	�
a�jg � �H	�
a�j �
X
k

ak
�j � k

�

on lpw� The following de�nitions are needed� We say that w satis�es the
discrete �Ap� condition if

sup
k�Z
n��

� �
n

k�nX
j�k��

wj

�� �
n

k�nX
j�k��

w
����p���
j

�p��
�� �

This condition is analogous to the classical continuous �Ap� condition
for a positive weight v�x� 	 �
 x � R


��� sup
I

� �
jIj

Z
I

v dx
�� �
jIj

Z
I

v����p��� dx
�p��

�� �

where I ranges over all intervals in R �see ���� Recall that the latter
condition is necessary and su�cient for boundedness of the classical
Hilbert operator

H � f ��� �Hf��t� �
�

i �

Z
f���

t� �
d�

on the weighted space of functions Lp�R! v� consisting of all functions
f satisfying

kfkpv�p ��

Z
jf�t�jp v�t� dt �� �
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We shall need the following lemma�

Lemma �� If H	�
 is bounded from lpw to lpw� then w satis�es the

discrete �Ap� condition�

Proof� We adopt the proof for the continuous case �see ���� Let k � Z
and n 	 � be given� For convenience
 put I� � fk��� k�	� � � � � k�ng

I� � fk � 	n � �� k � 	n � 	� � � � � k � �ng� Suppose that a positive
sequence a is supported on I�� Then
 for j � I�
 we have

��� j�H	�
a�jj �
X
l

al
Re ��j � l�

j�j � lj�
�

C

n

X
l

al �

where C is independent of k and n� Putting al � �
 we get thusX
j�I�

wj � C
X
l�I�

wl �

and by symmetry

���
X
j�I�

wj �
X
l�I�

wl �

Here and in what follows the sign � means that the ratio of the two
sides lies between two positive constants� Now we put al � w	

l for
l � I� and al � � otherwise
 and get from ��� and the boundedness of
H	�
 �X

j�I�

wj

�� �
n

X
l�I�

w	
l

�p
� C

X
m�I�

w��	p
m �

Finally
 we put � � ����p��� and invoke ���
 and the lemma is proved�

The converse of Lemma � is also true
 but we will not need that
fact� Note also that the boundedness of the operator H	�
 is indepen�
dent of the choice of sequence  
 provided the condition jj � �j j � 

holds�

Let � be a complete interpolating sequence for Lp�� It may be that
� � �
 in which case we assume that �� � �� If the function f� � Lp�
solves the interpolation problem f���k� � ���k� k � Z
 then f���� 
� �
for � � C n �
 since otherwise the function �z � ��� �z � ����f��z�
belongs to Lp� and vanishes on �
 contradicting the uniqueness of the
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solution of the interpolation problem ���� Since f� � Lp�
 f� belongs to
the Cartwright class C �see ��
 Lecture ��� and
 in particular
 the limit

���� S�z� � �z � ��� lim
R��

Y
j�kj�R�k ���

�
��

z

�k

�

exists and de�nes the generating function of the sequence �� Besides

the solution fk � Lp� of the interpolation problem fk��n� � �k�n has
the form

���� fk�z� �
S�z�

S���k� �z � �k�
�

We may now formulate our main theorem�

Theorem �� � � f�kg� where �k � �k�i�k� is a complete interpolating

sequence for Lp� if and only if the following three conditions hold�

i� The sequences � � C � and � � C � satisfy the Carleson condi�

tion in C � and C � respectively� i�e� ��� holds with a � �� and also

infk ��j j�k � �j j 	 ��

ii� The limit S�z� in ���� exists and represents an entire function

of exponential type ��

iii� There exists a relatively dense subsequence � � fjg 	 � such

that the sequence fjS��j�j
pg satis�es the discrete �Ap� condition�

De�ning F �x� � jS�x�j�dist�x��� �x � R�� we may replace state�

ment iii� by the following�

iii�� F p�x� �x � R� satis�es the �continuous� �Ap� condition�

Note that that condition i� is equivalent to the statement that
 for
each a � R
 the sequences � � C �a satisfy the Carleson condition ����
Another
 more compact way of expressing i�
 is given by ����

�� Proof of Theorem �� necessity�

We have already proved the necessity of i� and ii�
 and also the
existence of a relatively dense sequence � � fjg 	 �� We prove now
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that iii� is necessary as well� Let 
 be as above� Then
 for every j
 we
can �nd a point �j with j�j � j j � 
 and

jS��j�j � 
 jS��j�j �

This follows from the fact that S�z� �z � j�
�� 
� � for jz � j j � 



hence

min
jz�
j j��

jS�z� �z � j�
��j � jS��j�j � max

jz�
j j��
jS�z� �z � j�

��j �

Set  � f�jg� The Plancherel�P�olya inequality �see ��
 Lecture 	��
yields

��	�
X
j

jf��j�j
p � C kfkpLp � f � Lp� �

Now let a � fajg be a �nite sequence� By ����
 the unique solution of
the interpolation problem f�j� � aj 
 f��k� � �
 �k 
� � has the form

f�z� �
X
j

aj
S��j�

S�z�

�z � j�
�

By ��� and ��	�
 we have

X
j

jf��j�j
p � C

X
j

jajj
p �

Now
 by our particular choice of the sequence  
 we obtain iii� by
observing that Lemma � applies with wj � jS��j�j

p�
To prove that iii� implies iii��
 we need the following lemma�

Lemma �� Suppose x � R and Re j � x � Re j��� Then there exists

an � � ��x� � ��� � such that

jS��j�j
	jS��j���j

��	 �
jS�x�j

dist�x���
�

uniformly with respect to x � R�

In fact
 assuming this lemma to hold
 we see that ��� with v � F p

follows from iii� and the inequality t	s��	 � t� s
 t� s 	 �
 � � ��� ��
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Proof of Lemma �� We assume that x � �Re j �Re j�� and
 for
simplicity
 x 
� �� Set ��x� � f� � � � j� � xj � �� rg� �Here r is the
number used for constructing ��� For � � ��� � we have

� ��
jS��j�j

	jS��j���j
��	

jS�x�j dist�x�����

�

���� �j
Y

�k���x�nf
jg

�
��

j
�k

����	
��� Y
����x�

�
��

x

�

����

�
��� �

j��

Y
�k���x�nf
j��g

�
��

j��
�k

������	dist�x���
�

�
� Y
�k��n��x�

jj � �kj
	jj�� � �kj

��	

jx� �kj

�

� "��x�"��x� �

Writing

"��x� �
jj � j��j

max fjx� j j� jx� j��jg

�
Y

�k���x�nf
j�
j��g

j�k � j j
	j�k � j��j

��	

jx� �kj
�

we see that "��x� � � uniformly with respect to � � ��� ��
To estimate "��x�
 we begin by writing

j � x� xj � i yj � j�� � x� xj�� � i yj�� �

The values xj and xj�� depend on x and also satisfy the inequalities
� � xj 
 xj�� � � r� Recall also that jyjj � r for all j� We may then
write

�� �
Y

�k ����x�

��x� xj � �k�
� � �yj � �k�

��	

�x� �k�� � ��k

� ��x� xj�� � �k�
� � �yj�� � �k�

����	
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�
Y

�k ����x�

�
��

	xj �x� �k� � 	 yj �k � O ���

�x� �k�� � ��k

�	

�
�
� �

	xj���x� �k�� 	 yj�� �k � O ���

�x� �k�� � ��k

���	
�

Choosing � � ��x� so that �xj � ��� ��xj�� � �
 i�e�


� �
xj��

�xj � xj���
�

we �nd that

K� exp
�
c�

X
�k ����x�

j�kj

�x� �k�� � ��k

�
� ��

�K� exp
�
c�

X
�k ����x�

j�kj

�x� �k�� � ��k

�

for some c�� c�� K�� K� independent of x� By Carleson�s condition ���

the sum is uniformly bounded
 and we are done�

�� Proof of Theorem �� su�ciency�

We will now prove that i�
 ii�
 iii�� imply that � is a complete
interpolating sequence�

To begin with
 note that

����

Z
�F �x��p

dx

� � jxjp
��

and

����

Z
�F �x��p dx �� �

The �rst relation follows from the fact that
R
�F �x��pjHf�x�jp dx ��

for each bounded �nite function f ! it su�ces to take f � �
�����

� The

second is a direct consequence of ��
 Lemma 	� �Alternatively
 we may
apply the operator H to an appropriate ��sequence f�n�x�g��
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First
 we check that � is a uniqueness set� To this end
 we need to
estimate jS�z�j from below�

Lemma �� Let as above 
 	 � be such that the disks

K��k� �� fz � jz � �kj � �� 
 �� � j�kj�g

are pairwise disjoint� Then

���� jS�z�j � C���jzj����p e�jIm zj � for dist�z��� 	 
 ���jIm zj� �

Proof of Lemma �� Put �� � � � fz � jIm zj � 
g and consider the
auxiliary function

S��z� � S�z�
Y
����

z � �� 	 i 


z � �
�

It is plain that

���� jS��z�j � jS�z�j � jIm zj 	 � 
 �

and
 besides
 iii�� implies that jS��x�j
p satis�es the �Ap� condition be�

cause jS��x�j � F �x��
The function ei�zS��z���z � i� belongs to Hp of the upper half�

plane
 as follows from ����
 ii�
 and the Plancherel�P�olya theorem ����
Hence we have the following inner�outer factorization of S�

���� S��z� � e�i�zG�z�B��z� � Im z 	 � �

Here the Blaschke product B� corresponds to the Carleson sequence
�� � C �� n �� and
 in particular


���� jB��z�j 	 c 	 � � for dist�z��� 	 
 jIm zj �

Moreover
 G is an outer function and jG�x�jp satis�es the �Ap� con�
dition� Therefore
 jG�x�j�q is an �Aq� weight �here ��p � ��q � ��

G�x����� � jxj��� � Lq�R�
 and thus

�

�z � i�G�z�
�

�

	�i

Z
�

�t� i�G�t�

dt

t� z
� Im z 	 � �
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It follows that

����
�

jG�z�j
� C �� � jzj���p �

Combining relations ���������
 we obtain ���� for Im z 	 � 
� The
estimate for Im z � �� 
 is similar
 and to �ll the gap �� 
 � Im z � � 


we may repeat the construction
 taking another horizontal line instead
of R�

By ���� and the fact that jS��x�j
p is an �Ap� weight
 we haveZ

jS��x�j
p dx �� �

Applying the Plancherel�P�olya theorem ��� to the function f�z� �
S��z � i a�
 we therefore obtainZ

jS��x� i a�jp dx �� � a � R �

Hence
 by ����
 Z
jS�x� i�jp dx �� �

By a second application of the Plancherel�P�olya theorem
 we �nd that

�	��

Z
jS�x�jp dx �� �

We are now in position to prove the uniqueness� Indeed
 if f � Lp�
and f��� � �
 � � �
 then ��z� � f�z��S�z� is an entire function of
exponential type �� By ���� and the pointwise bound

jf�z�j � Cp kfkLp�� � jIm zj����p e�jIm zj �

it follows that j��z�j is uniformly bounded for z satisfying dist�z��� 	

�jIm zj � ��� By the classical Phragm�en�Lindel#of theorem
 we get
��z�  C
 which is incompatible with �	��
 unless C � ��

It remains only to check that we can actually solve the interpolation
problem ��� for each sequence a � fakg satisfying �	�� It su�ces to
consider a �nite sequence a and bound the norm of the solution by a
constant times the left�hand side of �	�� After doing so
 we can apply
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a limit procedure� If a is a �nite sequence
 then
 by ����
 the unique
solution of the interpolation problem ��� has the form

�	�� f�z� �
X
k

ak
S���k�

S�z�

�z � �k�
�

We split the sum �	�� into two parts
 corresponding to points lying
in C � � R and in C � 
 respectively� We may estimate the norm of
each sum separately
 so let us assume that all the �k corresponding to
ak 
� � are in C � � R� Clearly
 we may estimate the Lp integral along
Im �z� � ���	� Let us
 however
 for conventional reasons
 estimate it
along R and assume all the points �k satisfy �k � ��	� Now let

B�z� �
Y
k

z �
i

	
�
�
�k �

i

	

�
z �

i

	
�
�
�k �

i
�

� �

Writing S�z� � B�z� e�i�zG�z�
 where G is an outer function in C � 
 we
observe that iii�� is equivalent to jG�x�jp satisfying the �Ap� condition�
Since

S���k� � G��k�
e�i��k

i �� � �k�

Y
j ��k

�k � �j

�k � �j � i
�

the Carleson condition ��� implies

jS���k�j � jG��k�j
e��k

�k
�

Thus it is enough to consider the Lp boundedness of

$f�x� �
X
k

ak �k e
���k

G��k�

G�x�

x� �k
�

By duality


k $fkp � sup
khkq��
h�Hq

���X
k

ak �k e
���k

G��k�

Z
R

G�x�h�x�

x� �k
dx
���

� sup
khkq��
h�Hq

���X
k

ak �k e
���k

G��k�
�HGh���k�

���

� sup
khkq��
h�Hq

�X
k

jakj
p�k e

�p��k
���p�X

k

��� �HGh���k�
G��k�

���q�k���q �
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Since jG�x�j�q satis�es the �Aq� condition
 G is an outer function
in C

� 
 and h � Hq� khkq � �
 we have �HGh��z��G�z� � Hq
 and
k�HGh��z��G�z�kq � C� Since

P
k �k ��k is a Carleson measure
 the

last sum is uniformly bounded
 and we get the desired conclusion�
The sum corresponding to points in C � is treated similarly�

	� A stability result�

We will now show how Theorem � can be used to obtain a result
similar to the Kadets ��� theorem� The same technique implies more
sophisticated stability results for Lp�
 similar to the theorems of Avdonin
and Katsnelson for L��! see �� for the latter results�

For � � p �� we denote by q the conjugate exponent
 ��p���q �
�
 and put

p� � max fp� qg �

We may now prove�

Theorem �� Suppose f�kgk�Z is a sequence of real numbers� and put

�k � k��k� k � Z� If j�kj � d � ���	 p�� for every k� then � � f�kgk�Z
is a complete interpolating sequence for Lp�� If merely j�kj � ���	 p�� for
every k� then � � f�kgk�Z is not necessarily a complete interpolating

sequence for Lp��

Note that for p � 	 this is precisely the Kadets theorem �see ����

Proof of Theorem �� We prove �rst that the inequality

j�kj �
�

	 p�

is not su�cient� If �� � � and otherwise �k � sgn �k� �
 �� � � � �

standard estimates of in�nite products yield

F �x� � �� � jxj���� �

For � � p � 	 we choose � � ����	 q�� Then

�

jxj

Z x

�

F p dt
� �
jxj

Z x

�

F�q dt
�p��

� C �log �� � jxj��p�� �



Complete interpolating sequences for Paley
Wiener spaces ���

and the �Ap� condition fails� We obtain the same conclusion if j�kj �
���	 q� and �k tends su�ciently fast to sgn �k���	 q� as k tends to ���
If 	 � p ��
 we put � � ����	 p�
 and argue similarly�

With � as required in the theorem
 de�ne

�	�k � k � � �k and �	 � f�	�kg �

where � is a real number� Suppose that � � ��	 and j�j � � ��	
 so
that the distance between any two distinct points of �
 and likewise
the distance between any two distinct numbers of �	
 exceeds a certain
positive number� Then estimates of in�nite products show that

�		� F	�x� � �F �x��
	 �

where F	�x� � jS	�x�j�dist�x��	� and S	 is the generating function of
�	�

Suppose �rst that � � p � 	� If d � ���	 q�
 then F �
q�� satis�es

the �A�� condition
 according to the classical ��� theorem� By �		�
 it
means that F q satis�es the �A�� condition
 which implies
 by H#older�s
inequality
 that F p satis�es the �Ap� condition�

If 	 � p ��
 put � � p�	 and argue similarly�
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Statistic of the winding

of geodesics on a Riemann

surface with �nite area and

constant negative curvature

Nathana�el Enriquez and Yves Le Jan

Abstract� In this paper we show that the windings of geodesics around
the cusps of a Riemann surface of �nite area� behave asymptotically as
independent Cauchy variables�

�� Introduction�

In this paper we show that the windings of geodesics around the
cusps of a Riemann surface of �nite area� behave asymptotically as in�
dependent Cauchy variables� Results of this type were originally given
for Brownian paths� The original proof of ���	 for the winding of pla�
nar Brownian motion around the origin was analytic� This theory was
developed in many works including ��	� �
	� ���	� ��	 and ��
	 using ex�
cursion theory and geometric ideas� The idea that such a result might
hold for geodesics is suggested by the central limit theorem of Ratner
��	 and Sina��� and the logarithm iterated law discovered by Sullivan
���	� Using coding theory a proof is given in �	 and ��	 for modular
surfaces� In the note ���	� it was brie�y shown that this result could
be extended to arbitrary Riemann surfaces� by a simple argument that

���
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reduced the problem to the Brownian case� However� in these works�
the contribution eit of each cusp Ci was not identi�ed� The asymptotic
was actually obtained for linear combinations

P
�ie

i
t under the condi�

tion that
P

�i � �� We show that this condition is unnecessary� using
the relation between the Brownian motion on the stable foliation and
the geodesic �ow which was obtained in ���	� It is reasonable to think
that the constant curvature assumption could be relaxed as in ��	� ��	�

�� Presentation of the result�

LetM be a surface of constant negative curvature with �nite area�
represented as the quotient of the hyperbolic plane H� under the action
of a Fuchsian group ��

The well known model of the hyperbolic plane� using the upper
half�plane C � with the metric dl� � �dx� � dy���y� �y � ��� can be
transformed into the model of the open unit disc via a conformal map�
the metric being then

dl� �
dx� � dy�

��� x� � y���
� x� � y� � � �

In the representation of the disc� there exists a polygon �whose edges are
geodesics� which is a fundamental domain for �� There comes out some
invariants of the group� �independent from the choice of the system of
generator� like its genus g and the multiplicity of the vertices of the
polygon� M in our case� will be the union of a compact part and of
n cusps C�� C�� � � � � Cn� a cusp being the region of the polygon limited
by two geodesics going at in�nity to the same point of the boundary of
the hyperbolic plane �though it is non compact� this region remains of
�nite area��

Let m be the normalized Liouville measure on the unit tangent
bundle T �M � Functions on T �M can be viewed as random variables
on the probability space �T �M�B�m� �B denoting the Borel ���eld on
T �M��

We denote by 	t the geodesic �ow on T
�M � which preserves m and

is known to be ergodic ��	�
Let 
 be a ��form on M � we assume that d
 vanishes in a neigh�

bourhood Ui of each cusp Ci� Let �i denote the residue of 
 at Ci

�which is the integral of 
 along a loop around Ci� included in Ui�
which doesn�t depend on the loop as far as this form is locally closed��
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If � � �q� v�� q �M � v � T �
qM � set 	t��� � �qt� vt�� and

eit��� �

Z t

�

h
�qs�� vsi�Ui
�qs� ds �

�If �i does not vanish� e
i
t describes the winding of the geodesic in Ui��

We prove the following�

Theorem �� The joint distribution of �e�t�t� e
�
t�t� � � � � e

n
t �t� converges

in law towards the product of n Cauchy distributions of parameter j�ij�
jM j where jM j denotes the area of M �

Remarks� If �
 is another form� closed near the cusps� with the same
residues� the theorem applied to 
� �
 implies that ��eit�eit��t converges
to � m almost surely�

If d
 � � onM �
P

�i vanishes� Since we assume only that d
 van�
ishes near the cusps� the residues can take arbitrary values� Therefore
our theorem describes the winding of the geodesics around each cusp�
This was not achieved in ��	 and ���	 where only the case of closed forms
was treated�

Finally from the theorem we get the independence of the limit from
the choice of the neighbourhoods�

If f�eit � � � i � ng is de�ned using a di�erent system of neighbour�
hoods f �Ui � � � i � ng� ��eit � eit��t converges to � m almost surely�

This comes from the lemma we shall use in the following�

Lemma �� If 
 is a ��form� � is a C��function of compact support in

M � then

lim
t���

�

t

Z t

�

h
�qs�� vsi��qs� ds �� � � almost surely �

Proof� This comes from the ergodic theorem� as far asZ

�q� v���q� dm�q� v� � �

because the transformation � � �q� v� ��� �q��v� changes the sign of
the integrated function� and m is ��invariant�
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Notations� H will be represented by the complex upper half�plane
fz � x � i y � y � �g� We shall identify T �H and PSL��R� using the
relations

q �
a i� b

c i� d
and v �

i

�c i� d��
�

� appears as a subgroup of PSL��R�� It is well known that T
�M can

be identi�ed with �nPSL��R�� in such a way that 	t��� can be written
�	t� if we set

	t �

�
et�� �
� e�t��

�
�

Similarly the right actions of the ��parameter subgroups

	�t �

�
� t
� �

�
and 	�t �

�
� �
t �

�

de�ne the horocyclic �ows on T �M �
We can de�ne the operators of derivation L�� L� and L� on C�

functions of T �M by

L�f��� �
d

ds

���
s��

f��	s� �

L�f��� �
d

ds

���
s��

f��	�s � �

L�f��� �
d

ds

���
s��

f��	�s � �

For  � � and f � L��m�� we can also de�ne a resolvent operator

R�f��� �

Z �

�

e��tf��	t� dt �

We introduce the matrix Tz

Tz �
�p
y

�
y x
� �

�

and we recall the formulas TzTz� � Tx�yz� and the decomposition of Tz
in terms of the geodesic and horocyclic operators� Tx�iy � 	�x 	log y �
	log y 	

�
x�y� We deduce from there the commutation formulas

	� log y 	
�
x 	log y � 	�x�y and 	� log y 	

�
x 	log y � 	�xy �
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From these commutation formulas we deduce the following equalities
which will be useful especially in the proof of the convergence of some
R��type integrals

Lk�����	s�� � e�ks�Lk��� ��	s� �

Lk�����	s�� � eks�Lk�����	s� �

for all � � C��T �M� and k �

The in�uence of the geodesic and horocyclic operators is described by
the following formulas

Tz	
�
s � Tx�ys�iy and Tz	s � Tx�iyes �

The foliation f� Tz� z � Hg� describes all the matrices we can obtain
from � by the action of the geodesic and horocyclic �ows�

Lastly� we shall denote the rotations of PSL��R� by

Kt �

�
B� cos

� t



�
sin
� t



�

� sin
� t



�
cos

� t



�
	
CA �

�� Reduction of the problem�

We shall denote by p the canonical projection of H on M and by
� the canonical projection of T �M on M �

Each cusp Ci is represented by a ��orbit on the boundary of H�
i�e� the projective line R � �� Picking up an element Ci in that
orbit we can choose �i in PSL��R� such that �

��
i ��� � Ci� The

subgroup of � which consists of the elements which �x Ci� can be written
f���i 	�nXi

�i� n � Zg where Xi is a positive number independent of the

choice of Ci and �i�
We de�ne a fundamental domain Fi of � contained in f���i z � � �

x � Xig� and containing Rhi�� � f���i z � � � x � Xi� y � hi��g for
some positive hi� Choosing hi large enough� we can take Ui � p�Rhi���
and assume the Ui�s are disjoint� We shall denote p�Rhi��� by Vi and
p�Rhi� by Wi�

Lastly we denote U � �ni��Ui� V � �ni��Vi� and W � �ni��Wi�
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Let u be a C� function on R� � such that u � � on ��� ���	� and
u � � on ������	�

Let si denote the section of p relative to Fi� There is a ��form �
on M that vanishes outside U � �ni��Ui and represented in Ui by

s�i �
�
i

� �i
Xi

dx u
� y
hi

��

on Ui�
Inside Wi� 
 � � is a closed form with ��residue� Therefore �since

Wi is isomorphic to a disc minus a point�� it is exact� Let Fi be a
smooth function on Wi such that 
 � � � dFi on Wi� Fi will be
extended into a smooth function vanishing outside Vi� Then the ��form

� � 
 � � �Pn

i�� dFi� vanishes on W �
Note that

eit
t
�
�

t

Z t

�

h
��qs�� vsi�Ui
�qs� ds

�
�

t

nX
j��

�Fj��	t�� Fj���� �
�

t

Z t

�

h��qs�� vsi ds �

Since 	t preserves m� Fi��	t� is a stationary process� so the middle
term converges to � in probability �without any assumptions on the
integrability of F ��

The �rst term converges to � m p�s� by application of the ergodic
theorem� indeed h
��q�� vi�Ui

�q� is an integrable function T �M since it
vanishes everywhere except on the compact set �cW	U�
S�� Moreover
the mean value of this function is �� Indeed� the transformation � �
�q� v� ��� �q��v� changes the sign of the function� and m is ��invariant�

Setting ���� � h��q�� vi� where � � �q� v�� the third term can be
written

�

t

Z t

�

���	s� ds �

Since the residues �i are arbitrary� the theorem can be reduced to the

Proposition �� The law of

�

t

Z t

�

���	s� ds
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converges in law towards a Cauchy distribution of parameter

nX
i��

j�ij
jM j �

�� Expression of ��

We shall �rst introduce a fundamental domain for T �M � as it was
already for M �

�Fj � fg � PSL��R� � g�i� � Fjg� is a fundamental domain for the
left action of � on PSL��R�� It is possible to characterize any element
� of T �M by its representative gi��� in �Fi�

We can de�ne the Iwasawa coordinates zi��� � xi��� � i yi��� and
	i��� by the equation �i gi��� � Tzi��	K�i��	�

Note that if

TzK� �

�
a b
c d

�
� y �

�

c� � d�
and sin 	 �

�
 c d
c� � d�

�

It can be easily seen that 	i��� and yi����hi have a geometrical inter�
pretation�

� yi�hi is the exponential of the distance from ���� to the boundary
of Wi�

� 	i is the angle between the geodesic going from ���� to Ci and
the geodesic f�	t� t � �g�

We can deduce� from the de�nition of � the following expression of
� in the yi� 	i coordinates

���� � �
nX
i��

�i
Xi

u
�yi���

hi

�
yi sin 	i����Ui

������ �

for all � � T �M �it is worth remarking that although � is a function
on T �M � it depends only on 
 dimensions�� It is useful to give the
expression of the di�erential operators L� and L� in terms of yi and 	i�



��� N� Enriquez and Y� Le Jan

Lemma �� Let F be a function on Ui� of the form G�yi���� 	i�����
Then

L�F ���jUi
� yi cos 	i

�G

�yi
� sin 	i

�G

�	i
�

L�F ���jUi
� yi sin 	i

�G

�yi
� ��� cos 	i� �G

�	i
�

Let us �nally introduce the function

������ �
nX
i��

�i
Xi

u
�yi���

hi

�
yi cos 	i����Ui

������ �

The interest of this function lies in the following�

Lemma �� Let 
�� be the ��form on H de�ned by the equation


���z� �
����� Tz�

dx

y
� ��� Tz�

dy

y

and let j� be the application from H to M which maps z onto ���Tz��
Then we get


�� � j�� � �

Proof� The proof is just a matter of change of variables�

�� A di	erential form�

To follow the spirit of the proofs given in ���	 and ���	� we have to
introduce closed forms� We �rst notice that since 	s � Ties �

Z t

�

��� 	s� ds �

Z et

�

��� Tiy�
dy

y
�

We shall introduce a function �� such that


� � ��� Tz�
dy

y
� ���� Tz�

dx

y
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is a closed form on H� so that we will get

Z t

�

��� 	s� ds �

Z iet

i


�

�the second integral being independent of the path from i to i et��
����� will be de�ned by the integral

�
Z �

�

e�tL���� 	t� dt �

Its convergence will be proved using the following lemma�

Lemma �� Let � be a locally bounded function on �nSL��R� such that

for some positive constant P � ���� is bounded by

Pyi ��� cos 	i� � P

 d�i

�c�i � d�i �
�

in Vi� for every i� where ai� bi� ci� di denote the matrix coe�cients of the

matrix �i gi���� and yi and 	i its Iwasawa coordinates� Then

Z ��

�

e�s��� 	s� ds

converges uniformly in ��

Proof� AsZ ��

t�

e�sj��� 	s�j dt � e�t�
Z ��

�

e�sj��� 	t��s�j ds �

for all t� � R� it is enough to get an upper bound of
R ��
�

e�tj�j �� 	t� dt�
independent of � �the right integral being the value of this function for
� 	t���

Outside V � j�j is bounded so that the contribution of the part of
the geodesic contained in cV is uniformly bounded�

Hence it is enough to show that

nX
i��

X
j�N

Z vji

uji

e�sj�j�� 	s� ds
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is uniformly bounded where the disjoint intervals �uji � v
j
i 	 are de�ned by

recursion as follows� uji denotes the �rst time after v
j��
i �or � if j � ��

where the geodesic enters Wi and v
j
i the next exit time of Wi�

We will in fact majorize the contribution of each interval of excur�
sion �uji � v

j
i 	 by the contribution of an asymmetric excursion �u

j
i � u

j
i �s

j
i 	

such that sji is bounded below by a positive number and the geodesic

between uji and u
j
i � sji lies in Vi�

Let us denote by �ji the matrix �i �uj
i
and

�ji �

�
aji bji

cji dji

�
�

We get ���cj
�

i � dj
�

i � � hi�

Let us show that sji � log �
��c
j�

i hi�� satis�es the required proper�
ties�

First



cj
�

i hi
� 


�cj
�

i � dj
�

i �hi
� 
 �

thus sji � log 
� Second

cj
�

i d
j�

i h
�
i �

h�i �c
j�

i � dj
�

i �
�

�
�
�

�
� 
 �

so that
hi

�

�

cj
�

i e
sji � dj

�

i e
�sji

�
hi


 �
cj

�

i d
j�

i h
�
i




� hi �

All the conditions concerning sji are hence satis�ed�
We are going now to estimate the contribution of the jth passage

of the geodesic in the neighbourhood of Ci� by

Z uji�s
j
i

uji

e�sj�j�� 	s� ds �

for which we are going to prove that it is the term of a convergent serie�

Z uji�s
j
i

uji

e�sj�j�� 	s� ds � e�u
j
i

Z sji

�

e�sj�j��ji 	s� ds �
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with the above notation concerning the matrix �ji � We �rst notice that

the minoration of sji by log 
� gives u
j
i � �j � �� log 
� so that

e�u
j
i �

�


j��
�

Moreover�

��� Z sji

�

e�sj�j��ji 	s� ds
��� � P

Z log ����hcj
�

i 		

�

e�s
cj

�

i e
�s

�dj
�

i � cj
�

i e
�s��

ds

� P

Z ���hcj
�

i 	

�

cj
�

i x

�dj
�

i � cj
�

i x
���

dx

� P
h �

�dj
�

i � cj
�

i x
��

i���hcj�i 	

�

� P




�

�dji �
� � �cji �

�

�
P h



�

So the contribution of the jth passage is less than Mih�

j � which is the

term of a convergent serie� The lemma is proved�

Lemma �� The function �� � �R�L�� is continuous�

Proof� In each Vi we have an explicit formula for �

���� � � �i
Xi

yi sin 	i �

Lemma � yields

L����� �
�i
Xi

yi �cos 	i � �� �
 cos 	i � �� �

So L�� sati�es the conditions of previous lemma� which ends the proof�

Lemma 
�

�� L�
�� and L�

�� are well de�ned and continuous�
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� 
� is a closed form with C� coe�cients�

Proof� �� For L�
��� we have to prove the uniform convergence in � of

Z �

�

e�sL�L����i 	s� ds �

We just have to check the assumptions of Lemma �� But using the
formulas of Lemma 
� we get when ���� � Vi

L�L����� �

�i
Xi

yi ��� cos 	i� ��� � cos 	i � � cos� 	i� �

This function satis�es the assumptions of Lemma ��
For L�

��� note that

L�

�Z T

�

e�sL���� 	s� ds
�
�

Z T

�

e�sL��L���� 	s�� ds �

To prove the uniform convergence in � of the last integral when T goes
to �� we �rst note that

L��L���� 	s�� � e�sL�
���� 	s� �

An easy calculation yields

L�
����� �

��i
Xi

yi sin 	i cos 	i�cos 	i � �� �

so we can conclude by Lemma ��


� It is easy to check ���	 that

d
� � ��L��� L�
��� ��� dx � dy

y�

and that the parenthesis vanishes by de�nition of ���



Statistic of the winding of geodesics on a Riemann surface ���


� Geodesic �ow and Brownian motion�

We are going to show the relation between the integral of � along

the �ow between � and t� which is equal to
R iet
i


�� and the integral
along the Brownian path on H starting at i�

Let us de�ne the Brownian motion by the equations�

dxt �
p

 yt dW

��	
t � x� � � �

dyt �
p

 yt dW

��	
t � y� � � �

whereW
��	
t andW

��	
t are two real independent Brownian motions� The

generator of the process so de�ned is

y�
� ��

�x�
�

��

�y�

�

�the explanation of the choice of this normalization will appear in
Lemma ���� We shall denote zt � xt � i yt�

N�B� � Tzt is a Brownian motion on the leaf � Tz �in the matricial
sense��

The relation between both �ows is given in the following lemma�

Theorem ��

lim
t���

Z
m�d�� exp

� i
t

Z iet

i


�
�

� lim
t���

E
h Z

m�d�� exp
�
� i

t

Z zSt

i


�
�i

�

where St denotes the hitting time of the line of equation y � e�t by the

Brownian motion on H starting at i�

Proof� Using the invariance of the Liouville measure under the action
of 	t and performing �rst the change of variables � 	t � �� and then
change s� t into s� the left hand side becomes

Z
m�d�� exp

� i
t

Z �

�t

��� 	s� ds
�
�
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With that remark we do not have to consider
R iet
i


� anymore� but

� R ie�t

i

��

By the invariance of m under the right action of 	�u � we get

Z
m�d�� exp

� i
t

Z �

�t

��� 	s� ds
�
�

Z
m�d�� exp

� i
t

Z �

�t

��� 	�u 	s� ds
�
�

for all u � R� thus

Z
m�d�� exp

��i
t

Z �t

�

��� 	s� ds
�

�

ZZ
�t�du�m�d�� exp

��i
t

Z �t

�

��� 	�u 	s� ds
�
�

where �t�du� is any probability measure on R�
But from Section � 	�u 	t � Tu�iet � hence

Z �t

�

��� 	�u 	s� ds �

Z u�ie�t

u�i


� �

We have now to study

ZZ
�t�du�m�d�� exp

��i
t

Z u�ie�t

u�i


�
�

�

ZZ
�t�du�m�d�� exp

��i
t

Z u�ie�t

i


�
�

�
ZZ

�t�du�m�d�� exp
��i
t

Z u�ie�t

i


�
��
�� exp

� i
t

Z u�i

i


�
��

�

We are now choosing for �t the Cauchy law with parameter � � e�t�
namely the hitting distribution of the line y � e�t by the Brownian
motion� The last term vanishes as t goes to ��� by dominated conver�
gence since

�t�du�

du
�

�� e�t

��� e�t�� � u�
� �
�

�
� u�

� for t � log 
 �
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With this choice of �t�

ZZ
�t�du�m�d�� exp

��i
t

Z u�ie�t

i


�
�

� E
h Z

m�d�� exp
��i
t

Z zSt

i


�
�i

�

which can also be written�

E
hZ

m�d�� exp
��i
t

Z St

�

h
��  dzsi
�i

�

where  denotes the Stratonovich integral as in ��	� It is indeed the
stochastic integral for which the di�erential calculus coincides with the
usual one� in other words� if

F �z� �

Z z

i


� � F �zt� �

Z t

�

h
��  dzsi �

�� From Stratonovich to Ito�

By previous lemma� we have to study

lim
t���

E
h Z

m�d�� exp
��i
t

Z St

�

h
��  dzsi
�i

�

The di culty lies in the fact that 
� is not a priori harmonic� and so
the integral

R t
�
h
��  dzsi is not a martingale� so that we cannot directly

treat the problem using excursion theory as it was done in ���	�
Let us examine the integral �we denote �s � � Tzs�

Z t

�

h
��  dzsi �
Z t

�

���� Tzs�
ys

 dys �
���� Tzs�

ys
 dxs

�

�

Z t

�

����s� dW
��	
s � ����s� dW

��	
s �

�
�




Z t

�

�
d
D��� Tzs�

ys
� ys

E
� d

D ���� Tzs�
ys

� xs

E�
�
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By It�o�s formula�

d
D��� Tzs�

ys
� ys
E
�

�

�y

���� Tz�
y

�
dhys� ysi

�
�

 ys

��

�y
�� Tzs�� 
��� Tzs�

�
ds �

Similarly�

d
D��� Tzs�

ys
� xs

E
�

�

�x

� ���� Tz�
y

�
dhxs� xsi �

�

 ys

� ��

�x
�� Tzs�

�
ds �

ThusZ t

�

h
��  dzsi �
Z t

�

���s� dW
��	
s � ����s� dW

��	
s

�

Z t

�

�
ys

��

�y
�� Tzs� � ys

� ��

�x
�� Tzs�� ��� Tzs�

�
ds �

which can also be writtenZ t

�

h
��  dzsi �
Z t

�

���s� dW
��	
s � ����s� dW

��	
s

�

Z t

�

�L��� L�
��� ���� Tzs� ds �

We notice that the last term describes the !lack of harmonicity" of the
form 
�� Indeed �L�� � L�

�� � � � �� as soon as 
� is harmonic and

we can then see that
R t
� h
��  dzsi is a martingale�

We show that the second term has no in�uence on the limit by the
ergodic theorem� proving that L���L�

��� � is in L��m�� and that its
mean value is equal to �� For that purpose we shall prove two lemmas�

Lemma �� With the notations of Section �� L�
��� � �L��� ��

Proof� By Lemma 
� we have just to check the following equality�
yi sin 	i

�

�yi
� ��� cos 	i� �

�	i

��
u
� yi
hi

�
yi cos 	i

�

� �
�
yi cos 	i

�

�yi
� sin 	i

�

�	i

��
� u

� yi
hi

�
yi sin 	i

�

� u
� yi
hi

�
yi sin 	i �
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Remark� ��� has the property to make coclosed the form

����� Tz�
dx

y
� ��� Tz�

dx

y
�

Lemma �� f � L��� L�
��� �� is m�integrable�

Proof� By lemmas � and �� it is enough to prove that L���� � ���� is
integrable on ����Vi��

Set for � � ����Vi� �
ai bi
ci di

�
� �i gi��� �

Note that c�i � d�i � �hi� Then ����� � �R�L����� can be written

����� � �
Z ��

�

e�sL���� 	s� ds

� �
Z log ����c�ihi		

�

e�sL���� 	s� ds�
Z ��

log ���c�ihi		

e�sL���� 	s� ds

� � �i
Xi

Z log ����c�ihi		

�

� 
 c�i e
�s

�d�i � c�i e
�s��

� � c�i d
�
i e

�s

�d�i � c�i e
�s��

�
ds

�
Z ��

log ���c�
ihi		

e�sL���� 	s� ds �

Since in matricial coordinates

L����� �
�i
Xi

� 
 c�i
�c�i � d�i �

�
� � c�i d

�
i

�c�i � d�i �
�

�
�

����� � � �i
Xi

h d�i � c�i x

�d�i � c�i x�
�

i��c�ihi
�

�
hi c

�
i



���� T�i��c�ihi	�

� ������ �
�i
Xi




hi
� d�i� �

h�i
� d�i

�� � hi c
�
i



���� T�i��c�ihi	� �

It follows that L����� ���� can be decomposed in the sum of two terms�
which both appear to be bounded�
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The �rst one is

L�


 


hi
� d�i� �

h�i
� d�i

��
�
�
�
ai

�

�bi
� ci

�

�di

�
 


hi
� d�i� �

h�i
� d�i

��
�

� �
� ci di
hi� �

h�i
� d�i

�� � 
 ci di� �
h�i
� d�i

�� �

which is clearly bounded since jcij and jdij are bounded by ��
p
hi�

The second one is L���� with

���� �
hi c

�
i



���� T�i��c�ihi	� �

Note that for that z close to i�

��� Tz� �
hi c

�
i y



���� TzT�i��c�

i yhi	
� �

hi c
�
i y



���� Tx��i��c�

ihi	
�

and therefore

L���� Tz� � y
���� Tz�

�x

�
c�i h

�
i

�
y�
� 


hi c�i

�

�x
���� Tx��i��c�ihi	

�
�

�
c�i h

�
i

�
y� �L�

��� �� Tx��i��c�ihi	
� �

Hence

L����� �
c�i h

�
i

�
�L�

��� �� T�i��c�ihi	� �

c�i h
�
i �� is clearly bounded� moreover as shown in the proof of Lemma

�� �T�i��c�ihi	 belongs to VinWi� which is relatively compact and L�
�� is

continuous� The integrability of f on T �M is now proven�
We can now state�

Lemma �� The integral of f on T �M vanishes�
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Proof� From Lemma � it is enough to show thatZ
T �M

L����� �������m�d�� � � �

Let g�n a sequence of smooth positive functions onM � increasing towards
� as n goes to �� and such that krg�nk� is less than some constant C
for all n� Set gn � g�n  �� An integration by part yieldsZ

T �M

gn L����� �������m�d�� �
Z
T �M

���� � ���L�gn���m�d��

and the result follows by dominated convergence� letting n increase to
in�nity�

Hence� we reduced our problem to the study of

lim
t���

E
h Z

m�d�� exp
��ip


t

Z St

�

����s� dW
��	
s � ���s� dW

��	
s

�i
�

�� Calculation of the limit via excursion theory�

Lemma ��� St�t converges almost surely towards � as t �� ���

Proof� Since

yt � exp �
p

W

��	
t � t� � for t � � �

we have
St � t �

p

W

��	
St

�

So the graph of t ��� St is symmetric to the graph of t ��� t�p
W ��	
t �

with respect to the �rst diagonal and

t�p

W

��	
t

t
�� � � almost surely� as t�� �

Set

Nt��

t
�
�

t

Z t

�

����s��f���s	��Wg dW
��	
s � ���s��f���s	��Wg dW

��	
s �
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Lemma ��� NSt���t converges to � in L��

Proof� Nt�� is a martingale with bracketZ t

�

������s��f���s	��Wg � ����s��f���s	��Wg� ds �

Since �� and � are bounded on ����W c�� say by K� for all integer M �

E �N�
St�M

	 � E
hZ St�M

�

������s��f���s	��Wg � ����s��f���s	��Wg� ds
i

so that
E �N�

St�M 	 � K�E �St �M 	 �

But St �M � log �ySt�M � � 
W
��	
St�M

� and as far as log �ySt�M � � �t�

E �St �M 	 � t �

so that by Fatou�s lemma� we get when M converges to ��

E �N�
St 	 � K�t

and we deduce the lemma�
Set now�

NSt��

t
�
�

t

Z St

�

����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s �

Lemma ���

�

t

Z St

�

�����s�� �����s���f���s	�Wg dW
��	
s

converges to � in L��

Proof� The same proof as in the previous lemma yields the result�
since ��� ��� is easily seen to be bounded�

The averaged integral in the limit can therefore be replaced by

p



t

Z St

�

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s �
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In order to use excursion theory� we have to get rid of !incomplete
excursions" containing � and St� For that purpose we introduce T� the

�rst exit time of ����W � of the Brownian motion starting at �� and S�t
its �rst exit time of ����W � after St� �N�B� T� vanishes if ���� �� W

and T �
t � St when ���St� ��W ��
Note that under m� P� the distributions of

Z T �

�

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s

and Z S�
t

St

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s

are independent of t � for the second integral� this follows from the Tz�
invariance of m and the independence of � and St�� Their quotients by
t converge therefore to zero in probability� The averaged integral in the
limit can �nally be replaced by �Lemma ��

H�
t �

p



t

Z S�
t

T �

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s

�
�

t

Z S�
t

T �

nX
i��

�i
Xi
hs�i ��i �dx��fz�s�Wig

�  dz�si �

where z�s � ���s� is the Brownian motion on �nH� starting from �����
We now denote by E the expected value with respect to m � P �

Denote e�i the excursions of z
�
s inWi� and �e

�
i its lift intoH� starting from

the image in �iFi of the starting point of e
�
i � Denote a��e

�
i � and b��e�i �

the starting point and the endpoint of �e�i in H and denote �S�e
�
i �� T �e

�
i �	

the corresponding time interval�
With these notations�

H�
t �
� �

�

t

nX
i��

�i
Xi

� X
e�i

�	S�e�i 	�St

b��e�i �� a��e�i �
�
�

From excursion theory we get that

E �exp �iH�
t �
��	 � E

h
exp

� nX
i��

�Ehi

�
exp

�
i
�i
Xi

X

t

�
� �

��
Li�St

�i
�
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where Li�t is the value at time t of a local time on �Vi of z
�
s and �Ehi is

the excursion law of the Brownian motion on H� above the line y � hi�
Its normalization depends on the choice of Li� via the identity

E
h�
t

Z t

�

�fz�s�Wig
ds
i
� E

hLi�t
t
�Ehi���

i

�� being the excursion lifetime��
X is the abscissa of the excursion endpoint�
By de�nition of �Ehi �

E
h
exp

� nX
i��

�Ehi

�
exp

�
i
�i
Xi

X

t

�
� �

��
Li�St

�i

� E
h
exp

� nX
i��

lim

��

�

K�
Ex�hi���
	

�
exp

�
i
�i
tXi

�x�hi � x�� �
��

Li�St

�i
�

where �hi denotes the hitting time of the line y � hi by the Brow�
nian motion on H starting from the point �x� hi�� � ��� and K is a
normalization constant related to the normalization of Li�

This last expression equals

E
h
exp

� nX
i��

lim

��

�

K�
Ex�hi���
	

��
exp

�
� ��

t�X�
i

Z �hi

�

y�s ds
�
� �

�
Li�St

�i

� E
h
exp

� nX
i��

lim

��

�

K�

��i��� � ��hi�

�i�hi�
� �

�
Li�St

�i

� E
h
exp

� nX
i��

hi
K
�log�i�

��hi�Li�St

�i
�

where by the Feynman�Kac formula� �i solves the di�erential equation

y����i �
��i
t�X�

i

y��i � �

with �i�hi� � � and �i bounded at ��� Therefore

�i�y� � exp
�
� j�ij
tXi

�y � hi�
�
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and our expression takes the form

E
h
exp

�
�

nX
i��

hij�ij
K tXi

Li�St

�i
�

We now come back to the problem of normalizations� If �Ehi is normal�
ized in such a way that �Ehi��� � �� we have

E
h�
t

Z t

�

�fz�s�Wig
ds
i
�

E �Li�t	

t
�

Since under m � P�� zs is an ergodic process with invariant measure
dx dy�jM jy��

E �Li�t	

t
�

�

jM j
Z
Vi

dx dy

y�
�

Xi

jM jhi �

The ergodic theorem for additive functionals �e�g� ���	� yields the al�
most sure convergence of Li�t�t towards Xi��jM jhi�� As St�t �� ��
Li�St�t converges also� almost surely� towards Xi��jM jhi��

The expectation of the excursion lifetime equals

lim

��

�

K�
Ehi���
	��hi 	 � lim
��

lim
���

� �

K �
Ehi���
	�exp �� �hi�� �	 �

by monotone convergence �monotonicity in  follows from the convexity
of the exponential��

The normalization of the excursion lifetime yields

� � lim

��

lim
���

� �

K �
��i���hi�� � ���� �� �

where �i�� is the solution of the di�erential equation

y� ���i���y�� �i���y� � �

bounded at � and such that �i���hi� � ��
Hence �i���y� � �y�hi�

� where � is the negative root of the equa�
tion � ��� ���  � �� namely

� �
�



���p

� � �� �
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therefore

lim

��

lim
���

�� � ��� � �
� 

� � and K � lim
���

��


� � �

Finally

lim
t��

E
h
exp

�
�

nX
i��

hi j�ij
K tXi

Li�St

�i
� exp

�
�

nX
i��

j�ij
jM j

�
�

Hence

lim
t��

E
�
exp

� nX
i��

�Ehi

�
exp

�
i
�i
Xi

X

t

�
� �
�
Li�St

�i
� exp

�
�

nX
i��

j�ij
jM j

�
�

and the average on T �M of exp�iH�
t �� converges towards

exp
�
�
X j�ij

jM j
�
�

which ends the proof of Theorem ��
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A note on eigenvalues of

ordinary di�erential operators

Alan Ho

In this follow�up on the work of �FS� an improved condition for
the discrete eigenvalues of the operator �d��dx� � V �x� is established
for V �x� satisfying certain hypotheses� The eigenvalue condition in
�FS� establishes eigenvalues of this operator to within a small error�
Through an observation due to C� Fe	erman
 the order of accuracy can
be improved if a certain condition is true� This paper improves on the
result obtained in �FS� by showing that this condition does indeed hold�

The theorem proven here relies on a version of WKB theory devel�
oped in �FS� and applies to operators with large slowly varying poten�
tials� For example
 it applies to potentials of the form V �x� � ��V��x�
for �xed
 smooth V�
 with V �� � 
 V having a local minimum
 and
�� �� The theorem applies to more general potentials as well�

Standard WKB theory yields the statement that all eigenvalues E
of the di	erential operator �d��dx� � V �x� satisfy

���

Z xright

xleft

�E�V �x����� dx � �
�
k�

�

�

�
�O ����� � for some k � Z �

where xleft and xright are the two solutions of E � V �x� � �
�FS� shows that this condition for eigenvalues can be improved so

that given N � 
 there exists N � �  and complex functions hl�E�
de�ned in �FS� so that ��� becomes

Z xright

xleft

�E � V �x����� dx�Im log
�
� �

N �X
l��

hl�E�
�

���
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� �
�
k �

�

�

�
� O ���N � ����

where �
 which will be de�ned precisely in the theorem
 plays a role
analogous to �� h� is explicitly given in �FS� and is purely imaginary�
For the moment however
 the critical property of hl is that hl�E� �
O���l�
 and the quantity

P
hl�E� is O��

��� in absolute value
 and
hence the Taylor series of log gives

���

Z xright

xleft

�E � V �x����� dx� i h��E� � �
�
k �

�

�

�
�O ����� �

But if we were to carry out the same calculation to order ���
 then
since

��� log
�
� �

N �X
l��

hl�E�
�
� h��E� � h��E��

�

�
h���E� � O ����� �

we have

���

Z xright

xleft

�E � V �x����� dx� Im�h��E� � h��E��

� �
�
k �

�

�

�
�O ����� �

Note h�� is real and therefore makes no contribution to the left�hand side
of ���� Moreover
 we shall show that hk is purely imaginary whenever
k is odd and real whenever k is even� This reduces the left�hand side of
��� to the simpler left�hand side of ���� This improves upon ��� since
��� holds to O ����� instead of O ������ Using the above fact we obtain
an improved version of part of the WKB Eigenvalue Theorem� �cf� �FS

p� ������ For the reader�s convenience and for completeness we repeat
the hypotheses here�

Theorem� Suppose we are given positive functions S�x� and B�x� on
I and a potential V �x� supported on a possibly unbounded interval IBVP
with I � IBVP� Furthermore� suppose we are given two real numbers

E� � E�� positive numbers � 	 ���� K � � and N � K����� De�ne
N � � ��N��� and N �� � � �N ����K � ��� And suppose we have the

following hypotheses�
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Hyp� If x� y � I and jx� yj 	 cB�x�� then

c 	
B�y�

B�x�
	 C and c 	

S�y�

S�x�
	 C �

Hyp�� For x � I and 
 �  we have

���
� d

dx

��
V �x�

��� � C� S�x�B
��x� �

Hyp�� The equation V �x� � E� has two solutions xleft 	 xright in
I� and they satisfy

dist�xleft� �I� � cB�xleft� � dist�xright� �I� � cB�xright� �

Hyp��

�V ��x� � cS�xleft�B
���xleft� � for x � �xleft� xleft � c�B�xleft��

and

V ��x� � cS�xright�B
���xright� � for x � �xright�c�B�xright�� xright� �

Hyp��

c S�x� 	 E� � V �x� 	 CS�x�

for x � �xleft � c�B�xleft�� xright � c�B�xright���
To state the remaining hypotheses� it is convenient to establish

some notation� Set ��x� � S����x�B�x� for x � I� and set

Bleft � B�xleft� � Sleft � S�xleft� � �left � ��xleft� �

Bright � B�xright� � Sright � S�xright� � �right � ��xright� �

For jE � E�j 	 cSleft� let xleft�E� be the solution of V �x� � E nearest

to xleft� and for jE � E�j 	 cSright� let xright�E� be the solution of

V �x� � E nearest to xright� De�ne

Smin �

Z
xleft�x�xright

S�x� dx
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and

� �

Z xright

xleft

�S����x�B��x���� dx �

Our remaining hypotheses are as follows�

� Assumptions on V �x� in all of IBVP�

Hyp�� If jE � E�j 	 c�Smin and E � E�� then V �x� � E for all

x � IBVP � �xleft�E�� xright�E���

Hyp�� If x � IBVP satis�es x 	 xleft � �KleftBleft�� then V �x� �
E����jx�xleftj

�� and if x � IBVP satis�es x � xright��
K
rightBright���

then V �x� � E� � ��jx� xrightj
��

� Technical Assumptions�

Hyp�� maxx�I S�x� � �KleftSleft and maxx�I S�x� � �KrightSright�

Hyp��

Z xright

xleft

� dx

S����x�

�
� �K min fS

����
left Bleft� S

����
right Brightg �

Hyp��

�Z xright

xleft

dx

S����x�B��x�

��Z xright

xleft

dx

S����x�

�
� �K �

� WKB Condition�

Hyp�� � is bounded below by a positive constant depending only

on ��K and N � and on c� C� c�� c�� C� in Hyp��Hyp���

Then if E is an eigenvalue of �d��dx� � V �x�� we have that

Z xright

xleft

�E � V �x����� dx� i h��E� � �
�
k �

�

�

�
� �error�E� �

with j�errorj � C��� and

h��E� �
i

��
lim
���

�Z xright��

xleft��

V ���x� �E � V �x�������	 dx� q�E� ����
�

with q�E� uniquely speci�ed by demanding the �niteness of the limit�
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Proof� Let us say that a complex function fl has the alternating parity
property on the index l if it is real�valued for l even and purely imaginary
for l odd� It su�ces to show that hl has the alternating parity property
on the index l� Recall that the hl�s are inductively determined by

��� uleftk �x�E� �
kX
l��

hl�E�u
right
k�l �x�E� �

where uk is the canonical solution of the transport equations

u� � � �

� i u�k�� �
� �

��
�p���p�
�� �

�

�
p��p����

�
uk

�
�

�
p� p���� u�k � p���� u��k �  �  � k 	 N � �

In particular
 since uleft� � uright� � �


h��E� � uleft� �x�E�� h��E�u
right
� �x�E� �

Since h� is known to be purely imaginary
 it su�ces to show uleftk and

urightk each have the alternating parity property on the index k� Let

us show uleftk has the alternating parity property� the proof for urightk is
totally analogous�

Lemma � of �FS� relate the canonical solution to the elemen�
tary solution of the transport equations in the following manner� if
u � �u��x�� u��x�� � � � � uN ���x�� is the canonical solution of the trans�
port equations
 and if �u � ��u�� � � � � �uN ���x�� is the elementary solution

then

uk�x� �
kX
l��

wk�l�� �ul�x� �

where wkl will be investigated in more detail below� Since the con�
struction of the elementary solutions in �FS� makes it clear �ul has the
alternating parity property on the index l
 we have reduced the prob�
lem to showing wkl has the alternating parity property on the index k�
Equivalently
 letting wk�x� �

P
��k�l wkl x

l��
 it su�ces to show wk

has the alternating parity property on the index k�
Now all that is needed is to take account of the real and purely

imaginary quantities that arise in the construction of wk� �cf� �FS
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p� �������
 ������ We proceed as follows� wk�x� can be written in

terms of h�kl� q
�
kl and

�hkl via the equation

�
� �

NX
k��

��kwk�x�
�
�
��

� �
�NX
k��

�NX
l���k

h�kl x
l����k � O ����N��

�

	
�
� �

NX
k��

NX
l��k

q�kl x
l���k � O ����N���

�
���

	
�
� �

NX
k��

NX
l���k

�hkl x
l����k � O����N���

��
�

To prove wk has the alternating parity property on the index k
 we will
want to show both h�kl and

�hkl have this property on the index k and

q�kl is real� Let us �rst look at h�kl� �FS� shows

���

exp
� NX
k��

NX
l��k

hkl x
l��������k��	

�

�
�
� �

�NX
k��

�NX
l���k

h�kl x
l����k � O ����N���

�
�

where the right�hand side is a high�order Taylor expansion with re�
mainder� Let us consider more carefully how h�kl depends on hkl� Note
that

���

� i

�
��y��x��

���
NX
k��

NX
l��k

f��
kl xl���k

�
NX
k��

NX
l��k

hkl x
l��������k��	 � O ����N��� �

Since y��x� and f��
kl are real
 hkl is purely imaginary since it depends

only on these quantities multiplied by i� Now set

X �
NX
k��

NX
l��k

hkl x
l��������k��	 �

A su�ciently high power of X will be O ����N���
 so the left�hand side
of ��� has a Taylor expansion with remainder� Note that Xs is purely
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imaginary if and only if s is odd� Since X contains nothing but odd
powers of �
 one �nds upon collecting terms of the Taylor expansion
with respect to � that the coe�cients are purely imaginary for all odd
powers of �
 real for all even powers of �� This says precisely that h�kl
has the alternating parity property on the index k�

Now let us consider q�kl� Quite simply
 q�kl is real since all the other
quantities in the following equation are real�

��yN�x� ��
�x

�����
�yN �x� ���

����

� �p�x������
�
� �

NX
k��

NX
l��k

q�kl�
��k � O ����N���

�
����

Finally
 let us consider �hkl� We have that

�
� �

MX
s��

cs �
�sx��s��

� NX
k��

NX
l��k

hskl x
l���k � O ����N�
�

��

�
�
� �

NX
k��

NX
l���k

�hkl x
l����k �O ����N���

�
�����

where hskl is real
 and cs has the alternating parity property on the
index s� This is a consequence of the recurrence relation one �nds upon
substituting the asymptotic form of the Airey function

A�t� � Re
�e�i���e�it�����

t���

�
� �

�X
s��

cs t
�����	s

��

into the Airey equation

d�

dy�
A�y� �� � ��yA�y� �� �  �

Collecting the even and odd powers of � on the left�hand side of ����

shows that �hkl has the alternating parity property on the index k�
Putting what we know about h�kl� q

�
kl and

�hkl into ��� reveals that
coe�cients of even powers of � must involve products with even total
numbers of h�kl�s and

�hkl�s� Note also that the q
�
kl are always accompa�

nied by even powers of �� Therefore the coe�cients of even powers of �
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on the left�hand side of ��� are real� On the other hand the coe�cients
of odd powers of � are purely imaginary� Hence wk has the alternating
parity property on the index k�
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The bilinear Hilbert

transform is pointwise �nite

Michael T� Lacey

To my father� H� E� Lacey� on the occasion of his sixtieth birthday

Abstract� Let f � L� and g � L� be supported on ��� ��� Then the
principal value integral below exists in L��

p� v�

Z
f�x� y	 g�x� y	

dy

y
�

�� Introduction�

The bilinear Hilbert transform is

Hfg�x	 


Z
f�x� y	 g�x� y	

dy

y
�

Two di�erent rates of translation are incorporated into the integral�
making it an extraordinarily subtle object� A beautiful conjecture�
formulated rst by A� Calder�on in ������ is that H maps L��L� into
L��

This paper gives some concrete indication that the conjecture could
be true�

�
This date was supplied to me by R� Coifman� Independently� C� Fe�erman posed

the same conjecture in the early ����	s� The motivation for both was the Cauchy integral

on Lipschitz curves�

���
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Theorem ���� For functions f and g supported on ��� ������ Z f�x� y	 g�x� y	
dy

y

���
�
� Ckfk� kgk� �

In particular� the bilinear Hilbert transform is pointwise �nite for f �
L� and g � L��

There is only one natural antecedent to this conjecture of Calder�on�
namely Carleson�s Theorem ��C�	 on the pointwise convergence of Fouri�
er series� And the starting point of this paper is C� Fe�erman�s proof
��F�	 of that Theorem�

We then view one of the functions� say f � as a xed bounded
function� This allows us to use L� techniques to bound Hfg for g �
L������ ��	� From this point� the large scale structure of our proof
is borrowed from Fe�erman� The operator is decomposed into pieces
localized in space and frequency� These pieces have an intrinsic size�
and they are grouped accordingly�

The proof depends upon combinatorial considerations to break up
the small pieces of the decompostion into a relatively small number of
orthogonal parts� A critical feature of the decomposition are certain
Carleson measure estimates which arise from the decomposition of the
function f �

The whole analysis is done solely on the function f � and only using
the fact that f is bounded� The paper fully develops the line of rea�
soning� within these restrictions� Further progress on the conjectures
can be made� by gaining a deeper understanding of the decompositions
of the function f and their properties� As well� the structure of the
function g must also be exploited� whereas in this paper g is essentially
ignored� Both of these steps can be taken�� but will add signicant
complications to an already di�cult paper� A discussion of this line of
investigation will be postponed�

The proof occupies the rest of the paper� which is organized along
the following lines� A strong working knowledge of Fe�erman�s proof �F�
would certainly be an aid to the reader� Our approach uses especially�
the combinatorial methods therein� But moreover� many of the details
must be treated with more care in the present setting of the bilinear
Hilbert transform�

�
These words written in May of ���
 turned out to be prophetic� Together with C�

Thiele �LT�� a range of Lp bounds have been established for the bilinear Hilbert transform

on the real line�
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Section � gives the decomposition used in the proof� and a very
crude outline of the proof� Section � treats some technical issues�

Section � initiates the real work� The rst half of it takes up the
most striking new element of the proof� the Carleson measure estimate
of Lemma ���� It is the work�horse of the whole proof� And it�s proof
employs the full strength of the combinatorial ideas of �F�� Section � is
exclusively devoted to a second Carleson measure estimate� Its proof is
less di�cult than the rst� but the formulation is far from obvious�

The rest of Section �� as well as Section � are devoted building up
large units of bounded operators from the decomposition� The units
of Section � are trees� which are in fact Calder�on�Zygmund operators�
Lemma ��� explains succinctly a fundamental di�culty� This di�culty
is the sole subject of Section ��

Concerning notation� a capital C will denote a constant� perhaps
one that changes from line to line� in contrast� a lower case c will denote
the center of a relevant interval� the indicator function of a set A will
be denoted by �A� or when A has a complicated description� ��A�� a
similar notation will be used in summationX

j

�j � A� f�j	 

X
j�A

f�j	 �

�� The decomposition�

This section will describe a decomposition of the bilinear singular
integrals� Dene the Fourier transform by

Ff��	 


Z
e���ix�f�x	 dx �

and set hf� gi 

R
fg dx�

We regard the bounded function f as xed and supported on ��� ���
with g varying but supported on ��� ��� Notice that then the bilinear
Hilbert transform is compactly supported� and we can restrict ��y to
jyj � �� The proof is based upon a decomposition of Hf � into a rel�
atively small number of components orthogonal in either space or fre�
quency�

The place to start the decomposition is the kernel ��y� Consider a
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kernel K�y	 

P

j��Kj�y	� where for each j�

supp �FKj	 �
n
� �

��
�
�

�

���

�
�j � � �

�

�
�j
o
�����	

jKj�y	�Kj�y
�	j � C

jy � y�j

jyj�
� if � jy � y�j � jyj �����	

as well as

����	 jKj�y	j � C �j�� � ��jy	�M 	 � where �� � M �� �

The choice ofM will be some large but xed value� The negative values
of j are irrelevant� as we are only concerned with jyj � �� We can write

�

y

 J�y	 �

VX
v��

Kv
��y	 �Kv

��y	 � � � jyj � � �

where kJ�y	k� � �� We take V 
 min fv � �� � ����	v 	 �g� For
� � v � V � the kernels

Kv
�

��
� �

�

���

�v
y
�

saties ����	� ����	 and ����	� The kernels

Kv
�

��
� �

�

���

�v
y
�

satisfy the same conditions� We show how to treat

Tfg�x	 


Z
f�x� y	 g�x� y	K�y	 dy �

and the kernel J is trivial�


The Fourier transform of K will be supported on ������ The proof accomodates

FKj being supported on the positive and negative axes� but this slightly complicates

some other combinatorial considerations�
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Pairs� Fix triadic grids G of R and bG of bR �� Call p 
 ��� I � a pair

if � � bG� and I � G with j�j 
 jIj��� We write p 
 ��p� Ip�� Fix a

function � with L� norm �� supp ���	 � �������� �������

����	 j��x	j � CM �� � jxj�M 	 �

where �� � M � � is large� but xed� and the collection of functions
below is a tight frame in L��R	�

����	 f�m�n�x	 
 e��im������x� ���n	 � n�m � Zg �

This last condition means thatX
m�n

jhf� �m�nij� 
 � kfk�� �

for all square integrable f � and so

����	 f�x	 

�

�

X
m�n

�m�n�x	 hf� �m�ni �

at least in a L� sense� By considerations in �D� Section ����� this
amounts to choosing � so thatX

n

������� � n

���

����� 
 constant �

All of these requirements can be met by choosing �� to be symmetric�
and for an increasing function 	��	 on ��� ������ with 	��	 
 � and
	������	 
 
��� setting

����	 
 �

��������	
cos 	��	 � � � � �

�

���
�

sin 	
�
� �

�

���

�
�

�

���
� � �

�

���
�

� � otherwise �

where � is a normalizing constant� For any such 	� the function � will
satisfy ����	� and for a smooth choice of 	� � satises ����	�

�
That is� G is a union of intervals whose lengths are powers of � The set fI�G�

jIj��jg partitions R� and the partitions are re�ning as jIj decreases�
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A further property of � is that

����	 f��x� ���n	 � n � Zg are orthonormal �

This is due to ����	�
For pairs ��� I �� set

����I ��x	 
 jIj���� e��ic���x�
�x� c�I	

jIj

�
�

Here� c�J	 is the center of the interval J � We will also use the notation

����	 ���	 
 c��	 �
j�j

��

h
�

�

�
�
�

�

i
�

to denote the support of the Fourier transform of ����I �� Much more
commonly� we will use the notation

k��y	 
 kj�y	 � where j�j 
 �j �

Let f���I ��x	 
 �p�x	hf� �pi� which forms our decomposition of f �
The smallest unit in the decomposition is

�����	 Tp g�x	 
 T���I � g�x	 


Z
k��y	 fp�x� y	 g�x� y	 dy �

The proof will bound T �g 

P

all pairs Tp g� which is certainly not the
full singular integral� However� as will be explained in the next section�
it is enough to bound T ��

Here are some simple properties of the Tp� First� how big is Tp�
Certainly� jTpg�x	j � kfpk�jkj j � jgj�x	� hence

�����	 kTpk� � C kfpk� 
 C
jhf� �pijp

jIpj
�

We will use the notation

size �p	 

jhf� �pijp

jIpj
�

The operators Tp has good space and frequency localization� The fre�
quency localization has been made quite precise� as will be described
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by associating to every � two sets A��	 and A���	� They are dened
by

�����	 A��	 
 c��	 �
�

�
j�j�

j�j

�

h
�

�

�
�
�

�

i
�

and

�����	 A���	 
 � c��	 �
�

�
j�j�

j�j

�

h
�

�

�
�
�

�

i
�

The point of these denitions is that

T���I � g 
 T���I ��F
���A���Fg	 �

and
T ����I � g 
 T ����I ��F

���A����Fg	 �

Or equivalently� by taking adjoints�

�����	 Tp g 
 F���A����F Tp g and T �p g 
 F���A���F T �p g �

To verify these equalities� write the �Fourier transform of Tp as follows

T���I �g�x	 
 F���

� Z
e���i�yk��y	 fp�x� y	 dy �g��	

�
�x	


 F���

�
F���


ck���� 	 f���I ��	
�
�x	 �g��	

�
�x	 �

Then� the second half of �����	 follows by looking back at the denitions
of k� and ����I ��

A similar calculation holds for T �p � Recalling �����	� note that

T �p g�x	 


Z
k���y	 fp�x� � y	 g�x� y	 dy


 F���



F���


ck���� � 	 �fp��	
�
�x	 �g��	

�
�x	 �

From this� the other half of �����	 follows�

Another simple property of the Tp�s is that� up to modest changes
in f and g� for any pair p 
 ��� I �� � can be assumed to be centered at
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the origin� Let us carry out the calculation� For a pair p 
 ��� I �� and

c � �R � �not necessarily the center of �	 notice that

f���I ��x	 
 ����I ��x	 hf� ����I �i


 e��ixc ����c�I��x	 he
���ic�f� � 	� ����c�I�� � 	i


 e��ixc !f���c�I��x	 �

where !f�x	 
 e���icxf�x	� From this it follows that

T���I �g�x	 


Z
k��y	 f���I ��x� y	 g�x� y	 dy




Z
k��y	 e

��i�x�y�c !f���c�I��x� y	 g�x� y	 dy�����	


 e��ixc
Z
k��y	 !f���c�I��x� y	 �e���ic�x�y�g�x� y		 dy �

It is convenient to shift ��s back to the origin because for such pairs p�
fp has derivative dominated by the scale of p� That is� jd�dx fp�x	j �
C�jIj�

Partial Order for Pairs� The last topic for this section is a natural
partial order for pairs� Write p� 
 ���� I �� � p 
 ��� I � if � � �� and
I � � I� This partial order encodes the orthogonality properties of the
Tp� in the following sense� if p and p� are not comparable then Tp and
Tp� are� roughly speaking� orthogonal�

C� Fe�erman�s approach focuses attention on three separate is�
sues� The rst is this� arbitrary collections of pairs must be controlled
in terms of their maximal elements under the partial order "��� The
critical question concerns sets of pairs P which are mutually incompa�
rable under �� How big is

P
���I ��P �I�x	 � The answer is contained in

a Carleson measure estimate� the proof of which takes up the rst half
of Section � below�
 The next issue concerns TP 


P
p�P Tp� where P

is a set of pairs which are incomparable under �� With the Carleson
measure estimate in place� and it�s implict orthogonality� one can check
that

kTPk� � C
r

sup
p�P

size�p	 �



The corresponding estimate is required in �F� but is easily obtained�
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The next important group of pairs are those which form a tree under
the partial order �� They turn out to be Calderon�Zygmund operators�
but now it can happen that

kTPk� � � �

regardless of how small the size of individual pairs in P� This di�culty
does not occur in �F�� Fortunately� it turns out that for trees� P� the
operator norm of TP has an explicit form in terms of the decomposition
of f � We take advantage of this in Section � to prove a second Carleson
measure estimate� This lemma provides a way to control those trees
which have large norm� even though their constituent parts are small�

Employing certain combinatorial tricks� one can then show that for
an arbitrary collection of pairs P�

kTPk� � sup fkTP
�

k� � P
� � P � P � a treeg �

The concluding step in the proof is then to decompose the set of all
pairs into collections Pn with kTPnk� � ��n� This estimate is then
summed over n� completing the proof�

�� Technicalities�

This section serves as a catch�all� it includes all the steps that need
to be explained� but would have hampered the #ow of the previous
section� The overall direction is to explain how to pass from T � 
P

all pairs Tp to the integral in Theorem ���� But rst� T � will be further
modied�

Central Intervals and Admissible Pairs� The modication of T � is
needed to gain a certain improvement in triadic intervals�� Say that I is
central if it is the middle third of a triadic interval� Phrased di�erently�
I is central if both I and �I are triadic� The �convenient property of
central triadic intervals is

����	 I� � I� � � � � � Im � all Im central implies �m��I� � Im �

The proof is immediate�

�
This notion doesn	t enter into the proof until the very end�
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Let us observe that for every � � �G� A��	 is central in �G� Indeed
A��	 is the middle third of �G� But to acheive the same result for A���	
we make a specic choice of grids� We take �G 
 f�j �n � ���� n �
���	 � n� j � Zg� Then A���	 is central in �G� as is easily checked�
More generally if �Ga 
 fI � a � I � �Gg is the grid shifted by a� then
for � � �Ga the interval A���	 is central in �G�a� These observations
concerning A���	 do not hold for an arbitary triadic grid� and the
notion of centrality does not enter the proof until Section ��

Call p 
 ��� I � � �Gb � Ga admissible if � is central in �Gb� and
I satises the following� c�I	 � a � ��� jIjZ� where a is xed� This
requirement on I� with ����	� shows that the functions

����	 f����I � � ��� I � admissible� � xedg are orthogonal�

This will be useful in Section ��
The proof in the next four sections will bound T �


P
p admissible Tp�

and in the next section� �pair will mean �admissible pair �

Lemma ���� The bound kT �gk� � C kgk� implies the same bound for

the full singular integral�

Proof� The proof averages the bound for T � over space and frequency�
with the central tool being the resolution of the identity below� For
a� b � R� let

�a�bf�x	 �
 e��iax��x� b	 hf� e��iax��x� b	i �

Then�

����	 f�x	 
 C

ZZ
��a�bf	�x	 da db �

One checks this by showing that for all f� g � L��

C��hf� gi 


ZZZ
��a�bf	�x	 ��a�b	g�x	da db dx �

�In the language of wavelets� �a�bf is an example of a continuous win�
dowed Fourier transform� See �D�	� We apply this formula to f � which
is bounded and supported on ��� ���

The denition of T �� pair� central and admissible pair all depend
upon the choice of grids� Thus� if G is a grid� denote by Ga it�s shift
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by a� Notice that the central intervals are just shifted in Ga� and that
they have density ��� at all scales� That is� amoung all the intervals
I � G with jIj 
 �j � every third one is central� Clearly� the admissible
space intervals have density ����� at all scales� Then� let

fa�b�j�x	 

X

���I �� �Ga�Gb

�
p admissible� jIj 
 �j


�p�x	 hf� �pi �

From Carleson�s Theorem� one sees that this sum is convergent for
almost every x� It follows from ����	 that

f�x	 
 lim
M	�

C

M�

Z M

�

Z M

�

fa�b�j�x	 da db �

And so� if T a�b is the operator T � formed over the grid �Gb �Ga� we see
that

X
j

Z
kj�y	f�x� y	 g�x� y	 dy 
 lim

M	�

C

M�

Z M

�

Z M

�

T a�bg�x	 da db �

The assumption is that we have appropriate norm bounds on T a�b�
independent of a and b� These same bounds then clearly apply to the
averages above� In this way� we can pass to the full singular integrals�

�� No two pairs comparable�

The object of study herein are sets of pairs P for which no two
distinct pairs in P are comparable with respect to �� Call such a set
of pairs a thicket� A convenient way to reformulate the not comparable
condition is this� Two pairs p 
 ��� I � and p� 
 ���� I �� are not com�
parable under "�� if and only if the two rectangles in space�frequency
plane I � � and I � � �� are disjoint�

Here are the three facts this section is devoted to proving�

Lemma ���� Let � � b � �� If P is a thicket and size�p	 	 b for all

p � P� then for any � � ����� X
���I ��P

�I

���
s
� Cs�	 b

���	 � � � s �� �
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In particular the function above is in every Lr class� for r ���

Lemma ���� If P is a thicket and size�p	 � b for all p � P then for

all � � r � ��

����	 kTPgk� � Cr b

�r�kgkr � where ��r	 � � �

Note that this is a Lr � L� estimate�

Both of these will follow from a study of fp� which begins with the
following Carleson measure lemma�

Lemma ���� Let � � b � �� Let P be a thicket with size�p	 	 b for all
p � P� Then for all intervals U � and all � � ��

����	
X

���I ��P

�I � U � jhg� ����I �ij
� � C	 b

�	jU j kgk�� �

This Lemma� crucial to the whole line of reasoning of this paper�
has an intricate and combinatorial proof� In fact� it already re#ects
the large scale structure of Fe�erman�s argument� The procedure is to
identify nice subsets of thickets which satisfy ����	� and decompose a
thicket into a relatively small number of these nice subsets� In choosing
our terminology� the thickets� spindly sets� shrubs and hedges of this
section� we have chosen words� which in the American vernacular� per�
tain to the understory of a forest� This seems appropriate due to the
close connection between thickets and the forests of Section ��

The inequality is also probably in it�s optimal form� at any rate�
the purely L� estimateX

p�P

jhg� �pij
� � C b������� kgk��

is false� Indeed� one can use the Fourier transform in this last inequality�

and then it is quickly seen to be false for c�p even if �g 
 �������� Put
another way� our Lemma ��� relies critically upon � being compactly
supported in the frequency variable�

Further� the proof given here will be applied to decompositions
of other functions that arise later in this section� To this end� it is
important to note that the only property of � or rather �p used is this�

����	 � � �� 
 � implies supp �c�p	 � supp �c�p�	 
 � �
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The other element of the proof is an estimate of the formX
���I ��P

�I � U � jIj � C b� jU j � for all intervals U �

In the end� it is the desire to apply Lemma ��� to other �thickets that
justies� even necessitates� our seemingly absurdly specic requirements
on the decomposition given in Section �� To emphasize this point� let
us record here a second Lemma which we shall prove at the same time
as the one above�

Lemma ���� Let � � �� Let P be a thicket and in addition assume we

have the estimate

����	
X

���I ��P

�I � U � jIj � C b�� jU j � for all intervals U �

Let f�p � p � Pg be functions satisfying

�p � �p� 
 � implies supp �c�p	 � supp �c�p�	 
 � �����	

j�p�x	j � CM

�
� �

dist �x� Ip	

jIpj

��M
������	

where M depends upon �� Then for all intervals U and bounded func�

tions g�

�����	
X
p�P

�Ip � U � jhg� �pij
� � C	 b

�	 jU j kgk�� �

In the Lemmas above and below� � � � � � is xed� It�s choice
depends ultimately on the choice of � � r � � in ����	� The value of �
forces a certain rate of decay on �� Namely in ����	 and ����	� M has to
be chosen su�ciently large� but nite� The constants depending upon
� are independent of f and all pairs�

And� in the proof� it is convenient to assume these two conditions
on pairs� for all pairs p 
 ��� I � and p� 
 ���� I ��

� 
 �� and I �
 I � implies dist �I� I �	 	 ��� b�	 jIj ������	

�� � � implies jIj � b���� jI �j ������	
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These conditions can be assumed by breaking up the set of all pairs
into O �b��		 disjoint sets� The e�ect of this will be to multiply our
bound in ����	 by �a trivial amount	 of b��	�

Spindly sets of pairs� Introduce a new partial order on pairs� Call
��� I �� ���� I �� if and only if � � �� and

�����	 jc�I �	� c�I	j �
�

�
b�	 jI �j

X
j��

�jIj � ��j jI �j� ��j �

One can check that this is indeed a partial order� namely if p� p� and
p� � p�� then p � p���� �By �����	� if p � p�� then �� � ��	 Call a set
of pairs P spindly if no two pairs in P are comparable under ��

Lemma ���� If P is spindly and size �p	 	 b for all p � P� then it

satis�es ����	�

Proof� Assume that P is nite� and I � U for all ��� I � � P� Then
let B denote the best constant in the inequality

�����	
���X
p�P

�p �p�x	 hg� �pi
���
�
� B kgk� �

g supported in b�	U � �p � f��g� Our intention is to provide an estimate
for B� Averaging over all choices of signs �p will give a square function
inequality which is weaker than what is claimed in the Lemma� in that
a restriction is place upon the support of g� We return to this point at
the end of the proof�

We will have need of some trivial estimates below� Take g to be a
function bounded by �� Then jhg� ����I �ij � C

p
jIj kgk�� Also

jh����I �� �����I��ij

�

����	
� � if � � �� 
 � �

C	

s
jI �j

jIj

�
� �

dist �I� I �	

jIj

�����	
� if � � �� �

�����	

�
Roughly speaking� p
p� if ���� and �b����I��b����I� ��� and
 is the transi�

tive hull of this pairwise relation� The trouble with the simplier condition is that it does

not de�ne a partial order� And we have a need yet for certain intricate combinatorial

ideas� which depend upon a partial order� as in Lemma �����
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Write out the left hand side of �����	 as���X
p�P

�p �p�x	 hg� �pi
����
�

 D �O �

where D denotes the diagonal term

D 

DX
p�P

�p�x	 h�p� �pi hg� �pi� g�x	
E

and the o��diagonal term is� because of ����	�

O 

X

p����I ��P

�p h�p�x	� g�x	i
X

p������I���P

�� � ��� �p� h�p� � �pi hg� �p�i �

The assumed inequality can be used on the diagonal term D�

D 
 kgk�

���X
p�P

�p�x	 hg� �pi
���
�
� B

p
b�	jU j kgk�� �

For the o��diagonal term� x a p 
 ��� I � � P� Then the sets fI � �
���� I �� � P� �� � �� I � �
 Ig are pairwise disjoint� and do not intersect
b�	I� Hence� by �����	�

Sp 

��� X
p��P

�� � ��� �p�h�p� � �pi hg� �p�i
���

� C kgk�
X
p��P

�� � ���
�p
jIj

�
� �

dist �I� I �	

jIj

�����	
jI �j

� C kgk�

Z
�b��I�c

�p
jIj

�
� �

dist �I� x	

jIj

�����	
dx

� C	 b
�� kgk�

p
jIj �

Therefore�

O �
���X
p�P

j�p�x	j Sp

���
�
kgk�

� C	 b
�� kgk��

��� X
p����I ��P

j�p�x	j
p
jIj
���
�

� C	 b
�� kgk��

X
���I ��P

jIj �
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Putting these estimates together� we see that

�����	 B� � B
p
b�	jU j� C	 b

��
X

���I ��P

jIj �

If B
p
b�	jU j is the larger of the two terms on the right� then B �

�
p
b�	jU j and we have proved �����	� So we assume that this is not

the case and we derive a contradiction by applying the inequality to f �
Of course f is not supported on b�	U � nevertheless we have

�����	 $�
p 
 jhf� �pi � hf �b��U � �pij

� � C	 b
�� jIj �

Note that this bound only depends upon the L� bound on f � Hence

�

�
b�

X
���I ��P

jIj �
X
p�P

jhf� �pij
�

� �
X

���I ��P

jhf �b��U � �pij
� �$�

p

� C	 b
��

X
���I ��P

jIj �

We therefore see a contradiction for small b� which is enough to prove
�����	� because we only assumed a lower bound on the size of p �
P� To extend the square function inequality to all bounded functions�
note that inequality �����	 is valid for all such functions� and so shows
that the condition that g be supported in b�	U is super#uous� thereby
establishing the Lemma�

We observe that the proof above contains the following Lemma�

Lemma ���	� Lemma ��� holds under the additional assumption that

P is spindly�

Proof� We repeat the argument above� up the equation �����	� Then
we appeal to ����	 to conclude that �����	 holds� with best constant
B � b�	

p
jU j� That is the Lemma holds up the restriction on the

support of g in �����	� But this restriction is removed just as above�

Shrubs� Call P a shrub with top pt 
 ��t� It� if p� pt for every p � P�
but no two pairs in P are comparable with respect to �� Because the
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sets fI � ��� I � � Pg are disjoint and contained in b�	It� the inequality
����	 is trivial� What is more to the point is the following decompo�
sition� which is essentially a corollary to the Fe�erman�Stein maximal
inequalities� This Lemma depends only on the combinatorics of pairs�

Lemma ����� Let P be a a shrub with top pt 
 ��t� It�� Then there

is a set P � � P and a set F � b�	It for which the following three

conditions hold�

i	 P � can be written as a union of at most O �b��		 spindly sets�

ii	 For all ��� I � � PnP �� b�	I � F �

iii	 And jF j � C	 b
��� jItj�

Proof� Notice that the sets fI � ��� I � � Pg are disjoint� for otherwise
two pairs would be comparable under �� Set

F� 

n
x �

X
���I ��P

�M�I	
��x	 � b�����	

o
� � 
 � �

�

�
�

By the Fe�erman�Stein maximal inequalities���� X
���I ��P

�M�I	
��x	

�������
�
� C��� �b

�	jItj	��� � � �  �� �

Using this with  large implies that jF�j � C	 b
��� jItj�

Now� set P �� 
 f��� I � � P � b�	I �� F�g� Our claim is that��� X
���I ��P�

�

���b�	I��x	
���
�
� �� b�	 �

Consider an x and intervals I�� � � � � IJ with x � �b�	Ij for all � � j � J �
and ��j � Ij� � P

�
�� Suppose that jI�j � jIjj for all j� Then� for all y � I��

�M�Ij �y		
� 	 ���b	� � � � j � J �

so that
JX
j��

�M�Ij �y		
� 	 J ���b	� � y � I� �

The right hand side above cannot be more than �� b�	� or we see that
���� I�� �� P

�
�� This gives an upper bound on J �
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The set P �� will have to have some more pairs deleted before it can
be decomposed into spindly sets� To accomplish this� let

U� 

�

���I ��P�

�

b�	I �

Choose pj 
 ��j � Ij � � P
�
� so that that fb�	Ij � j 	 �g forms a minimal

cover of the set U�� Set P �� 
 fpj � j 	 �g� Delete these pairs from P ��
and repeat this procedure� As a result� we have

P �� 
 P �� � � � � � P
�
J � J � �� b�	 �

and for each P �j � the sets fb�	I � ��� I � � P �jg form a minimal cover of
their union�

Last of all� we claim that for each P �j � � � j � J � there is a set
Fj � b�	It and a P ��j � P �j so that

i	 P ��j is a union of O �log ��b	 spindly collections of pairs�

ii	 For all ��� I � � P �jnP
��
j � b

�	I � Fj �

iii	 jFj j � C b��� jItj�

These last three conditions in fact follow from the Vitali Covering
Lemma� from fb�	I � ��� I � � P �jg select pairs ��v� Iv� � P

�
j so that the

intervals b�	Iv are disjoint in v andX
v

b�	jIvj 	
�

�

��� �
���I ��P�

j

b�	I
��� �

The collection f��v� Iv� � v 	 �g is clearly spindly� Repeating this
procedure O �log ��b	 times will prove these three conditions�

Last of all� we conclude the Lemma by taking P � 

SJ
j�� P

��
j � and

F 

SJ
j�� Fj �

In the rst half of the proof just given we have made an observation
which will be used below� Let us formulate it as a Lemma�

Lemma ����� Let I be a collection of intervals� For a choice of

� � � �� set

E 

n
x �
�X
I�I

�M�I�x		
�
����

� J
o
�
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Then for all x X
I�I

�b�	I �� E��b��I�x	 � ���b�	�J	� �

A second Lemma of a general nature is also relevant at several
parts of our argument� It shows that it su�ces to prove the Carleson
measure estimate� up to exceptional sets�

Lemma ����� Let fap � p � Pg be non�negative numbers associated to

pairs� Assume that for all intervals U there is an open set E � U so

that jEj � jU j�� and X
p�P

�Ip �� U � japj � C jU j �

Then� for all intervals U �

�����	
X
p�P

japj � �C jU j �

Proof� Fix the interval U for which we want to prove �����	� Set E� to
be the set E of the Lemma� and let P �� 
 fp � P � Ip �� Ug� We apply
the hypotheses of the Lemma to the components of the set E�� Thus�
let U��k be the open components of E�� and let P��k 
 fp � PnP �� �
Ip � U��kg� Then for each k there is an open set E��k � U��k� with
jE��kj � jU��kj��� so that setting P ���k 
 fp � P � U��k � Ip� Ip �� E��kg�
we have X

p�P�

��k

japj � C jU��kj �

But�
P

k jU��kj � jE�j � ���jU j� And so�

X
k

jE��kj �
�

�

X
k

jU��kj �
�

�
jE�j �

�

�
jU j �

Set P �� 

S
k P

�
��k� We conclude that

X
p�P�

��P
�

�

japj � C
�
� �

�

�

�
jU j �
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This argument can be continued inductively inside the components of
E� 


S
k E��k� thereby proving the Lemma�

Hedges� Call a set of pairs P a hedge if no two pairs in P are compara�
ble under � and P satises the following linearity or tree�like condition�
for all p� p�� p�� � P with p� p� and p� p��� either p� � p�� or p�� � p��

Lemma ����� If P is a hedge and size �p	 	 b for all p � P� then ����	
holds�

Proof� Let pk be the pairs in P maximal with respect to �� Set
Pk 
 fp � P � p � pkg� These sets are shrubs and are pairwise
disjoint� Indeed� more is true� if p � Pk� p

� � Pk� and p � p� then
Pk 
 Pk� � The situation is this� p � p� and p � pk� Hence from the
denition of a hedge� p� � pk� But also p� � pk� � so that pk and pk�
are comparable under �� Maximality then forces pk 
 pk� �

A corollary of this is that if P �k � Pk is spindly for all k then so isS
k P

�
k� But we know how to construct spindly sets from shrubs� And

we can give a proof of ����	 for a xed interval U �
Assume that Ik � U for each k� Apply Lemma ���� to each Pk�

This gives us sets P �k � Pk and Fk � b�	Ik satisfying i	�iii	 of that
Lemma� It follows from Lemma ���� that �P �k satises ����	� Also
from the fact that pk is spindly and size �p	 	 b� we see that ����	 holds
for fpkg� Hence

�����	
X
k

jFkj � C b���
X
k

jIkj � C b�� jU j �

That is for b su�cently small� C b�� will be no more than ���� and then
the assumptions of Lemma ���� are seen to hold� with ap 
 jhg� �pij

��
Therefore ����	 holds� Again� it su�ces to prove the Lemma for small
b as only a lower bound on the size of pairs is assumed�

The next Lemma is a trivial adaptation of the previous proof�

Lemma ����� Lemma ��� hold under the additional assumption that

P is a hedge�

Last of all� we want to decompose thickets into a small number of
hedges� This Lemma depends upon the combinatorics of the pairs� as
well as the Carleson measure estimate�
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Lemma ���
� Let P be a thicket and assume that for some interval

U � I � U for all ��� I � � P� Assume that ����	 holds for every hedge

P � � P� Then there is a set E � U and a set P � � P so that

i	 P � is a union of at most O �log ��b	 hedges�

ii	 For all ��� I � � PnP �� I � E�

iii	 And jEj � C	 b
��� jU j�

This lemma� plus Lemma ���� and Lemma ���� will prove Lemma
��� and Lemma ����

Proof� Begin by letting p�k 
 ���k� I
�

k� be the maximal pairs in P with
respect to �� The set fp�kg is spindly� and so in particular is a hedge�
It satises ����	 by assumption� That is�X

k

jI
�

kj � C	 b
�� jU j �

This allows us to delete some pairs from P� Set

F� 

n
x �
X
k

�M�� I
�

k ��x		
� � b����

o
�

It follows that jF�j � C	 b
��� jU j� further let pj 
 ��j � Ij � be an enu�

meration of those p�k such that b�	I
�

k �� F�� As we have already seen in
Lemma ����� we then have thatX

j

��� b�	Ij ��x	 � � b��� � for all x � b�	U �

Take P� 
 fp � P � p � some pjg� Note that if ��� I � � PnP�� then

��� I �� some p�k with b�	I
�

k � F�� and so I � F� as well�
A few more pairs must be deleted from P� in order to gain a cer�

tain combinatorial advantage� We will proceed in an inductive fashion�
Choose a pair p� 
 ���� I�� � P

� for which jI�j is maximal� Let

F� 

�n

I � jIj � b���� jI�j �X
��j�
�� log ��b

��j �
jc�I	� c�I�	j

b�	jI�j��
�
X
j��

��j
o
�
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Note that jF�j � b��� jI�j�
� Choose a pair p� 
 ���� I�� � P

�nfp�g� with
I� �� F� and jI�j maximal� Then dene F� as above� It follows that
I� �� F�� Continue this procedure until P� is exhausted� Then the set
E of ii	 and iii	 above is E 
 F� �

S
j�� Fj � Let P � 
 fpj � j 	 �g�

Observe that

�����	 jEj � C	 b
��� jU j� b���

X
���I ��P�

jIj �

Of course ii	 holds� It remains to verify i	 and iii	� And here observe
that the last inequality and i	� together with ����	 for hedges� trivially
give iii	� So it remains to check i	�

The advantage gained in passing from P� to P � is this� if p 

��� I �� p� 
 ���� I �� � P � and p� p� then as follows from the removal of
the sets Fj � j 	 ��

jc�I	� c�I �	j �
�

�
b�	 jI �j

X
j�
�� log ��b

��j �

As a corollary� we see that P � satises the following good combinatorial
condition� if p� � p�� p � p�� all pi � P � then either p� � p or
p � p��

� To see this� let pi 
 ��i� Ii�� We then have �� � ��� � � ���
Thus� we must have e�g� �� � �� Under the assumption of �����	�
p� � p�� p� and p� �
 p implies that we must have � � ��� Then

jc�I�	� c�I	j � jc�I	� c�I�	j� jc�I�	� c�I�	j

�
�

�
b�	 jIj

� X
��j�
�� log ��b

��j �
jI�j

jIj

X
��j�
�� log ��b

��j
�

�
�

�
b�	 jIj

X
��j

� ��jjIj � jI�j � �
�j �

The last line follows from the fact that jI�j�jIj � b����� �see �����		
and shows that p� � p�

We can now apply a combinatorial trick of Fe�erman� Let B�p	 

�fpk � p� pkg� For all p � P

�� we have B�p	 � � b���� for if

��� I �� pk���� � � � � pk�v� � v 
 B���� I �	 �

�
Here we are simply deleting a small neighborhood of the boundary of �b����I��

Recall that by ������� if ���I �
����I��� then jIj�b
����jI�j�

�
Note that for ��	 this is trivial�
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then for x � I�
P

k ��� b
�	Ik��x	 	 v� but by construction this last

sum can�t be more that � b���� Furthermore� B�p	 has the following
combinatorial property� if p � p�� and p � p��� but p� and p�� not
comparable under �� with all pairs in P �� then B�p	 	 B�p�	 � B�p��	�

Indeed� write p� � pk���� � � � � pk�v�� and p
�� � pj���� � � � � pj�w� where

v 
 B�p�	 and w 
 B�p��	� If some pk��� equals some pj�� then one
would have p� � p��� 
 pk��� 
 pj�� and p�� � p���� The situation is
p� p�� p�� � p��� which by the good combinatorial property of P � forces
p� and p�� to be comparable under �� This is a contradiction which
forces the inequality B�p	 	 B�p�	 � B�p��	�

But then the hedges are easy to dene� simply take Hv 
 fp � P � �
�v � B�p	 � �v��g for v � ��� log ��b� The combinatorial property of
B�p	 show that each Hv is a hedge� nishing the proof�

We have completed the proof of the critical Carleson measure
Lemma�

The next Lemma initiates the proof of the second estimate �Lemma
���	 on the operator TP � but it�s proof will also yield the rst estimate
�Lemma ���	� We need an improvement of Lemma ����

Lemma ���	� Let P be a thicket with Ip � b�	������ �� for all p � P�
One then has the inequality below for any � � ��

�����	
����X

p�P

jfp�x	j
�
�������

r
� C	�r b

�	 kfk� � � � r �� �

Proof� To prove the Lemma� it su�ces to establish that for all � � ��

�����	
���� X

p����I ��P

��� hg� �pip
jIj

�I�x	
�����������

BMO
� C	 b

�	 kgk� �

For then properties of BMO give

���� X
p����I ��P

��� hg� �pip
jIj

�I�x	
�����������

r
� C	 r b

�	 kgk� �

which with the Fe�erman�Stein maximal inequalities gives the Lemma�
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But also� if P is a thicket and each pair p has size at least b��� and so
b�I�x	 � C jfp�x	j� it follows from the decay of �p that b�	Ip � ���� ��
for all p � P� Hence��� X

���I ��P

�I�x	
���
r
� C	 r

� b���	 �

which is the conclusion of Lemma ����
To check �����	 it is enough to show that for all triadic intervals

U � Z
U

X
���I ��P

�I � U �
���hg� ����I �i �p

jIj
�I�x	

���� dx � C	 b
�	 jU j kgk�� �

where g is a function bounded by �� But this is precisely ����	 above�

To bound TP as in ����	 we will dualize and provide a proof of the
estimate

�����	 kTP�gks � Cs b

�s� kgk� �

where � � s �� and ��s	 � �� We localize TP� in the space variable�

Lemma ����� De�ne� for � � ��

T �����I �g�x	 
 ��b�	I��x	T ����I ����b
�	I�g	�x	 �

Let P be a thicket with size �p	 	 b for all p � P� And let g be a function

bounded by �� Then���X
p�P

��T �p g�x	� T ��pg�x	
�����
r
� Cr�	 b

 � � � r �� �

Proof� We will do half of the proof� the other half being similar�
Estimate �p 
 ��� I �	

jT �p g�x	���b
�	I��x	T �p g�x	j

� ���b�	I	c��x	

Z
jk���y	 fp�x� � y	 g�x� y	j dy


 ���b�	I	c��x	
�Z

jyj�dist�x�I��

�

Z
jyj�dist�x�I��

� � � dy
�


 Ap�x	 � Bp�x	 �
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For the rst term� use the decay of fp away from I� from the denition�
jfp�z	j � C	�dist�z� I	�jIj	

���	� which implies that

Ap�x	 � C ���b�	I	c��x	
�dist�x� I	

jIj

����	
jk�j � jgj�x	

� C b� �M�I	
��x	 �

where M denotes the Hardy�Littlewood maximal function�
For the second term� use the decay of k��

jk��y	j � C	 j�j �j�j jyj	
���	 �

Bp�x	 � C	 ���b
�	I	c��x	

�dist�x� I	
jIj

����	
� C	 b

� �M�I	
��x	 �

Thus� using Lemma ��� and the Fe�erman�Stein maximal inequalities
we see that���X

p�P

Ap�x	 � Bp�x	
���
r
� C	 b

�
��� X
���I ��P

jM�I�x	j
�
���
r

� C	 b
�
���� X

���I ��P

jM�I�x	j
�
��������

�r

� Cr�	 b
�
��� X
���I ��P

�I�x	
���
r

� Cr�	 b
 �

This nishes the proof�

At this point� the top item on the agenda is a decomposition of
g into functions analogous to fp� But we have to abandon the luxury
of reconstructing g after the fact� as is done for f in Lemma ���� This
creates an extra problem� of an essentially technical nature�

Recall the denition of A���	� �����	� This interval is triadic in
�a shift of	 �G� More can be said� A���	 is central so that �A���	 is
triadic� c�A���		 
 � c��	 � j�j��� jA���	j 
 j�j��� and

�����	 � � �� 
 � implies �A���	 � �A����	 
 � �

Indeed� if � � �� 
 �� then

jc�A���		� c�A����		j 
 � jc��	� c���	j 	 j�j� j��j �
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which demonstrates the assertion� These observations inform the de�
nitions below�

To a pair ��� I � associate the functions

�

����I �

�x	


 jIj���� exp
�
�
 i x

�
c�A���		 � �

j�j

��

��
�
�x� c�I	

jIj

�
�����	

where � 
 �������� � � � � ��� For each pair� the collection of functions�
�

����I���njIj�

� ��� � � � ��� n � Z� � � �G
�

is just a rescaling of the collection in ����	 and so satises ����	� �The
constant A in that equation is irrelevant� and so we will take it to be
�	� For a pair p� set

�����	 Q���I � 

X
j
j�


X
jnj����b����

�

����I���njIj�

� �

����I���njIj�

�

The sum over � is restricted because if j�j 	 �� then the support of
��


����J �
	bwill not intersect A���	� Therefore� one should have T �p g �

T �pQpg� This we will quantify in the next Lemma�

Lemma ���
� If P is a thicket then���X
P

jT �p g�x	� T �pQpg�x	j
���
r
� Cr b

� kgk� � r �� �

Proof� Since a dilate of ����	 is in force� it follows from �����	 that

T �p g 
 T �p

� X
j
j�


�X
n���

�

����I���njIj�

hg� �

����I���njIj�

i
�
�

The sum above is absolutely convergent� So we will give a pointwise
estimate for

hg� �

����J �

iT �p�
����J ��x	 � where dist�I� J	 	 b�	jIj �

The � is unimportant� and so will be dropped from notation�
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Set �I�x	 
 �� � �jxj�jIj	����		� We need to consider the integral��� Z k���y	�p�x� � y	�
���J �

�x� y	 dy
���

�
C	
jIj

Z
�I�y	 �I�dist�x� � y� I		 �I�dist�x� y� J		

dy

jIj

�
 E�J� x	 �

Sum this over J to getX
J

� jIj 
 jJ j� dist�J� I	 	 b�	jIj �E�J� x	

�
C	
jIj

Z
�I�y	 �I�dist�x� � y� I		 �I�dist�x� y� �b�	I	c		

dy

jIj

�
C	
jIj

b�� �M�I	
��x	 �

Remembering that both f and g are bounded by �� so that

jhf� �pi hg� �
����J �ij � C jIj �

it follows that���X
P

jT �p �I �Qp	 g�x	j
���
r
� C	 b

��
���� X

���I ��P

�M�I�x		
�
��������

�r
� C b� �

by Lemma ����

With this last Lemma� we have associated with P a collection of
pairs

Pe 
 f��� J � � for some ��� I � � P� dist�J� I	 � ���� b		��jIjg �

Our claim is that Pe essentially obeys Lemma �����

Lemma ����� If P is a thicket with size�p	 	 b for all p � P� then the

following inequalities hold for all � � ������ X
j
j�


X
���J ��Pe

��� �p
jJ j

�J �x	 hg� �
����J �i
�����������

r
� C	�r b

��	 kgk� �
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where r ���

Proof� It su�ces to prove the estimate above with the BMO norm
replacing the Lr norm� This in turn follows from Lemma ����

We see how to apply that Lemma to the pairs Pe� and the functions
f�


�p
� p � Peg� where j�j � � is xed� The assumption ����	 holds�

because P is a thicket and we have proved Lemma ���� The condition
����	 follows from the denition of the �


�p
� And ����	 follows from

�����	�

The assumption of Lemma ��� that is not immediate is that Pe

be a thicket� Indeed� it will not be so� in general� Yet if P is spindly�
then Pe is a thicket� Therefore our Lemma follows from Lemma ���
if P is spindly� Continuing in this vein� we have Lemma ����� And
therefore� by Lemma ���� our current Lemma holds under the more
general assumption that P be a hedge� Finally� we have Lemma �����
so that our Lemma is seen to hold under the sole assumption that P is
a thicket�

We can now give the nal proof of this section�

Proof of Lemma ���� We can assume that b�� � size�p	 � b for all
p � P� For if not� we write P 


S
n Pn� where Pn 
 fp � P � ��n�� �

size�p	 � ��nbg� For each n we will prove the estimate

kTPngk � Cr ��
�nb	
�r�kgkr � � � r � � �

This is summed over n to conclude the Lemma�

Recall that we wish to establish the inequalities �����	� The inter�
esting part is to establish the bound

�����	 kTP�gk� � C	 b
����	 kgk� � � � � �

Henceforth� g will be assumed to be bounded by ��

Make the following denitions� For p 
 ��� I � � P� denote

P�p	 
 f���� I �� � P � � � ��� dist�I �� I	 � b�	jIjg �

P��p	 
 f���� I �� � P � � � ��� dist�I �� I	 	 b�	jIjg �



The bilinear Hilbert transform is pointwise finite ��	

Expand

kTP�gk�� �
X
p�P

kT �p gk
�
� �

X
p�P

jhT �p g�x	� T
P�p��g�x	ij

�
X
p�P

jhT �p g�x	� T
P��p��g�x	ij


 A� B � C �

This is justied since FT �p is supported in A��	 � �� hence if ���� 
 ��
hT �p g� T

�
p�gi 
 ��

For the diagonal term� by Lemma ����� we can write

A 

X
p�P

kT �p gk
�
�

� C b� �
X
p�P

kT �pQpgk
�
�

� C b� � C b�
X
p�P

kQpgk
�
�

� C b� � C b���	
X
p�Pe

k�phg� �pik
�
�

� C b����	 �

where in the last line we invoke Lemma ����� �And again� the j�j � �
is dropped from notation	�

The diagonal estimate also enters into the second term� B�

B 

X
p�P

jhT �p g�x	� T
P�p��g�x	ij

� C b
X
p�P

D
jT �p g�x	j�

X
����I���P�p�

�M�I��x		
�
E

� C b
X
p�P

kT �p gk�

��� X
����I���P�p�

�M�I��x		
�
���
�

But the last term on the right is no more than C
p
b�	jIj� since the sets

fI � � ���� I �� � P�p	g are disjoint and contained in b�	I� We continue
as follows�

B � C b���	
�X
p�P

kT �p gk
�
�

����� X
���I ��P

b�	jIj
����

� C b���
	 �
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The last term� C� is the least interesting� All the intervals fI � � ���� I �� �
P��p	g are much smaller than I� and are pairwise disjoint� So if J is
any interval of length jIj�Z

J

jT �p g�x	T
P��p��g�x	j dx � C	 b

�
� �

dist�I� J	

jIj

�����	
�

Z
J

X
����I���P��p�

�M�I�	
��x	 dx

� C	 b
��
�
� �

dist�I� J	

jIj

��

jJ j �

It follows that
C � C	 b

�
X

���I ��P

jIj � C b� �

This nishes the proof of the L� estimate�
For the Lr bound� r � �� use Lemma ���� and Lemma ���� to see

that���X
p�P

T �p g
���
r
� C b�

���X
p�P

T �p �Qpg	�x	
���
r

� C b�
���X
p�P

�jk�j � jfpj
��x	 jk�j � jQpgj

��x		���
���
r

� Cr b�
����X

p�P

jk�j � jfpj
��x	

�������
r

�����	

�
����X

p�P

jk�j � jQpgj
��x	

�������
r

� C	�r b
�	 �

Hence the Lemma follows by interpolating with the better L� bound�

�� Trees�

The emphasis in this section will be on sets of pairs P which are
trees under the partial order on pairs� Call a set of pairs P a tree with

top pt 
 ��t� It� if all p � P are less than pt� �The top need not be in
the tree� nor is the top unique�	 It turns out that the TP are familiar
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objects� namely Calder�on�Zygmund operators� We need to estimate
kTPk� and quantify the orthogonality between trees�

Lemma ���� Let P be a tree then

kTPkr � Cr � � � r �� �

The norm estimate here is O ��	� which means that we will have to
identify that part of a tree which contributes to the large norm estimate�
This is the purpose of the next denitions�

Flavors of Trees� Call a tree P with top pt 
 ��t� It� an ��tree if
c��t	 � A��	 for all ��� I � � P� Call P an ���tree if � c��t	 � A���	 for
all ��� I � � P� And call P a �tree if c��t	 �� A��	 and � c��t	 �� A���	
for all ��� I � � P�

Of these three #avors of trees� �trees are the easiest� since they
are especially nice Calder�on�Zygmund operators� The other #avors of
trees are essentially the paraproducts� as we shall see�

Proof of Lemma ���� For � � �t� let P��	 
 fp � P � p 

��� I � for some Ig� This is useful since P 


S
���t P��	� That is�

the relevant frequency intervals form an increasing sequence� Let b 

supp�P size�p	�

The top interval �t can be assumed to be centered at the origin�
by the considerations in �����	� This means that

jfp�x	� fp�y	j � C b
jx� yj

jIj
� for all p � P �

So� writing

TPg�x	 


Z X
p�P

k��x� y	 fp��x� y	 g�y	 dy 


Z
K�x� y	 g�y	 dy �

one easily checks that K�x� y	 is a standard Calder�on�Zygmund kernel�
In particular� K satises the conditions

����	 jK�x� y	j �
C b

jx� yj
�
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and if � jx� zj � jx� yj�

����	 jK�x� y	�K�z� y	j� jK�y� x	�K�y� z	j � C b
jx� zj

jx� yj�
�

It therefore su�ces to establish the boundedness of TP on L��
In case of a �tree everything is easy� we see that TP� 
 TP�� 
 ��

so that the L� boundedness follows from Cotlar�s Lemma� In particular�
kTPk� � C b�

The two remaining two cases are duals of one another� so we only
consider the case of an ��tree� In that case TP� �
 � but TP�� 
 ��
Indeed� Tpg acts on F����A��	�Fg� by �����	� and � �� A���	 as P is
an ��tree� Thus T �p � 
 �� On the other hand� Tp� need not be zero�

For pairs p � P� set

Tp��x	

hf� �pi

 �p�x	 


Z
k��y	�p�x� y	 dy �

One easily checks that supp������I �	 � A���	� which are disjoint lacu�
nary intervals� as � varies� One can also see that the inequality below
holds�

����	
���X

p

� p 
 ��� I � for some I � ap �p�x	
����
�
� C

X
p

japj
� �

where � is xed� See for instance �D� equation ������	�� Then

TP��x	 

X
p�P

hf� �pi�p�x	 �

and the BMO norm of this last term is easily seen to be

����	 kTP�kBMO � C� sup
U

� �

jU j

X
���I ��P

� I � U � jhf� �pij
�
����

�

The supremum is nite as f is bounded� This estimate is in general�
sharp� Namely� for all � � �� one can construct a bounded function f
and an ��tree P so that size�p	 � � for all p � P� and kTP�kBMO � ��

This lemma� and it�s proof� demonstrate clearly a central reason
why the bilinear Hilbert transform is so di�cult to understand� regard�
less of the size of individual Tp�s their sum can �and will	 have large
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norm� And any estimate of the form TP � L� � L�� say will also be
O ��	� Thus the weaker inequalities of the previous section are of no
use for the paraproducts�

Despite the bad features of ��trees� they do admit a certain control�
Namely� there cannot be a great number of disjoint ��trees� all of a xed
norm� This point is made precise with a Carleson measure estimate in
the next section�

These considerations suggest the following denition for the intrin�
sic size of an arbitrary collection of pairs P� Set

����	 size�P	 
 sup fkTP
�

k� � for all trees P � � Pg �

We shall see� in Section �� that this really is the appropriate notion for
the size of P�

The objective we take up in the remainder of this section is to
provide a control for large unions of trees with small norm� And in the
Lemmas� we will make no distinction on the #avor ��� ��� or 	 of the
trees involved�

Normal Trees� Let � � b � �� �b is associated with the size of pairs
and trees	� Beginning with this denition� we will use a parameter
A � � which won�t play a role until the end of proof� Call a tree P
with top pt 
 ��t� It� normal if these two conditions are satised� For all
��� I � � P� one has jIj � �b�A	����� jItj� and dist�I� �It	 	 �b�A	��� jItj�

For a normal tree we nearly have that

TPg � ��It�TP�g��It�	 �

We make this precise� and due to some Fourier calculations yet to be
done� the truncation in the space variable needs to be done in a smooth
way� Thus let ��x	 be a smooth function satisfying

����	 ������������x	 � ��x	 � ������������x	 �

and jF���	j � C j�j����� For an interval J let �J�x	 
 ���x�c�J		�jJ j	�
Dene for p 
 ��� I � in a normal tree P�

����	 T�pg�x	 
 ���I��x	Tp����I�g	�x	 �

where ��I	 is �b�A	���
p
jItj�jIj I� Normality guarantees that ��I	 � It�

Then let TP� 

P

p�P T�p�
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Lemma ���� For a normal tree P� we have the inequality

�����	 jTP� g�x	� TPg�x	j � C
� b
A

�����
�M�It	

��x	Mg�x	 �

The same inequality holds for TP�� � In particular�

�����	 kTP� kr � Cr max
n
size�P	�

� b
A

����o
� � � r �� �

Proof� For j 
 �� �� � � � let

Pj 
 f��� I � � P � jIj 
 ��j jItjg �

�As P is normal� Pj is empty if j � ����� logA�b�	 This set is linearly
ordered in the I coordinate� We can estimate for ��� I � � P

jT����I �g�x	� T���I �g�x	j

� �
h��I	

�

i
�x	

Z
x�y ���I���

jk��y	 fp�x� y	 g�x� y	j dy

� �
h���I	

�

�ci
�x	

Z �

��

jk��y	 fp�x� y	 g�x� y	j dy

� CMg�x	
�� j��I	j

jIj

����
�
h��I	

�

i
�x	

� �
h���I	

�

�ci
�x	
�dist�x� ��I	���	

jIj

��
��
�

This follows on the one hand by the decay estimate for k�� and on the
other by the decay of fp�

Sum this estimate over p � Pj �X
���I ��Pj

jT����I �g�x	� Tpg�x	j

� C
� j��I	j

jIj

�����
� �

dist�x� It	

jItj

���
Mg�x	

� C
� b
A

�����
��
j

�
� �

dist�x� It	

jItj

���
Mg�x	 �
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This is summed over j such that ��j � �b�A	���� and so yields the
Lemma�

Separation of Trees� Two normal trees P with top ��t� It� and P �

with top ��t
�
� It

�
� are separated if It � It

�

 �� or otherwise if

�	 p� 
 ���� I �� � P �� and I ��It implies dist���� �t	��A�b	���j��j�

	 p 
 ��� I � � P� and I � It
�
implies dist��� �t

�
	 � �A�b	���j�j�

�	 and nally� assuming It
�
�It� for all ��� I ��P� jIj��b�A	
��jIt

�
j

implies dist�I� �It
�
	 	 �b�A	���jIt

�
j�

This next Lemma quanties the essential orthogonality between
trees�

Lemma ����� For separated trees as above� we have

kTP� T
P��
� k � kTP�� TP

�

� k� � C
� b
A

�
��
�

More importantly� we have the following local estimates on inner prod�

ucts� Assuming that It
�
� It�

�����	 jhTP� g� T
P�

� hij � C
� b
A

�
��
kMg � jTP� gj kL��It��khkL��It�� �

A similar inequality holds for TP�� and TP
��

� �

In the special case of It 
 It
�

� we have TP�TP
�


 TPTP
�� 
 ��

which is obvious from the Fourier transform side� and so the norm
estimate above is easy� The local inner product estimate� which is
essential� contains more information and so the proof is not as easy�
But the underlying idea is no di�erent�

Proof� The interesting case is It
�

� It� Let

�� 
 min fjI �j � ���� I �� � P �g �

and split P into the trees P� 
 f��� I � � P � jIj 	 ��g and P� 

f��� I � � P � jIj � ��g� A technical point hinges on the fact that a pair
��� I � � P� could satisfy I � It

�


 � and yet ��I	 � It
�

� We treat the
point by redening T�p�
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Recalling ����	� TP� is dened in terms of the intervals ��I	� In�
stead� dene

�����	 %��I	 

� b
A

����s jIt�j

jIj
I �

and
%TP

�

g 

X
p�P�

����I�Tp�����I�g	 �

Then a trivial adaptation of Lemma ��� shows that

jTP
�

� g�x	� %TP
�

g�x	j � C
� b
A

�
��
Mg�x	 �

and so to prove the lemma it su�ces to replace TP
�

� by %TP
�

� Now
observe that

h %TP
�

g� TP
�

� gi 

X

���I ��P

X
����I���P�

�%��I	 � ��I �	 �
 �� h %Tpg� T�p�hi �

But now� for ��� I � � P and ���� I �� � P �� part �	 of the denition of
separated shows that if %��I	� ��I �	 �
 �� then I � It

�

� This is because
jIj � jI �j� and so j%��I	j � j��I �	j� So

dist�I� I �	 � � j��I �	j

�
� b
A

����q
jIt� j jI �j

�
� b
A

������
jIt

�

j

� dist�I �� �It
�

	 �

by the denition of normality� But then I � It
�

�
With this done� we can assume that for all ��� I � � P�� ��I	�It

�

�

�� and for all ��� I � � P�� we have I � It

�

� Then� let

� 
 min fjI �j � ���� I �� � P � � P�g�

By an abuse of notation� we will write TP 
 TP
�

� � %TP
�

for the purposes
of this proof�
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From the denition of separated it follows that for all ��� I � � P
and ���� I �� � P �

dist��� ��	 	
�A
b

����
��� �


�A
b

�
��
D �

Here D 
 �A�b	�
��
�
� 	 �A�b	�����jIt

�
j� We shall see that the lemma

is true because cTP and dTP�

� live on disjoint sets�

Let c and c� denote respectively the centers of �t and �t
�
� Recalling

that cTp is supported on A���	 which is centered at � c��	 � j�j��� let
��x	 be a function with

supp��	 �
h
�

�

D
�
�

D

i
������	

j%���	� �j � C
� j� � � c�j

D

��
�
������	

k��x	k� � C ������	

and

�����	 %��� c	 
 � �

Since jc � c�j is so large� there is no problem accommodating this last
condition�

Write
E �h 
 TP

�

� h� � � TP
�

� h �

Note that as D�� is so small� the denition of normal and �����	 imply
that E �h is supported in It

�
� Further� we can write

hTPg� TP
�

� hi 
 hTPg�� � TP
�

� hi� hTPg� E �hi 
 A� B �

Our rst claim is that

�����	 jTP��� �H	�x	j � C
� b
A

�
��
� � jHj�x	 �

where ��x	 
 D �� �Djxj	���� From this� it follows that

jAj 
 jhg� TP��� � TP
�

� h	ij

� C
� b
A

�
��
hjgj� � � jTP

�

� hji


 C
� b
A

�
��
h� � jgj� jTP

�

� hji

� C
� b
A

�
��
kMgkL��It�� khkL��It�� �
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This is the principal estimate�
The second claim is that

�����	 kE �k� � C
� b
A

�
��
�

hence� as supp E �h � It
�
� and E �h 
 E ��h�It�	�

jBj � hjTPgj� jE �hji � C
� b
A

�
��
kTPgkL��It�� khkL��It�� �

The estimates on A and B prove the Lemma�

We turn to the proof of the two claims �����	 and �����	� There is
no harm in assuming that �t is centered at the origin� See �����	� For
the proof of �����	� write

TP�H�x	 


Z
K�x� y	H�y	 dy �

As the cut�o� function � in ����	 is assumed to be smooth� K�x� y	 is
a generalized Calder�on�Zygmund kernel� and in particular satises the
gradient condition ����	 above� with b in that inequality replaced by ��
�Recall that we are not making any assumption about the size of pairs
in the current Lemma	� Then g � TP��� � g	 has kernelZ

K�x� z	 ��z � y	 dz �

Note that
R
� 
 �� due to �����	� and our assumption that c 
 �� also

the support of � is small� see �����	� There are two estimates to be
made� On the one hand� with the assumption jIj � � 
 �A�b	�
���D
for all p � P� we see that��� d

dz
K�x� z	

��� � C ��� 
 C
� b
A

�
���
D� � for all x and z �

Consequently using �����	 and
R
� dx 
 ����� Z K�x� z	 ��z � y	 dz

��� 
 ��� Z
jz�yj���D

�K�x� z	�K�x� y		 ��z � y	 dz
���

�
� b
A

��
��
D �
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On the other hand� if jx� yj � ��D use ����	 and �����	 to see that��� Z K�x� z	 ��z � y	 dz
��� 
 ��� Z �K�x� z	�K�x� y		 ��z � y	

��� dz
� C jx� yj��

Z
jz�yj���D

jz � yj j��z � y	j dz

� C D�� jx� yj�� �

Notice that

D��jxj�� �
� b
A

�
D �� �D jxj	��� � if D jxj 	

�A
b

�����
�

D
� b
A

�����

 min

Djxj��A�b�����

� b
a

�
��
D �� � jxj	�� �

so that �����	 follows�
For the second claim �����	� verify the dual inequality

kTP
��

� �h� � � h	k� � C
� b
A

�
��
khk� �

But we can estimate by �����	� Lemma ���� �����	 and �����	 to see that

kTP
��

� �h� � � h	k�

� C
� b
A

�����
kM�h� � � h	k� � kTP

���h� � � h	k�

� C
� b
A

�����
khk� � C

����h� c� � �

�
� � c� �

�

�

i
F�h� � � h	

���
�

� C
� b
A

�����
khk� �

The case of the adjoints being similar� we have completed the proof of
the Lemma�

A point which will come up several times below is that the intervals
Ip can range over the whole of the real line� �This was also an issue in
the preceeding section	� Here� let us note that if P is a tree with top t�
then

�����	 size�P	 	 b implies It � b�	���� �� �
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as easily follows from the decay of �p�
The emphasis of the next group of Lemmas is on forming large

unions of trees�

Rows� Dene a row to be a union of normal trees Pj with tops
ptj 
 ��tj � I

t
j � for which the sets fItjg are pairwise disjoint� Two rows

R 

S
j Pj with tops ��tj� I

t
j �� and R

� 

S
j P

�
j� with tops ��tj

�
� Itj�

�
� are

separated if each Itj�
�
is contained in some Itj � where Pj and P �j� are

separated�

Lemma ����� Let R be a row with size�R	 � b� Then

�����	 kTR� kr � Cr b � � � r �� �

If R and R� are separated rows then

�����	 kTR� TR
��

� k�� kT
R�
� TR

�

� k� � C
� b
A

�
��
�

Proof� As the operators TR� act coordinatewise on �jL
r�Itj	� the rst

assertion follows from Lemma ����
And for the second assertion� again due to the coordinatewise ac�

tion of the operators� it su�ces to consider the case where R is in fact
a tree P with top ��t� It�� and each Itj�

�
is contained in It� Then� using

�����	 and Cauchy�Schwartz�

jhTP� g� T
R�

� hij 

X
j�

jhTP� g� T
R�

j�

� hij

� C
� b
A

�
��X
j�

kMg � jTP� gjkL��It
j�
�� khkL��It

j�
��

� C
� b
A

�
��
kgkL��It� khkL��It� �

The last Lemma of this section provides an estimate for a large
number of rows�

Lemma ����� Let R 
 R��� � ��RN be pairwise separated rows where

the number of rows N is at most C �A�b	���� If size�R	 � b� then� for
� � r � ��

kTRgkr � Cr b kgk� �



The bilinear Hilbert transform is pointwise finite ���

Proof� Cotlar�s Lemma� and Lemma ���� provide the estimate

��� NX
n��

TRn

� g
���
�
� C b kgk� �

To nish the Lemma� we need to remove the sharp above� We do
this by assuming that for each tree T in a row� we have size�T 	 	 b���
so that �����	 is in force� Denote the top space intervals of the trees in
the n�th row by fIn�k � k 	 �g� These intervals are disjoint in k� For a
choice of � � r � �� let ��s� ��� 
 ��r� We have by Lemma ����

��� NX
n��

jTRn�
� g � TRn�gj

���
r
� C

� b
A

����� ��� NX
n��

�X
k��

�M��In�k�	
�
����
s
kMgk�

� Cr

� b
A

�������� NX
n��

�X
k��

��In�k�
����
s
kgk�

� Cr

� b
A

����
kgk� �

�� Orchards�

An important point left uncovered in the previous section is the
behavior of the � and �� trees� These operators are in essence para�
products� and can lead to operators of large norm� regardless of how
small their constituent parts are� An adequate control of these objects
requires a new Carleson measure estimate� which is the subject of this
section�

Let Pi� i 	 �� be ��trees with tops pti 
 ��ti � I
t
i �� Assume

i	 For i �
 i�� Pi and Pi� are disjoint�

ii	 For an absolute constant c� 
 ���C�	
��� with C� as in ����	�

c� b
� jIti j �

X
p�Pi

jhf� �pij
� �

iii	 For all p �
S
i Pi� size�p	 � b��
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Such a collection of ��trees we will refer to as an ��orchard� An
analogous collection of ���trees we will refer to as an ���orchard���

Of these three conditions� the rst is a modest regularity condition�
The second is easily seen to be related to the norm of the tree operator
TPi � In particular� for a ��tree P� let

�� 
 sup
U

�

jU j

X
p����I ��P

� I � U � jhf� �pij
� �

Then� our analysis from the previous section� and in particular ����	�
shows that

d�� � kTPk� � D�� �

Thus the trees in an orchard have a minimal size� The last condition iii	
is in contrast to the analysis of say Section �� in which a lower bound
on pairs is imposed� Yet� in the context of ��trees� the interesting case
is when the sizes of individual pairs are all quite small�

An essential fact about ��orchards is that the top intervals Iti obey
a Carleson measure estimate much like the one established for sets of
incomparable pairs�

Lemma ���� There is a b� � � so that for all � � b � b�� and any

��orchard O 

S
i Pi as above� and all intervals U �

����	
X
i

� Iti � U � jIti j � C b�� jU j �

The rest of this section is taken up with the proof of this inequality�
The general approach is to identify trees P �i � Pi� which still satisfy
ii	 above� with the additional property that the functions f�p � p �S
i P

�
ig form a basis in L�� Applying this basis to our function f�x	 will

complete the proof�
Recall the combinatorial structure of an ��tree P with top fre�

quency interval �t� Each pair ��� I � � P has c��t	 � A��	� These
intervals are central triadic intervals� From �����	� we have c��	 �
c��t	� j�j��� And so the sets ���	 of ����	 form a lacunary sequence
of intervals� from which one would have Littlewood�Paley estimates�

��
Because condition iii� is an upper bound� any su�cently small value of c� is

acceptable�
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�See ����	 below	� Also� recalling ����	� we have that the functions
����I � and ����J � are orthogonal� provided I �
 J �

The interval U in ����	 can be xed� and we assume that Iti � U
for all i� A formally weaker statement will imply ����	� Namely� there
is an open set F � U so that

�	 jF j � jU j���

	
P

i� I
t
i �� F � jIti j � C b�� jU j�

We then appeal to Lemma ���� to prove ����	� Yet� in proving this
weaker statement� we can further impose the assumption

�	 k
P

i� I
t
i � U ��Iti �x	k� � b����

To be quite specic� the statement to be proved is this� given c�
in ii	� we can choose b� so that for every � � b � b� and every orchard
which satises �	 also satises �	 �with ��� replaced by ���	 and 	
�with a possibly larger constant	�

Let us now argue that there is no loss of generality in assuming
�	� For this� we take an arbitrary orchard� O and select appropriate
subcollection of the trees Pi which satisfy �	� The subcollection should
be taken in this way� Denote by Itj���v�� for v 	 �� the maximal elements

from among fIti � i 	 �g� Remove the intervals Itj���v� from the list� and

and again take the maximal intervals Itj���v�� for v 	 �� Repeat this

procedure until the orchard is exhausted� The ��trees fPj�k�v� � � �
k � K 
 b���� v 	 �g satisfy �	� Assume �	 and 	 also hold� Set

E� 

n
x �

�X
k��

�X
v��

�� Itj�k�v� ��x	 	 �� b	���
o
�

that is� this set is the set on which �	 fails� We see that

jEj �
���nx �

KX
k��

�X
v��

�� Itj�k�v� ��x	 
 b���
o���

� jF j� b��
KX
k��

�X
v��

� Itj�k�v� �� F � jItj�k�v�j

�
��
�
� C b���

�
jU j �

This will be less than jU j��� provided b is small enough� Thus� a slightly
weaker form of �	 holds� Taking E 
 E� � F � we see that
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��	 jEj � jU j��

and that 	 holds for the orchard O with the set F replaced by the
set E� Again� by Lemma ����� this is enough to prove ����	�

Assume �	� We turn our attention to the deletion of certain small
sets of pairs� First we can assume each tree Pi is nite� without violating
our condition ii	� Second� for any ��tree P� we have the fact that

����	
�X
p�P

j�p � �pj
�
����

� L� � BMO �

By observing that the supports of the functions �p in frequency form a
lacunary disjoint sequence� the operation above is seen to be an ordinary
Littlewood�Paley square function� albeit conjugated by an exponential
to account for the location of the tree in frequency� and then the bound
above is immediate�

With this observation� we can delete pairs in Pi which fall close to
the boundary of Iti � Specically� set

����	 P�
i 
 f��� I � � Pi � dist�I� �I

t
i 	 � b��� jIti jg �

It follows that X
p�P�

i

jhf� �pij
� � C b��� jIti j �

Therefore� after removal of this set of pairs ii	 holds with a slightly
smaller constant�

The top of Pi must be removed� Namely� say that p � Pt
i if there

is no chain
p 
 p� � p� � � � � � pM �

with M 
 ��� ��� log�b�size�p		� and all pm � Pi� Then it follows thatX
p�Pt

i

jhf� �pij
� � b
 jIti j �

due to the condition iii	 above� Thus� for b su�cently small� these pairs
can also be removed from Pi with only a minimal weakening of ii	� Set
Pt 


S
i P

t
i �

The import of these last two conditions is that for ��� I � � Pin�P
�
i �

Pt
i 	�

����	 jIj � �b size�p		
��� jIti j �
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We arrive at a critical point� which centers on the relationship between
distinct trees� Consider two top intervals Iti and Iti� which intersect�
Consider the following subtree of Pi�

����	
Qi�i� 
 f��� I � � Pi � I � Iti� �

����	 � ���	 for some ���� I �� � Pi�g �

Recall that our objective is to identify a highly orthogonal set of func�

tions �p� Since supp�c�p	 � ���	� the sets of pairs above are certainly
a cause of concern��� But our claim is that Qi�i� can only admit chains
of bounded length in the partial order "��� In particular� there are no
ten pairs

p� � p� � � � � � p�� �

with all pk 
 ��k� Ik� � Qi�i� for � � k � ��� For assuming otherwise�
the sets A��k	 are central� and A����	 � � � � � A���	� By the good
property of centrality� ����	�

dist�A����	� �A���		 	 �� jA����	j �

Recall that A����	 � ���� and jA����	j 
 j���j��� Hence� ���� �
A���	� Yet� c��ti�	 � p�� � Oi�i� and so for some p� � Pi� � ���

�	 �
�����	� and so A���	 � ��� � A���	� This means that p� � Pi is
in the ��tree with top ��ti� � I

t
i� �� But recall that in the ��tree Pi� � the

intervals f����	 � ���� I �� � Pi�g are lacunary� As a consequence� for any
���� I �� � Pi� � the intervals ���

�	 and ����	 are either equal or disjoint�
This contradicts the assumption that p� � Qi�i� �

Thus� this set of pairs cannot contain chains of length ten� as
claimed� Using the upper bound on the size of pairs� iii	� and the
tree structure of Pi� we see thatX

p�Qi�i�

jhf� �pij
� � �� b� jIti� � I

t
i j �

Set Qi 

S
i� Qi�i� � Using the assumption �	� we see thatX

p�Qi

jhf� �pij
� � �� b� jIti j �

��
Recall that ����I � and ����J� are orthogonal for I �J � due to ����� In Qi�i� � we

need only concern ourselves with the case of �� being a strict subset of ��
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This last estimate will be quite small� The pairs in Qi can be deleted
without a�ecting ii	�

To summarize� we can without loss of generality assume that the
sets P�

i � P
t
i � and Qi are empty for all i� For if they are not� we remove

the pairs in these sets� and �a trivial weakening of	 ii	 above continues
to hold� The essential advantage gained by these manipulations is as
follows� For p 
 ��� I � � O� set

����	 O�p	 
 fp� 
 ���� I �� � O � ���	 � ����	g �

That is O�p	 contains all pairs p� for which jI �j � jIj and �p� is not
orthogonal to �p� Then

����	
fI � � ���� I �� � O�p	g are pairwise disjoint

and contained in ��b size�p		�
��I�c �

To see this claim� it is enough to verify that if p� 
 ���� I �� � O is such
that ���	 � ����	� then

����	 dist�I� I �	 	 �b size�p		�
�� jIj �

This clearly proves the last half of ����	� Yet it also proves disjointness�
as is easily seen� consider p� �
 p� � O�p	� with pi 
 ��i� Ii�� for i 
 �� ��
We want to show that I��I� 
 �� The frequency intervals both contain
���	� and hence ����� is not empty� If �� 
 ��� it is clear that I� and
I� are disjoint� And otherwise� ����	 shows that I� and I� are disjoint�

We establish ����	� As ���	 � ����	� the ��tree structure dictates
that the two pairs are in distinct trees� p � Pi� and p

� � Pi� with i �
 i��
The rst case is I � �� Iti � For then� it follows from the removal of the
sets P�

i and Pt
i � that

�����	

dist�I� I �	 	 dist�I� �Iti 	

	 b���
jIti j

jIj
jIj

	 �b size�p		����� jIj �

Recall ����	 and ����	� This is stronger than ����	�
Thus we can assume that I � � Iti � But then� reversing primes in

����	� p� � Qi��i� a set of pairs that has been removed� The verication
of ����	 is complete�
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The combinatorial work of the proof is complete� We have a set of
pairs O which satisfy ����	� This condition is a rather strong incompa�
rability condition� Hence the nal portion of the argument is a reprise
of the techniques of Section �� and in particular the proof of Lemma
����

Our objective is to establish the following inequality� Fix an in�
terval U � and assume Iti � U for all i� For all bounded functions g
supported on �U � and choices of signs f�p � p � Og�

�����	
���X
p�O

�p �p�x	 hg� �pi
���
�
� C

p
jU j kgk�� �

To establish it� we can assume that O is nite� and therefore the in�
equality must hold with some nite constant on the right hand side�
Let B denote the best constant in this assumed inequality� an upper
bound on B can be given�

Set Sp 
 �p � �p� then

�����	
���X
p�O

�p �p hg� �pi
����
�


���X
p�O

�p Spg
����
�

 D �O �

where D and O are the diagonal and o��diagonal terms respectively�
In the diagonal� we can use the fact that Sp is a self�adjoint pro�

jection to write

�����	

D 

X
p�O

hSpg� Spgi



DX
p�O

Spg� g
E

�
���X
p�O

Spg
���
�
kgk�

� B
p
jU j kgk�� �

This estimate employs the assumed inequality �����	� with best con�
stant� together with the fact that g is supported on �U �

In the o��diagonal term� we have� recalling the notation O�p	 of
����	�

�����	

O � �
X
p�O

X
p��O�p�

jhSpg� Sp�gij

� �
X
p�O

jhg� �pij
X

p��O�p�

jh�p� �p�i hg� �p�ij
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Denote the inner sum by Sp� Recall the estimate

jh����I �� �����I��ij �

����	
� � if � � ��
� �

C	

s
jI �j

jIj

�
� �

dist�I� I �	

jIj

�����	
� if � � �� �

We noted this in Section �� and it is easy to verify� Use it in the estimate
of Sp�

Sp 

X

p��O�p�

jh�p� �p�i hg� �p�ij

� C kgk�
X

����I���O�p�

�p
jIj

�
� �

dist�I� I �	

jIj

����
jI �j �

At this point� the essential ingredient from the rst half of the proof
enters in� Namely� using ����	� we can continue the estimate of Sp as
follows� The intervals fI � � ���� I �� � O�p	g are pairwise disjoint and
contained in the complement of !I 
 �b size�p		����I� Hence� the sum
above can be dominated by

Sp � C kgk�

Z
�Ic

�p
jIj

�
� �

dist�I� x	

jIj

����
dx

� C �b size�p		���
p
jIj kgk� �

Placing this estimate into that for the o��diagonal� �����	� we get

O � C kgk�
X

p����I ��O

�b size�p		��� jhg� �pij
p
jIj

� C kgk�� b���
X
p�O

jhf� �pij
� �

with the last line following from iii	 at the beginning of this section�
We collect estimates� Namely� the last display together with �����	

and �����	� to see that

B� � C
�
B
p
jU j� b���

X
p�O

jhf� �pij
�
�
�
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If the rst term is the larger of the two on the right� then we see that the
best constant B is no more than C

p
jU j� which is a perfectly adequate

estimate�
If the second term is the larger of the two� a contradiction is seen�

We can apply the inequality to f ��U � In particular�

�����	
���X
p�O

�p �p hf ��U � �pi
���
�
� C

�
b���

X
p�O

jhf� �pij
�
����

�

since f is bounded by �� It follows from the removal of the tops Pt
i �

and in particular ����	� that

�����	

jhf� �pi � hf ��U � �pij � kfk� k����U	c��p�x	k�

� �b size�p		��
p
jIj

�
�

���
jhf� �pij

p
jIj �

Hence� we can average over choices of signs in �����	� to see thatX
p�O

jhf� �pij
� � C b���

X
p�O

jhf� �pij
� �

which can only hold if b 	 C �� an absurdity�
The nal touch in the proof our Lemma is short and sweet� We

have established �����	� apply the inequality to f � averaging over choices
of signs� Noting �����	� we see thatX

p�O

jhf� �pij
� � C jU j �

Yet� in the combinatorial half of the proof� we were careful to preserve
the lower half of condition ii	 at the beginning of this section� and thus�
as the Lemma claims�X

i

� Iti � U � jIti j � C b�� jU j �
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�� Forests�

In this section� we combine the principal estimates of the previous
three sections� and complete the proof of the bound for the bilinear
Hilbert transform� We begin with a denition of a collection of pairs�
a forest�

Call a set of pairs F a forest if

�	 size�F	 � b� �See ����		�

	 If p� p�� p�� � P� and p � p�� p � p�� then p� and p�� are compara�
ble� e�g� p� � p���

�	 No point x is in more than J 
 O ��A�b	���	 intervals I�� � � � � IJ �
where the pairs ��j � Ij� are in P� and mutually incomparable under ��

�	 Ip � b������� �� for all p � F �

The rst condition is a natural restraint on the size of of the collec�
tion of pairs� the middle condition is a critical combinatorial condition
imposing a tree�like structure on the forest� and the next to last con�
dition is used to write a forest as a small number of rows� The last
assumption will be satised by appealing to �����	�

Lemma ���� If F is a forest� then there is a set E � ��� �	 of measure

at most C�b�A	�� so that for all � � r � �� some � � ��

kTPgkLr�Ec� � Cr b

�logA	 kgk� �

Two preparatory Lemmas are in order� First of all� our various
estimates break down on small subsets� and the next Lemma justies
the deletion of these bad� thin sets�

Lemma ���� Suppose that T is an operator on a �nite measure space

�X�A� �	 so that for some � � b � �� and all A � �� there is a set

F � X of measure at most C �b�A	�� so that

kTgkLr�XnF � � C bA kgkL��X� � r � � �

Then�

kTgkr � C ��X	��r���� b��� kgk� �
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Proof� It su�ces to assume that ��X	 
 �� for the general case
follows from this� Let g � L��X	 have norm �� and � � �� We have the
estimate

��fTg � �g	 � jF j� ��r
Z
XnF

jTgjr du � C
�� b

A

���
� �bA���	r

�
�

Minimizing the estimate over A will prove the Lemma�

Deleting small subsets of ��� �	 also requires us to delete sets of
pairs which live on these sets� This is the subject of the next Lemma�

Lemma ���� Let fIj � j 	 �g be a collection of disjoint triadic inter�

vals� Let B be a set of pairs with size�p	 � b� and for all ��� I � � B�
I � Ij for some j� Set E 


S
j � Ij� Then for a choice of � 
 ��r	 � ��

kTBgkLr�Ec� � Cr b

 kgk� � � � r � � �

Proof� In the proof� we can in addition assume that size�p	 	 b���
for then we can sum the estimate obtained for the sets Bn 
 fp � B �
��nb � size�p	 � ��n��bg� for n 	 �� to get the Lemma as stated�

Let pk 
 ��k� Ik� be the maximal pairs in B� Remove the top from
B� Namely let Bt be those pairs in p � B for which there is no chain

p 
 p� � p� � � � � � pm �

with m � M 
 ��� �log ��b	 and p�� p�� � � � � pm � B� Then Bt can be
written as a union of O �log ��b	 sets which are not comparable under
�� Hence� Lemma ��� implies

kTB
t

gkr � Cr b

 kgk� � � � r � � �

which is stronger than our conclusion�
Let B� 
 BnBt� and set Pk 
 fp � B� � p � pkg� This is a tree�

with top interval Ik much larger than jIj for all ��� I � � Pk� Thus� T
Pk

will be quite small o� of the set E 

S
j � Ij� In particular� choose j so

that Ik � Ij � which must exist� Then� one easily sees that

jTPkg�x	j � C b��� �M�Ik�x		
�Mg�x	 � if x �� � Ij �



��� M� T� Lacey

The explicit calculation is much in the spirit of Lemma ���� Of course
B� 


S
k Pk� hence for r � �� let ��r 
 ��� � ��s� and write

kTB
�

gkLr�Ec� � C b���
���Mg

X
k

�M�Ik	
�
���
r

� C b��� kMgk�

���X
k

�M�Ik	
�
����
s

� C b��� kgk�

���X
k

�Ik

���
s
�

Here the lower bound on the size of pairs enters in� The pk� being
maximal� are incomparable under �� Hence Lemma ��� applies to show
that ���X

k

�Ik

���
s
� Cs b

� �

which will nish the proof of the Lemma�

We turn to the proof of the bound for forests�

Proof of Lemma ���� The rst task is to rephrase the denition of
a forest in terms of trees� which depends critically on the condition 	�
Let pj 
 ��j � Ij � be the maximal pairs in F � Let Pj 
 fp � F � p �

��j � Ij �g� Each Pj is a tree and F 

S
j Pj � Moreover� if j �
 j�� no two

pairs p � Pj and p� � Pj� are comparable� For if not� assuming p � p��
then one has p � pj as well as p � pj� � But these last two pairs being
maximal� are incomparable� contradicting 	�

The last condition in the denition of a forest� condition �	 implies
that X

j

�Ij �x	 � C
�A
b

����
� for all x �

The next steps of the proof are made with the intent of extracting
normal separated trees from the Pj � The process starts by deleting the
top and bottom from F � First the top� Let F t be the set of pairs p � F
for which there is no strictly ascending chain

p 
 p� � p� � � � � � pm �

with m � M 
 ����� �logA�b	 and p�� p�� � � � � pm � F � Then F t can
be written as a union of M sets F t

m for which no two pairs in any F t
m

are comparable� Thus� by Lemma �����

����	 kTF
t

gkr � C b
�r��logA	 kgk� � � � r � � �
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This is more than what is claimed in the conclusion above�
Let F� 
 FnF t� and now remove the bottom of F�� Let Fb be

the set of p � F� for which there is no descending chain

p� � p� � � � � � pm 
 p �

with m � M 
 ����� log �A�b	 and p�� p�� � � � � pm � F�� As before�

kTF
b

gkr � C b
�r� �logA	 kgkr � � � r � � �

Let F� 
 Fn


F t � Fb	 and P�

j 
 F� � Pj �
The exceptional set enters in� Two sets are dened below to con�

form with the formulation of Lemma ���� Set

Ei 

�
j

n
x � dist�x� �Ij	 � � i

� b
A

����
jIj j

o
for i 
 �� � �

The set E 
 E� is the exceptional set of our Lemma� By part �	 and
�	 of the denition of a forest� jEj � C �b�A	��� Next� we delete some
pairs� Let B denote those pairs in F for which I � E�� It follows from
Lemma ��� that

kTBgkLr�Ec� � Cr b

 kgk� � � � r � � � � � � �

The exceptional set will play no other role in the proof�
We have identied all the pairs to remove from F � Set F � 


Fn�F t � Fb � B	� and P�
j 
 Pj � F

�� The P�
j are much nicer trees� In

particular�

i	 P�
j is a normal tree�

ii	 If j �
 j� then P�
j and P�

j� are separated trees�

Here is the verication of the rst claim� There are two conditions
to check� The second� that dist�I� �Ij	 � �b�A	��� jIj j follows from
the removal of the set B� Finally� by the removal of the top� for each
��� I � � P�

j � there is a chain of triadic intervals

I 
 I� � I� � � � � � IM 
 Ij � M � ����� log
A

b
�

And so jIj � �b�A	����� jIj j� This shows normality�
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The second claim will follow from the removal of the bottom� for
j �
 j�� recall that the top of P�

j is ��j � Ij �� and assume that Ij � Ij� �

�� Let�s check the condition �	 in the denition of separated� For

p 
 ��� I � � P�
j with I � Ij� � as p �� Pb� there is a descending chain

���� I�� 
 p� � p� � � � � � pM 
 p where M 
 ���� logA�b� and all of
the pm � F�� The situation is that I� � I � Ij� � and p� � Pj � But p�
and ��j� � Ij� � cannot be comparable� by the condition 	 in the denition
of forest� That is� ����j� 
 �� But all of the �n�s are central� so by the
convenient property of central dyadic intervals� ����	� � sits well inside
��� In particular� dist��� ��j�	 	 dist��� ���	 	 �M j�j 	 �A�b	���j�j�
This veries �	 in the denition of separated� with the proof of 	
following by symmetry� The last condition in the denition of separated
follows from the removal of the pairs in B� This nishes ii	 above�

The next task is to show that F � can be written as a union of at
most J 
 �A�b	��� separated rows R�� � � � �RJ � To see this� let fIig
be the maximal intervals from the fIjg with no repetitions� For each

Ii� let ��j�i�� I
i� be one of the maximal pairs pj�i�� Then R 


S
i P

�
j�i��

Delete the maximal pairs ��j�i�� I
i� from the list of all maximal pairs�

and repeat the procedure above� Condition �	 guarantees that the
procedure stops in at most �A�b	��� steps� Separability of the rows Rj

follows from the construction�
With this decomposition Lemma ���� concludes the proof is con�

cluded by appealing to Lemma ����� Lemma ��� and part �	 of the
denition of a forest�

A critical combinatorial trick will permit us to write much larger
sets of pairs as a union of a small number of forests�

Lemma ���� Let P be a set pairs with size�P	 � b� Futher� letting

pk 
 ��k� Ik� denote the maximal pairs in P� assume that they obey a

Carleson measure estimate

����	
X
k

� Ik � U � jIkj � C b���� jU j �

for all intervals U � In addition assume that Ik � b��� ���� �� for all k�
Then� for some � � ��

kTPgk� � C b
 kgk� �
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Proof� The Carleson measure estimate implies that���X
k

�Ik

���
r
� Cr b

���� � � � r �� �

Hence� the two sets

Ei 

n
x �
X
k

��i Ik��x	 	
�A
b

����o
� i 
 �� � �

have very small measure� jE�j � C �b�A	���� Use this set to delete some
pairs� Set B 
 f��� I � � P � I � E�g� By Lemma ����

kTBkLr�Ec
��
� Cr b


 kgk� � � � r � � �

For the set P� 
 PnB� we will show that there is a set F � ��� �	 of
measure at most �b�A	��� so that

kTP
�

kLr�F c� � Cr b

 �logA	 kgk� � � � r � � �

The estimate of this Lemma will then follow from Lemma ����
We shall see that P� can be decomposed into O �logA�b	 forests�

Therefore� the estimate above follows from Lemma ���� The decompo�
sition is accomplished by means of the following combinatorial trick�
which has already been used in Section ��

Let B�p	 
 the number of k for which p � pk� Simply dene

Fm 
 fp � P � �m�� � B�p	 � �mg �

By construction� this set is empty if m � O �logA�b	�
It remains to verify that each Fm is a forest� The rst condition

in the denition is trivial� the next to last condition follows from the
deletion of the set of pairs B and the last condition follows from the
hypothesis of the Lemma� The middle condition 	 in the denition
of a forest must be checked� But it is a consequence of the following
combinatorial property of B�p	� for p� p�� p�� � P� with p � p��p � p��

but p� and p�� not comparable implies that B�p	 	 B�p�	�B�p��	� So if
in addition p��p�� � Fm� then p �� Fm� proving that Fm is a forest� To
see the super�additive property� write p� � pj���� pj���� � � � � pj�s� where
B�p�	 
 s� and p�� � pk���� pk���� � � � � pk�t� where B�p��	 
 t� Now� if
some pj�u� equals some pk�v�� the situation would be p � p� � p�� �
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p��� 
 pj�u 
 pk�v� But it is a simple property of triadic intervals that
the last condition forces p� and p�� to be comparable� a contradiction�
Thus� p � p� � pj���� pj���� � � � � pj�s�� pk���� pk���� � � � � pk�t� all pairs being
distinct� which means that B�p	 	 s� t�

The previous Lemma� with it�s reliance on the Carleson measure
estimate� clearly implies the following two corollaries� which are stated
for specicity� For orchards� the necessary Carleson measure estimate is
Lemma ���� �Recall that this Lemma applies only for su�cently small
b	�

Corollary ���� Let O be an � or an ���orchard� with size�O	 � b�
where � � b � b�� Asumme that Ip � b��� ���� �� for all p � O� Then�

for some � � ��
kTOgk� � C b
 kgk� �

And� assuming a lower bound on the size of pairs� the necessary
Carleson measure estimate is Lemma ����

Crollary ��
� Let P be a set of pairs with size�P	 � b� and with

size�p	 	 b� for all p � P� Then�

kTPgk� � C b
 kgk� �

The last Lemma describes the inductive procedure with which the
set of all pairs can be broken up into sets to which the previous two
corollaries can be applied�

Lemma ���� Let � � b � b�� Let P be a set of pairs satisfying

�	 size�p	 � b� for all p � P�

	 size�P	 � b�

Then P 
 P� � P� where� for some � � ��

kTP
�

gk� � C b
 kgk� �

and P� satis�es �	 and 	 above� with b replaced by b���
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Proof� Consider those pairs p 
 ��� I� in P for which there is an
��tree T with top p so that

�����	
X
p�T

jhf� �pij
� 	 c�b jIj �

Here� c� is constant which appears in the deniton of an orchard� How�
ever� it follows from the hypothesis 	 that the sum above cannot be
more than an absolute constant times b� In addition� I � b�� ���� ���
as follows from �����	�

Let p� 
 ���� I�� be such a pair� so that the interval I� is maximal
among all such pairs� Take T �

� to be all pairs p 
 ��� I � � P so that
A��	 contains the center of ��� and I � I�� That is� T �

� is the largest
��tree in P with top p�� Repeat this procedure to the collection PnT �

�

to get an ��tree T �
� with top p�� Continue this procedure indenitely�

thereby obtaining a sequence of ��trees T �
j with tops pj �

We claim that O� 

S
T �
j is an ��orchard� There are three condi�

tions to check� yet each of these follows immediately from the construc�
tion� Clearly� conditions ii	 and iii	 hold� And condition i	 follows from
maximality of the Ij � Therefore� Corollary ��� applies� showing that

kTO
�

gk� � C b
 kgk� � � � � �

Remove the pairs T � from P� and call the resulting set P�� By our
choice of the constant c� in �����	� which was made in the denition of
an orchard� we see that for any ��tree T in P��

kT T k� �
b

�
�

Continue by removing ���trees from P� in exactly the same manner as
the ��trees were removed� We get a set T �� � P� with

kT T
��

gk� � C b
 kgk� � � � � �

Let P� be the collection of pairs obtained by removing those pairs in
T �� from P�� It follows that any ���tree in P� has norm at most b���
Now� since size�p	 � b�� for all p� we see that any �tree in P� has very
small norm� Hence� for any tree T in P��

kT T k� �
b

�
�
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which is seen by writing T as a union of an ��tree� a ���tree and a
�tree� That is� size�P�	 � b��� and the set satises the condition 	
of the Lemma with b replaced by b���

We turn our attention to the condition �	� Set

P� 

n
p � P� �

� b
�

��
� size�p	 � b�

o
�

and

P� 

n
p � P� � size�p	 �

� b
�

��o
�

The second collection satises �	 and 	 with b replaced by b��� And
it remains to see that the rst collection of pairs leads to an operator
with small norm� Yet� with the lower bound on the size of pairs� we
are in a position to apply Corollary ��� to P�� and so the proof of the
Lemma is complete�

A brief argument will nish the proof of the boundedness of the
bilinear Hilbert transform� Recall from Section � that set P to be the
set of all �admissible	 pairs� we need only prove

�����	 kTPgk� � C kgk�

Let P� 
 fp � size�p	 	 b�� g� and P
� be the complementary set of pairs�

Now� size�P�	 � C� and so with the lower bound on the size of pairs�
we can apply Corollary ��� to see that

kTP
�

gk� � C� kgk� �

Iteratively applying Lemma ��� to P�� we can write this collection of
pairs as a union of collections Pn� with

kTPngk� � C ��
n kgk� �

This estimate is summable in n� as � � �� and so it proves �����	�
nishing the proof of the boundedness of the bilinear Hilbert transform�
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Di�usive limit for �nite velocity

Boltzmann kinetic models

Pierre Louis Lions and Giuseppe Toscani

Abstract� We investigate� in the di�usive scaling� the limit to the
macroscopic description of �nite�velocity Boltzmann kinetic models�
where the rate coe�cient in front of the collision operator is assumed
to be dependent of the mass density� It is shown that in the limit the
�ux vanishes� while the evolution of the mass density is governed by a
nonlinear parabolic equation of porous medium type� In the last part
of the paper we show that our method adapts to prove the so�called
Rosseland approximation in radiative transfer theory�

�� Introduction�

In the kinetic theory of rare�ed gases� two�velocity models of the
Boltzmann equation are supposed to describe the evolution of the ve�
locity distribution of a �ctitious gas composed of two kinds of particles
that move parallel to the x�axis with constant and equal speeds� ei�
ther in the positive x�direction with a density u� or in the negative
x�direction with a density v� The most general two�speed gas which is
in local equilibrium when u 	 v is described by the equations


����

���
��

�u

�t
 c

�u

�x
	 k
u� v� x� 
v � u� �

�v

�t
� c

�v

�x
	 k
u� v� x� 
u� v� � x � R � t � � �

���
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where c is the modulus of the constant speed of the particles� and k is
a nonnegative rate coe�cient�

The most famous example of these models was proposed by Car�
leman�s in the �����s and appeared in print for the �rst time in ����
in �Car�� In Carleman�s model k
u� v� x� 	 u  v� so that the �colli�
sion� terms on the right�hand side of 
���� describe binary interactions
between particles� An interaction between two molecules of the for�
mer type results into two molecules of the latter type and vice versa�
Clearly� Carleman equations have no meaningful physical interpreta�
tion� in particular� there is no conservation of momentum�

Choosing k
u� v� x� 	 �� we obtain a linear system� known as
Goldstein�Taylor model �Gol�� �Tay�� The system represents the forward
equation for the density of a molecule moving with constant speed along
the x�axis� subject to spontaneous reversals of directions� at the jump
times of a standard Poisson process of unit rate�

The macroscopic variables for these models are the mass density
� 	 u  v� and the �ux j 	 c
u � v�� It is interesting to remark
that� since u and v can be expressed in terms of � and j� so that
k
u� v� x� 	 k
�� j� x�� system 
���� is equivalent to the following macro�
scopic equations for the mass density and the �ux


����

���
��

��

�t


�j

�x
	 � �

�j

�t
 c�

��

�x
	 �� k 
�� j� x� j � x � R � t � � �

Basically� two di�erent types of problems for the system 
���� can be
formulated� The �rst one is the initial or initial�boundary value prob�
lem� The second one is an asymptotic problem� Let us assume that the
mean free path is not normalized to unity� but is left in the equation
as a �small� parameter �� More precisely� this means that in 
���� we
replace k by k��� The following question then naturally arises� what is
the limiting form of system 
���� as �� �� and how do the initial data
of the limiting equation match the initial data associated with 
�����

The limit � �� � corresponds to the transition from a kinetic
description of the gas to that of a gas as a continuum� and we refer to
the asymptotic problem as the hydrodynamic limit associated with the
kinetic system 
�����

Much is known for Carleman�s equation in the scaling

�u

�t

�

�

�u

�x
	
�

��

v� � u�� �
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����
�v

�t
� �

�

�v

�x
	
�

��

u� � v�� �

This asymptotic problem was �rst investigated by Kurtz �Kur�� By
means of the theory of nonlinear semigroups� he proved that� for initial
data u�
x� 	 v�
x� � L�
R� the mass density ��
x� t� converges in L�

x

for all t � � to �
x� t� satisfying the nonlinear di�usion equation


����
��

�t
	
�

�

�

�x

��
�

��

�x

�
� x � R � t � � �

while j�
x� t� converges to zero� In other words� 
���� is the hydrody�
namical limit of the Carleman�s equation 
�����

Subsequently� McKean �McK� generalized the preceding result� by
removing the restriction that the initial �ux has to be taken equal to
zero�

Further results are due to Kaper� Leaf and Reich �KLR�� who inves�
tigated the problem treated by Kurtz with ��dependent initial data� and
to Fitzgibbon �Fi��� �Fi�� who studied the problem in a bounded domain
with specular re�ecting boundary conditions� The method of proof of
all the aforementioned papers relies mainly on the theory of nonlinear
semigroups� and on the fact that these problems are L��accretive�

McKean�s result �McK�� has been recently extended by Toscani and
Pulvirenti �PTo� to the system


����

���
��

�u

�t

�

�

�u

�x
	
�

��
�� 
v � u� �

�v

�t
� �

�

�v

�x
	
�

��
�� 
u� v� �

with � � � � �� The system 
���� includes as particular cases both
Carleman�s equation 
� 	 �� and the Golstein�Taylor model 
� 	 ���

In the present paper� we will investigate in the di�usive limit the
system


����

���
��

���
�t


�j�
�x

	 � �

��
�j�
�t


���
�x

	 �� ��� j� � x � R � t � � �
for any value of � 	 �� The case � 	 �� is of particular interest since
we obtain in the limit the well�known porous media equation


����
��

�t
	

�

� 
�  j�j�
��

�x�
���j�j �
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In the second part of the paper we will investigate the multidimen�
sional and in particular the three dimensional version of system 
�����
In three dimensions of space� the molecules of the �ctitious gas can
move in directions parallel to one of the axes x�� x�� x� either in the
positive direction or in the negative direction� Denoting by ui 
respec�
tively ui���� i 	 �� �� � the densities of molecules moving in the positive

respectively negative� xi�directions� the most general system which is
in local equilibrium when ui 	 ���� i 	 �� �� � � � � �� where � 	

P
ui is

the mass density� takes the form


����

����
���

�ui
�t

 c
�ui
�xi

	 k
u�� � � � � u�� x� 
�� �ui� �

�ui��

�t
� c

�ui��

�xi
	 k
u�� � � � � u�� x� 
�� �ui��� �

with i 	 �� �� �� x � R
� � and t � �� With a few modi�cation� our

one�dimensional analysis extends to the three�dimensional case when
k
u�� � � � � u�� x� 	 ��� � 	 ��

Other models 
one or multidimensional� can be studied with our
technique� Among them� let us mention the cases k
u� v� x� 	 a
x�� and
k
u� v� x� 	

Pm
l�� u

m�l vl� m � N
� �

The main object of the present investigation is to justify the pas�
sage from the mesoscopic description of kinetic theory to the macro�
scopic one of continuum theory� This passage is usually described by
the asymptotic relations between solutions of the Boltzmann equation
and solutions of Euler and Navier�Stokes equations� It is worthwhile
mentioning that the target equations of continuum theory can be ob�
tained directly from a microscopic description� In particular� the de�
duction of di�usion equations as a hydrodinamic limit of particle model
is a well�studied subject� We quote here the paper by K� Oelschl�ager
�Oel�� in which the porous medium equation is obtained as a limit of a
particle system that interact under the action of adequate potentials�
as the number of particles tends to in�nity� Depending on the scaling
parameter applied� di�erent versions of the porous medium equation in
the limit dynamics are obtained� A di�erent aspect of the limit dynam�
ics for a Markov system of many particles� and the convergence to the
porous media equation of the empirical density of the number of parti�
cles has been investigate by Inoue �Ino�� In this paper� the Kac�McKean
propagation of chaos for the system is shown to hold�

In Section � we discuss the initial and the initial�boundary value
problems associated with 
����� and we will recover elementary a priori
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estimates for the solution� Here� the models 
���� naturally separate
in two subclasses� corresponding to j�j � � and � 	 �� respectively�
When j�j 	 �� at least in one dimension� the problem is shown to be
L��accretive� Entropy bounds are discussed in Section �� and the limit
theorems in Section �� When the model is accretive� given initial values
of bounded variation� L��contraction and translational invariance imply
total variation bounds on the solution� and one can pass to the limit for
general L� initial conditions� in a rather straightforward 
and standard�
way� Let us brie�y discuss the case � 
 �� The entropy bounds of
Section �� Theorem ���� imply that fj�g is bounded in L�� and thus by
the second of equations 
���� �����t is bounded in L�
�� T �H��

loc � for
all T 
 �� In view of the a priori bounds of Section �� f��g is bounded
in L�
R��

These bounds� combined with Proposition ���� imply that the fam�
ily f��g is relatively compact in C
��� T ��L�
R�� for all T 
 ��

Hence ��� j� �� ��j in L��weak� �� j� �� � strongly in L� and
from the �ux equation we deduce

��

�x
	 �� ��j

at least in the sense of distributions 
and in fact in L��� Considering
that � � L�� the above equality implies that we have

j 	 � �

� 
�� ��

�����

�x

in L�� The case �� � � 	 � follows with similar arguments�
The case � � �� is more delicate� and the result is achieved by

compensated compactness theory 
see F� Murat �Mu��� �Mu��� and L�
Tartar �Ta��� �Ta���� In Section �� we extend our analysis to the three�
dimensional models 
����� Finally� we state without proofs various ex�
tensions and variants of the results obtained below� In fact� our method
of proof adapts to models with a continuous set of velocities� In par�
ticular we make contact 
and propose more general proofs� with the
so�called Rosseland approximation in radiative transfer theory 
see C�
Bardos� F� Golse� B� Perthame and R� Sentis �BGPS�� and the references
therein��
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�� Basic a priori estimates and global existence�

In this section we discuss the initial and the initial�boundary value
problems for system 
����� Many arguments that follow are very ele�
mentary� and the proofs will be omitted� Besides� it has to be pointed
out that the general a priori estimates we will use in the sequel� to our
knowledge has never been used before�

For our purposes� as will be clear later on� we need to study 
����
in a bounded interval  	 
�a� a� with periodic boundary conditions�
This limitation allows us to prove existence and uniqueness of a solution
under weak conditions on the rate coe�cient k�

Useful a priori estimates for the solution to system 
���� follow
by the structure of the �collision� term� Taking the sum of the two
equations� and integrating over  � we obtain the mass conservation�
namely

R
�
�
x� t� dx is independent of t � �� Let now �
r�� r � � be a


regular� convex function� If we multiply the �rst equation of system

���� by ��
u� and the second by ��
v�� after integrating over  we
obtain


����

Z
�

��
u�

�t


Z
�

��
v�

�t

	 �
Z
�

k
u� v� x� 
u� v� 
��
u�� ��
v�� dx �

Since ��
r� is non decreasing� the right�hand side of 
���� is non positive�
Thus we deduce� at least formally� that

R
�
�
u��
v�� dx is monotone

non increasing in t � �� and


����

Z
�


�
u
x� t��  �
v
x� t��� dx

�
Z
�


�
u�
x��  �
v�
x��� dx �

In particular� if the initial densities u�� v� belong to L�
 �� taking
�
r� 	 rp for any p � �� and letting p go to �� we deduce the
following bound


���� maxfku
t�k�� kv
t�k�g � max fku�k�� kv�k�g �

Similarly� we may assume that u�
x� � �� v�
x� � � in  for some
� � �� Then� choosing �
r� 	 r�p� 
p 
 �� in 
���� above� and letting
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p go to � we obtain

max
n��� �

u
t�

���
�
�
��� �

v
t�

���
�

o
� max

n��� �
u�

���
�
�
��� �
v�

���
�

o
�

or� equivalently� for all t � �


���� inf
x��

fu
x� t�� v
x� t�g � inf
x��

fu�
x�� v�
x�g �

These formal a priori estimates are su�cient to yield the global exis�
tence of a unique solution of system 
���� for a large class of rate coef�
�cients� More precisely� we now need to specify our basic assumptions
on k
u� v� x��

De�nition ���� �� k
u� v� x� is an admissible rate coe�cient of type �
for system 
���� if

a� k
u� v� x� � c�
� 	�� if u� v �  for any  
 �� and x �  �
�� k
u� v� x� is an admissible rate coe�cient of type � if k
�� �� x� 	

� and

b� k
u� v� x� � c�
�� 	�� if u� v � � 
 � for any � 
 ��

A simple example is given by the rate coe�cient

k
u� v� x� 	 
u v�� �

k is of type � if � � �� and of type � if � 	 ��
We then have the following

Proposition ���� Let � � u�
x�� v�
x� � L�
 �� Then� the initial�
boundary value problem for the system 
���� with a rate coe�cient
of type � has a unique solution u
x� t�� v
x� t� � L�
 � 
�� T �� �
C
��� T ��Lp
 �� for all T 
 �� � � p 	 �� In addition� the solution
satis�es the bound 
�����

Proposition ���� Let � � u�
x�� v�
x� � L�
 � satisfy u�� v� � �
on  for some � 
 �� Then� the initial�boundary value problem for the
system 
���� with a rate coe�cient type � has a unique solution bounded
away from zero u
x� t�� v
x� t� � L�
 � 
�� T �� � C
��� T ��Lp
 �� for
all T 
 �� � � p 	 �� In addition� this solution satis�es the bounds

���� and 
�����
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A particular choice of k obviously allows to obtain additional re�
sults for the initial�boundary value problem 
����� As precised in the
introduction� we are interested in the �uid�dynamical limit of system

����� that corresponds to the choice k
u� v� x� 	 
u v�� 	 ��� where
� � � is a �xed constant� Since 
u  v�� is admissible� existence and
uniqueness of a solution in L� follows by Proposition ��� when � is
positive� or by Proposition ��� when � is negative�

We are now going to use a few simple facts from the theory of
dissipative operators� Let f 	 
u� v�� and let A� be the operator de�ned
by

A�f 	 
�
�
v � u�� ��
u� v�� �

Then we have

Lemma ���� Let � � � � �� Then� the operator A� is dissipative from
the domain

D�
A�� 	 f
u� v� � L�
 �� L�
 �� kuk�� kvk� 	�g

into L�
 �� L�
 ��
If �� � � 	 �� and if � 
 �� the operator A� is dissipative from

the domain

D�
� 
A�� 	 f
u� v� � L�
 �� L�
 �� u� v � �� kuk�� kvk� 	�g

into L�
 �� L�
 ��

Proof� Let us recall that a closed operator A from the domainD
A� 	
L�
X� into L�
X� is dissipative if� for any functions f�� f� � D
A�

Z
X


Af� �Af�� sign 
f� � f�� dx � � �

In our case� f 	 
u� v�� so that


A�f� �A�f�� sign 
f� � f��

	 

u�  v��
�
v� � u��� 
u�  v��

�
v� � u��� sign 
u� � u��

 

u�  v��
�
u� � v��� 
u�  v��

�
u� � v��� sign 
v� � v�� �

Then� the conclusion of the lemma follows by observing that� for a � ��
the function

y 	 
x a��
x� a� �
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is monotone non decreasing for any �xed � � ���� ���

Let us now set

B�f 	
�
� �u

�x
 ��
v � u��

�v

�x
 ��
u� v�

�
	

�

�x

�u� v�  A�f �

Then� the following lemma is immediate

Lemma ���� Let � � � � �� Then� the operator B� is dissipative from
the domain

D�
B�� 	 f
u� v� �W ���
 ��W ���
 �g

into L�
 �� L�
 ��
If �� � � 	 �� and if � 
 �� the operator B� is dissipative from

the domain

D�
� 
B�� 	 f
u� v� �W ���
 ��W ���
 �� u� v � �g

into L�
 �� L�
 ��

Remark ���� If � � � � �� the existence theory in L� can be ex�
tended to all of R without any di�culty� A further consequence of
Proposition ���� combined with the a priori estimate 
���� is that� if the
initial data u�
x�� v�
x� � L�
R� � Lp
R� for some p � �� the solution
u
x� t�� v
x� t� � L�
R� � Lp
R� and

�Z
R


u
x� t�p  v
x� t�p� dx
���p

is monotone non increasing for t � ��

By Lemma ���� provided the initial values are in D�
B��� the
solution of the system 
���� can be written as


u
 
� t�� v
 
� t�� 	 etB�
u�
 
 �� v�
 
 ��

and� given f� 	 
u�� v��� f� 	 
u�� v��


���� ketB�f� � etB�f�k� � kf� � f�k� �
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In particular� if the initial densities 
u�
x�� v�
x�� are of bounded vari�
ation� we see that the solution 
u
x� t�� v
x� t�� is of bounded variation�
and


����
max

n����u
x� t�
�x

���
�
�
����v
x� t�

�x

���
�

o

� max
n����u�
x�

�x

���
�
�
����v�
x�

�x

���
�

o
�

Let us now consider the case �� � � 	 �� By Proposition ���� given
any � 
 �� we have a unique global solution of system 
���� in L�
 ��
Furthermore� by Lemma ���� given initial data f� 	 
u�� v�� and f� 	

u�� v��� with f�� f� � D�

� 
B�� the solutions at any subsequent time
t 
 � satisfy inequality 
�����

As is well�known for accretive nonlinear semigroups� this allows to
extend the semigroup to all L��data� In addition� if u�
x�� v�
x� have
bounded variations� the solution 
u
x� t�� v
x� t�� has bounded variation�
and inequality 
���� holds� The previous arguments are summarized by
the following

Proposition ���� Let � � u�
x�� v�
x� � L�
 �� Then� provided
j�j � �� the initial�boundary value problem 
���� has a unique global
solution u
x� t�� v
x� t� � C
��� T ��L�
 �� for all T � �� In addition�
if u�
x�� v�
x� � BV 
 �� then u
x� t�� v
x� t� � L�
����BV 
 �� and

����� holds� Furthermore� for any p � �� if u�� v� � Lp
 �� we have

�Z
R


u
x� t��
p  v
x� t��

p� dx
���p

�
�Z

R


u
x� t��
p  v
x� t��

p� dx
���p

�

for t� 	 t�� If � � � � �� these results extend to  	 R�

Remark ���� We emphasize that neither BV �bounds� nor Lp�bounds
for the system 
���� depend on �� This is not the case if we look for
Lp�bounds on the derivatives�

Indeed we have

Proposition ���� Let � � u�
x�� v�
x� � D�
B��� if � � � � ��
and � � u�
x�� v�
x� � D�

� 
B��� for some � 
 �� if � 	 �� Then� if
� � u�
x�� v�
x� � Wm�p� m � �� � � p � �� u
x� t�� v
x� t� � Wm�p�
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and� for t � T

Z
�

�����mu
t�
�xm

���p 
����mv
t�
�xm

���p
�
dx

� cm�p 
�� T� �� kuk�� kvk��
Z
�

�����mu�
�xm

���p 
����mv�
�xm

���p
�
dx �

The case � 	 � seems to be exceptional� Let us consider the system

���� with a constant rate k 	 k�� that is let us consider the Goldstein�
Taylor model


����

���
��

�u

�t
 c

�u

�x
	 k�
v � u� �

�v

�t
� c

�v

�x
	 k�
u� v� � x � R � t � � �

Easy computations show that


����
d

dt

Z
R

�����u
�x

���p 
����v
�x

���p
�
dx � � �

Hence� combining 
���� with the result of Proposition ��� we conclude
that� if the initial data u�� v� � W ��p
R�� � � p � �� the solution
u
x� t�� v
x� t� �W ��p
R�� and

�Z
R


up  vp� dx
���p


�Z

R

�����u
�x

���p 
����v
�x

���p
�
dx
���p

is monotone non increasing in time�
Since the problem is linear� the same conclusion can be reached for

higher order derivatives� So� we proved

Proposition ���� Let � � u�
x�� v�
x� � Wm�p� for m � �� � � p �
�� Then the unique solution u
x� t�� v
x� t� to the initial value problem
for the Goldstein�Taylor model 
����� belongs to Wm�p for all t � ��
and

mX
k��

�Z
R

����mu
�xm

���p 
����vm
�xm

���p
�
dx
���p

is monotone non increasing with time�
To end this section� let us recall that B� is in fact accretive in L

p

for all p � ������
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�� Entropy bounds�

Having in mind the passage to the �uid dynamic limit� we discuss
in this section further a priori bounds for the system 
����� when � � ��
Let us introduce nonnegative functions u�
x�� v�
x� � L�
R� � L�
R�
such that


����

Z
R


u�
x� j logu�
x�j v�
x� j log v�
x�j� dx 	M� 	�

and� for �
x� 	 
�  x������ � 	 � 	 ����


����

Z
R

�
x� 
u�
x�  v�
x�� dx 	M� 	� �

The bounds 
���� and 
���� ensure a suitable decay at in�nity of u� and
v�� In section � we showed that di�erent values of � produce di�erent
results of existence� uniqueness and regularity of the solution to system

����� Nevertheless� since we wish to give a uni�ed treatment of our
system for any value of �� we �rst maintain our analysis as general as
possible� postponing to the end of the section the remarks concerning
the various possible extensions of the results for particular values of the
parameter ��

To this end� given � 
 �� let us denote by  �� the domain ������ �
���� �� In addition� given  
 �� let


���� u�� 	 maxfu�
x�� ��g � v�� 	 max fv�
x�� ��g �

By the results of Section �� the initial boundary value problem for sys�
tem 
����� with periodic boundary conditions on  �� and initial values

����� has a unique global solution u�
x� t�� v�
x� t�� for all � � ��

Moreover� provided  
 � 
�  ��� u�� and v�� satisfy bounds 
����
and 
���� with di�erent but �nite constants M�

� and M�
� � In fact we

have

���
Z
��


u��
x� j logu��
x�j v��
x� j log v��
x�j� dx

�
Z
��


u�
x� j logu�
x�j v�
x� j log v�
x�j� dx
���

	
���
Z
���fu�	��g


�� j log ��j � u�
x� j logu�
x�j� dx

����
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Z
���fv�	��g


�� j log ��j � v�
x� j log v�
x�j� dx
���

� � �� j log ��j ���

	 � ���� j log �j

and

���
Z
��

�
x� 
u��
x�  v��
x�� dx�
Z
��

�
x� 
u�
x�  v�
x�� dx
���

� � �� �
��� � ���
����

	 � 
�  ������������ �

Let us choose �
r� 	 r log r� for r � �� Then� by 
���� we obtain

d

dt

Z
��


u�
x� t� logu�
x� t�  v�
x� t� log v�
x� t�� dx

	 �
Z
��


u�
x� t�  v�
x� t���
u�
x� t�� v�
x� t�

��
log

u�
x� t�

v�
x� t�
dx �


����

On the other hand� if we multiply both equations 
���� by �� after
integrating over  �� we get

d

dt

Z
��

�
x� 
u�
x� t�  v�
x� t�� dx


�

�

Z
��

�
x�
�

�x

u�
x� t�� v�
x� t�� dx 	 � �

Integrating by parts� and making use of the periodicity� we deduce


����

d

dt

Z
��

�
x� 
u�
x� t� v�
x� t�� dx

� �

�

Z
��

��
x�
u�
x� t�� v�
x� t�

�
dx 	 � �
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Then� taking the sum of 
���� and 
���� we conclude


����

d

dt

Z
��


u�
x� t� logu�
x� t�  v�
x� t� log v�
x� t�

 �
x� 
u�
x� t�  v�
x� t��� dx



Z
��


u�
x� t�  v�
x� t���
u�
x� t�� v�
x� t�

��
log

u�
x� t�

v�
x� t�
dx

�
Z
��

�����
x� u�
x� t�� v�
x� t�

�

��� dx �
Let �� 	 u�v�� and by j� 	 
u

�
x� t��v�
x� t����� Then� for � 	 � 	 ��
we obtain


����

���
u� � v�

��
log

u�

v�
	 ��� j

�
�

logu� � log v�
u� � v�

	 ��� j
�
�

�

� u�  
�� �� v�

	 ����
� j��

u�  v�

� u�  
�� �� v�

� � ����
� j�� �

Now� by the a priori bound 
�����


����� �� � �maxfku�k�� kv�k�g 	 �
u�� v�� �

Hence� since �� � � ��


����� ���
u� � v�

��
log

u�

v�
� � ���� j�� �

In all cases we obtained a bound from below in terms of �
u�� v��� which
depends only on the L��norm of the initial values� and not on ��

Let us now consider the case �� � � 	 �� Then� by 
���� it follows


����� ���
u� � v�

��
log

u�

v�
� � ����

� j�� � � ���� j�� �
j�j�� �

We next observe that


�����

Z
��

�� jj�j dx 	 �

�

Z
��

��p
�
j�p� j�j dx

� �

�

Z
��

j�� dx
�

� �

Z
��


���� dx �
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By de�nition� since � 	 � 	 ���� �� � L�
R�� Thus� by 
���� we deduce


�����

d

dt

Z
��


u�
x� t� logu�
x� t�  v�
x� t� log v�
x� t�

 �
x� 
u�
x� t�  v�
x� t��� dx
�

�

Z
��

j�� 
x� t� dx

� �

� �

Z
��


����
x� dx �

In particular� for any t � �


�����

Z
��


u�
t� logu�
t�  v�
t� log v�
t�  �
u�
t�  v�
t��� dx

� t

� �

Z
��


����
x� dx

Z
��

�
u��
t�  v��
t�� dx



Z
��


u��
t� logu
�
�
t�  v��
t� log v

�
�
t�� dx

� t

� �

Z
R


����
x� dx

Z
R

�
u�  v�� dx



Z
��


u� log u�  v� log v�� dx o 
�� �

where the rest o 
�� is given by the sum of the right�hand sides of 
����
and 
����� By 
������ the monotonicity of

Z
��


u�
t� logu�
t�  v�
t� log v�
t�� dx

implies

Z
��

�
u�
t�  v�
t�� dx � t

� �

Z
R


����
x� dx

Z
R

�
u�  v�� dx



Z
R


u�
x� j logu�
x�j v�
x� j log v�
x�j� dx



Z
��


u�
t� log� u�
t�  v�
t� log� v�
t�� dx
�����

 o 
�� �
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where log� r denotes the negative part of the logarithm�
By the classical inequality z log� z � y � z log y� � 	 z� y � ��

choosing y 	 exp 
��
x����� and z 	 u�
x�� we obtain


�����

Z
��

u� log� u� dx �
Z
R

exp
�
� �
x�

�

�
dx

�

�

Z
��

� u� dx �

Z
��

v� log� v� dx �
Z
R

exp
�
� �
x�

�

�
dx

�

�

Z
��

� v� dx �

Finally� for any � � �� making use of inequalities 
����� on the right�
hand side of 
����� we obtain

�

�

Z
��

�
u�
t�  v�
t�� dx

� t

� �

Z
R


����
x� dx �

Z
R

exp
�
� �
x�

�

�
dx

Z
R

�
u�  v�� dx



Z
R


u�
x�j logu�
x�j v�
x� j log v�
x�j� dx c �


�����

In conclusion� for any t � � we obtained the bound


�����

Z
��

�
u�
t�  v�
t�� dx � c�
t� u�� v�� �

where the constant c� does not depend on �� By applying 
����� into

����� we obtain an upper bound for the negative part of u�
t� log� u�
t�
 v�
t� log� v�
t� in terms of c�� Hence� if the initial data satisfy con�
ditions 
���� and 
����� for any T 
 � there exists a constant CT � de�
pending only on u� and v�� such that� for all t � T and � 
 ��


�����

Z
��


u�
t� j logu�
t�j

 v�
t� j log v�
t�j �
u�
t�  v�
t��� dx � CT �

Now� by 
����� we argue that for any � � � and T 
 �� j� is bounded

in L�
��� T � �  ��� In addition� in view of 
����� if � � �� �
	���
��
� j�

is bounded in L�
��� T � �  ��� Next� if j�j � �� ��� j� is bounded in
L�
��� T ��  ��� This follows by 
����� when � 	 �� and by 
����� and
the L��bound 
����� when � � ��
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By the Propositions ��� and ���� it follows that the previous bounds
can be extended to all initial data satisfying 
���� and 
���� and to all
of R when � is positive� to all initial data satisfying 
���� and 
���� and
to any domain  � when �� � � � �� In conclusion we proved

Theorem ���� Let � � u�� v� � L�
R� � L�
R� satisfy conditions

���� and 
�����

i� Let � � � � �� Then� for all T 
 �� and � 
 � there exist con�
stants d� 	 d�
u�� v�� T �� d� 	 d�
u�� v�� T � and d� 	 d�
u�� v�� T � such
that� the unique solution u�
x� t�� v�
x� t� of the initial value problem for
system 
���� satis�es

Z T

�

Z
R

�u�
x� t�� v�
x� t�

�

��
dx dt � d� �
�����

Z T

�

Z
R

�u�
x� t�� v�
x� t�

�

��


 
u�
x� t�  v�
x� t����� dx dt � d� �


�����

Z
R


u�
t� j logu�
t�j
 v�
t� j log v�
t�j �
u�
t�  v�
t��� dx � d� �


�����

ii� Let �� � � 	 �� Then� for all T 
 �� and k � N
� � the

unique solution u�
x� t�� v�
x� t� of the initial�boundary value problem
for system 
���� on the domain �����k� ���k� satis�es

Z T

�

Z ���k

����k

�u�
x� t�� v�
x� t�

�

��
dx dt � d� �
�����

Z T

�

Z ���k

����k

�u�
x� t�� v�
x� t�

�

��


 
u�
x� t�  v�
x� t���� dx dt � d� �


�����

Z ���k

����k

u�
t�j logu�
t�j

 v�
t� j log v�
t�j �
u�
t�  v�
t��� dx � d� �


�����
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iii� Let � 	 ��� Given k � N
� � let  
 k 
� ��� and let u��� v

�
� be

de�ned by 
����� Then� for all T 
 �� the unique solution of the initial�
boundary value problem for system 
���� on the domain �����k� ���k��
with initial data u��� v

�
�� satis�es the bounds 
������ 
����� and


�����

Z T

�

Z ���k

����k

�u�
x� t�� v�
x� t�

�

��


 
u�
x� t�  v�
x� t���
 dx dt � d� �

for all � 	 � � 
j�j �����

Remark ���� Let � 	 �� Given � 
 �� the velocity of propagation
of the hyperbolic system 
���� is exactly ���� This means that� given
any time T 
 �� for t � T the solution u�
x� t�� v�
x� t� on the interval
��
�  T ���� 
�  T ���� depends only on the initial values on the inter�
val ��
�  �T ���� 
�  �T ����� provided the boundaries are located at
�����k� ���k�� for k large enough� In other words� for � small enough�
the presence of the boundaries does not a�ect the solution on the in�
terval ��
�  T ���� 
�  T ����� This explain why the presence of the
boundaries does not a�ect the solution in any bounded set in the limit
procedure�

�� Limit theorems�

The macroscopic equations for the system 
���� can be expressed
in terms of the mass density ��
x� t� and of the rescaled �ux


���� j�
x� t� 	
u�
x� t�� v�
x� t�

�

as follows


����

���
��

���
�t


�j�
�x

	 � �

��
�j�
�t


���
�x

	 �� ��� j� � x � R � t � � �

In this section� we study the limiting behaviour� as � goes to zero� of the
solutions 
��� j�� to system 
����� In our passage to the limit� we will
consider various relatively compact sequences� In these cases� without
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risk of misunderstanding� when we say that the sequence converges to
a limit� we mean that there exists a subsequence that converges to a
limit�

In the rest of the section� we will consider initial values for the
kinetic problem 
���� satisfying the conditions of Theorem ����

Let us �rst consider the case � � � 	 �� In this case� by Proposition
���� if the initial values u�� v� belong to L

� � L�� 
���� holds� Hence
we see that� for all T 
 �


���� lim
h��

sup
��t�T

k��
x h� t�� ��
x� t�k� 	 � �

Moreover� by 
����� we deduce that


���� lim
R��

sup
t����T �

Z
jxj�R

��
x� t� dx 	 � �

In addition� by Theorem ���� fj�g is bounded in L�� and thus by 
����
�����t is bounded in L

�
�� T �H��
loc � for all T 
 �� In view of the bound


���� f��g is bounded in L�
R��
These bounds� combined with 
���� and 
����� imply that the family

f��g is relatively compact in C
��� T ��L�
R�� for all T 
 ��
Hence ��� j� �� ��j in L��weak� ��j� �� � strongly in L� and

from the �ux equation 
���� we deduce


����
��

�x
	 �� ��j �

at least in the sense of distributions 
and in fact in L��� Considering
that � � L�� 
���� implies that we have� at least formally


���� j 	 � �

� 
�� ��

�����

�x

in L�� This fact follows indeed from 
����� since � � H�
x and thus

�

�x


� �����

�� �
	 �� ��


� ���
j �

which converges in L� to �� j �f���g� Therefore� �
��� � H��

x � and

���� holds on the set f� 
 �g� In addition� the entropy bound 
�����
shown in Section � implies at the limit that �	���
��j � L�
R � 
�� T ��
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for all T 
 �� Thus� if � 	 �� j 	 �� almost everywhere on � 	 ��
almost everywhere� and the proof of 
���� is complete�

If we now replace 
���� in the continuity equation� we recover that
the limit density � satis�es the fast di�usion equation


����
��

�t
� �

� 
�� ��

������

�x�
	 � �

Since we assumed the initial values u�� v� � L� � L�� so is the initial
density ��
x� 	 �
x� t 	 ��� On the other hand� the fast di�usion
equation 
���� has a unique global solution in D�� provided �
�� x� �
L�
loc
R� 
cf� M�A� Herrero and M� Pierre �HePi��� The uniqueness result
guarantees the existence of a unique limit point for the whole family�

Hence� we obtained the result of �PTo� as a particular case 
� 
 ��
of the limit behaviour of the system 
�����

Theorem ���� Let � � � 	 �� and let 
��� j�� be a sequence of solutions
to the initial value problem for the system 
����� where the initial values
u�� v� satisfy the hypotheses of Proposition ��� and Theorem ���� Then�
there exists � � L� � L� such that ��
x� t� converges to �
x� t� strongly
in C
��� T ��L�
R�� for all T � �� while �j� converges to zero strongly in
L�
R � ��� T ��� The limit density �
x� t� is the �unique� weak solution
to the Cauchy problem for the fast di	usion equation 
����� in D�
R� �

����� with initial datum �� 	 u�  v��

The proof for the case �� � � 	 � is similar� By Theorem ���� we
deduce that n� 	 ��� j� converges to v in L

��weak� while �� is relatively
compact in C
��� T ��L�

loc
R�� for all T 
 �� In addition ��j� � �
strongly in L�� exactly as in the case � 
 �� Let us rewrite the second
equation of system 
���� in the form


���� ��
�j�
�t


���
�x

	 ��n� �

Passing to the limit in 
����� we deduce


���� n 	 ��
�

��

�x

in D�� Now� from the continuity equation� considering that

j� 	 �j�j� n� �� ��j�j

�

��

�x



Diffusive limit for finite velocity Boltzmann kinetic models ���

in L��weak� we obtain that the limit density satis�es 
in a weak sense�
the slow di�usion equation


�����
��

�t
� �

� 
�  j�j�
�����j�j

�x�
	 � �

We proved

Theorem ���� Let �� � � 	 �� and let 
��� j�� be a sequence of
solutions to the initial�boundary value problem for the system 
�����
where the initial values u�� v� satisfy the hypotheses of Proposition ���
and Theorem ���� Then� there exists � � L�

loc � L� such that ��
x� t�
converges to �
x� t� in C
��� T ��L�

loc
R�� for all T � �� while �j�
x� t�
converges to zero strongly in L�

loc
R���� T ��� The limit density �
x� t� is
the 
unique� weak solution to the Cauchy problem for the slow di	usion
equation 
������ in D�

����� R�� with initial datum �� 	 u�  v��

Remark ���� An easy consequence of the previous results is that both
u�
x� t� and v�
x� t�� solutions to the initial 
if � � � 	 �� 
or initial�
boundary 
if �� � � 	 ��� value problem for the kinetic system 
����
converge strongly to ���� where � is the solution of the corresponding
nonlinear di�usion equation�

We will now examine the case � 	 ��� The main argument in
our proof of the passage to the limit will be the �div�curl� lemma of
compensated compactness theory 
see F� Murat �Mu��� �Mu�� and L�
Tartar �Ta��� �Ta����

Lemma ���� Let A be an open set of Rn � and v� and w� be two
sequences such that

v� �� v � in �L�
A��n�weak �

w� �� w � in �L�
A��n�weak �

�����

div v� is bounded in L�
A� 
or compact in H��
A�� �
�����

curlw� is bounded in �L�
A��n 
or compact in �H��
A��n
�

� �

Let h
 � 
i denote the inner product in Rn � i�e� hv� wi 	Pn
i�� vi wi� Then


����� hv�� w�i �� hv� wi in D� �
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Let us take initial data satisfying part iii� of Theorem ���� Since� with
these hypotheses� Proposition ��� holds� �� � � ��� and� for given n � N �
n � �� the system 
���� is equivalent to


�����

����
���

���
�t


�j�
�x

	 � �

�� �n�
�j�
�t


�

n �

��n��
�

�x
	 �� ���n� j� �

The second equation of the system 
����� can be written as follows


�����
�

�t

���n� j�� 

�

n �

��n��
�

�x
� n ��j� �

n��
�

���
�t

	 �� ���n� j� �

Making use of the continuity equation� we deduce

�n ��j� �n��
�

���
�t

	
n

�
���n��

�

�j��
�x

	
n

�
��

�

�x

�n��
� j�� ��

n 
n� ��
�

���n��
� j��

���
�x

�
�����

Hence� choosing n 	 �� we conclude that the system 
����� is equivalent
to


�����

����
���

���
�t


�j�
�x

	 � �

�

�t

���� j�� 

�

�x

����
�

��

�
j��

�
	 �� ����

� j� �

If n 
 �� we substitute the result of 
����� into 
����� to obtain

�

�t

���n� j�� 

�

�x

� �n��
�

n �
 ��

n

�
�n��
� j��

�
� ��

n 
n� ��
�

j�� �
n��
�

���
�x

	 �� ���n� j� �
�����

The term �����x in 
����� can be evaluated by the second equation of
the system 
����� to give

��� n 
n� ��
�

j�� �
n��
�

���
�x

	 n 
n� �� ��j�������
�  �

n 
n� ��
�

�n��
�

�j��
�t

�
�����



Diffusive limit for finite velocity Boltzmann kinetic models ���

If we now take n 	 �� we �nd that the second equation of system 
����
can be written as follows


�����

�

�t

�
����� j�  �

j��
�

�


�

�x

����
�
 ���� j

�
�

�

	 �� ����
� j� � � ��j�� �����

� �

The general formula follows easily by induction� In particular� consider
that� given � 	 ��� there exists n � N such that � 	 j�j � �n �

j�j  ����� This implies� by Theorem ���� that ��
� j� is bounded in
L�� With this choice� the second equation of the system 
����� can be
written in equivalent form as

�

�t

�
��

nX
k��

an�k �
�k��	n�k
� j�k��

�

�


�

�x

� ��n��
�

�n �


nX
k��

bn�k �
�k��	n�k
��

� j�k�

�

	 ��
�
��
� j� 

nX
k��

cn�k �
�k��
��k

� j�k��
�

�
�
�����

where an�k� bn�k and cn�k are suitable bounded constants that can be
computed explicitly�

The previous argument allows us to prove the following

Proposition ���� Let � � u�� v� satisfy the hypotheses of Theorem ����
Given � 	 ��� let n � N be such that � � � 	 j�j � �n � 
j�j �����
Then� if � 	 w	 � lim�� in L��


�����
��n��
� �� ��n�� � in D� �

�� �� � � in Lploc for all � � p 	� �

Proof� Let us set U� 	 
��� j��� The continuity equation 
���� becomes
fdivU�g 	 �� Given any region A b R � R

� � from equation 
����� we
see that the right�hand side is bounded in L�
A�� In fact� by de�nition
of j�� jj����j � ���� Thus


�����

Z
A


��k��
��k
� j�k��

� �� dx dt �
Z
A

���

� j�� dx dt

and the above integral is bounded in view of 
������ Moreover


�����

Z
A

j��k��
��k
� j�k��

� j dx dt 	 ��k
Z
A

��
��
� j��

��� j�
��

����k��

dx dt

� �

Z
A

��
��
� j�� dx dt �
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which implies that ��k��
��k
� j�k��

� converges to � strongly in L�
loc
R��

Let us set V� 	 
p�� q��� where


�����

p� 	 � ��n��
�

�n �
�

nX
k��

bn�k �
�k��	n�k
��

� j�k� �

q� 	 ��
nX

k��

an�k �
�k��	n�k
� j�k��

� �

Then� equation 
����� shows that fcurlV�g is bounded in L�
A� for
all A as before� Since V� is also bounded in L�
A�� as can be easily
checked from the de�nitions of p� and q� with the same argument lead�
ing to 
������ we are in a position to apply the div�curl lemma ���� and
deduce that the product hU�� V�i converges 
along subsequences� in D�

to hU� V i� where


�����
U 	 w � limU� 	 
�� j� �

V 	 w � limV� 	 
p� q� �

By the same bounds we used in 
������ we deduce that

nX
k��

bn�k �
�k��	n�k
��

� j�k� �� � �
nX

k��

�� bn�k �
�k��	n�k
��

� j�k� �� � �

��
nX

k��

an�k �
�k��	n�k
� j�k��

� �� � � ��j�

nX
k��

an�k �
�k��	n�k
� j�k��

� �� � �

strongly in L�
A�� Hence we see that 
along subsequences�


����� p 	 w � lim
�
� ��n��

�

�n �

�
� q 	 � �

while


����� hU� V i 	 �w � lim
� ��n��

�

�n �

�
�

In other words� we have shown that


����� w � lim��n��
� 	 
w � lim��n��

� � � �
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As is well�known in such contexts� the conclusion of Proposition ���
automatically holds� One possible proof consists in recalling that� by
convexity�

w � lim��n��
� � 
w � lim��n��

� �	�n��
�	�n��
 �

so that


����� w � lim��n��
� � ��n�� �

Inequality 
������ combined with 
����� yields that w � lim��n��
� 	

��n���
We may also use Minty�s trick� as in �Lio�� �MaMi� to conclude that

w�lim ��n��
� 	 ��n��� In both cases� we deduce the strong convergence

of �� to � using the strict convexity of f
m
t�� t � ������ for m � ��

We are now able to handle the singular case�

Theorem ���� Let � 	 ��� and let 
��� j�� be a sequence of solutions
to the initial�boundary value problem for the system 
����� where the
initial values u��� v

�
� for the kinetic system 
���� satisfy the hypotheses

of Theorem ���� part iii�� Then� there exists � � L�
loc � L� such that

��
x� t� converges to �
x� t� in Lploc
R � 
�� T �� for all p � ����� and
all T 
 �� while �j�
x� t� converges to zero strongly in L�

loc
R � ��� T ���
The limit density �
x� t� is the weak solution to the Cauchy problem for
the porous media equation in D�
R � 
�� T ��� with initial datum �� that
is the weak limit of ��
x� t 	 �� 	 u��  v���

Proof� Let us rewrite the second equation of the system 
���� in the
equivalent form 
������ where n has been chosen in such a way that �
satis�es the hypotheses of Theorem 
���� 
bound 
������� and at the
same time � 
 �� Let us remark that this is always possible in view of

����� and 
������ Let


����� v� 	 ��
�
��
� j� 

nX
k��

cn�k �
�k��
��k

� j�k��
�

�
�

By the proof of Proposition ��� we see that the sequence fv�g has a
weak limit in L�� and that


����� v 	 w � lim v� 	 w � lim 
�� ��
� j�� �
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Using the de�nitions 
������ 
����� becomes


�����
�q�
�t

� �p�
�x

	 v� �

We pass to the limit in the sense of distributions in 
������ and recall
that q� converges to zero in D� We �nd


����� v 	
�

�x

��n��

�n �

in D�� However� since v � L�� ���n����x � L� as well� Let us write
now the continuity equation as


�����
���
�t

� �

�x

��
�v�
�


nX

k��

cn�k �
�k���k

� j�k��
�

�
	 � �

Since �� �� � in Lploc strongly for p � ������ and �� is bounded in
L�� we have


����� �
�v� �� �
v 	 
��n���
�	�n��
 �

�x

��n��

�n �

�

�x

���j�j

�  j�j �

in L��weak� Consequently� as � �� �� for all � � C�� such that
supp� 	 R � R

�


�����

Z ��

�

Z ��

��

�
�t �� �x

���j�j

�  j�j
�
dx dt

Z ��

��

�
x� �� �
x� �� dx �

The Cauchy problem for the porous media equation� with initial data ��
satisfying the hypotheses of the theorem� is well�posed in the weak sense

������ In fact� existence� uniqueness and continuous dependence on the
data for 
����� is known 
cf� Aronson �Aro��� The existence theorem
guarantees a unique limit to the singular perturbation problem 
�����

�� Extension to higher dimensions�

In this section� we shall discuss the three dimensional model 
�����
In fact� all the results can be adapted to an arbitrary number of dimen�
sions� and we just choose to emphasize the three dimensional example�
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Moreover� the largest part of the one�dimensional arguments can be
adapted to higher dimensions� so we just sketch the main di�erences�

We shall study equations 
���� in the box  	 
�a� a�� with pe�
riodic boundary conditions� Besides� we will limit our analysis to the
case of a rate function k of the type ��� with � 	 �� In analogy with the
one�dimensional model� we will also write system 
���� in the equivalent
form


����

����������
���������

�u


�t
� �

�

�u


�x
	
�

��
�� 
�� �u
� �

�v


�t
� �

�

�v


�y
	
�

��
�� 
�� � v
� �

�w


�t
� �

�

�w


�z
	
�

��
�� 
�� �w
� �

where u 	 
u�� u�� v�� v�� w�� w�� 	 
u�� u� u�� u�� u�� u���
As in the one�dimensional case� given any convex function �
r��

r � �� we deduce the estimate
Z
�

�X
i��

��
ui�

�t
dx

	 � �

� ��

Z
�

��
X
i��j


��
ui�� ��
uj�� 
ui � uj� dx
����

� � �
In particular� if �
r� 	 rp� p 
 �� we obtain


����

Z
�

�

�t

�X
i��

upi dx 	 � p

� ��

Z
�

��
X
i ��j


ui � uj� 
u
p��
i � up��

j � dx �

The existence theory follows as in the one�dimensional case� and we
obtain the corresponding of Propositions ��� and ����

Proposition ���� Let � � � 	 �� and let � � u��j
x� � L�
 ��
j 	 �� � � � � �� Then� the initial�boundary value problem for system 
����
has a unique solution u
x� t�� such that� for j 	 �� � � � � �� uj
x� t� �
L�
 � 
�� T �� � C 
��� T ��Lp
 �� for all T 
 � and � � p 	 �� In
addition� the solution satis�es the following bound


���� max
j��

kuj

 � t��k� � max
j��

kuj

 � t��k� � if t� � t� �
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Proposition ���� Let � 	 �� and let u��j
x� � L�
 � satisfy the
lower bound u��j � � on  for some � 
 �� Then� the initial�boundary
value problem for the system 
���� has a unique solution bounded away
from zero u
x� t� such that for j 	 �� � � � � �� uj
x� t� � L�
 � 
�� T ���
C
��� T ��Lp
 �� for all T 
 � and � � p 	�� In addition� this solution
satis�es the bounds 
���� and


���� inf
x��
j��

uj
x� t�� � inf
x��
j��

uj
x� t�� � if t� � t� �

Given u 	 
u�� � � � � u��� let us now introduce the operator B
� de�

�ned by components by

B�
j u 	 ��uj

�xj
 �� 
�� �uj� � i 	 �� �� � �

B�
j v 	

�uj
�xj

 �� 
�� �uj� � i 	 �� �� � �

Then� the following lemma is immediate

Lemma ���� Let � � � � ���� Then� the operator B� is dissipative
from the domain

D�
B�� 	 fu � �W ���
 ���g

into �L�
 ����
If �� � � 	 �� and if � 
 �� the operator B� is dissipative from

the domain

D�
� 
B

�� 	 fu � �W ���
 ���� uj � �� j 	 �� � � � � �g

into �L�
 ����

Thus� we obtain the analogue of Proposition ����

Proposition ���� Let � � u��j
x� � L�
 � � L�
 �� j 	 �� � � � � ��
Then� provided �� � � � ���� the initial�boundary value problem 
����
has a unique global solution u
x� t� such that uj
x� t� � L�
 �
�� T ���
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C
��� T ��L�
 ��L�
 �� for all T � � and j 	 �� � � � � �� Moreover� for
all t � �


����
�X

j��

kuj
x h� t�� uj
x� t�k� �
�X

j��

ku��j
x h�� u��j
x�k� �

If � � � � ���� these results extend to  	 R
� �

As in Section �� we can obtain entropy bounds� that allow us to pass
to the limit� Let us brie�y outline the main di�erences� We introduce
functions � � u��j � L�
R� � L�
R�� j 	 �� � � � � � such that


����

Z
R�

�X
j��

u��j
x� j logu��j
x�j dx 	M� 	�

and� for �
x� 	 
�  x���� � 	 � 	 ����


����

Z
R�

�
x�
�X

j��

u���j
x� dx 	M� 	� �

Given � 
 �� let us denote with  �� the domain 
����� � ������� In
addition� given  
 �� let for j 	 �� � � � � �


���� u���j 	 max fu�
x�� ��g �
By Proposition ���� if � 	 �� the initial boundary value problem for
the system 
����� with periodic boundary conditions on  �� and initial
values 
����� has a unique global solution u�
x� t��

Moreover� provided  
 � 
�  ��� u�� satis�es bounds 
���� and

���� with di�erent but �nite constants M�

� and M
�
� �

The proof of the entropy bounds follows along the same lines of
Section �� We only remark that� in consequence of 
����� one has to
study the time evolution ofZ

��

�X
j

u�j
x� t� logu
�
j
x� t�  �
x�

X
j


u�j
x� t��
�
�
dx �

Since the integrand on the right�hand side of 
���� is nonpositive for
any convex function �
r�� choosing �
r� 	 r� we obtain

d

dt

Z
��

�
x�
X
j


u�j
x� t��
� dx

� �

�

�X
j��

Z
��

�
x�
�

�xj


u�j�

� � 
u�j���
�� dx � � �
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Hence� integrating by parts and making use of the periodicity� we de�
duce the analogous of 
����

d

dt

Z
��

�
x�
X
j


u�j
x� t��
� dx

� �

�

�X
j��

Z
��

�

�xj
�
x� 

u�j�

� � 
u�j���
�� dx � � �

We next observe that 
���xj�� � L
R��� j 	 �� �� �� This implies the
analogous of 
�����

A further step consists in the identi�cation of the limit Maxwellian�
Let us set p 	 � in 
����� Then� integrating over time we get


�����
�

��

Z T

�

Z
��

���
X
i��j


u�i � u�j�
� dx dt �

Z
��

X
i

u���i dx �

Now� considering that the solution satis�es the bound 
����� if � 	 ��


����� ��� �
�
�max

i��
ku��ik�

��
	 ��

and by 
����� we obtain


�����
��

��

Z T

�

Z
��

X
i��j


u�i � u�j�
� dx dt �

Z
��

X
i

u���i dx �

Inequality 
����� implies that� for i �	 j� u�i � u�j �� � strongly in

L�
��� T ��  ���
The same conclusion can be derived when � 	 � 	 �� Since in this

case 
����� does not hold� we shall make use of a di�erent argument�
Let us write 
���� by taking p 	 �� �� We obtain

�� �

� ��

Z T

�

Z
R�

���
X
i ��j


u�i � u�j� 

u
�
i �

���� 
u�j����� dx dt

�
Z
R�

�X
i��

u�����i dx �
�����



Diffusive limit for finite velocity Boltzmann kinetic models ���

This implies


����� 
�� ��

Z T

�

Z
R�

X
i��j


u�i � u�j�
� dx dt � ��

�� �

Z
R�

X
i

u�����i dx

and also in this case� u�i � u�j � � strongly in L�
��� T �� R
�� for i �	 j�

The rest of the proof leading to Theorem ��� follows along the same
lines of the one�dimensional situation� So we have

Theorem ���� Let � � u��j � L�
R�� � L�
R��� j 	 �� � � � � � satisfy
conditions 
���� and 
�����

i� Let � � � 	 �� Then� for all T 
 �� and � 
 � there exist
constants d� 	 d�
u�� T �� d� 	 d�
u�� T � and d� 	 d�
u�� T � such that�
the unique solution u�
x� t� to the initial value problem for system 
����
satis�es

Z T

�

Z
R�

�u�i 
x� t�� u�i��
x� t�

�

��
dx dt � d� �
�����

Z T

�

Z
R�

�u�i 
x� t�� u�i��
x� t�

�

��
��
x� t�

��� dx dt � d� �
�����

where� in both cases� i 	 �� �� �� and

Z
R�

�X
i

u�i 
t� j logu�i 
t�j �
X
i


u�i 
t��
�
�
dx � d� �
�����

lim
���

Z T

�

Z
R�

X
i��j


u�i � u�j�
� dx dt 	 � �
�����

ii� Let �� � � 	 �� Then� for all T 
 �� and k � N
� � the unique

solution u�
x� t� to the initial�boundary value problem for system 
����
on the domain  � 	 
����k� ���k�� satis�es the bounds 
������ 
������

����� and the property 
����� in ��� T ��  ��

iii� Let � 	 ��� Given k � N
� � let  
 k 
�  ��� and let u��

be de�ned by 
����� Then� for all T 
 �� the unique solution to the
initial�boundary value problem for system 
���� on the domain  � 	
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����k� ���k��� with initial data u��� satis�es the bounds 
������ 
������

����� and the property 
����� in  �� In addition we have


�����

Z T

�

Z
��

�u�i 
x� t�� u�i��
x� t�

�

��
��
x� t�

��
 dx dt � d� �

where i 	 �� �� �� for all � 	 � � 
j�j �����

Let us denote by j�
x� t� the �ux� i�e�


����� j� 	
�u�� � u��

�
�
v�� � v��

�
�
w�
� � w��
�

�
�

Then� the macroscopic equations for the system 
���� can be expressed
in the form


�����

���
��

���
�t

 div j� 	 � �

��
�j�
�t


�

�
grad �� 	 �� ��� j� E� �

where E� denotes the vector


�����

E� 	
� �

�x

��
�
�� � 
u�� � u�� �

�
�

�

�y

��
�
�� � 
v�� � v�� �

�
�
�

�z

��
�
�� � 
w�

� � w�� �
��

�

The presence of the vector E� is the main di�erence between the one�
dimensional system 
���� and the three�dimensional system 
������ This
is a consequence of the fact that in more than one�dimension the system
of the macroscopic equations can not be expressed only in terms of the
mean quantities� Let us rewrite

E� 	
� �

�x
e���

�

�y
e���

�

�z
e��

�
�

with obvious meaning of e��� e
�
�� and e

�
�� We have


����� e�� 	
�

�

v�� �u�� �

�

�

v�� �u�� �

�

�

w�

� �u�� �
�

�

w�� �u�� � �
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so that� thanks to 
����� we conclude that e�� converges to zero strongly
in L�

x�t� The same conclusion holds for the other components� We
are in a position to obtain the corresponding of Theorems ��� and ����
provided �� � � � ���� In this range of �� by dissipativity� we have the
compactness of ��
x� t� in L

�
x or L

�
loc if � 	 �� Let us remark that when

� is positive� ��� 	 � 	 � we can derive the same result of compactness
as a consequence of the �div�curl� Lemma ���� Let us set U� 	 
j�� ���
and V� 	 
�� ���� Then� the �rst of equations 
����� reads divU� 	 ��
and this obviously implies that divU� is bounded in L�

x�t� In view of

����� we deduce that ��j� converges to zero strongly in L�

x�t� and by

����� follows that ��� j� is bounded in L

�
x�t� But e

�
�� e

�
�� and e

�
� converge

to zero strongly in L�
x�t� Consequently� from the second equation of the

system 
����� we obtain that curlV� is compact in H
��
x�t � and U�V� 	 ���

passes to the limit� At this point� we deduce as in Section � that ��
x� t�
converges to �
x� t� in Lploc� � � p 	 �� Finally� thanks to the bound

������ we can show that


����� lim
R��

sup
��t�T

Z
jxj�R

��
x� t� dx 	 �

and� since �� is bounded in L�� �� converges to � in Lp
R�� � So we
have

Theorem ���� Let � � � 	 �� and let 
��� j�� be a sequence of solutions
to the initial value problem for the system 
������ where the initial values
u��j� j 	 �� � � � � � satisfy the hypotheses of Proposition ��� and Theorem
���� Then� there exists � � L� � L� such that ��
x� t� converges to
�
x� t� strongly in C
��� T ��Lp
R��� for all T � � and � � p 	�� while
� j� converges to zero strongly in L�
R� � ��� T ��� The limit density
�
x� t� is the 
unique� weak solution to the Cauchy problem for the fast
di	usion equation

��

�t
� �

�� 
�� ��
!���� 	 � � in D�
R� � 
����� �

with initial datum �� 	
P�

j�� u��j�

Theorem ���� Let �� � � 	 �� and let 
��� j�� be a sequence of solu�
tions to the initial�boundary value problem for the system 
������ where
the initial values u��j� j 	 �� � � � � � satisfy the hypotheses of Proposition
��� and Theorem ���� Then� there exists � � L�

loc�L� such that ��
x� t�
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converges to �
x� t� in C
��� T ��Lploc
R
��� for all T � � and p � ������

while � j�
x� t� converges to zero strongly in L�
loc
R

� � ��� T ��� The limit
density �
x� t� is the 
unique� weak solution to the Cauchy problem for
the slow di	usion equation

��

�t
� �

�� 
�  j�j� !�
��j�j 	 � � in D�
R� � 
����� �

with initial datum �� 	
P�

j�� u��j�

Remark ���� As in Section � we observe that the u�j
x� t�� j	�� �� � � � �
�� solutions to the initial 
if � � � 	 �� 
or initial�boundary� if �� �
� 	 �� value problem for the kinetic system 
���� converge strongly to
���� where � is the solution of the corresponding nonlinear di�usion
equation�

We will now examine the case � 	 ��� Let ���� 	 u��  u�� � ���� 	
v��  v�� � ���� 	 w�

�  w�� � and let ji��� i 	 �� �� � be the components
of j�� given by 
������ Then� summing and subtracting the �rst two
equations 
����� we obtain the system


�����

���
��

�����
�t


�j���
�x

	
�

��
��� 
�� � � ����� �

��
�j���
�t


�����
�x

	 �� ��� j��� � x � R � t � � �

The analysis of Section �� following Lemma ��� can easily be applied
to system 
������ With few di�erences� due to the presence of the
term on the right side of the �rst equation� we will arrive to analogous
conclusions� In particular� since �� is bounded in L�� and� in view of


����� �
�	j�j��
��
� j��� is bounded in L�

x�t� �
�
� ���� j��� is bounded in L�

x�t

provided � � ��� The same argument shows that j��� ��� 
���� ��������
is bounded in L�

x�t if � � ��� Hence� 
���x������ is compact in H��
x�t �

By identical computations� summing and subtracting the third and
fourth 
respectively the �fth and sixth� equation 
����� we deduce that�
if � � ��� both 
���y� ����� and 
���z� ����� are compact in H��

x�t � More�
over� in view of 
������ ��i�� � ��j�� converges to zero in L�

x�t� So we

conclude that grad ��� is compact in H
��
x�t �

This result� coupled with the �rst equation of the system 
�����
enables us to handle� by the �div�curl� lemma� the passage to the limit
for �� � � 	 ��� exactly as in the one�dimensional case�
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The extension to � 	 �� follows by the same strategy we adopted
above� along the same lines of the one�dimensional proof� �rst multiply�
ing the second equation of the system 
����� by �n���� n 
 �� and then
recovering the equivalent system in which the terms on the right�hand
sides are bounded in L�

x�t�
Finally we prove

Theorem ���� Let � 	 ��� and let 
��� j�� be a sequence of solutions
to the initial�boundary value problem for the system 
������ where the
initial values u���j� j 	 �� � � � � � for the kinetic system 
���� satisfy the

hypotheses of Theorem ���� part iii�� Then� there exists � � L�
loc � L�

such that ��
x� t� converges to �
x� t� in Lploc
R
� � 
�� T �� for all p �

����� and all T 
 �� while � j�
x� t� converges to zero strongly in
L�
loc
R � ��� T ��� The limit density �
x� t� is the weak solution to the

Cauchy problem for the porous media equation

��

�t
� �

�� 
�  j�j� !�
��j�j 	 �

in D�
R� � 
�� T ��� with initial datum �� that is the weak limit of

��
x� t 	 �� 	
P�

j�� u
�
��j�

	� Variants and extensions�

In this section� we present brie�y a few variants and extensions
of the previous problems and results� For most of these variants and
extensions the proofs are straightforward adaptations of the proofs in�
troduced above� First of all� we can allow the rate function k to depend
on x� satisfying for instance


���� k�
x� �
� � k
x� �� � k�
x� �

� � for � 	 � � � �

where k�� k� � L�
R�� infx�R k� 
 �� and �� � 	 ��
Another variant consists in replacing the right�hand side in 
�����

k
v � u� 
respectively� k
u� v��� by �
v�� �
u� 
respectively� �
u� �
�
v��� where � is increasing�

Next� we can treat the system in which the velocities in the stream�
ing terms are ���  a and ���  b� where a �	 b � R� In this case we
obtain at the limit the additional presence of a linear term�
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Finally we can study the system


����

���
��

�u

�t

�

�

�um

�x
	
�

��
�� 
v � u� �

�v

�t
� �

�

�vm

�x
	
�

��
�� 
u� v� �

where m 
 �� which yields in the limit


����
��

�t
� c

��

�x�
�m�� 	 � �

where c 	 m 
�m
m � ������ Of course� 
���� is a weakly coupled
system of one�dimensional hyperbolic scalar conservation laws� and u� v
are entropy solutions of 
�����

To end this section� we now wish to look at di�erent models in�
volving velocity sets which are not �nite anymore� We begin with a
model arising in radiative transfer theory� recently studied by C� Bar�
dos� F� Golse� B� Perthame and R� Sentis �BGPS�� This equation de�
scribes the transport of photons in a starlike medium and is� mathe�
matically� a nonlinear version of the transport of neutrons� We look for
u� 	 u�
x� �� t� � �� where x � R

N � � � SN�� 
the unit sphere of RN ��
t � �� solution of the initial 
or initial�boundary� value problem for the
equation


����
�u

�t

�

�
� 
 gradu �

��
k
��� 
u� � ��� 	 � �

In 
���� �� denotes the integral

��
x� t� 	

Z
SN��

u�
x� �� t� d� �

where d� is the normalized Lebesgue measure on SN�� 

R
SN��

d� 	 ���
The nonnegative function k is continuous on ����� and is supposed to
satisfy


���� �� s
� � k
s� � �� s

� � for s � 
�� �� �

with j�j 	 �� j�j 	 �� ��� �� 
 ��
Our method of proof adapts to this model and yields at the limit


����
��

�t
�!F 
�� 	 � �
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where

F 
�� 	
�

N

Z �

�

ds

k
s�
�

In radiative transfer theory� this limit is known as the �Rosseland ap�
proximation�� Not only this convergence can be shown in a slightly�
more general setting than in �BGPS�� but our method of proof is com�
pletely di�erent and simply relies upon entropy bounds and the �div�
curl� lemma� In particular� our proof works if k
�� 	 �� with j�j 	 ��

In conclusion� let us indicate that it is possible to interpret both
the �nite�velocity models and the above model 
���� in a single setting�
We brie�y mention this remark� let V be a bounded set on RN � and let
 be a probability measure on V satisfying


����

Z
V

vk d 	 � � for all � � k � N �

Z
V


v 
 ��� d 
 � � for all � � SN�� �

We then look for u� 	 u�
x� v� t� � �� solution on RN � V � ����� of


����
�u

�t

�

�
v 
 gradu 	 �

��
��� 
�� � u�� �

where j�j 	 � and

��
x� t� 	

Z
V

u�
x� v� t� d �

The hydrodynamical limit for this equation is then


����
��

�t
�

NX
i�j��

aij
��

�xi�xj

� ����
�� �

�
	 � �

where

aij 	

Z
V

vi vj d �

Let us observe that the two 
or six in three�dimensions� velocity model
we were primarily interested in this paper corresponds to V 	 f����g�
with 
���� ���� for the probability measure � while the Rosseland ap�
proximation corresponds to V 	 SN�� and d 	 d��jSN��j�
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We do not wish to give a detailed proof of the above claims about
Rosseland approximation or 
�����
����� since it is a straightforward
adaptation of our method of proof� In particular� using the ideas of
Section �� one obtains all the a priori estimates concerning the mono�
tonicity for convex functionals of the solution�

However� there is one point that we need to detail� Indeed� since V
is no more �nite 
in general�� we cannot estimate from below ���u�� and
thus we have to modify a little bit our use of the dissipation of entropy�
More precisely� we obtain L�t 
L

� �L�� bounds on u� 
and thus on ���
independently of �� and from the monotonicity of the entropy we obtain
for all T 
 �


�����

Z T

�

dt

Z
dx

Z
V

d ���
�� � u�
��

log
��
u�

� C �

where C denotes various positive constants independent of ��
Hence� if we denote by j� the �ux

j�
x� t� 	

Z
V

v
u�
�
d 	

Z
V

v
u� � ��

�
d �

we have

jj�j� �
�Z

V

jvj
���
p
u� �p

��

�

��� jpu� p��j d
��

� C

Z
V



p
u� �p

���
�

��
d

Z
V


u�  ��� d

� C��

Z
V

�� � u�
��

log
��
u�

d �

where we used the classical inequality� valid for all a� b � �


p
a�

p
b�� � C 
a� b� log

a

b
�

In particular� we deduce from 
����� that jj�j�����
� is bounded in L�

and thus� since j�j 	 �� j� is bounded in L
��

The convergence analysis follows along the same lines as in the
preceding sections� writing the macroscopic equations for the equation

����


�����

����
���

���
�t

 div j� 	 � �

��
�j�
�t

 div

Z
V

v  vu� d 	 ���� j� �
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observing that j�� �
�
� j� are bounded in L

�� and �nally that


�����

Z
V

v  v u� d 	 A�� 

Z
V

v  v
u� � ��� d �

from which we deduce that A grad �� and thus grad ��� since by con�
struction the matrix A is positive de�nite� lie in a compact set of H��

x�t �
In addition� the integral on the right�hand side converges converges to
zero in L�

x�t as a consequence of the fact that j� is bounded in L
�� while

V is bounded�
Several relevant di�erences between this approach and the ap�

proach by C� Bardos� F� Golse� B� Perthame and R� Sentis �BGPS�
are worth emphasizing� First of all� the above proof seems a bit simpler
and yields� on the technical side� apparently more general results� But
in addition� and this is more important� the compactness phenomena
are somewhat di�erent� since velocity averaging 
as in �BGPS�� would
require the measure  to satisfy the condition

fv � V � v 
 � 	 �g 	 � � for all � � SN�� �

while we only need that the measure  satis�es the second condition in

����� namely

Z
V


v 
 ��� d 
 � � for all � � SN�� �
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Some generalized Coxeter

groups and their orbifolds

Marcel Hagelberg and Rub�en A� Hidalgo

Abstract� In this note we construct examples of geometric ��orbifolds
with �orbifold� fundamental group isomorphic to a �Z�extension of a�
generalized Coxeter group� Some of these orbifolds have either eu�
clidean� spherical or hyperbolic structure� As an application� we ob�
tain an alternative proof of theorem � of Hagelberg� Maclaughlan and
Rosenberg in 	
�� We also obtain a similar result for generalized Coxeter
groups�

�� Introduction�

A group with presentation

ha�� � � � � an � aui

i  �ai��a
��
i �vii �

where ui� vi are integers greater or equal to two� is called a generalized
Coxeter group� In the particular case ui  vi  �� the above is a
Coxeter group with Coxeter diagram �see 	�� p� ����� as shown in �gure
��

A group having presentation

�  hx�� � � � � xn� t � xkii  �xi��x
��
i �li  �xit�

mi  �i �

where ki� li�mi are integers greater or equal to �� is called a Z�extension
of a generalized Coxeter group� The reason for the name is the following�

���
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ifH denotes the smallest normal subgroup of � containing the generator
t� then the quotient group J  ��H has presentation

J  h�x�� � � � � �xn � �x bkii  ��xi���x
��
i �li  �i �

where bki  mcd �ki�mi�� that is� J turns out to be a generalized Coxeter
group�

Figure ��

Triangle and generalized tetrahedron groups are some examples of
generalized Coxeter groups�

The main problem of three�orbifolds is their classi�cation� As ob�
served by W� Thurston in his project� geometry and topology are very
well related� there are exactly eight geometries and essentially the con�
jecture is that all ��orbifolds can be obtained by gluing a �nite number
of geometric orbifolds �that is� orbifolds of the form X�G� where X is
one of the eight geometries and G is a discrete group of isometries of
X�� The main geometry is given by the hyperbolic one�

To understand this classi�cation problem is good to have examples
of geometric orbifolds� which are the parts to be glued to form the more
general ones� For it� triangle and Coxeter groups have been of great
interest �see� for instance� in Coxeter�Moser 	����

Another �hyperbolic� orbifolds� with generalized triangle groups as
�orbifold� fundamental groups� were studied in 	��� 	��� 	
� and 	��� where
results concerning their discreteness and arithmeticity were obtained�

Generalized Coxeter groups were studied from the group theorical
perspective in 	��� and 	����
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The main idea of this paper is roughly speaking the following� We
�rst describe some graphs in the ��sphere �perhaps with some deleted
vertices� together a data given by some integers� Secondly� we try
to �gure out which kind of geometric orbifolds can be obtained with
these objects� For it� we construct certain planes intersecting in a very
special fashion and we consider the re�ections on these planes� We
apply Poincare�s polygon theorem to obtain that the group generated
by those re�ection is discrete and has the desired presentation �e�g�
generators and relations��

More technically� we construct explicit embeddings of some �Z�
extension of� generalized Coxeter groups as group of isometries of some
��dimensional geometry� The orbifolds obtained are then geometric ��
orbifolds whose �orbifold� fundamental group is a �Z�extension of a�
generalized Coxeter group�

The presented geometries in these constructions are S� � R� R� �
H � � R and H � � where S�� H � and H � denote the ��sphere� the hyper�
bolic plane and the hyperbolic three space� respectively� Some of these
orbifolds were obtained in the paper of Dunbar 	���

This paper is organized as follows� We start in Section � with some
basics de�nitions and the description of a particular type of ��orbifolds
denoted by O�n�K�L�M�� The essential property of these orbifolds
is the fact that their �orbifold� fundamental groups are Z�extension of
generalized Coxeter groups�

In Section � we produce geometries of type Z�R� for the orbifolds
O�n�K�L�K� with K  ��� � � � � ��� where Z � fH � �R� � S�g� More
precisely� we obtain the following

Theorem �� For n � �� K  ��� � � � � �� and L  �l�� � � � � ln�� let

�  n� ��Pn

i�� ��li� Then the orbifold O�n�K�L�K� has geometry �

a� H � � R� if � � ��

b� S� � R� if � � ��

c� R� � if �  ��

We also obtain some generalized triangle groups� yielding part i�
of Theorem � in 	
�� More precisely� we prove that the group hx� r �
x�  rn  �r��x r x�l  �i can be embedded as group of isometries of
H � �R� S��R and R� �respectively� if �l� ��n� � l is bigger� less and
equal to zero �respectively��
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In Section � we construct generalized Coxeter groups� represented
as Z��extensions of Fuchsian groups of the �rst kind� that uniformize
orbifolds O�n�K�L�K� with K  ��� � � � � ��� n � � and n � � �Pn

i�� ��li� We also construct the generalized triangle group hx� r � x� 
rn  �r��x r x�l  �i as a Z�extension of a Fuchsian group of the �rst
kind for �l� ��n� � l � ��

In Section 
 we generalize the construction of Section � to obtain
Z��extensions of Fuchsian groups �maybe of the second kind��

In Section � we produce hyperbolic structures for the orbifolds
O�n�K�L�K�� where n � 
� K  ��� � � � � �� and L  ��� � � � � ��� more
precisely� we prove the following�

Theorem �� If n � 
� K  ��� � � � � �� and L  ��� � � � � ��� then the

orbifold O�n�K�L�K� has a hyperbolic structure�

We also show that for n � 
 the generalized triangle group hx� r �
x�  rn  �r��x��rx��  �i� can be realized as a group of hyperbolic
isometries of H � �

In Section � we discuss the excluded cases n � f�� �g of Theorem
��

In Section � we generalize the constructions of the sections ���� In
this way� we can obtain a many generalized Coxeter groups as group
of isometries of the hyperbolic three space� In some of these cases�
one may proceed as in Section � to produce Z�extensions of generalized
Coxeter groups as groups of isometries of H � �

In Section � we use the construction done in Section � to obtain a
simple alternative proof of 	
� Theorem ��� We obtain a similar result
for generalized Coxeter groups� Namely� we have the following�

Theorem �� Let n� k� l be integers with n � �� l � � and k � � and

�n� k� l� � ��� �� ��� There is a discrete and faithful representation of the

generalized Coxeter group

G  hx�� � � � � xn � xki  �xi��x i���l  �i �

as group of isometries in one of the geometries R� � H � � R� S� � R�

H
� � The geometry is H � except when

�n� k� l� � f��� �� ��� ��� �� ��� ��� �� ��� ��� �� ��g �
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Part of this paper was written while the second author was visiting
the Universit�e Paul Sabatier�

�� Some basic de�nitions�

A n�orbifold O consists of a Hausdor� space X �the underlying
topological space of the orbifold� and a collection

f�U�� V�� G�� f� � U� �� V��G��� � � Ag �

satisfying the following properties�

�� The collection fU� � � � Ag is an open covering of X�
�� G� is a �nite group of homeomorphisms of the open subset

V� � Rn �

�� The map f� � U� �� V��G� is a homeomorphism�

�� If U� 	 U� � �� and if 	s � Vs �� Vs�Gs is the natural
�branched� covering induced by the action of Gs on Vs� then the map

f� 
 f��� � f��U� 	 U�� �� f��U� 	 U��

can be lifted to a homeomorphism

h��� � 	
��
� �f��U� 	 U��� �� 	��� �f��U� 	 U��� �

Figure ��
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Some Z�extensions of generalized Coxeter groups appear as �ap�
plying the Wirtinger algorithm and Hae�ieger and Quach 	��� orbifold
fundamental groups for orbifolds O�n�K�L�M� having the three sphere
S� as underlying topological space and the planar graph 	n�K�L�M�
with the branching indices as shown in �gure � as branching locus�
where K  �k�� � � � � kn�� L  �l�� � � � � ln� and M  �m�� � � � �mn� are
n�tuples of integers greater or equal to two� It may happen that one
or both vertices of the graph are not there� in which case the underly�
ing topological space is either R� or R� minus a point� Generators Xi

and T for the �orbifold� homotopy group of O�n�K�L�M� are given by
�homotopy classes of� the loops shown in �gure ��

Figure ��

We remark that there are some necessary restrictions on the n�
tuples K�L�M in order to have an orbifold with the vertices included
as described above� These restrictions are

fki��� li� kig� fmi��� li�mig � ff�� �� rg� f�� �� �g� f�� �� �g� f�� �� 
gg �

where r � �� The above is consequence of the fact that the stabilizer of
a point �to belong to the region of discontinuity of a discrete group� is
a �nite group which is either cyclic� dihedral or the group of isometries
of a platonic solid�

A geometry is a simply�connected complete Riemannian manifold
�M�
� with transitive isometry group G� having a co��nite volume sub�
group and such that the stabilizer at a point is compact�
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In dimension three� Thurston has shown that there are exactly
eight geometries� H � � S�� R� � S� � R� H � � R� sl ���R�� Nil�geometry
and Sol�geometry �	���� 	�� and 	�����

�� First construction� splitting geometries�

We construct geometric structures for some of the above orbifolds
O�n�K�L�K�� where K  ��� �� � � � � �� and n � �� The geometries
are given by R

� � S� � R and H � R� In this way� the corresponding
Z�extension generalized Coxeter groups can be realized as a group of
isometries in the respective geometry� The case n  � �where necessar�
ily� l�  l�� and some cases for n  � were considered by Dunbar in 	���
The above is summarized in the following�

Theorem �� For n � �� K  ��� � � � � �� and L  �l�� � � � � ln�� let

�  n� ��Pn

i�� ��li� Then the orbifold O�n�K�L�K� has geometry�

a� H � � R� if � � ��

b� S� � R� if � � ��

c� R� � if �  ��

Proof� Set Z equal to S�� R� and H � for � negative� positive and zero�
respectively� We consider a geodesic polygon P � Z of n�sides and
internal angles equals to �in cyclic order� 	�l�� � � � � 	�ln� respectively�
We label the sides of P as e�� � � � � en� in such a way that ei connects
the vertices with angles 	�li�� and 	�li� Let �i be re�ection on the
geodesic line containing the side ei� We de�ne the following isometries
of X � R

xi�p� q�  ��i�p�� q� and t�p� q�  �p� q � �� �

where �p� q� � Z � R�
The group � generated by x�� � � � � xn and t is a discrete group

acting on Z�R with fundamental domain given by P� 	����� ���� �the
transformations x�� � � � � xn generate a discrete group acting on X�fqg
with fundamental polygon P � fqg for all q � R� and t is just an
orthogonal translation to X� In fact� this is just Poincare�s Polyhedron
theorem on X � R��

It is evident that the above group is in fact a generalized Cox�
eter group and that the quotient �Z � R��� is an orbifold with S� as
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underlying space and as branching set the planar graph 	n�K�L�M��
where K  M is the n�tuple formed by � at each component and
L  �l�� � � � � ln��

Remark �� Suppose that in the above construction we have the partic�
ular situation li  l� for some �xed l � �� In this case� we may consider
the polygon P to be invariant under an isometry �r of Z of order n� Set
r�p� q�  ��r�p�� q�� We have that r is an isometry of X � R of order n�
keeping invariant P � 	����� ����� If we set x  x�� then the group ��
generated by � and r has the following presentation

��  hx� t� r � x�  rn  �r t��  �r��x r x�l  r t r��t��  Ii �

The geometric orbifold uniformized by �� is shown in �gure �a� The
group G generated by x and r has presentation

G  hx� r�x�  rn  �r��x r x�l  �i �

�a generalized triangle group� and a fundamental domain given by the
in�nite volume cylinder P � � R� where P � is the triangle bounded e�
and the two �geodesic� lines connecting the �xed point of �r with both
ends of e�� It follows that the geometric orbifold uniformized by G has
in�nite covolume� underlying topological space S� minus two points and
branching locus has shown in �gure �b� In particular� if Z is either S�

or R� � then we obtain �with the exception of one case� the cases in 	
�
Theorem ��i���

Figure ��
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	� Second construction� uniformizations by Z�
extensions of

Fuchsian groups�

If in Theorem � the geometry is H � � R �that is� if n � � and
n � � �Pn

i ��li � �� we can uniformize the orbifolds O�n�K�L�K��
where K  ��� � � � � �� and L  �l�� � � � � ln�� by the manifoldM  S��bR �
where bR  R�f�g� We can construct J so that O�n�K�L�K� M�J
and J is a group of M�obius transformations� in fact a Z��extension
of a Fuchsian group� The group J is constructed as follows� in the
hyperbolic three space H �  f�z� t� � C � R� t � �g we consider the
model of hyperbolic two space H �

�
 f�z� t� � H � � Im �z�  �g�

On H �� we consider a geodesic polygon P of n sides and consecutive
angles 	�l�� � � � � 	�ln�

Let ei be the side of P determined by the vertices with angles
	�li�� and 	�li�

Set xi the isometry of H
� of order two having �xed point axes

containing ei�
Set D to be the common region determined by the geodesic planes

F�� � � � � Fn� orthogonal to H
�
� � such that Fi 	 H �� contains ei�

As a consequence of Poincare�s Polyhedron theorem 	��� the group
J � generated by x�� � � � � xn� is a discrete group with D as a fundamental
polyhedron�

The group J also acts as group of isometries of H �� �the transfor�
mations xi are re�ections� with P as compact fundamental domain for
its action� It follows that the limit set of J is the boundary � of H �

�
and�

in particular� the group J is either a Fuchsian group or a Z��extension
of a Fuchsian group of the �rst kind� Since each generator xi permutes

both discs on bC �the boundary of H �� bounded by �� we have that J is
a Z��extension of a Fuchsian group of the �rst kind�

It is not hard to see that J is a generalized Coxeter group �with the

generators x�� � � � � xn� and that �S
��bR ��J is the orbifold O�n�K�L�K��

Remark �� As before� by considering li  l � n��n � ��� we may
assume the geodesic polygon to be invariant under a rotation �R of order
n� By performing the same construction as in Remark �� we obtain an
uniformization of the orbifold shown in �gure �a by a group G with
presentation �x  x��

G  hx� r � x�  rn  �x r x r���l  Ii �
that is� a generalized triangle group �compare to 	
� Theorem ����
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�� Generalization of the second construction�

The above construction can be generalized as follows� Let P be
a hyperbolic polygon� maybe with an in�nite number of sides� in the
hyperbolic plane H �� � H � �

We assume each internal angle i  	�li� where li is an integer
greater or equal to two�

For each side ej of P � we consider the isometry xj of order two�
with �x point set the geodesic containing ej � Set G the group generated
by all the transformations xj �

A geodesic polyhedron Q is de�ned by the common region bounded
by the geodesic planes Fi� orthogonal to H

�
�
� such that Fi	H �� contains

ei�
Poincare�s Polyhedron theorem 	�� applied to Q and the side pair�

ings xj asserts that G is a discrete group� Q is a fundamental polyhe�
dron for the action of G� and a minimal set of relations for G given by
�xj�� xj�

lj  I �if the sides ej�� and ej meet in H
�
�
at the angle 	�lj��

The group G is again a Z��extension of a Fuchsian group� and is of
the �rst kind if and only if the polygon P has no sides in the boundarybC � In the case that G is not of the �rst kind� the orbifold �S� � ���G�
where � is the limit set of G� has universal covering S� � �� It has
�orbifold� fundamental group isomorphic to G�

�� Third construction� hyperbolic uniformization�

One may think that the type of orbifolds we are considering cannot
have a hyperbolic structure� that is� there is not a discrete group � of
isometries of H � which is a Z�extension of a generalized Coxeter group�

The following theorem asserts that this is not the case� that is� we
may have hyperbolic structures on some of our orbifolds�

Theorem �� If n � 
� K  M  ��� � � � � �� and L  ��� � � � � ��� then
the orbifold O�n�K�L�M� has a hyperbolic structure�

Proof� Set n � 
� K  M  ��� � � � � ��� L  ��� � � � � �� and choose
as � the angle between two faces of the regular Euclidean tetrahedron
�that is� � � ��� 	� with cos�  �����

We continue to consider the hyperbolic plane in the three space
H �
�
 f�z� t� � H � � Im �z�  �g�
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Let r be an isometry of H � of order n� keeping invariant the plane
H
�
�
�

We consider a hyperbolic polygon of n sides P � H which is in�
variant under the action of r� We label the sides of P consecutively in
counterclockwise order by e�� � � � � en� respectively�

We may assume all internal angles to be equal to �� This is con�
sequence of the fact that � � 	���

Choose a hyperbolic isometry x� of order three having as its �xed
points set the geodesic line containing e�� Since there are two possible
choices for x�� we take the one for which x��P � consists of points �z� t�
with Im �z� � �� Set xi��  rxir

���

The choice of the angle � ensures that both xi and xi�� generate
the alternating group A�� Moreover� every relation of A� is consequence
of the relations x�i  x�i��  �xi��x

��
i ��  I�

Consider the totally geodesic half�plane F�
� containing the side e��

making an angle of 	�� with H �
�
and such that F��  x��F

�
� � also makes

an angle of 	�� with H �
�
�see �gure 
�� The half�planes F �i  ri���F �� ��

for  � f���g and i  �� � � � � n� determine a hyperbolic polyhedron P �

with �n sides�

Figure ��

We have that xi is equal to � 
�i� where �i is re�ection on F�
i and

� is re�ection on H �
�
�

The transformations x�� � � � � xn� pair the sides by the rule xi�F
�
i � 

F�i � It is easy to check that the sides F
�

i and F �i�� meet at a right

angle� it is a consequence of the fact that the transformation xi�� x
��
i
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has order two�

Poincare�s Polyhedron theorem 	�� asserts that the group G gen�
erated by these transformations is a Kleinian group with P � as funda�
mental domain�

Figure ��

Figure 	�

The intersection of P � with the boundary bC of H � consists of two
right hyperbolic polygons P� and P�� each one of n sides� such that
each side of P� is paired by the transformations xi to one side of P�
�see �gure ��� Each of these two polygons belongs to some component of
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the region of discontinuity of G which must be a round disc� The �circle�
boundaries of these two components are disjoint� but both components
are equivalent under G� It follows that G has no invariant component�
each component is a round disc and they are all equivalent under the
action of G� We also have that �H � � �G���G is topologically the unit
three ball with the boundary and branching set the planar graph shown
in �gure ��

We may assume that the polygon P� is the one formed by the faces
F�
� � � � � � F

�
n � The �circle� boundary of the component of the region of

discontinuity of G containing such a polygon determines a geodesic
plane W on H � � The plane W necessarily cuts P � orthogonally� Let j
be the re�ection on W and set t  j�j��

Set Q to be the hyperbolic polyhedron determined by the sides of
P � and the two geodesic planes j�H ��� and ��j�H

�
���� respectively� Side

pairings of Q are given by x�� � � � � xn and t�
The conditions for Poincare�s polyhedron theorem 	�� are satis�ed

in this case� In particular� we obtain that the group � generated by
these transformations is a discrete group� Q is a fundamental polyhe�
dron� and G is a Z�extension of a generalized Coxeter group� Moreover�
the orbifold H ��� is an orbifold with underlying topological space S�

and branching set the planar graph 	n�K�L�M� withK�L�M as before�

Figure 
�

Remark �� The group �� generated by � and the elliptic transformation
r is again a hyperbolic group with the presentation

��  hx� t� r � x�  rn  �x t��  �r��x��r x��  t��r��t r  Ii �
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where x  x�� It uniformizes the orbifold shown in �gure �a� The
group G generated by x and r has the presentation

G  hx� r � x�  rn  �r��x��r x��  �i �
that is� a generalized triangle group� It uniformizes a hyperbolic orbifold
with S� minus a point as underlying topological space� and branch locus
as shown in �gure �b�

� The excluded cases n  � and n  � in theorem�

��� The case n  ��

Let us consider the orbifold O��� K� L�K�� where K  ��� �� �� ���
L  ��� �� �� ��� For this� we proceed to construct in the hyperbolic plane
H �
�
� H � a hyperbolic quadrilateral P � invariant under the rotation r

of order � with �xed points axis orthogonal to H �� �
In the same way as in Section �� we obtain a hyperbolic polyhedron

P � with � sides� labeled F�
i and F�i and side pairings xi for i  �� ���� ��

In this case� we have that the sides F q
� � F

q
� � F

q
� and F

q
� � with q � f���g�

meet at a point pq � bC 	 A�r�� where A�r� is the set of �xed points of
r�

We choose W to be a horosphere centered at p� and disjoint from
H �
�
� and denote by j and � the re�ections �anticonformal involutions of

S�� across W and H �� � respectively�

Figure ��
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Set t  j�j�� and consider Q to be the region bounded by P �

and the spheres j�H �
�
� and ��j�H �

�
��� Denote by �P � the image of the

polyhedron P � under the re�ection on the sphere bC �
The group � generated by x�� � � � � x� and t is a Kleinian group

acting on S� for which the boundary sphere of H � is contained in its
limit set�

This group has exactly one invariant component ! � H � which is
simply connected�

We have Q � ! is a fundamental domain for the action of � on
!� The orbifold !�� is O�n�K�L�K�� The other components are all
equivalent to the complement of the closure of H � in S�� denoted by
H �� � The stabilizer of H

�
� is the group G generated by x�� � � � � x�� The

orbifold H �
�
�G is shown in �gure ��

Remark ��

�� The group � is the analogous to a regular B�group in dimension
� �a Kleinian group with a simply connected invariant component 	����

�� The group �� generated by r and � uniformizes the orbifolds
shown in �gure ���

Figure ���

�� The group G generated by x  x� and r has presentation

G  hx� r � x�  r�  �r��x��r x��  �i �
that is� G is a generalized triangle group� It uniformizes the hyperbolic
orbifold of �gure ��b�
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��� The Case n  ��

Let us consider now the orbifoldO��� K� L�K�� whereK  ��� �� ���
L  ��� �� ��� In this case the orbifold fundamental group has the rep�
resentation

�  hx�� x�� x�� t� x�i  �xi�� x��i ��  �xi t�
�  �i �

In this case� the subgroup G generated by the transformations x�� x�
and x� is a �nite group of order ��� Moreover� it has the representation

G  hx�� x�� x� � x�i  �xi�� xi��  �i �
It follows that G has no elements of order 
� In particular� we can�
not have an embedding of the group G �so neither of �� as group of
isometries of S�� H � � R� � S� � R� H � � R� sl ���R��

Theorem � �parts ���a� and ���� in 	�� asserts that our orbifold
cannot have neither Nil nor Sol geometry and� in particular� the group
� cannot be embedded as group of isometries of any of these two ge�
ometries�

�� Generalization of the Constructions�

In this section� we generalize the previous constructions� These
generalizations give embeddings of generalized Coxeter groups as group
of isometries of the hyperbolic three space� In many of the cases� they
also produce embeddings of Z�extensions of generalized Coxeter groups
as isometries of H � �

We use the unit three ball in R� as model of the hyperbolic three
space� that is� H �  f�x� y� z� � R� � x� � y� � z� � �g� We need the
following basic fact�

Lemma� Let F�� F� and F� be three hyperbolic planes in H � � We

assume that the three planes intersect in a point q � H � � bC � Denote

by li the intersection between the planes F� and Fi� for i  �� �� For

q � bC � set �  �� otherwise set � � ��� 	� to be the angle between l�
and l� �we use counterclockwise orientation in the plane determined by

those two lines�� If �i � ��� 	��� is the angle between Fi and F�� and
 � 	�� 	� is the angle between F� and F�� then

cos   � cos �� cos �� � cos� sin �� sin �� �
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Figure �� shows the situation described in the above lemma�

Figure ���

Proof� If q � bC � then we may assume q �� In this case� the planes
are orthogonal euclidean planes in R� to the plane f�x� y� z� � R

� � z 
�g� and the three planes F�� F� and F� determine a euclidean triangle
of internal angles ��� �� and  and� in particular� the above formula
holds trivially�

Let us assume now that q is inside the hyperbolic three space� In
this case� we may assume the model of H � given by the unit three ball
in R� with center in the origin q  �� We also may assume that

a� l�  f�x� y� z� � x  z  �g� l�  f�x� y� z� � z  �� tan� 
�x�yg�

b� F�  f�x� y� z� � z  �g �
c� F��  hw�i� where

w�  �cos �	��� ���� �� sin �	��� ���� �

d� F��  hw�i� where

w�  �cos� cos �	��� ����� sin� cos �	��� ����� sin �	��� ���� �

Now the equality w� � w�  cos  gives the desired equality�

Now we proceed to the construction� For this� let us consider two
n�tuples K  �k�� � � � � kn� and L  �l�� � � � � ln� of integers bigger or
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equal to two� such that

�i�
�

li
�
�

ki
�

�

ki��
� � �

We determine angles �i � 	�� 	�li� by the equation

�ii� cos�i 

cos
�	
li

�
� cos

� 	
ki

�
cos
� 	

ki��

�

sin
� 	
ki

�
sin
� 	

ki��

� �

The last equation gives some restrictions on li� ki and ki��� We assume
that

�iii� �n� ��	 �
nX
i��

�i �

On the hyperbolic plane H �  f�x� y� z� � H � � z  �g� we draw an
n�sided hyperbolic polygon P � where the sides are labeled cyclically as
e�� e�� � � � � en� We assume that the vertex vi� determined by ei and
ei��� is contained inside H

� or on its boundary according as

�

li
�
�

ki
�

�

ki��

is bigger than one or equal to one� The �internal� angle of the vertex
vi is �i�

The existence of such a polygon is guaranteed by the inequality
�iii�� For each edge ei� we consider a hyperbolic plane Fi that contains
ei� Let F

�
i be the part of the above plane contained in the half�space

fz � �g� We assume that the angle between F�
i and P is exactly 	�ki�

Set � and �i to be the re�ection through H
� and Fi� respectively�

Let K be the group generated by the re�ections �� ��� � � � � �n� Since the
angle between the planes F�

i and F�
i�� is 	�li �this is a consequence

of the above lemma and the de�nition of �i�� and the polyhedron P �

determined by the faces P � F�
� � � � � � F

�
n � has �nite number of sides�

Poincare�s polyhedron theorem applies to this case to obtain that�

a� K is a discrete group of isometries�

b� P � is a fundamental domain for K�
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c� The generators for K are �� ��� � � � � �n�

d� A set of maximal relations on these generators are� ��  ��i 
�� �i�

ki  ��i�� ���
li  ��

If we set xi  � �i� then we have that the group J generated by
x�� � � � � xn has the presentation

J  hx�� � � � � xn � xkii  �xi�� x
��
i �li  �i �

that is� J is a generalized Coxeter group� A fundamental polyhedron
for J is given by Q  P � � ��P ��� and the index of J in K is two�

In the particular cases that Q intersects the boundary of H � in two
polygons �both symmetric by the re�ection ��� they will have internal
angles equal to 	�l�� � � � � 	�ln� If it happens that �n���	 �

Pn
i�� 	�li�

and the group J is not Fuchsian group� then we may proceed as in con�
struction of Section � to obtain a Z�extension of a generalized Coxeter
group�

�� An application�

In this section we proceed to obtain an alternative and easy proof of
	
� Theorem ��� and an equivalent result for generalized Coxeter groups�

���� First construction�

We continue using the notation of Section �� and assume n � ��
li  l � � and ki  k � �� In this situation the restrictions to the
construction are the following�

i� ��l� ��k � ��
ii� The equation

cos� 
cos
�	
l

�
� cos�

�	
k

�

sin�
�	
k

�

has a solution in the interval 	�� 	�l��

iii� �n� ��	�n � ��
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In this case� the restriction ii� is a consequence of i�� and restriction
iii� is equivalent to�

iii��� If n  �� then

� cos
�	
l

�
� �� � cos�

�	
k

�
�

iii��� If n  �� then
p
� cos

�	
l

�
� �� �� �

p
�� cos�

�	
k

�
�

iii��� If n � 
� then there is no restriction�
In particular� the only exceptional cases for �n� k� l� are those with

��l� ��k � � and ��� �� ��� ��� �� ��� ��� �� �� and ��� �� ���
We may construct the polygon P �as done in Section �� with n

sides� all internal angles equal to �� and invariant under an isometry R
of order n� The group G generated by x  x� �constructed as in last
section� and r is a group of isometries of H � with presentation

G  hx� r � xk  rn  �r��x��r x�l  �i �
SetM� andM� the geodesic planes determined by the following prop�
erties�

�� M� and M� are orthogonal to H � �

�� M� 	 H � and M� 	 H � are geodesics through the vertices of P
determined by the side e��

�� The angle between M� and M� is �	�n�

Figure ���



Some generalized Coxeter groups and their orbifolds ���

The hyperbolic polygon determined by the faces F�
� � F

�

� �as in
last section� and the two hyperbolic planes M�� M� is a fundamental
polyhedron for G� The orbifold uniformized by G is shown in �gure
��� where one or the two vertices may be deleted� The only cases for
which the above orbifolds have �nite volume are given when n � f�� �g
�these two are the only cases when such a polyhedron does not meet
the boundary with non�empty interior��

���� Second construction�

Now we consider the case �n� k� l� such that

�

l
�
�

k
� � �

Let us consider the restrictions

i� If n  �� then l � ��
ii� If n  �� then l � ��
iii� If n � 
� then l � ��
Draw in the complex plane a ray L�� through zero� making an

angle 	�n with the positive real axis� Draw a circle C� with center �
and radius

R 
sin
�	
n

�

cos
� 	
� l

� �

This implies that the angle between L� and C� is exactly 	��� l�� Choose
� � �
� �� � R���� � R��� where 
 � � is a solution to the quadratic
equation


���� R��� � 

�
� � R� cos

�	
l

��
� �� R�  � �

Set C� the circle with center � and radius �R� The angle between the
positive real axis and C� is also 	��� l� �this is consequence of the fact
that C�  A�C��� where A�z�  �z��

The angle between the circles C� and C� varies continuously be�
tween � and �l � ��	�l for � varying continuously between in �
� �� �
R�����R���
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The restriction ��l���k � � means that for any k � � we can �nd
� � �
� �� � R����� R�� such that the angle between the two circles is
exactly 	��� k�� Moreover� the intersection of the two circles occurs in
the interior of the sector

n
z � C �

�	
n

� Arg �z� �
	

n

o
�

We can �nd a transformation x in PSL��� C � of order k whose �xed
points are the two intersection points of both circles and mapping C�
onto C�� The group G generated by x and r �as in the �rst construction�
has presentation

G  hx� r � xk  rn  �r��x��r x�l  �i

Figure ���

and is a Kleinian group� H
��G is the hyperbolic orbifold with

underlying topological space S� minus two points and branch locus as
shown in �gure �� �it has in�nite volume since the group G has non�
empty region of discontinuity on the the Riemann sphere��

Using the fact that we can permute the roles of k and n in our
construction� we have that the only exceptions to this construction is
the one we have stated� that is� ��l � ��k � ��
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���� Summary�

Both constructions give a faithful representation of the generalized
triangle group

G  hx� r � xk  rn  �r��x��r x�l  �i �

as a discrete group in PSL��� C �� with the exceptions of the following
triples �n� k� l� � f��� �� ��� ��� �� ��� ��� �� ��� ��� �� ��g �this is 	
� theo�
rem ���� Three of these cases �that is� with the exception of ��� �� ���
can be represented inside the isometry group of S� � R �see remark of
Section ��� The case ��� �� �� is in part discussed in the last part of
Section ��

Our constructions also permit us to say that we obtain �nite co�
volume representations only in the �rst construction for n � f�� �g�

The group J generated by the transformations x�� � � � � xn� where
x�  x and xi��  r xi r

��� has presentation

G  hx�� � � � � xn � xki  �xi�� x��i �l  �i �

that is� it is a generalized Coxeter group� Since a generalized Coxeter
group

G  hx�� x� � xki  �xi�� x��i �l  �i �
is in fact a triangle group� we have the following

Theorem �� For each triple of integers �n� k� l� with n � �� l � � and

k � � such that �n� k� l� is di�erent from ��� �� ��� there is a discrete and

faithful representation of the generalized Coxeter group

G  hx�� � � � � xn � xki  �xi�� x��i �l  �i �

as group of isometries in one of the geometries R� � H ��R� S��R� H � �
Moreover� the geometry is H � if and only if �n� k� l� is di�erent from

��� �� ��� ��� �� ��� ��� �� �� and ��� �� ���
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Estimates on the solution
of an elliptic equation

related to Brownian

motion with drift �II�

Joseph G� Conlon and Peder A� Olsen

�� Introduction�

In this paper we continue the study of the Dirichlet problem for an
elliptic equation on a domain in R� which was begun in ���� For R � �
let �R be the ball of radius R centered at the origin with boundary
��R� The Dirichlet problem we are concerned with is the following

�	�	
 ���� b�x
 � r
u�x
 � f�x
 � x � �R �

with zero boundary conditions

�	�
 u�x
 � � � x � ��R �

Since we shall be obtaining estimates on the solution of �	�	
� �	�
 in
terms of R we shall think of the functions b�x
� f�x
 as de�ned on all
of R� � Thus we assume

b � R� �� R
� � f � R� �� R �

are Lebesgue measurable functions�

���
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For 	 � r � q � � let Mq
r be the Morrey space on R� de�ned as

follows� a function g � R� �� C is in Mq
r if jgjr is locally integrable and

there is a constant C such that

�	��


Z
Q

jgjr dx � Cr jQj��r�q �

for all cubes Q � R
� � Here jQj denotes the volume of Q� The norm of

g� kgkq�r is de�ned as

kgkq�r � inf fC � �	��
 holds for C and all cubes Q � R
�g �

In our previous paper we proved that the problem �	�	
� �	�
 has a
unique solution if jbj �M�

p � p � 	� and kbk��p is su�ciently small� This
is a perturbative result� We also had a nonperturbative theorem� This
theorem stated that if b is locally in M�

p with the local Morrey norm
being small then �	�	
� �	�
 has a unique solution� The proof of the
nonperturbative theorem required p � � In fact the estimates diverge
as p approaches � Our goal in this paper is to obtain nonperturbative
theorems which are valid for p � 	�

To state our �rst nonperturbative theorem we need a quantity
introduced by Fe�erman ���� suppose we have a dyadic decomposition
of R� into cubes Q� A cube Q is said to be minimal with respect to � if

Z
Q

jbjp dx � �p jQj��p�� �
Z
Q�

jbjp dx � �p jQ�j��p�� � Q� � Q �

for all proper dyadic subcubes Q� of Q� Then N��b
 is the number of
minimal cubes in the dyadic decomposition�

Theorem ���� Suppose f �Mq
r � 	 � r � q� r � p� p � 	� �� � q � ��

Then there exists � � � depending only on p� q� r such that if N��b
 ��
the boundary value problem �	�	
� �	�
 has a unique solution u�x
 in

the following sense�

a
 u is uniformly Holder continuous on �R and satis�es the bound�

ary condition �	�
�

b
 The distributional Laplacian �u of u is in Mq
r and the equation

�	�	
 holds for almost every x � �R�
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Remark ���� The restriction q � � is required by b
 while q � ��
is required by a
� Thus if f is in Lq for any q � �� the solution has
property a
�

Next we turn to the problem of obtaining good L� estimates on
the solution u�x
 given in Theorem 	�	� For 	 � p � � and n an integer
de�ne a function an�p � R

� �� R by

�	��
 an�p�x
 �
�
n���p�

Z
jx�yj���n

jbjp�y
 dy
���p

�

In ��� the following �Theorem 	��
 is proved�

Theorem ���� Let n� be the integer which satis�es the inequality

�	��
 �R � �n� � R �

Then there exists 	� � � 	 � 	� depending only on p �  such that u
satis�es the L� estimate

�	��
 kuk� � C�R
����q kfkq�r

�X
m��

	m sup
x��R

exp
�
C�

mX
j��

an�	j�p�x

�
�

The constant C� depends only on p� q� r and C� only on p � �

It is easy to see that the inequality �	��
 becomes stronger as p de�
creases� We shall show in Section � that Theorem 	� does not hold for
	 � p � � We will accomplish this by constructing a counterexample
to �	��
 for f 	 	 and any p � � This is somewhat surprising since
�	��
 does hold for 	 � p �  if the drift is spherically symmetric� In
that case one can obtain an explicit formula for the solution of �	�	
�
�	�
� The counterexample constructed in Section � has a drift which
is far from being spherically symmetric� In fact it is concentrated on a
set with dimension 	� By the recurrence property of Brownian motion
the process hits this set with high probability� Once inside the set� the
drift pulls the Brownian particle towards the center of the ball �R�

We wish to obtain a theorem which generalizes Theorem 	� to
the case 	 � p � � Let s �  be a parameter� and suppose we have
a dyadic decomposition of R� into cubes Q with jQj � ��m� m an
integer� For m�n integers with m � n� and x � R� let

Nm�x
 � number of dyadic cubes Q with jQj � ��m �
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such that Q is contained in the ball centered at x with radius �n and

Z
Q

jbjp dx � �p jQj��p�� �

where � � � is a given parameter� We de�ne the function a��n�s�p�x
 by

�	��
 a��n�s�p�x
 �
� supm�nNm�x


�m�n����s�

���s
�

We may compare the functions an�p and a��n�s�p de�ned by �	��
� �	��

respectively� In fact by de�nition of Nm�x
 we have that

�p jQmj��p��Nm�x
 �
Z
jx�yj���n

jbjp�y
 dy � an�p�x

p �n���p� �

whence

Nm�x
 � ��p an�p�x

p �m�n����p� �

and so
Nm�x


�m�n����s�
� ��p an�p�x


p �m�n��s�p� �

We conclude that

�	��
 a��n�p�p�x
 � ��� an�p�x
 � x � R� �

Theorem ���� Let n� be the integer satisfying �	��
 and suppose  �
s � �� 	 � p � �� Then there exists �� 	 with � � �� � � 	 � 	�
depending only on s� p such that the solution u of �	�	
� �	�
 satis�es
an inequality

kuk� � C�R
����q kfkq�r

�X
m��

	m sup
x��R

exp
�
C�

mX
j��

a��n�	j�s�p�x

�
�

The constant C� depends only on p� q� r� s and C� only on s �  and p�
	 � p � ��

It follows from �	��
 that Theorem 	�� implies Theorem 	�� We
shall show in Section � that Theorem 	�� implies that for 	 � p � ��
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there exists � � � and constants C�� C� depending only on p� q� r such
that

�	��
 kuk� � C�R
����q kfkq�r exp �C�N��b

 �

Theorem 	�	 will be proved in Section � It will be su�cient to give a
proof of Lemma �� of ��� which is valid for 	 � p � �� The remainder
of the argument of the proof of Theorem 	�	 is then exactly as for ���
Theorem 	���� In the new proof of Lemma �� we will introduce the
notion of a weighted Morrey space� This notion will play a key role in
sections �� �� �� �� � where we prove Theorem 	���

The main problem we need to solve to prove Theorem 	�� is to
estimate the exit probability from a spherical shell of Brownian motion
with drift� Thus let us consider a particle started at x � R

� with
jxj � R and let P be the probability that the particle exits the shell
fy � R� � jyj � Rg through the outer sphere� For Brownian motion
one can explicitly compute P � ��� For the case of Brownian motion
with drift b we need to obtain a lower bound on P in terms of b� In
Section � we analyze this problem in the case when b is perturbative�
that is when kbk��p 
 	� When b is not perturbative we estimate P
by �rst de�ning a length scale 

 R in terms of b� Then we construct
paths from x� jxj � R� to the outer sphere fjyj � Rg which are linear
on scales larger than 
 but di�usive on scales less than 
� Thus the
paths of the drift process are con�ned to a cylinder of radius 
� The
drift is propagated perturbatively on a length scale 
 and ballistically
on larger scales�

In order to propagate the drift perturbatively on the length scale

 we must limit the number of nonperturbative cubes on scales smaller
than 
 to have dimension less than 	� The requirement that the con�
stant s in Theorem 	�� exceeds  ensures that this holds on average�
The analysis of this situation is in two parts� In sections �� � we analyze
the case when the number of nonperturbative cubes on a scale smaller
than 
 actually has dimension less than 	� Then in Section � we use
an induction argument to show that we may relax this requirement to
having dimension less than 	 on average�

Once we have a lower bound on the probability P of exiting from
a spherical shell� Theorem 	�� follows almost exactly as in the proof of
��� Theorem 	���� This is accomplished in Section ��

The main task of this paper was to replace the use of the Cameron�
Martin formula in ���� The reason is that the Cameron�Martin formula
involves integrals of jbj� and hence cannot be used to estimate the so�
lution of �	�	
� �	�
 in terms of integrals of jbjp with p � � In ��� we
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obtained a lower bound on the exit probability P from a spherical shell
by combining the Cameron�Martin formula with ��� Theorem 	�	�a
��
In Appendix A we give a new proof of ��� Theorem 	�	�a
� which brings
out the relationship between the methods employed in this paper and
in ���� We show that Theorem 	�	�a
 is a consequence of the fact that
Brownian motion con�ned to a long cylinder of radius 
 behaves ballis�
tically on length scales larger than 
� The proof of the ballistic behav�
ior of Brownian motion depends on estimating accurately the Dirichlet
Green�s function for the heat equation on a disc of radius 
 at large
time� Estimates of this type are already known ��� ��� for operators
in divergence form with L� coe�cients� It therefore seems reasonable
that one might be able to generalize the results of Appendix A to the
situation considered in ��� ����

In the subsequent work we need to do more than simply estimate
the exit probability from a spherical shell� We need to keep careful track
of �uctuations of densities� The simplest example of this is as follows�
Suppose we have a density �� on a sphere jxj � R� and that density is
propagated by the drift process to a density �� on a sphere jxj � R��
R� � R�� In the case of Brownian motion the �uctuation of �� is smaller
than ��� Thus if k�kq denotes the Lq norm� normalized so that k�kq � 	
we have that if k�� � Av ��kq � �Av �� then k�� � Av ��kq � �Av ���
where Av ��� Av �� denotes the average value� and � is arbitrary� We
shall show in Section � that for a perturbative drift this still holds
provided �R� � R�
 � R�� If �R� � R�
 
 R� it may not hold� We
investigate this question further in ����

There is now an extensive literature on elliptic equations with non�
smooth coe�cients� Within it there are roughly speaking two currents
of thought� On the one hand there is the approach dominated by tech�
niques from harmonic analysis as exempli�ed in �		�� �	�� On the other
hand there is the approach where functional integration and probability
is at the fore as in ���� ���� In the present paper the former approach
dominates whereas in the previous paper ��� the latter approach was
more prominent� See also �	�� for results related to those of this paper�

�� Proof of Theorem ����

Our goal in this section is to give a proof of ��� Lemma ��� which
is valid for p � 	� Theorem 	�	 will follow from this and the proof of
��� Theorem 	����
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First we need a generalization of ��� Theorem 	��� Let �R be a
ball in R

� with radius R and boundary ��R� For an arbitrary cube
Q � R

� de�ne d�Q
 by

d�Q
 � supfd�x� ��R
 � x � Qg �

We de�ne the Morrey space Mq
r ��R
 where 	 � r � q �� as follows�

a measurable function g � �R � C is in Mq
r ��R
 if �R� jxj
r jg�x
jr is

integrable on �R and there is a constant C � � such that

��	
 R�r
Z
Q��R

�R� jxj
r jg�x
jr dx � Cr jQj��r�q �

for all cubes Q � R� � The norm of g� kgkq�r�R is de�ned as

kgkq�r�R � inf fC � ��	
 holds for all cubes Qg �

Let 
R

be the characteristic function of the set �R� Evidently g is
in Mq

r ��R
 if and only if the function �	 � jxj�R

R
�x
 g�x
 is in the

Morrey space Mq
r of ����

Let T be an integral operator on functions with domain �R which
has kernel kT � �R��R �� C � Thus for measurable g � �R �� C one
de�nes Tg by

Tg�x
 �

Z
�R

kT �x� y
 g�y
 dy � x � �R �

Proposition ���� Suppose the kernel kT of the integral operator T
satis�es the inequality

jkT �x� y
j � jb�x
j
jx� yj� min

n
	�
R� jyj
jx� yj

o
� x� y � �R �

where jbj �M�
p � 	 � p � �� Then for any r� q which satisfy the inequal�

ities

	 � r � p � r � q � � �

the operator T is a bounded operator on the space Mq
r ��R
� The norm

of T satis�es the inequality

kTk � C kbk��p �
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where the constant C depends only on r� p� q�

Remark� Observe that ��� Theorem 	�� follows from Proposition �	
by letting R ����

The proof of Proposition �	 follows the same lines as the proof of
��� Theorem 	��� De�ne an integer n� by

�n��� � �R � �n� �

Let Q���
 be a cube with side of length �n� and centered at �� It is
clear that if � � �R then �R � Q���
� Let K be one of the cubes Q���

with � � �R� We de�ne an operator TK on functions u � �R �� C

which have the property that �R � jxj
u�x
 is integrable� To do this
we decompose K into a dyadic decomposition of cubes Qn with sides
of length �n� n � n�� For any dyadic cube Q � K with volume jQj
let uQ be de�ned by

uQ � R�� jQj��
Z
�R�Q

�R� jxj
 ju�x
j dx �

If Q is a distance of order R from ��R then uQ is comparable to the av�
erage of juj on Q� Otherwise uQ can be much smaller than the average�
For n � n� de�ne the operator Sn by

Snu�x
 � �n
� R

d�Qn


�
uQn � x � Qn �

The operator TK is then given by

TKu�x
 �

�X
n�n�

jb�x
jSnu�x
 � x � �R �

It follows now by Jensen�s inequality that there is a universal constant
C such that for any r � 	 and cube Q there is the inequalityZ

Q��R

�R� jxj
r jTu�x
jr dx

� Cr

j�Rj
Z
�R

d�

Z
Q��R

�R� jxj
r jTQ����u�x
jr dx ���


Hence it is su�cient to prove Proposition �	 with the operator T re�
placed by TK where K � Q���
 and � � �R is arbitrary�
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The following lemma generalizes ��� Lemma ���� It is proved in an
exactly similar fashion�

Lemma ���� Let Q� � K be an arbitrary dyadic subcube of K with side

of length �nQ� � Suppose r� p satisfy the inequality 	 � r � p� Then

there are constants �� C � � depending only on r and p such that

jQj���	� uQ � jQ�j���	� uQ� �

for all dyadic subcubes Q of Q� implies the inequality

Z
Q�

�R� jxj
r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p jQ�jRr urQ� �

If we replace the function u�x
 by the function �R � jxj
u�x
 in
the argument of ��� and use the previous lemma we conclude�

Corollary ���� For any dyadic subcube Q� � K one has

Z
Q�

�R� jxj
r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx

� Cr kbkr��p
Z
Q�

�R� jxj
r ju�x
jr dx �

for some constant C depending only on r and p�

Proposition �	 for TK follows now from the last corollary in the
same way as the corresponding theorem in ��� from ��� Lemma ����

Next let g � Lq���R
� 	 � q ��� We de�ne a function Bg�x
 for
x � �R by

���
 Bg�x
 � jb�x
j
Z
jyj�R

jg�y
j
jx� yj� dy � jxj � R �

Lemma ���� Suppose b �M�
p with 	 � p � ��� and r� q are numbers

which satisfy the inequalities

���
 	 � r � p �
	

r
�

	

p
�



q
�
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Then B is a bounded operator from Lq���R
 to Mq�
r ��R
 where

���

	

q�
�

	

�
�



� q
�

Furthermore the norm of B satis�es an inequality

���
 kBk � CR�� kbk��p and C is a universal constant �

Proof� From ��	
 we need to estimate the integral

���
 R�r
Z
Q��R

�R� jxj
r jBg�x
jr dx

on an arbitrary cube Q� From Holder�s inequality this integral is
bounded by

R�r
� Z

Q��R

jb�x
jp dx
�r�p

�
�Z

Q��R

�R� jxj
rp�
�Z

jyj�R

jg�y
j
jx� yj� dy

�rp�
dx
���p�

�

where r�p� 	�p� � 	�
Again from Holder we have

Z
jyj�R

jg�y
j
jx� yj� dy � kgkq

�Z
jyj�R

dy

jx� yj�q�
���q�

�

where 	�q � 	�q� � 	� Using the fact that

Z
jyj�R

dy

jx� yj�q� �
Cq�

�R� jxj
�q��� �

for some universal constant C� we conclude that ���
 is bounded by

���


R�r
�Z

Q��R

jb�x
jp dx
�r�p

� Cr kgkrq
�Z

Q��R

�R� jxj
��rp��q dx
���p�

�
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The inequality ���
 implies that  r p��q � 	�
Hence if we use the fact that b �M�

p then ���
 implies that ���

is bounded by

CrR�r kbkr��p kgkrq jQjr�p�r�� d�Q
��r�q jQj��p�

� CrR�r kbkr��p kgkrq jQj��r�q� �

on using the fact that d�Q
 � jQj����
Hence Bg �Mq�

r ��R
 and its norm satis�es the inequality ���
�

Suppose GD�x� y
� x� y � �R is the Dirichlet kernel� whence

GD�x� y
 �
	

�� jx� yj �
	

��

� R
jyj
� 	

jx� yj �

where �y is the conjugate of y in the sphere ��R� Let g � Mq
� ��R
�

	 � q �� and de�ne Hg by

Hg�x
 �

Z
�R

GD�x� y
 g�y
 dy � x � �R�� �

Lemma ���� Suppose m � 	 satis�es the inequality



�
�

	

mq
�

	

q
�

Then H is a bounded operator fromMq
� ��R
 to L

m��R��
 and the norm
of H� kHk� satis�es an inequality

���
 kHk � Cq�mR�	��m���q �

where Cq�m is a constant depending only on q and m�

Proof� We write Hg � H�g �H�g� where

H�g�x
 �

Z
��R��

GD�x� y
 g�y
 dy �

Since we are restricting x to the region jxj � R�� there is a universal
constant C such that

kH�gk� � C

R�

Z
�R

�R� jyj
 jg�y
j dy � C

R
j�Rj����q kgkq���R �
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It follows that H�g is in Lm��R��
 for any m � 	 and

��	�
 kH�k � C R�	��m���q � for some universal constant C �

Next we bound H�g by using the method of proof for the John�Niren�
berg inequality �	��� For any �� � � � � 	� we have the inequality

jH�g�x
j � 	

��

Z
��R��

jg�y
j
jx� yj dy

� 	

��

�Z jg�y
j
jx� yj�m� dy

���m��Z jg�y
j
jx� yj�����m dy

���m
�

��		


where 	�m� 	�m� � 	� Now

Z
��R��

jg�y
j
jx� yj�m� dy �

	

�m�

Z �

�

d�

��m�	�

Z
��R���fy
jx�yj��g

jg�y
j dy

� 	

�m�

Z �R

�

d�

��m�	�
kgkq���R �����q

�
	

�m�

Z �

�R

d�

��m�	�
kgkq���R �R
����q��	


� C kgkq���RR����q��m�

�

for some constant C provided

��	�
 �� �

q
� �m� � � �

On the other handZ
�R��

dx

Z
��R��

jg�y
j dy
jx� yj�����m � C R�������m

Z
��R��

jg�y
j dy

� C R�������m kgkq���RR����q ���	�


for some constant C depending on �m� provided

��	�
 �	� �
m � ��
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It is possible to choose an �� � � � � 	� satisfying both ��	�
 and
��	�
 provided m and q satisfy the inequality ���
� Choosing such an
� yields the inequality

��	�


Z
�R��

jH�g�x
jm dx � Cm
q�mR�m	���m�q kgkmq���R �

upon using ��		
���	�
� Here the constant Cq�m depends on q and m�
Taking the m�th root of ��	�
 and combining with ��	�
 yields the
result�

Proof of ��� Lemma ���	 for p � 	� We shall freely use the notation
of ���� Let us suppose that p and q satisfy the inequalities

��	�

	

p
�



q
� 	 � 	 � p �

�


�

It will be su�cient for us to show that for any � � � there exists � � �
depending only on p� q such that kbk��p � � implies that the operator
Q�
n is a bounded operator from Lq	�An��
 to L

q
	�An
 and satis�es the

inequality

��	�
 kQ�
nfkq�	 � � kfkq�	 �

where k � kq�	 is the norm in the space Lq	� To do this observe that
Q�
nf�x
 is given by the formula

Q�
nf�x
 �

n��

�
p
� 	


Z ��n����

��n��
���D�



���I � T


�� b � rP
f�x
 d
 �

where �n � jxj � �n	���� This follows from �����
 of ����
Now let us assume for the moment that 
 is �xed and f is in

Lq���

 with norm kfkq����� It is easy to see from the explicit formula
for the Poisson kernel that

jb�x
 � rP
f�x
j � CBf�x
 � x � �
 �

where C is a universal constant and B is the operator de�ned by ���
�
In view of ��	�
 we can choose r � 	 such that ���
 holds� Hence by
Lemma �� b � rP
f is in the space Mq�

r ��R
 where q� is determined
from ���
� It is easy to verify that the operator T
 has kernel which
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satis�es the conditions for Proposition �	� Hence the function �I �
T



�� b � rP
f is also in the space Mq�
r ��R
 provided kbk��p � � and

� is su�ciently small� Now Lemma �� tells us that the function

g
�x
 � ���D�


���I � T



�� b � rP
f�x


is in the space Lm����n����
 provided m satis�es the inequality

��	�



�
�

	

mq�
�

	

q�
�

with q� given by ���
� Furthermore� the norm of g
 satis�es an in�
equality

���
 kg
km � Cp�q�m � �n��	��m���q�� kfkq���� �

where the constant Cp�q�m depends only on p� q�m� It is clear that the
inequality ��	�
 implies that 	�m � �� q
��� q
� Taking m � q� we
have from ���
 the inequality

kg
kq � Cp�q � 
�n�q kfkq���� �

The triangle inequality now yields

��	


��� n��

�
p
� 	


Z ��n����

��n��
g
 d


���
q

� n��

�
p
� 	


Z ��n����

��n��
kg
kq d


� n��

�
p
� 	


Z ��n����

��n��
Cp�q � 

�n�q kfkq���� d
 �

From Jensen�s inequality we see that

��

n��

�
p
� 	


Z ��n����

��n��
kfkq���� d
 � C��q ��n�q kfkq�	 �

where C is a universal constant� Putting ��	
� ��
 together gives
us the inequality ��	�
 with � proportional to ��
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�� A counterexample�

Let r�� R� be two numbers which satisfy � � r� � R� � �� and
let v be the solution of the two dimensional boundary value problem�

���	


���
��

�v�x
 � � � r� � jxj � R� �

v�x
 � 	 � jxj � r� �

v�x
 � � � jxj � R� �

The function v is explicitly given by the formula�

���
 v�x
 �

log
�R�

jxj
�

log
�R�

r�

� �

For a � R� and r � �� let D�a� r
 be the disc centered at a with radius
r and let D�a� r
 denote the closure of D�a� r
� We can extend v to
R�nD��� r�
 by setting v to be zero for jxj � R�� In that case v is a
subharmonic function� and so in the distributional sense one has

����
 �v�x
 � � � jxj � r� �

Lemma ���� Let U � R
� be a domain and suppose aj � U � j �

	� � � � � k� Let r� � � be such that all the sets D�aj� r�
 are disjoint and

contained in U � j � 	� � � � � k� Let W be the domain

W � Un
k	
j��

D�aj� r�
 �

Let u�x
 be the solution of the equation���
��

�u�x
 � � � x �W �

u�x
 � � � x � �U �

u�x
 � 	 � x � �D�aj� r�
 � j � 	� � � � � k �

For R� � r�� suppose S� is a subset of f	� � � � � kg with the property that

D�aj � R�
 � U � j � S� �
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For x �W de�ne a function u�x
 by

u�x
 �

X
j�S�

v�x� aj


sup
n X
j�S�

v�ai � aj � �
 � j�j � r� � 	 � i � k
o �

where v is given by ���
� Then there is the inequality

����
 u�x
 � u�x
 � x �W �

Proof� From ����
 it follows that u is subharmonic on W � By de�ni�
tion of S� one has u�x
 � �� x � �U � Furthermore one has u�x
 � 	
if x � �D�aj� r�
� j � 	� � � � � k� The maximum principle now yields the
inequality ����
�

Next let Z�
 be the lattice

Z
�

 � f
�n�m
 � n�m integersg �

For  r� � 
 � R let W
�R be the set

����
 W
�R � D��� R
n  fD�a� r�
 � a � Z�
� D�a� r�
 � D��� R
g �

Consider the function u�x
 which is the solution of the boundary value
problem

����


���
��

�u�x
 � � � x �W
�R �

u�x
 � � � jxj � R �

u�x
 � 	 � x � �D�a� r�
 � a � Z�
 � D�a� r�
 � D�a�R
 �

Evidently u�x
 is the probability that Brownian motion started at x �
D��� R
 hits one of the discs radius r�� centered at a � Z�
� before exiting
the region D��� R
� Let us consider the quantity inf fu�x
 � jxj � R�g�
If 
� r� are �xed and R becomes large we should expect this quantity
to converge to 	 since a Brownian path is unlikely to avoid all the discs
centered at points in Z�
 over large distances� The following lemma
gives an estimate which veri�es this intuition�
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Lemma ���� Suppose � r� � R and u�x
 is the solution of ����
� Then
there is a universal constant c � � such that

����
 inf
jxj�R��

u�x
 � 	� c 


R
�

provided 
 lies in the region�

����
  r� � 
 �
R

log
�R
r�

� �

Proof� Let us take R� � R�� in ���
� Then by Lemma ��	 we have
that

����
 u�x
 �
X
a�Z��

v�x� a


sup
n X
a�Z�

�

v�� � a
 � j�j � r�

o �

provided jxj � R��
We have now that

X
a�Z��

v�� � a
 �
X
n�Z�

��jnj�R���
�

log
� R

�
 jnj
�

log
� R

� r�

�

� 	

log
� R

� r�

� Z
jxj�R���
�

log
� R

�
 jxj
�
dx

�

�



� R

�


��
log
� R

� r�

� �

By virtue of ����
 we can conclude then that

���	�

X
a�Z��

v�� � a
 � c
�



� R

�


��
log
� R

� r�

� �
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for some universal constant c�
We estimate the numerator of ����
 by Taylor expansion� Let b �

Z
�

 be the nearest lattice point to x and y � x � b� Thus jyj � 
�

p
�

Hence we have

���		


X
a�Z�

�

v�x� a
 �
X
a�Z�

�

v�y � a


�
X
a�Z�

�

v�� � a
 �
X
a�Z�

�

�v�y � a
� v�� � a

 �

where j�j � r�� By Taylor�s theorem we have

X
a�Z��

�v�y � a
� v�� � a

 �
X
a�Z��

Z �

�

�y � �
 � rv �� � a� t �y � �

 dt �

Now if we use the inequality

jrv�x
j �
log
� R

� r�

�
jxj �

we conclude from ���	�
� ���		
 that

���	
 	� u�x
 � C� R

�


�� X
n�Z�

��jnj�R���
�

	

jnj

where C is a universal constant� The inequality ����
 follows now by
observing that the sum in ���	
 is of order 
�R�

Next we wish to obtain a three dimensional generalization of Lem�
ma ��� First we consider a generalization of the boundary value prob�
lem ���	
�

Let v�x
 be the solution of the problem

���	�


���
��

�v�x
 � � v�x
 � r� � jxj � R� �

v�x
 � 	 � jxj � r� �

v�x
 � � � jxj � R� �

The function v�x
 is a Brownian motion expectation value� In fact
let X�t
 be Brownian motion started at a point x and � be the exit
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time from the region fy � r� � jyj � R�g� Let  be the characteristic
function�

�z
 �



	 � if jzj � r� �

� � if jzj � R� �

Then we have

���	�
 v�x
 � Ex�e
���X��

� �

It is well known that the solution of ���	�
 exists provided the parameter
� is larger than the largest eigenvalue of the Dirichlet Laplacian� For
� � � the solution of ���	�
 is given by ���
� For � �� � we have the
following�

Lemma ���� Let I� be the modi�ed Bessel function of the �rst kind

de�ned by the in�nite series�

I��z
 �
�X
k��

	

�k�
�

�z


��k
�

Suppose � satis�es the condition

���	�
 I��
p
� t
 �� � � r� � t � R� �

Then the solution v of ���	�
 is given by

���	�
 v�x
 �

I��
p
� r


Z R�

r

dt

t I�� �
p
� t


I��
p
� r�


Z R�

r�

dt

t I�� �
p
� t


�

where r � jxj�

Proof� The problem ���	�
 is rotation invariant� Hence v�x
 is just a
function of r � jxj� v�x
 � v�r
� and satis�es the equation

���	�


����
���

	

r

d

dr

�
r
dv

dr

�
� � v �

v�r�
 � 	 �

v�R�
 � � �
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This is a Bessel equation of order zero� It is easy to see that v�r
 �
I��
p
� r
 is a solution of the equation ���	�
� but not the boundary

condition� A second solution can be found by the method of reduction
of order provided ���	�
 holds� It is given by

���	�
 v�r
 � I��
p
� r


Z R�

r

dt

t I�� �
p
� t


�

It follows from ���	�
 that the function ���	�
 satis�es ���	�
�
We consider a region in R� which has a two dimensional structure�

For � � � r� � R� consider the two cylinders

���	�


S� � fx � �x�� x�� x�
 � �R� � x� � R�� x
�
� � x�� � R�

�g �

S� �
n
x � �x�� x�� x�
 �

�R�


� x� �

R�


� x�� � x�� � r��

o
�

The region D we wish to consider is given by D � S�nS�� The boundary
�D ofD is evidently the union of �S� and �S�� We consider the problem

����


���
��

�v�x
 � � � x � D �

v�x
 � 	 � x � �S� �

v�x
 � � � x � �S� �

Lemma ���� Suppose x � �x�� x�� x�
 � D� and r� � x�� � x��� Then

there is a universal constant c � � such that

���	
 v�x
 � c
log
�R�

r

�
log
�R�

r�

� �

provided jx�j � R����

Proof� Consider the two dimensional Brownian motion started at
�x�� x�
 and consider all paths which hit the circle r � r� before hitting
the circle r � R�� Let � be the hitting time for such paths and suppose
��r� t
 is the density for � � Then the function

���


Z �

�

e��t ��r� t
 dt
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is the solution to the problem ���	�
� This follows from the represen�
tation ���	�
� Next let X��t
 be Brownian motion started at x� � R

and let �� be the �rst exit time from the interval ��R�� R��� We de�ne
w�x�� t
 by

����
 w�x�� t
 � Px�

h
� R�


� X��t � ��
 � R�



i
�

Evidently w�x�� t
 satis�es the heat equation

����

�w

�t
�
��w

�x��
� �R� � x� � R� � t � � �

with the boundary conditions

����
 w�R�� t
 � w��R�� t
 � � � t � � �

and the initial conditions

����
 w�x�� �
 �

�
	 � �R�


� x� �

R�


�

� � otherwise �

It is clear from the de�nition ����
 that the solution v of ����
 has
the representation

����
 v�x�� x�� x�
 � v�r� x�
 �

Z �

�

��r� t
w�x�� t
 dt �

Observe that for any � � � there is a constant 	� � � depending only
on �� such that

w�x�� t
 � 	� � � � jx�j � R�

�
� � � t � �R�

� �

Hence� provided jx�j � R��� there is the inequality

����
 v�r� x�
 � 	�

Z �R��

�

��r� t
 dt �

Now from Lemma ��� we see there exists an � � � independent of R�

such that Z �

�

exp
� � t
R�
�

�
��r� t
 dt � C�

log
�R�

r

�
log
�R�

r�

� �
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for some constant C� � � depending only on �� Thus for any � � � one
has the inequality

Z �

�R��

��r� t
 dt � exp ����
C�
log
�R�

r

�
log
�R�

r�

� �

Choosing � such that exp ��� �
C� � 	�� we conclude that

����


Z �R��

�

��r� t
 dt � 	



log
�R�

r

�
log
�R�

r�

� �

The inequality ���	
 follows now from ����
� ����
�

Lemma ���� Let v�x
 � v�x�� x�� x�
 � v�r� x�
 be the solution of

����
� Then there is a universal constant C � � such that

�����

����v�r� �


�r

��� � C

r
log
�R�

r�

�
�

Proof� The eigenfunction expansion for the solution to the problem
����
� ����
� ����
 is given by

w�x�� t
 �
	

R�

�X
m��

exp
�
� ��m�

�R�
�

t
�
sin
��m
R�

�x� � R�

�

�
Z R���

�R���

sin
��m
R�

�� �R�

�
d� �

Hence from ����
 we have

v�r� �
 �
�X
m��



�m
�	� ��	
m
u

�
r�
��m�

�R�
�

�
sin
��m

�

�
�

where u�r� �
 is the function given by ���
� Consequently

����	

�v�r� �


�r
� �

�X
m��

am�r
 sin
��m

�

�
�
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where

����
 am�r
 �
�
�m

�	� ��	
m

�u

�r

�
r�
��m�

�R�
�

�
� � �

The inequality ����
 follows from the maximum principle applied to the
equation ���	�
 which u�r� �
 satis�es� We shall prove in the appendix
that

�����

�

�r

�

��

�u�r� �
p
�

�
� � � r� � r � R� � � � � �

It follows then from �����
 that am�r
 is a decreasing function of odd
integers m� Hence by the alternating series theorem applied to ����	

we conclude that ����v�r� �


�r

��� � a��r
 � a��r
 �

Next we use Lemma ��� to estimate a��r
� a��r
� From ���	�
 we see
that

�u

�r
�r� �
 � �

�I��p� r

r

�p� I ���
p
� r


Z R�

r

dt

t I�� �
p
� t


�

I��
p
� r�


Z R�

r�

dt

t I�� �
p
� t


�

Thus we have

����u
�r

�
r�

��

�R�
�

���� � C

r

	 �
� r

R�

��
log
�R�

r

�
log
�R�

r�

� �

for some universal constant C � �� In view of the fact that z� log �	�z
�
	�e� for � � z � 	� we conclude that

a��r
 � C

r log
�R�

r�

� �

for some universal constant C� Since a similar inequality holds for a��r

the inequality �����
 follows�



��� J� G� Conlon and P� A� Olsen

We wish to obtain a three dimensional analogue of Lemma ��� For
a � �a�� a�
 � R� let S��a
 be the cylinder S� of ���	�
 centered at the
point �a�� a�� �
 � R� � Then for  r� � 
 � L we de�ne the set W
�L to
be

�����
 W
�L � S�n  fS��a
 � a � Z�
� S��a
 � S�g �
where we take R� � L in ���	�
� Thus W
�L is a three dimensional
analogue of the set ����
� Consider the Dirichlet problem corresponding
to ����
�

�����


���
��

�u�x
 � � � x �W
�L �

u�x
 � � � x � �S� �

u�x
 � 	 � x � �S��a
 � S��a
 � S� � a � Z�
 �
The following lemma generalizes Lemma ���

Lemma ���� Suppose � r� � L and u�x
 is the solution of �����
� Then
there is a universal constant c � � such that

�����
 inf
jxj�L��

u�x
 � 	� c 


L
�

provided 
 lies in the region

 r� � 
 �
L

log
� L
r�

� �

Proof� First consider x � �x�� x�� �
� Let v�x
 be the solution of the
problem ����
 with R� � L��� Then

�����
 u�x
 �

X
a�Z��

v�x� a


sup
n X
a�Z��

v�y � a
 � y � �S�
o �

From Lemma ��� it follows that

sup
n X
a�Z��

v�y � a
 � y � �S�

o
� c

� L

�


��
log
� L

� r�

� �
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for some universal constant c � �� Now we can obtain a lower bound
on the numerator in �����
 by the same argument as in Lemma ���
using Lemma ���� Hence �����
 follows for x of the form x � �x�� x�� �
�
jxj � L��� Finally it is easy to extend these considerations to the case
x� �� �� jxj � L��� by observing that u�x
 is bounded below by the
solution for cylinders centered on the x� constant plane of length L��
This last situation is just the x� � � case again�

Next let  � r� � R� and D � R
� be the cylinder

D � fx � �x�� x�� x�
 � �R� � x� � R�� r
� � x�� � x�� � R�

�g �

We de�ne a drift b � D �� R
� as follows

�����


b�x�� x�� x�
 � � � r� � r � R� � �R� � x� � R� �

b�x�� x�� x�
 � �
�x�
r
�
x�
r
� 	
�
� r � r� � �R� � x� � R� �

For x � D let Px�D
 be the probability that the Brownian process
with drift b� started at x� exits �D through the bottom of the cylinder�
�D�fx � x� � �R�g� We wish to obtain a lower bound for Px�D
 when
r � r�� To obtain this we consider an auxiliary region D� de�ned by

D� �
n
x � r � 	 � �R� � x� �

R�



o
�

Let Qx�D�
 be the probability of exiting the region DnD� through the
bottom of the cylinder �D � fx� � �R�g or through �D�� Then it is
clear that for x � DnD��

�����
 Px�D
 � Qx�D�
 inf fPy�D
 � y � �D�g �

We shall estimate both quantities on the right in �����
�

Lemma ��	� Let b� be a drift on D which is the same as b except the x�
component is always zero� Let Q�

x�D�
 be the probability corresponding

to b�� Then

�����
 Qx�D�
 � Q�
x�D�
 �
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Proof� Let u�x
 � Qx�D�
� x � DnD�� Then u is the solution of the
Dirichlet problem

����	


���
��
��u�x
� b�x
 � ru�x
 � � � x � DnD� �

u�x
 � 	 � x � ��D � fx� � �R�g
  �D� �

u�x
 � � � x � �D � fx� � �R�g �

Similarly if v�x
 � Q�
x�D�
 then v satis�es the equation

��v�x
� b��x
 � rv�x
 � � � x � DnD� �

with the same boundary conditions as in ����	
� We shall show later
that

����

�v�x


�x�
� � � x � DnD� �

Thus we have

���u�v
�b�x
�r�u�v
 � �b�x
�b��x

�rv�x
 � � � x � DnD� �

in view of ����
� Since u�v has zero boundary conditions on �D�D�

it follows by the maximum principle that

u�x
 � v�x
 � x � DnD� �

This is exactly the inequality �����
�

To prove ����
 we use a representation for the function v�x
 which
is analogous to ����
� Consider two dimensional Brownian motion with
drift b�x�� x�
 de�ned by

b�x�� x�
 �

�
� � r � r� �

�
�x�
r
�
x�
r

�
� r � r� �

Suppose the motion starts at �x�� x�
 and consider only paths which
hit the circle r � 	 before the circle r � R�� Let �� be the hitting time
for such paths and ���r� t
 be the density for ��� Similarly let �� be the
hitting time for paths which �rst hit the circle r � R� and ���r� t
 the
density for ���
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Next let X��t
 be Brownian motion started at x� � R and �� be
the �rst exit time from the interval ��R�� R��� Let w�x�� t
 be given by

w�x�� t
 � Px�

�
�R� � X��t � ��
 � R�



�
�

h�x�� t
 � Px���� � t� X����
 � �R�
 �

Then we have the representation�

�����


v�x�� x�� x�
 �

Z �

�

���r� t
w�x�� t
 dt

�

Z �

�

����r� t
 � ���r� t

h�x�� t
 dt �

The function w�x�� t
 satis�es the heat equation ����
 with boundary
condition ����
 and initial condition given by

�����
 w�x�� �
 �

���
��

	 � �R� � x� �
R�


�

� �
R�


� x� � R� �

The function h�x�� t
 satis�es the heat equation ����
 with boundary
conditions

�����
 h��R�� t
 � 	 � h�R�� t
 � � � t � � �

and initial conditions given by

�����
 h�x�� �
 � � � �R� � x� � R� �

Lemma ��
� The function h�x�� t
 is a decreasing function of x� in

the interval ��R�� R���

Proof� By the maximum principle one has

� � h�x�� t
 � 	 � �R� � x� � R� �

Hence if we put u�x�� t
 � �h�x�� t
��x�� then u�x�� t
 satis�es the heat
equation with initial and boundary conditions satisfying

u�x�� �
 � � � �R� � x� � R� �

u��R�� t
 � � � u�R�� t
 � � � t � � �



��
 J� G� Conlon and P� A� Olsen

Again by the maximum principle for the heat equation it follows that

u�x�� t
 � � � �R� � x� � R� � t � � �

Hence h�x�� t
 is a decreasing function of x��

Lemma ���� The function w�x�� t
 � h�x�� t
 is a decreasing function

of x� in the interval ��R�� R���

Proof� Putting u�x�� t
 � w�x�� t
 � h�x�� t
� it is easy to see from
�����
� �����
� �����
 that u satis�es the heat equation with boundary
and initial conditions given by

u�x�� �
 �

���
��

	 � �R� � x� �
R�


�

� �
R�


� x� � R� �

u��R�� t
 � 	 � u�R�� t
 � � � t � � �

It follows again by the maximum principle for the heat equation that

� � u�x�� t
 � 	 � �R� � x� � R� � t � � �

Now we apply the same argument as in Lemma ��� to complete the
proof�

The inequality ����
 follows easily now from �����
 and Lemmas
���� ����

Next we wish to estimate Q�
x�D�
� In view of the fact that the drift

b� does not depend on x� this is easier to estimate than Qx�D�
� Let
us consider the function

u�r� �
 �

Z �

�

e��t���r� t
 dt �

Then u�r� �
 satis�es the equation

�����


�����
����

d�u

dr�
�
�
b��r
 �

	

r

�du
dr

� � u � 	 � r � R� �

u�	� �
 � 	 �

u�R�� �
 � � �
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Here b��r
 is given by the magnitude of b��

b��r
 �



�� r � r� �

�	 � r � r� �

Lemma ���� Suppose  � r� � R�� and � � �R� � 	� Then there is a

universal constant C such that

�����
 u�r�� �
 � 	� C
log r�
logR�

�

Proof� By the maximum principle the solution of �����
 is bounded
below by the solution of the zero drift problem� Thus from Lemma ���
we have the inequality

u�r�� �
 �
I��
p
� r�


Z R�

r�

dt

t I�� �
p
� t


I��
p
�


Z R�

�

dt

t I�� �
p
� t


�
I��
p
� r�


I��
p
�



	�

Z r�

�

dt

t I�� �
p
� t
Z R�

�

dt

t I�� �
p
� t


�
�

Evidently one has

I��
p
� r�


I��
p
�


� 	 ������


Z r�

�

dt

t I�� �
p
� t


� log r� ������


If we use the fact that there is a universal constant C � � such that
I��
p
� t
 � C for � � t � R

���
� then it is clear that

����	


Z R�

�

dt

t I�� �
p
� t


� C� logR� �

for some universal constant C�� The inequality �����
 follows now from
�����
� �����
� ����	
�
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Lemma ����� Suppose x � �x�� x�� x�
 � DnD� with x� � R��� and

r� � �x�� � x��

���� Then if  � r� � R� there is a universal constant C

such that

����
 Q�
x�D�
 � 	� C

log r�
logR�

�

Proof� First we show that

�����


Z R
���
�

�

���r�� t
 dt � 	� C�
log r�
logR�

�

for some universal constant C�� To see this observe from Lemma ��	�
that Z �

�

e�t�R����r�� t
 dt � 	� C�
log r�
logR�

�

Thus

�����


Z R
���
�

�

���r� t
 dt� e�R
���
�

Z �

R
���
�

���r� t
 dt � 	� C�
log r�
logR�

�

Now� if we use the fact thatZ �

�

���r� t
 dt � 	 �

we conclude from �����
 that

�����

�	� e�R

���
� 


Z R
���
�

�

���r� t
 dt

� 	� e�R
���
� � C�

log r�
logR�

�

The inequality �����
 clearly implies �����
�
The result ����
 follows now from the representation �����
 by

observing from the re�ection principle that

Px�

h
X��t
 �

R�


� � � t � R

���
�

i
� 	� 

Z �

R����x�

	�
��R

���
�

���� exp
�
� z�

�R
���
�

�
dz �
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Next we wish to obtain a lower bound on Py�D
 for y � �D�� We
shall show that if r� is of order logR� then this bound is close to 	�

Lemma ����� Let X��t
 be one dimensional Brownian motion started

at x� � R with constant drift b�x�
 � �	� x� � R� Let �� be the exit time

from the interval ��R�� R��� where R� � 	� Then there is a universal

constant C � � such that for x� in the interval jx�j � R�� there is the

inequality

�����
 Px���� � R�
� � X����
 � �R�
 � 	� C

R
���
�

�

Proof� For � � � let u�x�� �
 be de�ned by

�����
 u�x�� �
 � Ex� �e
����X����

� �

where

�z
 �



	 � if z � � �

� � if z � � �

Then u�x�� �
 satis�es the equation

�����


�����
����

d�u

dx��
� du

dx�
� � u � �R� � x� � R� �

u��R�� �
 � 	 �

u�R�� �
 � � �

The equation �����
 can be solved explicitly to yield

�����
 u�x�� �
 �
e�x�	R���� sinh

� �	 � ��
����R� � x�




�
sinh ��	 � ��
���R�


�

Next we take � � 	�R
���
� � Then it is clear from �����
 that

�����
 u�x�� �
 � 	� C�

R
���
�

� �R�


� x� �

R�


�

Arguing as before we can see from �����
 that

����	

Px���� � R�

�� X����
 � �R�


� �	� e��R
�
�
�� �u�x�� �
� e��R

�
�
 �
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The inequality �����
 follows now from �����
� ����	
�

Lemma ����� Let X�t
 be two dimensional Brownian motion started

at x � �x�� x�
 � R� with drift b de�ned by

b�y�� y�
 � � �y�� y�


�y�� � y��

���

�

Suppose �x�� x�
 lies on the unit circle and � is the �rst hitting time

on the circle radius r� � 	� Then for R� �  there exists a universal

constant C � � such that if r� � C logR� then there is the inequality

����
 P �� � R�
�
 � 	� C

R�
�

Proof� Let us put

u�x
 � Ex�e
�� � � � � � �

and let r � �x�� � x��

���� Then u�x
 � u�r
 satis�es a boundary value

problem�

��
�

d�u

dr�
�
�	
r
� 	

�du
dr

� � u � � � r � r� �

u�r�
 � 	 �

Let v�r
 be the solution of the boundary value problem

�����


�����
����

d�v

dr�
� 	



dv

dr
� � v �  � r � r� �

v�r�
 � 	 �

v��
 � � �

In view of the fact that u��
 � � it follows from the maximum principle
that

u�r
 � v�r
 �  � r � r� �

Now we have

�����
 P �� � R�
�
 � e u

�
	�

	

R�
�

�
� e u

�
�

	

R�
�

�
� e v

�
�

	

R�
�

�
�
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We can estimate the last expression in �����
 since the solution of �����

can be explicitly computed� It is given by

�����


v�r� �
 �
��� 	
 exp

� ��� 	
 �r � 


�

�
A

�
��� 	
 exp

�
� ��� 	
�r � 


�

�
A

with

A � ��� 	
 exp
� ��� 	
�r� � 


�

�
� ��� 	
 exp

�
� ��� 	
�r� � 


�

�
�

where � is related to � by

�����
 � � �	 � 	� �
��� �

It is easy to see from �����
� �����
 that

�����
 v
�
�

	

R�
�

�
� �

�� 	
exp

�
� ��� 	
 �r� � 


�

�
� C

R�

if r� � C logR� and C is su�ciently large� The inequality ����
 follows
now from �����
 and �����
�

Corollary ���� There exists a universal constant C � � such that if

r� � C logR� then for y � �D� there is the inequality

Py�D
 � 	� C

R
���
�

�

Proof� From Lemmas ��	 and ��	� there is the inequality

Py�D
 �
�
	� C

R
���
�

��
	� C

R�

�
�

Thus we are estimating the probability by restricting to paths which
remain in the cylinder r � r� until they exit� For paths which remain
in the cylinder� the components of the Brownian motion in the x� and
�x�� x�
 directions are independent�
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Corollary ���� Suppose x � DnD� with x� � R���� r� � �x�� � x��

����

Then there is a universal constant C � � such that for r� � C logR��

there is the inequality

�����
 Px�D
 � 	� C

�logR�
���
�

Proof� The inequality �����
 follows from �����
 and Lemmas ����
��		 and Corollary ��	�

Lemma ����� Suppose R � � Then there is a drift b � R� �� R�

with the following properties�

a
 supp �b
 � fx � �R�� � jxj � �R��g�
b
 b�x
 � x � �� x � R� �
c
 kbk� � 	� Z

R�

jbj dx � CR �logR
� �

for some universal constant C � ��

d
 For x � R� satisfying jxj � R let Px be the probability that the

drift process exits the region fy � R� � jyj � Rg through the outer

boundary fy � jyj � Rg� Then there is a universal constant C � �
such that

�����
 Px � min
n
�
�

C

�logR
���

o
�

Proof� Let a � R
� satisfy jaj � R� and W
�L�a
 denote the set W
�L

of �����
 rotated and translated such that the origin corresponds to a
and the �x�� x�
 plane to the tangent plane to the sphere fx � jxj � Rg
at the point a� We furthermore choose 
� L by

�����
 L � �R � 
 �
L

 logL
�

where � satisfying � � � � 	 will be chosen independently of R�
We de�ne a drift ba�x
� x � R� as follows� Suppose S� is one of the

cylindrical holes in W
�L�a
� Thus S� has radius r� and height L� Let
�x�� x�� x�
 be orthogonal coordinates with x� in direction a and origin
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at the center of the circle formed by the intersection of S� with the
tangent plane to the sphere jyj � R at a� We de�ne ba�x
 for x � S�
by �����
� We similarly de�ne ba�x
 for x in any cylindrical hole S� of
W
�L�a
� Otherwise we set ba�x
 � ��

Next we choose a �nite number of points a�� � � � � aN on fx � jxj �
Rg with the properties� 	
 For any x � fy � jyj � Rg there is an
ai� 	 � i � N � such that jx� aij � L��� 
 None of the holes S� in the
cylinders W
�L�ai
� 	 � i � N � intersect�

Finally we choose r� � � logR�� R� � L� so that Corollary ��
holds and de�ne the drift b by b �

PN
i�� bai � It is easy to see now that

the parameters ���� N can be chosen in a universal way so that 	
� 
�
a
� b
� c
 hold� It remains then to verify d
�

To prove d
 let x be such that jxj � R and ai satisfy jx�aij � L���
Let Qx be the probability of hitting one of the cylinders where b �� �
before exiting the region fy � R �	 � �
 � jxj � R �	 � �
g� Then by
Lemma ��� and �����
 there is a constant C� depending on � such that

����	
 Qx � 	� C�
logR

�

Next� for y � fz � R �	� �
 � jzj � R �	 � �
�b�z
 �� �g� let Hy be the
probability that the drift process exits the set fz � R �	 �  �
 � jzj �
R �	 �  �
g through the inner boundary fz � jzj � R �	 �  �
g� Then
by Corollary ��� � can be chosen su�ciently small such that

����
 Hy � 	� C

�logR
���
�

where the constant C depends only on ���� Finally� for y satisfying
jyj � R �	 �  �
 let Ky be the probability that the drift process exits
the set fz � R� � jzj � Rg through the outer boundary fz � jzj � Rg�
In view of b
 and the maximum principle this probability is less than
the corresponding Brownian motion probabilty� Hence one has

�����
 Ky � 	� � �

	�  �
� 	 �

We use ����	
� ����
� �����
 to estimate Px from above� In fact one
clearly has

�����
 Px � �	�Qx
 �Qx�	� inf
y
Hy
 �Qx sup

y
Hy sup

y
Ky sup

y
Py �
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The inequality �����
 follows now from �����
 and the previous inequal�
ities since � can be chosen in a universal way with � � ��

We use Lemma ��	� to construct a drift on R� � In fact let bn be
the drift constructed in Lemma ��	� with R � �n� n � �	��� � � �
Then we put

�����
 b �
��X

n���

bn �

Observe that supp �bn
 do not overlap for di�erent n� Hence from b
�
d
 of Lemma ��	� we have the inequality

p�n � sup
jxj���n

P �drift process started at x with drift given by

�����
 exits the region �n�� � jyj � �n	�

through the outer boundary

�����


� min
n
�
�

C

jnj���
o
�

for some universal constant C � �� �n � 	� � � � �

Lemma ����� Let b be the drift given in �����
 and suppose an�p is

de�ned by �	��
 and n�� R related by �	��
� Then for any constants 	�
C� � �� � � 	 � 	� there is the inequality�

�����

�X
m��

	m sup
x��R

exp
�
C�

mX
j��

an�	j�p�x

�
� KR� �

for some constants K�� depending only on 	� C� and p satisfying 	 �
p � �

Proof� From c
 of Lemma ��	� we see that

�����

�X
j��

an�	j�p��
 � C �

where C is a universal constant� This follows because p � � On the
other hand it is easy to see that if x satis�es �n�� � jxj � �n	� then

�����

�X
j��

an�	j�p�x
 � C jnj �
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for some universal constant C� Hence from �����
� �����
� we have

sup
x��R

exp
�
C�

mX
j��

an�	j�p�x

�
� exp �C�C jn�j
 � R� �

for some � depending only on C�C� Hence �����
 follows�

Our �nal goal now is to use the inequality �����
 to prove that the
expected time to exit �R� starting at the origin� exceeds R� for any ��
provided R is su�ciently large� In view of Lemma ��	� this will show
that there is no inequality �	��
 for p � �

Lemma ����� Let S�� S�� � � � � SM be a set of concentric spheres with

radii r�� r�� � � � � rM satisfying r� � r� � � � � � rM � Let Y �t
 be a

stochastic process with continuous paths which is Brownian motion in

the set fx � jxj � r�g� Consider every path of Y �t
 as being a random

walk on the spheres S�� S�� � � � � SM � For x � S� let Nx be the number

of times this random walk� started at x� hits S� before hitting SM � Let

�x be the amount of time taken for the process started at x to reach the

sphere SM � Then� if  r� � r�� there is an inequality

�����
 E ��x� � Cr�� E �Nx� �

where C is a universal constant�

Proof� For z � S� let p�z
 be the probability of the process started at
z hitting SM before S�� For n � 	� � � � � � and x � S�� y � S� let qn�x� y

be the probability density for the process started at x and hitting S� n
times without hitting SM � Thus if O � S� is an open set�

P �Y with Y ��
 � x hits S� n times without hitting SM and

that on the n�th hit it lands in the set O
 �

Z
O

qn�x� y
 dy �

For x � S� let Tx be the �rst hitting time on S� for the process Y
started at x� In view of our assumptions Tx is purely a Brownian
motion variable� Then we have the identities

����	


P �Nx � 	
 � E �p�Y �Tx

� �

P �Nx � m� 	
 � E
h Z

S�

qm �Y �Tx
� y
 p�Y �Ty

 dy
i
�
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with m � 	� � � � � Clearly we also have the relation

����
 qm�x� y
 � E
h Z

S�

qn�x� z
 qm�n �Y �Tz
� y
 dz
i
�

with n � 	� � � � �m�	� We shall use the functions p� qm and the variables
Ty to obtain a lower bound on E ��x�� We do this by bounding E ��x�
below by the amount of time the path spends in jumping from S� to
S�� Thus

E ��x� � E �Tx p�Y �Tx

�

�
�X
m��

�
E
h
Tx

Z
S�

qm�Y �Tx
� y
 p�Y �Ty

 dy
i

�
m��X
n��

E
h Z

S�

Z
S�

dy dz qn�Y �Tx
� y


�����


� Ty qm�n �Y �Ty
� z
 p�Y �Tz


i

� E
h Z

S�

qm�Y �Tx
� y
Ty p�Y �Ty

 dy
i�

�

Since Ty is purely a Brownian motion variable and  r� � r�� there is a
universal constant C � � such that

�����
 E �Ty jY �Ty
� � C r�� � y � S� �

Substituting �����
 into �����
 and using the identities ����	
� ����

yields the inequality �����
�

Lemma ���	� Let S�� S�� � � � � SM be a set of concentric spheres with

radii r�� r�� � � � � rM satisfying r� � r� � � � � � rM � For j � 	� � � � �M�	
let pj�x� y
 be nonnegative functions of x � Sj � y � Sj	� satisfying

� �

Z
Sj��

pj�x� y
 dy � pj � 	 � x � Sj �

for some positive numbers p�� � � � � pM��� Suppose now that the pj�x� y
�
j � 	� � � � �M � 	� are probability density functions for a stochastic pro�

cess Y �t
 with continuous paths in the following sense� for any open set

O � Sj	��

P �Y started at x � Sj exits the region

between Sj�� and Sj	� through O
 �

Z
O

pj�x� y
 dy �
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Let x � S� and Nx be the number of times the process hits S� before

hitting SM when viewed as a random walk on the spheres S�� � � � � SM �

Then

�����
 E �Nx� � 	 �
M��X
j��

jY
i��

qi
pi

�

where qi � 	� pi� i � 	� � � � �M � 	�

Proof� We shall �rst prove �����
 in the case M � � Thus if we put
u�x
 � E �Nx� it follows that

�����
 u�x
 �

����
���

Z
S�

q��x� y
u�y
 dy � x � S� �Z
S�

p��x� y
u�y
 dy� 	 � x � S� �

where

�����


P �Y started at x � S� exits the region inside

S� through the open set O � S�
 �

Z
O

p��x� y
 dy �

�����


P �Y started at x � S� exits the region between S�

and S� through the open set O � S�
 �

Z
O

q��x� y
 dy �

Evidently from the de�nitions �����
� �����
 one has

Z
S�

p��x� y
 dy � 	 � x � S� �

Z
S�

p��x� y
 dy�

Z
S�

q��x� y
 dy � 	 � x � S� �

From �����
 we have

�����
 u�x
 �

Z
S�

p��x� y


Z
S�

q��y� z
u�z
 dz dy � 	 � x � S� �
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Hence if we put u� � inf fu�x
 � x � S�g then

u�x
 � u�

Z
S�

p��x� y


Z
S�

q��y� z
 dz dy � 	

� u�

Z
S�

p��x� y

�
	�

Z
S�

p��y� z
 dz
�
dy � 	

� u�

Z
S�

p��x� y
 �	� p�
 dy � 	 � u� �	� p�
 � 	 � x � S� �

Taking the in�mum on the left in �����
 we conclude

�����
 u� � 	

p�
�

This last inequality is just �����
 for M � �
To generalize this for M �  let P��x� y
 be de�ned by

P �Y started at x � S� exits the region between S�

and SM through the open set O � SM 
 �

Z
O

P��x� y
 dy �

From ��� Lemma ���� it follows that

����	


Z
SM

P��x� y
 dy � P� � x � S� �

where

����
 P� �
	

	 �
M��X
j��

jY
i��

qi
pi

�

Hence �����
 follows from �����
� ����	
� ����
�

We use Lemmas ��	� and ��	� to obtain a lower bound on u��

where u is the solution of �	�	
� �	�
 with f 	 	 and drift given by
�����
� Let Sj � j � �� 	� � � � � be spheres centered at the origin with
radius j� Then the probabilities pj � j � 	� � � � �M � 	 � of Lemma ��	�
satisfy by �����
 the inequality

pj � min
n
�
�
Cp
j

o
� j � 	� � � � �
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Consequently� if R � �n� one has from Lemmas ��	� and ��	� the
inequality

u��
 � C
�
	 �

jn�j��X
j��

jY
i��

qi
pi

�
� C exp �C� jn�j log jn�j

�
�

where C�C� are universal constants� Thus one has an inequality

u��
 � CR� log logR �

for some C�� � �� In view of Lemma ��	� the inequality �	��
 does not
hold for R su�ciently large�

�� Perturbative estimates on the exit probabilities from a

spherical shell�

In this section we shall be interested in the drift process with per�
turbative drift b� For R� � R � R� let UR��R� be the spherical shell

UR��R� � fx � R� � R� � jxj � R�g �

Now suppose we start the process o� on the sphere fx � jxj � Rg
with density f�x
� jxj � R� Some of the paths of the process exit the
shell UR��R� through the boundary fjxj � R�g and the others through
fjxj � R�g� Hence the density f induces densities f� on fjxj � R�g and
f� on fjxj � R�g� We shall be interested in comparing f�� f� and f �
To do this we shall need to de�ne norms of these functions� Let � � �
and g a measurable function on the sphere fjxj � �g� For 	 � q � �
we de�ne the Lq norm of g by

kgkq �
� 	

����

Z
jxj��

jg�x
jq dx
���q

�

Thus k�kq � 	� For an L� function g we de�ne Av g by

Av g �
	

����

Z
jxj��

g�x
 dx �

It is clear that the functions f�� f�� f satisfy

Av f� � Av f� � Av f �



��� J� G� Conlon and P� A� Olsen

We wish to obtain an expression for f� in terms of f � Let g�x
 be a
function de�ned on the sphere fjxj � R�g and u�x
 � Pg�x
 be de�ned
for x � UR��R� as the solution of the boundary value problem

���	


���
��

�u�x
 � � � R� � jxj � R� �

u�x
 � g�x
 � jxj � R� �

u�x
 � � � jxj � R� �

For x� y � UR��R� let GD�x� y
 be the Dirichlet Green�s function and kT
the kernel

���
 kT �x� y
 � b�x
 � rxGD�x� y
 � x� y � UR��R� �

Suppose g � Lq�fjxj � R�g
� Then we de�ne the operator Q by

����
 Qg�x
 �

Z
UR��R�

GD�x� y
 �I�T 
�� b �rPg�y
 dy � jxj � R �

where T is the operator induced by the kernel kT � The expression ����

is purely formal� It takes functions with domain fjxj � R�g to functions
with domain fjxj � Rg� Similarly� the operator P de�ned above takes
functions on the sphere jxj � R� to functions on the sphere jxj � R�
Hence the formal adjoints P � and Q� of P and Q take functions on
jxj � R to functions on jxj � R�� We have now the relation

f� � P �f �Q�f �

Our major goal here will be to show that the operator Q� is dominated
by the operator P �� We shall prove this by showing that Q is dominated
by P � To do this we shall need various estimates on the Green�s function
GD�x� y
 and its derivatives� Observe that the Green�s function for the
shell UR��R� can be obtained from the Green�s function for a sphere by
the method of images� The estimates we need on GD�x� y
 can easily
be derived from this image representation� First we shall consider the
simplest of cases R� � �� R� � R� We obtain an improvement on
Lemma ��

Lemma ���� Suppose R� � �� R� � R� Let r� p� q satisfy the inequal�

ities 	 � r � p � �� q � r�

����

	

q
�

	

r
� 	

p

	� 	

p

�
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Then if g � Lq�fjxj � R�g
 the function b �rPg is in the Morrey space

Mq�
r �fjxj � R�g
� where

����

	

q�
�

	

�
�



� q

and

����
 kb � rPgkq��r � C R��q�� kbk��p kgkq �

Proof� The idea of the proof here is to use the Harnack inequality�
Thus it follows from Harnack that if g is a nonnegative function then
there is a universal constant C such that

�R� � jxj
 jrPg�x
j � CPg�x
 �

Hence for any cube Q one has

	

Rr
�

Z
Q�fjxj�R�g

�R� � jxj
r jb�x
jr jrPg�x
jr dx

� Cr

Rr
�

Z
Q�fjxj�R�g

jb�x
jr jPg�x
jr dx

�
Cr

Rr
�

Z
Q�fjxj�R�g

jb�x
jr����� jb�x
jr� jPg�x
jr dx����


� Cr

Rr
�

�Z
Q

jb�x
jr���������r�q� dx
���r�q

�
�Z

Q�fjxj�R�g

jb�x
jq�jPg�x
jq dx
�r�q

�

Since P �	
 � 	 it follows by Jensen that

�Pg�x

q � Pgq�x
 �

Thus

����


Z
Q�fjxj�R�g

jb�x
jq� jPg�x
jq dx

� � sup
jxj�R�

CQ�x

� Z

jxj�R�

jg�x
jq dx �
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where

CQ�x
 �

Z
Q�fjyj�R�g

jb�y
jq�P�x�y
 dy �

and �x is the Dirac � function concentrated at x� jxj � R�� We suppose
now that � � � is chosen so that q � � 	� Then we have

CQ�x
 � C

Z
Q

jb�y
jq�
jy � xj� dy � C

�X
n�n�

�n
Z
Qn

jb�y
jq� dy �

where the Qn are cubes with side �n and n� is chosen so that jQj �
��n� � Using the fact that b �M�

p we conclude that

CQ�x
 � C
�X

n�n�

�n jQnj��q��� kbkq���p � C jQj���q���� kbkq���p �

for some universal constant C� Hence from ����
 and ����
 we conclude
that

	

Rr
�

Z
Q�fjxj�R�g

�R� � jxj
r jb�x
jr jrPg�x
jr dx

� Cr

Rr
�

jQj��r�q�r������� jQj���q��r��q kbkr��pR�r�q
� kgkrq����


� CrR
r���q���
� jQj��r�q� kbkr��p kgkrq �

where q� is given by ����
 and � must satisfy the inequality

���	�

r �	� �


	� r

q

� p �

The inequality ���	�
 taken together with the condition q � � 	 implies
����
� The inequality ����
 is an immediate consequence of ����
�

Remark� Observe that ����
 is the same as ���
 but ����
 is an im�
provement on ���
�

Proposition ���� For 	 � q � � the operator Q de�ned by ����

is a bounded operator from Lq�fjxj � R�g
 to Lq�fjxj � Rg
 provided
kbk��p � � for su�ciently small � depending on p and q� Furthermore
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the norm of Q� kQk satis�es an inequality kQk � C�� where C is a

universal constant�

Proof� We have by Lemma ��	 and Proposition �	 that if � is su��
ciently small then

Qg�x
 �

Z
jyj�R�

GD�x� y
h�y
 dy � jxj � R �

where h is in the Morrey space Mq�
r �fjxj � R�g
 and

���		
 khkq��r � CR
��q��
� kbk��p kgkq �

for some universal constant C� Arguing as in Lemma �� we see that if
m � 	 satis�es the inequality

���	



�
�

	

q�m
�

	

q�
�

	

�m
�

then
Qg � Lm�fjxj � Rg


and

���	�
 kQgkm � CR
����q�
� khkq��r �

for some constant C� This inequality ���	
 holds provided m satis�es
the inequality

���	�

	

m
�

� q


�

It is easy to see that ���	�
 holds with m � q for all q � 	� The
result now follows from ���		
 and ���	�
 by observing that �q � 	 �
��� ��q�
�

Corollary ���� Suppose R� � �� R� � R� Then for any p� 	 � p � �
and q � 	 the following holds� there exists �� � � � depending only on

p� q such that if kbk��p � � and kf �Av fkq � �jAv f j then

kf� � Av f�kq � �jAv f�j �
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Proof� By Proposition ��	 the operator Q� is a bounded operator
from Lq�fjxj � Rg
 to Lq�fjxj � R�g
 and kQ�k � C�� We combine
this with the fact that there exists 	� � � 	 � 	� such that

���	�
 kP ��f � Av f
kq � 	kf � Av fkq �

The inequality ���	�
 follows by the same argument as in ��� Lemma ��	��
It is clear that

Av f � P ��Av f
 � AvP �f � Av f� �

Thus

kf� � Av f�kq � kQ�f � AvQ�f � P ��f � Av f
kq
� C� kfkq � 	 kf � Av fkq
� C� �	 � �
 jAv f j� 	 � jAv f j
� � jAv f j
� � jAv f�j �

if � is chosen so that

C�
	 � �

�
� 	 � 	 �

The proof is complete�

Next we state an obvious generalization of Corollary ��	�

Corollary ���� Suppose R� � R�� R� � R� Then for any p� 	 � p �
� and q � 	 the following holds� there exist positive constants c�� c�� �� �
depending only on p� q such that if kbk��p � � and kf�Av fk� � � jAv f j
then

jAv f�j � c� jAv f j and kf� � Av f�kq � � jAv f�j �
jAv f�j � c� jAv f j and kf� � Av f�kq � � jAv f�j �



Estimates on the solution of an elliptic equation ��	

Proof� We shall just show that jAv f�j � jAv f j� Observe that

Av �P �f
 � P ��Av f


� �Av f
P ��	


� �Av f
P �Brownian motion started at x with jxj � R

exits UR��R� through the boundary jyj � R��

�

	

R�
� 	

R
	

R�
� 	

R�

Av f

�


�
Av f �

Hence

jAv f�j � jAv�P �f
 � Av �Q�f
j

�  jAv f j
�

� C � kfkq

�  jAv f j
�

� C � �	 � �
 jAv f j

� c� jAv f j �

The proof is complete�

In Corollary �� the distances R � R� and R� � R are commen�
surable� Now we wish to consider the situation when R � R� is much
smaller than R� � R�

Lemma ���� Suppose R� � R� � R � R� � R� Then if b 	 � there

exists a universal constant c� � � and a constant 	� � � 	 � 	 such

that

jAv f�j � c� jAv f j R� R�

R
����	�


kf� � Av f�kq � 	 jAv f�j kf � Av fkq
jAv f j ����	�


for any q� 	 � q � ��
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Proof� Since we are in the Brownian motion case we have f� � P �f �
The inequality ���	�
 follows by the argument in Corollary ��� To get
the inequality ���	�
 we let k � � be such that k P �	
 � 	� Since
f� � P �f it follows that

h	� f�i � h	� P �fi � hP	� fi �

and so we have

���	�
 Av f� �
	

k
Av f �

Using Jensen�s inequality and the fact that P � P � we have that for
any q� 	 � q � � there is the inequality

kk Pgkq � kgkq �

The inequality ���	�
 will follow if we can show a version of the Harnack
inequality� namely

���	�
 C Pg�x�
 � Pg�x
 � c Pg�x�
 � jxj � jx�j � R �

for universal constants C� c � � and nonnegative functions g� In fact
we need only repeat the argument of ��� Lemma ��	� for the operator
k P and use ���	�
�

To see ���	�
 we write

Pg�x
 � Ex�g�X��

� �

Z
jyj��R��

�x�y
Ey�g�X��

� dy �

Here � is the exit time from the shell UR��R� for Brownian motion� The
density �x�y
 is the density for paths started at x� jxj � R� which hit
the sphere jyj � �R� before hitting the sphere jyj � R�� Thus

Z
jyj��R��

�x�y
 dy �

	

R�
� 	

R
	

R�
� 

�R

�

Now by the standard Harnack inequality applied to the shell UR��R�
there exist universal constants C�� c� � � such that

C�Pg�y�
 � Pg�y
 � c�Pg�y�
 � jyj � jy�j � �R


�
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Hence we have

Pg�x
 �

Z
jyj��R��

�x�y
Pg�y
 dy

�
Z
jyj��R��

�x�y
C� Pg�y�
 dy

�

Z
jyj��R��

�x��y
C� Pg�y�
 dy

�
Z
jyj��R��

�x��y
C
�
� Pg�y
 dy

� C�
� Pg�x�
 �

Similarly we obtain a lower bound Pg�x
 � c��Pg�x�
� Thus ���	�

follows with C � C�

� � c � c���

Next we wish to generalize Lemma �� to the case of nontrivial
drift b� To do this we shall need to generalize further the notion of
a Morrey space� For Q a dyadic cube intersecting the spherical shell
UR��R� let d�Q
 be de�ned by

d�Q
 � sup fd�x� jyj � R�
 � x � Qg �

Observe that d�Q
 is not the maximum distance from points in Q to
the boundary of UR��R� � only to the part of the boundary consisting of
the sphere jyj � R�� We de�ne the Morrey space Mq

r�s�UR��R�
 where
	 � r � q � � and s � � by the following� a measurable function
g � UR��R� �� C is in Mq

r�s�UR��R�
 if �R� � jxj
r jg�x
jr is integrable
on UR��R� and there is a constant C � � such that

����

	

Rr
�

Z
Q�UR��R�

�R� � jxj
r jg�x
jr dx � Cr jQj��r�q
� R�

d�Q


�sr
�

for all cubes Q � R� � The norm of g� kgkq�r�s is de�ned as

kgkq�r�s � inf fC � ����
 holds for all cubes Qg �

Lemma ���� Suppose R� � R� � R � R� � R� Let r� p� q satisfy the
inequalities 	 � r � p � �� q � r and ����
� Then if g � Lq�fjxj � R�g
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the function b �rPg is in the Morrey space M�
r�s�UR��R�
 where s � �q

and

kb � rPgk��r�s � CR��� kbk��p kgkq �

Proof� This follows immediately from the argument of Lemma ��	�
The only modi�cation is in estimating the function CQ�x
� It is clear
that if jxj � R� then

���	
 CQ�x
 � C
jQj��q��� kbkq���p

d�Q
�
�

for some universal constant C� Observe that we also have an inequality

���
 jrPg�x
j � CR��� kgkq �
provided R� � jxj � �R�� This follows since Pg�x
 � � for jxj � R��
To get the inequality ����
 we divide the cubes Q into two types� those
with d�Q
 � R� and those with d�Q
 � R�� For the �rst type we
use the estimate ���	
 and the corresponding estimate in Lemma ��	
to obtain ����
 with s � �q� For the second category we use ���

and the fact that b is in M�

p �

Lemma ���� Suppose R� � R� � R � R� � R� Then the operator T
with kernel kT given by ���
 is a bounded operator on the Morrey space

Mq
r�s�UR��R�
 provided 	 � r � p and 	 � q � �� s � �� Furthermore�

the norm of T is bounded as kTk � C kbk��p where the constant C
depends only on r� s� q�

Proof� This follows from Corollary �	 and the fact that

nQ�X
n���

jb�x
jSnu�x
 � jb�x
j
nQ�X

n���

�nuQn
R

d�Qn

�

where the Qn are an increasing sequence of dyadic cubes containing the
point x� We have now from ����
 that

uQn � C jQnj���q
� R�

d�Qn


�s
kukq�r�s �

Hence�

nQ�X
n���

�n uQn
R

d�Qn

� C jQ�j������q

� R

d�Q�


�s	�
kukq�r�s �
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for some universal constant C� since q � �� Here we have used the fact
that d�Qn
 � d�Q�
 since Qn � Q�� Thus

	

Rr
�

Z
Q��UR��R�

�R� � jxj
r
� nQ�X
n���

jb�x
jSnu�x

�r

dx

� Cr
�Z

Q�

jb�x
jr dx
�
kukrq�r�s

� R

d�Q�


�sr
jQ�jr���r�q

� Cr kbkr��p jQ�j��r�� kukrq�r�s
� R

d�Q�


�sr
jQ�jr���r�q

� Cr kbkr��p kukrq�r�s
� R

d�Q�


�sr
jQ�j��r�q �

Proposition ���� Suppose R� � R� � R � R� � R� For 	 � q ��
the operator Q de�ned by ����
 is a bounded operator from Lq�fjxj �
R�g
 to Lq�fjxj � Rg
 provided kbk��p � � for su�ciently small �
depending on p and q� Furthermore� the norm of Q� kQk satis�es an

inequality kQk � C� �R�R�
�R� where C is a universal constant�

Proof� From Lemma ��� and Lemma ��� we have

Qg�x
 �

Z
UR��R�

GD�x� y
h�y
 dy � jxj � R �

where h is in the Morrey space Mq�
r�s�UR��R�
 for any 	 � r � p� r �

q� � �� provided ����
 is satis�ed and

����

	

q�
�

	

�
� s

�
�



� q
�

with � � s � �q� The norm of h satis�es an inequality

����
 khkq��r�s � CR
��q�s��
� kbk��p kgkq �

We write Qg�x
 � g��x
 � g��x
� where

g��x
 �

Z
UR��R��fjyj��R��g

GD�x� y
h�y
 dy �
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It follows that for jxj � R� there is an inequality

����


jg��x
j � C �R� R�


R�

Z
UR��R��fjyj��R��g

�R� � jyj
 jh�y
j dy

� C �R� R�


R�
R����q� khkq��r�s

�
C �R� R�


R
kbk��p kgkq �

Next observe that

����
 jg��x
j � C �R� R�


Z
UR��R��fjyj��R��g

jh�y
j
jx� yj� dy �

We estimate the integral in a similar way to Lemma ��� ThusZ jh�y
j
jx� yj� dy �

Z jh�y
jr�q
jx� yj���q

jh�y
j��r�q
jx� yj�����q dy

�
�Z jh�y
jr

jx� yj�� dy
���q� Z jh�y
jq����r�q�

jx� yj������q�q� dy
���q�

�

where 	�q � 	�q� � 	� We have used here the fact that r � q which is
a consequence of ����
� We can estimateZ jh�y
jq����r�q�

jx� yj������q�q� dy � C
�X

n�n�

n������q�q
�

Z
Qn

jh�y
jq����r�q� dy �

where Qn is the cube centered at x with side of length �n and �n� �
R� In view of the fact that q��	� r�q
 � r we haveZ

Qn

jh�y
jq����r�q� dy � khkq����r�q�q��r�s jQnj��q
����r�q��q� �

Hence� provided �� � � � � 	� satis�es the inequality

����

�
� �

q

�
q� � � �

� q�
�
	� r

q

�
q�

� � �

we have the inequality

� Z jh�y
jq����r�q�
jx� yj������q�q� dy

���q�
� C khk��r�qq��r�s R

���������q�����r�q��q� �
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There exists �� � � � � 	 satisfying ����
 provided

	

q�
�

	� 	

q

�
�
	� r

q

� �

Observe that since r � 	 the number on the right hand side of the last
equation exceeds 	��� Since q� satis�es ����
 and we can choose s as
close as we please to �q the number q� may be chosen so that 	�q� is
less than any number larger than 	��� Hence we can �nd an � with
� � � � 	 such that ����
 holds� ThenZ

jxj�R

�Z jh�y
j
jx� yj� dy

�q
dx

� Cq khkq�rq��r�s
Rq����������q�r��q�

Z
jxj�R

Z jh�y
jr
jx� yj�� dy dx

� Cq khkq�rq��r�sR
q����������q�r��q�R���� khkrq��r�sR���r�q�

� Cq khkqq��r�sRqs

� CqR��q kbkq��p kgkqq �
for some universal constant C by ����
� Hence by ����
 we have

����
 kg�kq � C
R� R�

R
kbk��p kgkq �

Putting ����
 and ����
 together we conclude that

kQgkq � C
R� R�

R
kbk��p kgkq �

and hence the result follows�

Next we put Lemma �� and Proposition �� together to obtain an
analogue of Corollary �� for the case when R�R� can be much smaller
than R� � R�

Corollary ���� Suppose R� � R� � R � R� � R� Then for any p�
	 � p � � and q � 	 the following holds� there exist positive constants

c� �� � depending only on p� q such that if kbk��p � � and

����
 kf � Av fkq � � jAv f j �
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then

�����
 jAv f�j � C
R�R�

R
jAv f j

and

����	
 kf� � Av f�kq � � jAv f�j �

Proof� We have

jAv f�j � jAv �P �f
 � Av �Q�f
j � jAv �P �f
j � C �
R� R�

R
kfkq �

by Proposition ��� Now from the assumption ����
 we conclude that

����
 jAv f�j � jAv�P �f
j � C � �R� R�


R
�	 � �
 jAv f j �

The inequality �����
 follows now from ����
 and ���	�
 of Lemma ���
provided we choose � su�ciently small� To get ����	
 observe that

kf� � Av f�kq
jAv f�j � kP �f �Av �P �f
kq

jAv f�j �
kQ�f � Av �Q�f
kq

jAv f�j

� 	 �
jAv �P �f
j
jAv f�j �

C � �R� R�


R
�	 � �


jAv f j
jAv f�j �

where we have used ���	�
 of Lemma �� and Proposition �� together
with ����
� Now from ����
 and ���	�
 it is clear that for su�ciently
small � we have jAv �P �f
j

jAv f�j �
	


�

	

 	
�

since 	 � 	� Similarly we see that for su�ciently small � there is the
inequality

C � �R�R�


R
�	 � �


jAv f j
jAv f�j �

�	

� 	



�
� �

Putting the last three inequalities together we conclude that ����	

holds�



Estimates on the solution of an elliptic equation ���

Observe that� in contrast to Corollary ��� we cannot expect the
inequality kf��Av f�kq � �jAv f�j to hold in the situation of Corollary
���� The reason is that if R�R� is small then Brownian motion has a
very small smoothing e�ect on a smooth density f � Thus the �uctuation
of P �f decreases by a small amount proportional to �R � R�
�R� On
the other hand the perturbative part Q�f can generate high frequency
modes with norm strictly larger than �R�R�
�R and hence the relative
�uctuation of f� can be larger than that of f � We study this situation
further in ����

�� Perturbative estimates on the exit probabilities from a

spherical shell with holes�

Consider a set S � R� which is a union of disjoint cubes� In this
section we shall prove theorems analogous to the theorems of Section �
for the drift process restricted to paths which do not intersect the set
S� To do this we associate with S a potential function VS from which
we can estimate the probability of hitting the set S�

First we consider the case of Brownian motion b 	 �� For each
cube Q in S let  Q be the cube concentric with Q but double the size�
We de�ne a function VQ � R� �� R by

���	
 VQ�x
 �

��
�

	

jQj��� � x �  Q�

� � otherwise �

The potential VS is then de�ned as

���
 VS �
X
Q	S

VQ �

Now let X�t
� t � �� be Brownian motion started at a point x � R� �
If X hits a cube Q � S then it will spend time of order jQj��� in the
cube� Thus

R�
� VQ�X�t

 dt is of order 	 on paths X�t
 which hit Q�

Hence we expect that the probability of Brownian motion hitting S can
be estimated by the expectation of

R�
� VS�X�t

 dt This is in fact the

case�

Proposition ���� Let X�t
 be Brownian motion in R� � Then there is

a universal constant C � � such that

Px�X hits S
 � C Ex

h Z �

�

VS�X�t

 dt
i
�
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Proof� Putting u�x
 � Px�X hits S
� x � R�nS it is well known that
u�x
 is the solution to the Dirichlet problem


�u�x
 � � � x � R�nS �
u�x
 � 	 � x � �S �

On the other hand the function

w�x
 � Ex

h Z �

�

VS�X�t

 dt
i
�

	

��

Z
R�

VS�y


jx� yj dy

satis�es
�w�x
 � � � x � R�nS �

Suppose x is close to a boundary point of S� Then this point is part of
a cube Q� Thus

lim
x
�S

w�x
 � lim
x
�Q

	

��

Z
Q

VQ�y


jx� yj dy � c � � �

where c is a univeral constant� Consequently we have

u�x
 � w�x


c
� x � �S �

Hence by the maximum principle we have the inequality

u�x
 � w�x


c
� x � R�nS �

which proves the result�

We shall use the argument of Proposition ��	 to prove an analogue
of Corollary ��	�

Proposition ���� Suppose R� � �� R� � R� b 	 �� Let f be a

density on the sphere jxj � R and f� the density induced on jxj � R�

by f propagated along Brownian paths which do not intersect S� Then

for any q� 	 � q � �� there exists �� � � � depending only on q such

that if

kf � Av fkq � � jAv f j
and

Avjxj�R

�
Ex

h Z R�

�

VS�X�t

 dt
i�

� � �
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then

kf� � Av f�kq � �jAv f�j and jAv f�j � jAv f j


�

Proof� We consider the operator from functions g on jxj � R� to
functions on jxj � R given by

Ag�x
 � Ex�g �X��R�

 � X�t
 � S � some t� � � t � �R� � �

Then for any r� r�� 	 � r ��� 	�r� 	�r� � 	� we have

jAg�x
jr � Px�X�t
 � S� some t� � � t � �R�

r�r�Ex�jg�X��R�

jr� �

by Holder�s inequality� Now by the property of the Poisson kernel we
have that

Ex�jg�X��R�

jr� � C kgkrr �
for some universal constant C� Hence if r � r�� we have

kAgkrr � C kgkrr Avjxj�R Px�X�t
 � S� some t� � � t � �R�
 �

If r � r� we have by Jensen�

kAgkrr � C kgkrr �Avjxj�R Px�X�t
 � S� some t� � � t � �R�


r�r� �

Now by the argument of Proposition ��	 we conclude that

kAgkr � C kgkr �min f��r���r�g �

for some universal constant C� Thus the adjoint A� of A is a bounded
operator from Lq�fjxj � Rg
 to Lq�fjxj � R�g
 with norm kAk bounded
as

kAk � C�min f��q���q�g �

for some constant C� Observe next that the densities f and f� are
related by the equation

f� � P �f �A�f �

where P is the integral operator with Poisson kernel as in Section ��
Hence we have

Av f� � AvP �f �Av�A�f
 � Av f � Av �A�f
 �
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Now since q � 	 it follows that

jAv �A�f
j � kA�fkq
� C �min f��q���q�gkfkq
� C �min f��q���q�g �	 � �
 jAv f j �

Thus by choosing � su�ciently small we have jAv f�j � jAv f j��
Next observe that there exists 	� � � 	 � 	 such that

kP �f � Av �P �f
kq � 	 kf � Av fkq �

Hence

kf� �Av f�kq � kP �f � Av �P � f
kq � kA�f �Av �A�f
kq
� 	 � jAv f j� C �min f��q���q�g �	 � �
 jAv f j �

It is clear by choosing � � � su�ciently small that the right hand side
of the last inequality is less than � jAv f�j� The result is complete�

Remark ���� Observe that in Proposition �� we have used the fact
that if Q is a cube in S then VS�x
 � jQj���� on the double of Q�  Q� The
reason is that if Q has a small intersection with UR��R� then

 Q�UR��R�
has volume of order jQj� Hence a Brownian path which hits Q makes
an order 	 contribution to

R R�
� VS�X�t

 dt�

Next we wish to generalize Propositions ��	� �� to the case of
nontrivial drift� First we estimate the probability that the drift process
visits a cube Q�

Proposition ���� Let Qm be a cube with side of length �m� m an

integer� and Px�Qm
 the probability that the process with drift b started

at x visits Qm before exiting to �� Then for any � � 	 there exists

� � � such that if kbk��p � � then

����
 Px�Qm
 � C

�md�x�Qm
 � 	
�
�

for some universal constant C� Here d�x�Qm
 is the distance from the

point x to the cube Qm�
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Proof� First we consider the solution of a boundary value problem
on the shell UR��R� with R� � R� and R� � R� Thus we wish to
estimate the solution of���

��
�w�x
 � b�x
 � rw�x
 � � � x � UR��R� �

w�x
 � � � jxj � R� �

w�x
 � 	 � jxj � R� �

Let w� be the solution when b 	 �� Then� in the notation of Section ��
w� � P 	� It is easy to see that w� is given by the formula

w��x
 �
�

�

�
	� R

 jxj
�
�

We shall show that � � � can be chosen so that if kbk��p � � then there
exists a universal constant C � � such that

����
 jw�x
� w��x
j � C kbk��p � x � UR��R� �

In fact we have

����
 w�x
 � w��x
 �Q��x
 � x � UR��R� �

where Q is the operator ����
� It is easy to see that if 	 � r � p�
r � q � �� the function b � rw� is in the Morrey space Mq

r and

kb � rw�kq�r � CR��q�� kbk��p �

for some universal constant C � �� It follows then from ��� Theorem 	��
that for � su�ciently small

Q��x
 �

Z
UR��R�

GD�x� y
 g�y
 dy �

where g �Mq
r and

kgkq�r � CR��q�� kbk��p �

and C is a universal constant� If we take q � �� then the inequality
of ����
 follows by standard argument�
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To prove the inequality ����
 let Sk� k � �� 	� � � � � be spheres
concentric with Qm and with radius k �m� Thus S� contains Qm�
From ����
 we can choose � su�ciently small such that w satis�es

����
 inf
jxj�R

w�x
 � �

�	 � �

� � � R �� �

The inequality ����
 follows immediately now from ����
 and ���
Lemma �����

Remark ���� Observe that in the Brownian motion case one can take
� � 	 in ����
 but for the case of nontrivial b one must have � � 	�
This fact will determine our selection of the function VS in the case of
nontrivial b�

The proof of Proposition ��� does not generalize to the situations
we are interested in� We shall therefore give a di�erent� more compli�
cated proof of the Proposition which does generalize� Let us consider
the region �R external to the ball of radius R � � centered at the
origin� The Dirichlet Green�s function for this region is given by

����
 GD�x� y
 �
	

��

� 	

jx� yj �
R

jyj
	

jx� yj
�
� jxj� jyj � R �

where y is the re�ection of y in the boundary of �R� We estimate GD

and its gradient rxGD�

Lemma ���� a
 There is the inequality

� � GD�x� y
 � 	

�� jx� yj � jxj� jyj � R �

b
 jrxGD�x� y
j � k��x� y
 � k��x� y
� where

jk��x� y
j � C

jx� yj� � jxj� jyj � R �����


��
� jk��x� y
j � C

jxj jyj � jyj � �jxj � jxj � R �

jk��x� y
j � � � otherwise �

����


and C is a universal constant�
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Proof� Since a
 follows easily from the maximum principle we shall
just consider b
� We have now

rxGD�x� y
 �
�	
��

� x� y

jx� yj� �
R

jyj
x� y

jx� yj�
�
�

Since GD�x� y
 � � it follows that

jrxGD�x� y
j � 	

��

� 	

jx� yj� �
	

jx� yj jx� yj
�
�

We consider �rst the case jyj � � jxj� It is easy to see that jx � yj �
 jyj�� and

jx� yj � jxj � jyj � jxj � R

�
� jxj


�

Hence
	

jx� yj jx� yj �
�

jxj jyj �

Next consider the situation R � jyj � �jxj� Suppose that jxj � R�
Then

jx� yj � jxj �R � jxj

� jxj� jyj

�
� jx� yj

�
�

In the case R � jxj� jyj � R it is clear that there exists a universal
constant C� with jx � yj � C� jx � yj� We conclude then that in this
situation one has

jrxGD�x� y
j � C

jx� yj� �

for some universal constant C � �� The proof is complete�

Next we de�ne Morrey spaces for the region �R in a similar way
to ����
� Thus for 	 � r � q �� and s � � we say g � �R �� C is in
the Morrey space Mq

r�s��R
 if

���	�


Z
Q��R

jg�x
jr dx � Cr jQj��r�q
� R

d�Q


�rs
�

for all cubes Q and constant C� Here d�Q
 is de�ned by

d�Q
 � sup fjyj � y � Q � �Rg �

Evidently one has d�Q
 � R� The norm of g� kgkq�r�s is then the
in�mum of all C such that ���	�
 holds�
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Lemma ���� Let T� be the integral operator on functions with domain

�R which has kernel jb�x
j k��x� y
 where b � M�
p � 	 � p � � and k�

satis�es ����
� Then for 	 � r � p� r � q � �� s � �� T� is a bounded

operator on Mq
r�s��R
 and the norm of T�� kT�k satis�es an inequality

kT�k � Ckbk��p where C depends only on r� p� q� s�

Proof� Same as for Lemma ����

Lemma ���� Let T� be the integral operator on functions with domain

�R which has kernel jb�x
j k��x� y
 where b � M�
p � 	 � p � � and k�

satis�es ����
� Then for 	 � r � p� r � q� s � � and  � ��q�s � ��r�
T� is a bounded operator onM

q
r�s��R
 and the norm of T�� kT�k satis�es

an inequality kT�k � Ckbk��p� where C depends only on r� p� q� s�

Proof� For n � ���	� � � � let Qn be the cube centered at the origin
with side of length �n� If u � �R �� C is a locally integrable function
we denote by uQn the average value of juj on Qn� whence

uQn � jQnj��
Z
�R�Qn

ju�x
j dx �

Hence we have

jT�u�x
j � C jb�x
j
jxj

X
jxj���n

��n uQn �

for some universal constant C� Hence for �m � R� we have

Z
Qm��R

jT�u�x
jr dx � Cr
�X
k�m

Z
Qk

�
jb�x
j k

kX
n���

��n uQn

�r
dx

� Cr kbkr��p
�X
k�m

k��r���
� kX
n���

��n uQn

�r
�

Observe next that

kX
n���

��n uQn � kukq�r�s
kX

n���

n���	��q	s�Rs

� C�R
s kukq�r�s k���	��q	s� �
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since  � ��q � s� Thus we have

Z
Qm

jT�u�x
jr dx � Cr Cr
� R

sr
�X
k�m

kbkr��p kukrq�r�s k��r�q	sr���

� Cr
� R

sr kbkr��p kukrq�r�s m��r�q	sr��� �

since ��q � s � ��r� Consequently� we have

Z
Qm

jT�u�x
jr dx � Cr
� kbkr��p kukrq�r�s jQmj��r�q

� R

d�Qm


�sr
�

We have shown therefore that ���	�
 holds for cubes centered at the
origin� It is easy now to generalize the previous argument to all cubes�

Proof of Proposition ��
� Evidently Px�Qm
 is bounded above by
the probability that the drift process started at x hits the ball concentric
with Qm of radius R � �m� For Brownian motion this probability is
given by w��x
� where



�w��x
 � � � jxj � R �

w��x
 � 	 � jxj � R �

Thus w��x
 � R�jxj� jxj � R� For the drift process it is given by w�x
�
where

���		
 w�x
 � w��x
 �

Z
�R

GD�x� y
 �I � T 
�� b � rw��y
 dy �

Here GD is the Green�s function ����
 and T is the integral operator
with kernel b�x
 � rxGD�x� y
� We wish to show that the function
b � rw� is in an appropriate Morrey space Mq

r�s��R
� Evidently one
has jb�x
 � rw��x
j � R jb�x
j�jxj�� Now for the cube Qn with side of
length �n � R centered at the origin one has

���	


Z
Qn

�R jb�x
j
jxj�

�r
dx � C

mX
j�n

kbkr��pRr �j����r�

� Cr
� kbkr��pR���r �
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for some constant C�� provided 	 � r � p� On the other hand if Q is a
cube such that d�Q
� jQj��� then we haveZ

Q

�R jb�x
j
jxj�

�r
dx � Rr

d�Q
�r
kbkr��p jQj��r��

� Rr���q���
� R

d�Q


�r�����q�
kbkr��p jQj��r�q

� Rr���q���
� R

d�Q


�rs
kbkr��p jQj��r�q �

for any r� s� q with 	 � r � p� q � �� s � �� ��q� Combining this last
inequality with ���	
� we see that if r� s� q satisfy the inequalities

���	�
 	 � r � p � r � q � � � s � �
�	
r
� 	

q

�
�

then b � rw� is in Mq
r�s��R
 and

kb � rw�kq�r�s � CR��q�� kbk��p �
for some constant C depending only on q� r� s�

Observe next that for any s� � � s � 	� it is possible to �nd
r� q such that �� � q � � as well as the inequalities ���	�
 and the
conditions of lemmas ��� ��� hold� Hence the function

g�x
 � �I � T 
�� b � rw�

is also in Mq
r�s��R
 for su�ciently small � and has norm which satis�es

kgkq�r�s � CR��q�� kbk��p �
for a constant C depending only on q� r� s� Now let us suppose that
jxj � R� Then from ���		
 we have

���	�


jw�x
� w��x
j �
Z
�R

GD�x� y
 jg�y
j dy

�
Z
jx�yj�jxj��

dy �

Z
jyj�jxj��

dy

�

Z
fjx�yj�jxj��� jyj�jxj��g

dy

� I� � I� � I� �
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If we take now �n� � jxj for a suitable integer n� we have

I� � C
�X

k�n�

k
Z
jx�yj���k

jg�y
j dy

� C
�X

k�n�

k R��q�� kbk��p
� R

�n�

�s
��k�����q�

� C n����q���R��q�� kbk��p
� R

�n�

�s
� C kbk��p

� R

�n�

�s	��q��
�

since q � ���
On the other hand we have

I� � C n�
mX

k�n�

Z
��k�jyj���k��

jg�y
j dy

� C n�
mX

k�n�

R��q��
� R

�k

�s
kbk��p ��k�����q�

� C kbk��p
� R

�n�

�s	��q��
�

since s� ��q � �� Finally we have

I� � C

n�X
k���

k
Z
��k�jx�yj���k��

jg�y
j dy

� C

n�X
k���

kR��q��
� R

�k

�s
kbk��p ��k�����q�

� C kbk��p
� R

�n�

�s	��q��
�

provided s � ��q �  � �� Now it is easy to see that we can choose
s� q� r appropriately to make s���q�  as close to 	 as we please� The
inequality ����
 easily follows from this�
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Next we consider a cube Qm with side of length �m which is
contained in the ball U��R� of radius R�� For x � U��R� let Px�Qm
 be
given now by

Px�Qm
 � probability that the drift process started at x

hits Qm before hitting the boundary of U��R� �

It is easy to estimate this probability in the case of Brownian motion
b 	 �� In fact by the argument of Proposition ��	 it is bounded by

���	�
 Px�Qm
 � C

Z
Qm

�mGD�x� y
 dy �

where GD is the Dirichlet Green�s kernel on U��R� and C is a universal
constant� Since GD is given explicitly it is easy to estimate the right
hand side of ���	�
� Let d�Qm
 be de�ned by

d�Qm
 � sup fd�y� �U��R�
 � y � Qmg �

Then we see from ���	�
 that

���	�
 Px�Qm
 � C

md�x�Qm
 � 	
min

n
	�

m d�Qm


m d�x�Qm
 � 	

o
�

where C is a universal constant� In view of Proposition ��� it would
seem that one could generalize ���	�
 to the case of nontrivial b by

���	�
 Px�Qm
 � C�
�m d�x�Qm
 � 	
�

min
n
	�

m d�Qm


m d�x�Qm
 � 	

o
�

where � � � � 	 and the constant C� depends on �� We shall prove
the inequality ���	�
 following the same lines as the second proof of
Proposition ����

Let Ba��
 be the ball of radius � centered at the point a� Suppose
a � U��R� � the ball of radius R� centered at the origin and the distance
from a to �U��R� is larger than ��� Let w� be the solution of the
Dirichlet problem

���	�


���
��

�w��x
 � � � x � U��R�nBa��
 �

w��x
 � 	 � x � �Ba��
 �

w��x
 � � � x � �U��R� �
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Lemma ���� There is a universal constant C � � such that for x �
U��R�nBa��


���	�
 jrw��x
j � C�

jx� aj� min
n
	�
d�a� �U��R�


jx� aj
o
�

Proof� Let GD�x� y
� x� y � U��R� be the Dirichlet Green�s function
for the ball� Then just as in Proposition ��	� there exists a universal
constant C such that

w��x
 � C���
Z
Ba���

GD�x� y
 dy � x � U��R�nBa��
 �

It is easy to estimate w��x
 from the last inequality since we have an
explicit formula for GD� Thus there is a universal constant C � � such
that

����
 w��x
 � C�

jx� aj min
n
	�
d�a� �U��R�


jx� aj
o
�

We obtain the estimate ���	�
 from ����
 and the Harnack principle�
First let us consider the case where � � jx � aj � ���� Now the
function w� can be extended in a harmonic way inside the ball Ba��

by using the Kelvin transform �	�� Hence w� is harmonic in the region
�� � jx � aj � ���� and kw�k� � C for some universal constant C�
It follows then from the Harnack principle that

jrw��x
j � C

�
� � � jx� aj � ��


�

for a suitable universal constant C � ��
Next we consider the situation where

��


� jx� aj � d�a� �U��R�



�

Then w� is harmonic in the ball jy � xj � jx� aj��� In fact we have

jx� aj � jx� yj� jy � aj � jx� aj
�

� jy � aj �

whence jy � aj � � jx� aj�� � ���� � �� On the other hand

jy � aj � jx� yj� jx� aj � � jx� aj
�

� � d�a� �U��R�


�
� d�a� �U��R�
 �



�	
 J� G� Conlon and P� A� Olsen

It follows easily now from ����
 and the inequality jy�aj � � jx�aj��
that jrw��x
j � C��jx� aj� for some universal constant C�

Finally we consider the situation jx � aj � d�a� �U��R�
�� Using
the Kelvin transformation the function w� can be extended in a har�
monic way to the entire ball jx � yj � jx � aj��� Now� using Harnack
and the estimate ����
 we conclude that there is a universal constant
C such that

jrw��x
j � C�
d�a� �U��R�


jx� aj� �

All cases of the inequality ���	�
 are now covered�

Let GD���x� y
 be the Dirichlet Green�s function for the domain
U��R�nBa��
� We wish to prove an analogue of Lemma ��	�

Lemma ���� a
 Let d � d�a� �U��R�
� Then there is a universal con�

stant C such that

���	
 � � GD���x� y
 � C

jx� yj min
n
	�
jy � aj� d

jx� yj
o
�

b
 jrxGD���x� y
j � k��x� y
 � k��x� y
� where

jk��x� y
j � C

jx� yj� min
n
	�
jy � aj� d

jx� yj
o
����


jk��x� y
j � C

jx� aj jy � aj min
n
	�
jx� aj� d

jy � aj
o
������	


if jy � aj � � jx� aj and
�����
 jk��x� y
j � � �

otherwise�

Proof� a
 Let GD�x� y
 be the Dirichlet Green�s function for the ball
U��R� � Then we have the inequality

� � GD�x� y
 � C

jx� yj min
n
	�
d�y� �U��R�


jx� yj
o
�

for some universal constant C� The inequality ���	
 follows now from
the fact that

� � GD���x� y
 � GD�x� y
 � d�y� �U��R�
 � jy � aj� d �
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b
 Consider �rst the situation jy � aj � � jx� aj� Then we have

jx� yj � jx� aj� jy � aj � � jx� aj �

Consider next the ball Bx�jx�yj��
 centered at x with radius jx�yj���
For z � Bx�jx� yj��
 we have

jz � yj � jx� yj � jz � xj � � jx� yj
�

and

jz � aj � jx� aj � jx� zj � jx� aj � jx� yj
�

� jx� aj


�

Hence if jx � aj � � the ball Bx�jx � yj��
 does not intersect Ba��
�
Furthermore� the function u�z
 � GD���z� y
 can be extended in a har�
monic way by the Kelvin transform to the entire ball Bx�jx � yj��
�
From ���	
 it follows that the L� norm of u� kuk�� on this ball satis�
�es

kuk� � C

jx� yj min
n
	�
jy � aj� d

jx� yj
o
�

The inequality ���
 follows now from this last inequality by the Har�
nack principle� To deal with the situation jx� aj � � observe that the
inequality ���
 is just the same as k��x� y
 � C�jx� yj��

We get this last inequality by exactly the same argument as be�
fore� extending the harmonic function GD���z� y
 into the ball Ba��
 as
necessary�

Finally we consider the case jy � aj � � jx� aj� As in Lemma ��	
it follows that jy � xj �  jy � aj��� For z � Bx�jx� aj��
 we have

jy � zj � jy � xj � jz � xj �  jy � aj
�

� jx� aj
�

� � jy � aj
	

�

Furthermore� jz � aj � � jx � aj��� Now consider again the function
u�z
 � GD���z� y
 which can be continued in a harmonic way to the
entire ball Bx�jx � aj��
� By the symmetry of GD�� it follows from
���	
 that

� � u�z
 � C

jz � yj min
n
	�
jz � aj� d

jz � yj
o
�
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The inequality ����
 follows now from this last inequality and the Har�
nack principle�

Next let �� be the domain

�� � fx � R� � jx� aj � �g �
We de�ne Morrey spaces on �� which generalize ���	�
� For 	 � r �
q � � and s � � we say that g � �� �� C is in the weighted Morrey
space Mq

r�s���
 with weight w if

����


Z
Q���

w�x
r jg�x
jr dx � CrjQj��r�q
� �

d�Q


�rs
�

for all cubes Q and constant C� Here d�Q
 � sup fjx�aj � x � Q���g�
The norm of g� kgkq�r�s is then the in�mum of all C such that ����

holds�

Lemma ���� Let T� be the integral operator on functions with domain

�� which has kernel jb�x
j k��x� y
 where b � M�
p � 	 � p � � and k�

satis�es ���
� Then for 	 � r � p� r � q � �� s � �� T� is a bounded

operator on the weighted Morrey space Mq
r�s���
 with weight w given by

����
 w�x
 �
	

min
n
	�

d

jx� aj
o � x � �� �

The norm kT�k of T� satis�es an inequality kT�k � C kbk��p� where C
depends only on r� p� q� s�

Proof� We proceed in a similar way to the proof of Proposition �	�
Consider a dyadic decomposition of R� into cubes Q� For u � �� �� C

we de�ne uQ by

uQ �
d�Q


d
jQj��

Z
���Q

ju�x
j dx � jQj � d� �

uQ � jQj��
Z
���Q

w�x
 ju�x
j dx � jQj � d� �

Let n � Z and Snu�x
 be given by

Snu�x
 � �n
� d

d�Qn


�
uQn � x � Qn �
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where Qn is the unique dyadic cube with side of length �n containing
x� The operator S on functions u � �� �� C is then de�ned as

����
 Su�x
 �
�X

n���

jb�x
jSnu�x
 � x � �� �

Now we can think of the dyadic decomposition as being centered at
some point � � R� � The operator S of ����
 should therefore be more
accurately written as S�� Then� in analogy to ��
 we haveZ

Q���

w�x
r jT�u�x
jr dx � Cr

j!j
Z
�

d�

Z
Q���

w�x
r jS�u�x
jr dx �

where ! is a su�ciently large cube and C is a universal constant� This
follows from the inequality ���
� We can therefore restrict ourselves
to showing that S� is a bounded operator on the weighted Morrey space
for an arbitrary �� Let n� be the smallest integer n such that �n � d�
Then we may write S� � A� B where

Au�x
 �
�X

n�n�

jb�x
jSnu�x
 � x � �� �

Suppose Qm is a dyadic cube with side of length �m where m � n��
Then supw� inf w is bounded above by a universal constant on Qm�
We write Au�x
 � A�u�x
 � A�u�x
� for x � Qm where

A�u�x
 �
�X

n�m

jb�x
jSnu�x
 �

Then we haveZ
Qm���

w�x
r jA�u�x
jr dx � �supw
r
Z
Qm���

jA�u�x
jr dx

� �supw
r Cr
� kbkr��p

Z
Qm���

ju�x
jr dx����


� Cr
� kbkr��p

Z
Qm���

w�x
r ju�x
jr dx �

where C� and C� are constants depending only on r � p� Here we are
using the boundedness of the operator A� as given in ��� Theorem 	���
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Since supw� inf w is bounded above on the dyadic cube Qn� with side
of length �n� which contains Qm we have

jA�u�x
j � jb�x
j
mX

n�n�

�n
Z
Qn���

ju�y
j dy

� C jb�x
j
supw

mX
n�n�

�n
Z
Qn���

w�y
 ju�y
j dy

� C jb�x
j
supw

mX
n�n�

n���r���
�Z

Qn���

w�y
r ju�y
jr dy
���r

� C jb�x
j
supw

mX
n�n�

n���r��� C ��n���r���q�
� �

d�Qn


�s

� C� jb�x
j
supw

jQmj������q
� �

d�Qm


�s
�

Hence we have

����


Z
Qm���

w�x
r jA�u�x
jr dx

� Cr
� jQmjr���r�q

� �

d�Qm


�rs Z
Qm

jb�x
jr dx

� Cr
� kbkr��p jQmj��r�q

� �

d�Qm


�rs
�

If we put this last inequality together with ����
 we conclude thatZ
Qm���

w�x
r jAu�x
jr dx � Cr
� kbkr��p jQmj��r�q

� �

d�Qm


�rs
�

Suppose next that m � n�� Then we haveZ
Qm���

w�x
r jAu�x
jr dx

�
X

Qn�	Qm

Z
Qn�

w�x
r jAu�x
jr dx

�
by �����

X
Qn�	Qm

Cr kbkr��p
Z
Qn�

w�x
r ju�x
jr dx



Estimates on the solution of an elliptic equation �	�

� Cr kbkr��p
Z
Qm

w�x
r ju�x
jr dx �

We conclude therefore that if m � n� then the inequality ����
 holds�
Therefore the operator A is bounded on the weighted Morrey space and
kAk � C kbk��p for some constant C depending only on r� p� q� s�

Next we turn to the operator B� To bound it we follow the same
strategy as in Lemma �	 and Corollary �	� Observe that Bu�x
 is
constant for x � Qn� where Qn� is an arbitrary dyadic cube with side
of length �n� � We can bound Bu�x
 by

jBu�x
j � jb�x
j
n���X
n���

�n
d

d�Qn


Z
���Qn

w�y
 ju�y
j dy �

where the Qn are the unique dyadic cubes with side of length �n

containing Qn� � Hence we have

jBu�x
j � jb�x
j
n���X
n���

�n
d

d�Qn

jQnj����r

�Z
���Qn

w�y
r ju�y
jr dy
���r

� jb�x
j
n���X
n���

n���r���
d

d�Qn

C jQnj��r���q

� �

d�Qn


�s

� C jb�x
j
n���X
n���

n���q���
d

d�Qn


� �

d�Qn


�s

� C� jb�x
j n����q��� d

d�Qn�


� �

d�Qn�


�s
�

Let Qm be a dyadic cube with m � n�� Then if Qm � Qn� we have

Z
Qm���

w�x
r jBu�x
jr dx � max
n
	�
d�Qm


d

or

�
�
C� 

n����q���
d

d�Qn�


� �

d�Qn�


�s�r
�
Z
Qm

jb�x
jr dx

� Cr
� kbkr��p jQmj��r�q

� �

d�Qm


�rs
�
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since
d�Qn�
 � d�Qm
 � jQn� j � jQmj �

Next we consider dyadic cubes Qm withm � n�� Putting Q
� � Qm� one

can easily verify the analogue of Lemma �	� Thus there are constants
�� C � �� depending only on r and p such that

jQj���	� uQ � jQ�j���	� uQ� �

for all dyadic subcubes Q of Q� with jQj � ��n� implies the inequality

Z
Q����

w�x
r
� n�X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p jQ�jurQ� �

Now the analogue of Corollary �	 yields

Z
Q����

w�x
r
� n�X
n�nQ�

jb�x
jSnu�x

�r

dx

� Cr kbkr��p
Z
Q����

w�x
r ju�x
jr dx �

for some constant C depending only on r� p� We conclude therefore that

Z
Q����

w�x
r
� n�X
n�nQ�

jb�x
jSnu�x

�r

dx

� Cr kbkr��p jQ�j��r�q
� �

d�Q�


�rs
�

by virtue of the fact that u is in the weighted Morrey space� Finally we
see just as in Lemma ��� that

Z
Q����

w�x
r
� nQ���X
n���

jb�x
jSnu�x

�r

dx

� Cr kbkr��p jQ�j��r�q
� �

d�Q�


�rs
�

Hence the operator B is bounded on the weighted Morrey space� Since
the operator A is also bounded it follows that T� is bounded�
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Lemma ��	� Let T� be the integral operator on functions with do�

main �� which has kernel jb�x
j k��x� y
 where b �M�
p and k� satis�es

����
� Then for 	 � r � p� r � q� s � � and  � ��q � s � ��r�
T� is a bounded operator on the weighted Morrey space Mq

r�s���
 with

weight w given by ����
� The norm kT�k of T� satis�es an inequality

kT�k � C kbk��p where C depends only on r� p� q� s�

Proof� We follow the same lines as the proof of Lemma ���� Thus for
n � ���	� � � � � let Qn be the cube centered at a with side of length �n

and assume that the integer n� satis�es �n� � d� Then if jx� aj � d
we have the inequality

jT�u�x
j � C jb�x
j
jx� aj

X
jx�aj���n�d

��n uQn �
C jb�x
j d
jx� aj

n�X
n���

�n uQn �

where C is a constant and uQn is an average of u on Qn given by

uQn � jQnj��
Z
Qn�fjx�aj���n��g

ju�x
j dx �

Thus if m � n� we have

Z
Qm���

w�x
r jT�u�x
jr dx

�
Z
Qm���

jT�u�x
jr dx

� Cr
�X

k�m

Z
Qk

�
jb�x
j k

kX
n�n�

��n uQn

�r
dx����


� Cr
�X
k�m

Z
Qk

�
jb�x
j k

n�X
n���

d �n uQn

�r
dx �

Arguing as in Lemma ��� we see that

�X
k�m

Z
Qk

�
jb�x
j k

kX
n�n�

��n uQn

�r
dx

� Cr
� �

sr kbkr��p kukrq�r�s m��r�q	sr��� �



�
� J� G� Conlon and P� A� Olsen

since we are assuming ��q� s � ��r� To bound the second term on the
right in ����
 we estimate

n�X
n���

d �n uQn � kukq�r�s
n�X

n���

d� n���q	s� �s

� C� �
s kukq�r�s d� n����q	s�

� C� �
s kukq�r�s d����q�s �

since � � ��q � s�
Hence

�X
k�m

Z
Qk

�
jb�x
j k

n�X
n���

d �n uQn

�r
dx

� Cr
� �

sr kukrq�r�s d�����q�s�r
�X
k�m

kbkr��p k��r���

� Cr
� �

sr kbkr��p kukrq�r�s m��r�q	sr��� �

since  � ��q�s� We conclude then that ifm � n� there is the estimate

�����


Z
Qm���

w�x
r jT�u�x
jr dx

� Cr
� kbkr��p kukrq�r�s jQmj��r�q

� �

d�Qm


�sr
�

Next we consider the case m � n�� Observe that if jx� aj � d then

jT�u�x
j � C jb�x
j
X

jx�aj���n

�n uQn �

Hence we have for k � n�Z
Qk�fjx�aj���k��g

w�x
r jT�u�x
jr dx

� Cr
� k	�X
n���

d�� �n�k uQn

�r Z
Qk

jb�x
jr dx�
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We have now

k	�X
n���

d�� �n�k uQn �
k	�X

n���

�k kukq�r�s jQnj���q
� �

d�Qn


�s

� C �s kukq�r�s k���	��q	s� �

Combining the last two inequalities we concludeZ
Qk�fjx�aj���k��g

w�x
r jT�u�x
jr dx

� Cr �sr kbkr��p kukrq�r�s k��r�q	sr��� �

Now by summing this last inequality over k� m � k � n� and using the
fact that �����
 holds with m � n� we conclude that �����
 continues
to hold for m � n��

We have shown that g � T�u satis�es the inequality ����
 provided
d�Q
 � jQj���� The inequality ����
 for cubes Q with d�Q
 � jQj���
follows by similar argument�

Proposition ���� Let Qm be a cube with side of length �m� m an

integer� which is contained in the ball U��R� of radius R�� For x � U��R�
let Px�Qm
 be the probability that the drift process started at x hits Qm

before hitting the boundary of U��R�� Then for any � � 	 there exists

� � � such that if kbk��p � � then the inequality ���	�
 holds where the

constant C� depends only on ��

Proof� We follow the same argument as the second proof of Propo�
sition ���� We can choose a point a � Qm such that the ball Ba��
 of
radius � � �m centered at a is a distance larger than �� from �U��R��
Let v�x
 be the probability of the drift process started at x � U��R� of
hitting Ba��
 before �U��R�� Then we have

v�x
 � w��x
 �

Z
�

GD���x� y
 �I � T 
�� b � rw��y
 dy �

where � � U��R�nBa��
 and GD�� is the Dirichlet Green�s function on
�� The function w� is given by ���	�
 and T is the integral operator
with kernel b�x
 � rxGD���x� y
� x� y � ��

We wish to show that b � rw� is in a weighted Morrey space Mq
r�s

with weight given by ����
� where d � d�Qm
� It is an immediate
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consequence of Lemma ��� that this is so provided r� q� s satisfy ���	�

and that

kb � rw�kq�r�s � C���q�� kbk��p �
Now T � T��T� where T� and T� satisfy the conditions of lemmas ����
��� respectively� Since the conditions in these lemmas on r� p� q� s are
exactly the same as in lemmas ��� ���� we have that

����	
 jv�x
� w��x
j �
Z
�

GD���x� y
 jg�y
j dy �

where g is in the weighted Morrey space Mq
r�s�

kgkq�r�s � C���q�� kbk��p �

and �� � q � �� � � s � 	� as well as the inequalities ���	�
 hold�
We need then to estimate the integral on the right in ����	
� If

d�x�Qm
 � d�Qm
 then the inequality ���	�
 is the same as ����
� Hence
we may argue directly as in the second proof of Proposition ���� The
estimates on the integrals I�� I�� I� in ���	�
 are exactly as previously�
since the weight function for our Morrey space is always greater than
	� Hence we may consider the situation when d�x�Qm
 � d�Qm
� We
write Z

�

GD���x� y
 jg�y
j dy �
Z
jx�yj�jx�aj��

�

Z
jy�aj�jx�aj��

�

Z
fjx�yj�jx�aj��� jy�aj�jx�aj��g

� I� � I� � I� �

Then from Lemma ��� we have if jx� aj � �n� �

I� � C
�X

k�n�

k
Z
jx�yj���k

jg�y
j dy

� C
�X

k�n�

k ���q�� kbk��p
� �

�n�

�s
��k�����q�

d

�n�

� C kbk��p
� �

�n�

�s	��q�� d

�n�
�
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as in the estimate of I� in the proof of Proposition ���� Similarly we
can estimate I� as

I� � C

n�X
k���

k
Z
��k�jy�aj���k��

jg�y
j dy

� C
n�X

k���

�k d

Z
��k�jy�aj���k��

w�y
 jg�y
j dy

� C

n�X
k���

�k d ���q��
� �

�k

�s
kbk��p ��k�����q�

� C kbk��p
� �

�n�

�s	��q�� d

�n�
�

provided s� ��q � 	 � ��
Next we write I� as a sum�

I� �

Z
jy�aj�d

�

Z
d�jy�aj�jx�aj��

� I� � I �

We can estimate I� from Lemma ��� as

I� � C
d

��n�

Z
jy�aj�d

jg�y
j dy

� C
d

��n�
���q�� kbk��p d����q

��
d

�s
� C kbk��p

� �

�n�

�s	��q�� d

�n�

� d

�n�

���s���q
� C kbk��p

� �

�n�

�s	��q�� d

�n�
�

since d � �n� �
Finally� from Lemma ��� we have

I � C
�X

k�n�

d

��n�

Z
��k�jy�aj���k��

w�y
 jg�y
j dy

� C
�X

k�n�

d

��n�
���q��

� �

�k

�s
kbk��p ��k�����q�

� C kbk��p
� �

�n�

�s	��q�� d

�n�
�
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since s� ��q � ��
We conclude therefore that there is a constant C such thatZ

�

GD���x� y
 jg�y
j dy � C kbk��p
� �

�n�

�s	��q�� d

�n�
�

The result follows now from this last inequality just as in the proof of
Proposition ����

We can use Proposition ��� to generalize Proposition ��	 to the
case of nontrivial drift b� First we need to modify the de�nition of VS
in ���	
� ���
� For any Q such that Q�U��R� �� � we de�ne a potential
function VQ�� � U��R� �� R which depends on a parameter � � � by

VQ���x
 �

��
� jQj����

� R�

jQj���
��

� x �  Q �

� � otherwise �

With this new de�nition of VQ�� the potential VS�� is de�ned exactly as
in ���
� Thus

VS�� �
X
Q	S

VQ�� �

Proposition ���� Let X�t
 be Brownian motion in R� and Xb�t
 be

the drift process with drift b� Suppose S is a union of cubes with sides

of length � R�� Then for any � � � there exists � � � such that if

kbk��p � � then

Px�Xb hits S before exiting U��R�
 � CEx
h Z 

�

VS���X�t

 dt
i
�

where jxj � R��� Here � is the �rst exit time out of the region U��R�
and C is a constant depending only on �� ��

Proof� It is su�cient for us to assume that S consists of a single
cube Q with side � R� which intersects U��R� � In that case  Q � U��R�
contains a cube Qm with side of length �m which has the same order
of magnitude as the length of Q� In view of Proposition ��� it will be
su�cient for us to show that

Ex
h Z 

�


Qm

�X�t

 dt
i

� c�

��m
R�

�� ��m

�md�x�Qm
 � 	
�
min

n
	�

md�Qm


md�x�Qm
 � 	

o
�����
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for some �� � � � � 	 and constant c� depending only on �� Now the
left hand side of the above inequality is justZ

Qm

GD�x� y
 dy �

where GD is the Dirichlet Green�s function on the ball U��R� � It is easy
to see from the explicit formula for GD that if jxj � R�� thenZ

Qm

GD�x� y
 dy � c ��m

md�x�Qm
 � 	
min

n
	�

md�Qm


md�x�Qm
 � 	

o
�

for some universal constant c � �� Thus the inequality ����
 holds
provided � � 	� ��

Next we generalize Proposition �� to the case of nontrivial b�

Proposition ���� Suppose R� � �� R� � R� and suppose S consists

of cubes of length � R� Let f be a density on the sphere jxj � R and f�
the density on jxj � R� by f propagated by the process with drift b along

paths which do not intersect S� Let � � �� 	 � q ��� 	 � p � �� Then
there exist �� �� � � � depending only on �� p� q such that if kbk��p � ��
kf � Av fkq � � jAv f j and

Avjxj�R Ex

h Z R�

�

VS���X�t

 dt
i
� � �

then

kf� �Av f�kq � � jAv f�j and jAv f�j � jAv f j


�

Proof� We proceed as in Proposition ��� Letting q� satisfy 	�q �
	�q� � 	� we need to show that the operator A de�ned by

Ag�x
 � Ex�g�Xb��R�

" Xb�t
 � S� some t� � � t � �R� �

which maps functions on jxj � R� to functions on jxj � R satis�es an
inequality

kAgkq� � 	��
 kgkq� �
where 	��
 �� � for � �� �� To prove this let 	 � r � q�� Then it is
su�cient to show that

�����
 Ex�jg�Xb��R�

jr� � C kgkrq� � jxj � R �
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for some constant C depending only on r� q� p� �� Now we can write

Ex�jg�Xb��R�

jr� � h�x� jgjri �

where �x is the density of the drift process started at x� jxj � R� on
the sphere jyj � R�� Arguing similarly to the proof of ��� Lemma ����
and using Corollary ��	 we see that for any s� 	 � s � �� we can
choose � � � su�ciently small so that �x is s integrable on jyj � R�

and k�xks � C where C is a universal constant� Now we obtain the
inequality �����
 by choosing s to satisfy 	�s� r�q� � 	 and applying
Holder�s inequality�

�� Auxiliary perturbative estimates�

In this section we shall prove a perturbative theorem which will be
needed in the induction argument of Section �� The theorem is similar
in spirit to the results of sections � and � and our proof will depend on
these� Let �R be the ball of radius R in R� centered at the origin and
suppose a�� a� are points which satisfy ja�j � ja�j � R�� ja��a�j � R�
Thus a� and a� lie on a diameter of �R at a distance R� from the
center� Let Br� be a ball of radius r� � 	�R such that a� � �Br� and
the outward normal to �Br� at a� makes an angle less than ��	�� with
the vector a� � a�� Similarly� let Br� be a ball of radius r� � 	�R such
that a� � �Br� and the outward normal to �Br� at a� makes an angle
less that ��	�� with the vector a� � a�� We shall be interested in the
surfaces D� � B�a�� R��
 � �Br� and D� � B�a�� R��
 � �Br��

Next suppose we have a vector �eld b � R� �� R� and a dyadic
decomposition of R� into cubes Q� For n� an integer and � � � let S
be the set of all dyadic cubes Qn with side of length �n� n � n�� such
that

���	


Z
Qn

jb�x
jp dx � �p jQnj��p�� �

For Q � S and � � � de�ne VQ�� � R� �� R by

VQ���x
 �

��
� jQj����

� �n�

jQj���
��

� x �  Q �

� � otherwise �
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where  Q is the double of Q� The potential V� is then given by

���
 V� �
X
Q�S

VQ�� �

Observe that the potential V� de�ned here is a particular case of the
potential VS�� of Section �� Suppose �� is a density on the surface D��
Then AvD�

�� is the average of �� on D� and k��kD��q� 	 � q � �� is
the Lq norm of �� normalized so that k�kD��q � 	� The theorem we
wish to prove is as follows�

Theorem ���� Let R � �n� n � n�� and �� be a density on D��

Suppose f � M t
r�R

�
 with 	 � r � t� r � p� �� � t � �� Let �� be

the density induced on D� by the paths of the drift process Xb�t
 which
start on D�� avoid the cubes Q � S with jQj � ��n� exit the region

�R � Br� through D�� and satisfy the inequality

Z 

�

jf j �Xb�t

 dt � C�R
����t kfkt�r �

where C� is a constant� Let � � �� � � and suppose

����

	

R

Z
�R

V��x
 dx � � �
��n�n�� �

where � � � is a constant� Then there exists a constant � � 	 depending
only on �� such that if 	 � q � � and C� is su�ciently large� �
su�ciently small� one can �nd constants C�� c� such that

����
 k��kD��q � C� �
n�n� AvD�

��

implies that

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

The constants �� C�� C�� c� can be chosen independent of R�

Remark� Theorem ��	 is rather like the results we have already proven�
In fact� if we take C� � �� � � �� we are in the situation studied in
Section �� The case C� ��� � � �� n � n�� is the situation studied in
Section �� Observe that since the regions D�� D� are not spheres the
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results of sections � and � do not immediately yield a proof of Theorem
��	 in the above mentioned cases�

We shall prove Theorem ��	 in a series of steps starting from the
simplest situation� We �rst consider the case of Brownian motion where
b 	 ��

Lemma ���� Let �� be a density on D� with AvD�
�� � � and ��

the density induced on D� by Brownian paths started on D� which exit

�R�Br� through D�� Then there exists universal constants c�� C� such

that for 	 � q � ��

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

Proof� Suppose g is a function de�ned on D� and let u�x
 � Pg�x
�
x � �R � Br� be given by the solution of the Dirichlet problem

����


���
��

�u�x
 � � � x � �R �Br� �

u�x
 � g�x
 � x � D� �

u�x
 � � � x � ���r � Br�
nD� �

Thus P de�nes a mapping of functions on D� to functions on D�� Let
P � be the adjoint of P de�ned by

hf� PgiD�
� hP �f� giD�

�

where h� � �iD�
� h� � �iD�

are the standard inner products on L��D�
 and
L��D�
 normalized so that k�kD��� � k�kD��� � 	� Then �� and �� are
related by the equation �� � P ���� We have therefore that

AvD�
�� � h��� 	iD�

� hP ���� 	iD�
� h��� P	iD�

�

Thus to show that AvD�
�� � c�AvD�

�� it is su�cient to prove that
P��x
 � c� � � for all x � D�� Hence we need to prove that there is a
universal constant c� � � such that

����
 Px�X�t
 exits �R � Br� through D�
 � c� � x � D� �

To see this let B�� B�� � � � � BN be balls with radius � R having the
following properties�
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a
 Bi � �R � Br� � 	 � i � N � 	� BN is centered at a�� B� is
centered at x�

b
 j�Bi �Bi	�j � R�� 	 � i � N � 	�

Now for 	 � i � N let Si be the sets

Si � fy � �Bi � y � Bi	�� d�y� �Bi	�
 � cRg � 	 � i � N � 	 �

SN � �BN � �R�n�R � Br�
 �

It is clear from a
� b
 that we may choose c � � such that jSij � R��
	 � i � N � Next de�ne p�� � � � � pN�� by

p� � P �BM started at x exits B� through S�
 �

pi � inf
y�Si

P �BM started at y � Si exits Bi	� through Si	�
 �

with 	 � i � N � 	� It is clear from the Poisson formula that there is
a constant c � � such that pi � c� � � i � N � 	� Hence we have

Px�X�t
 exits �R � Br� through D�
 � p� p� � � �pN�� � cN �

Since we can choose N to be an absolute constant the inequality ����

follows�

Next� to show that k��kD��q � C�AvD�
��� we can prove that

jh��� fiD�
j � C�AvD�

�� kfkD��q� �

where 	�q�	�q� � 	� Since h��� fiD�
� h��� PfiD�

and we have already
proved that AvD�

�� � c�AvD�
��� it is su�cient to show that

����
 kPfkD��� � C kfkD��q� �

for some universal constant C� We can prove this last inequality by
observing that jPf�x
j � P jf j�x
� where P is the Poisson kernel for
the ball Br� �

Lemma ���� Let �� be a density on D� with AvD�
�� �� and �� the

density induced on D� by Brownian paths X�t
 started on D� which

exit �R �Br� through D� and satisfyZ 

�

jf j�X�t

 dt � C�R
����t kfkt�r � 	 � r � t � t �

�


�
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Then there exist universal constants c�� C� such that for 	 � q �� and

su�ciently large C�� depending only on r� t� one has the inequalities

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

Proof� Suppose g is a function de�ned on D� and extend g to ���R�
Br�
 by setting g to be zero on the rest of the boundary� Then Pg�x

is de�ned for x � �R � Br� by

Pg�x
 � Ex

h
g�X��

H

�
C�R

����t kfkt�r �
Z 

�

jf j�X�t

 dt
�i

�

where H is the Heaviside function H�z
 � 	� z � �� H�z
 � �� z � ��
Then just as in Lemma ��	 we have �� � P ���� It is furthermore clear
that the inequality ����
 continues to hold� Hence we need only prove
that AvD�

�� � c�AvD�
��� This follows if we can show that

Px
�
X�t
 exits �R �Br� through D�

and

Z 

�

jf j �X�t

 dt � C�R
����tkfkt�r

�
� c� � x � D� �

����


Evidently from the Chebyshev inequality the left hand side of the pre�
vious inequality is bounded below by

Px�X�t
 exits �R �Br� through D�
�
Ex

h Z 

�

jf j �X�t

 dt
i

C�R����t kfkt�r �

If we use now the fact that

Ex
h Z 

�

jf j�X�t

 dt
i
� 	

��

Z
�R

jf�y
j
jx� yj dy � KR����t kfkt�r �

for some constant K depending on t� then it is clear that ����
 holds
and hence the result�

Lemma ���� Let S be a set of dyadic cubes and suppose V� is de�ned

by ���
� Let �� be a density on D� and �� the density induced on D�

as in Theorem ��	� Then if b 	 � the conclusion of Theorem ��	 holds�
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Proof� As in Lemma �� we may con�ne ourselves to proving that
AvD�

�� � c�AvD�
��� Thus we need to showZ

D�

���x
Px
�
X�t
 exits �R �Br� through D�� avoids

cubes Q � S with jQj � ��n andZ 

�

jf j�X�t

 dt � C�R
����tkfkt�r

�
d��x


� c�AvD�
�� �

where � is the surface measure on D� normalized so that ��D�
 � 	�
From Lemmas ��	� �� it will be su�cient to show thatZ

D�

���x
Px
�
X�t
 hits

	
Q�S

jQj����n

Q before exiting �R � Br�

�
d��x


� 	AvD�
�� �����


where 	 is a number which can be chosen arbitrarily small depending
on �� Let Qm be a cube in S with side of length �m� m � n� In view
of the inequality ����
 m must satisfy the inequality

���	�
 ������m�n� � ��� ����
���n�n�� �

whence m � n is larger than a constant times n � n� plus a constant
which may be made arbitrarily large depending on �� Let d�x�Qm
 be
de�ned by d�x�Qm
 � �m if x � Qm� d�x�Qm
 � distance from x to
the center of Qm if x �� Qm� Then as in Section � we haveZ

D�

���x
Px�X�t
 hits Qm before exiting �R � Br�
 d��x


� C

Z
D�

�m ���x


d�x�Qm

d��x


� C
�Z

D�

�mq
�

d�x�Qm
q�
d��x


���q�
k��kD��q� �

where 	�q � 	�q� � 	� We have now that

Z
D�

�mq
�

d�x�Qm
q
� d��x
 � C ��m�n� � 	 � q� � � �
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for some constant C� Hence by the assumption ����
 we conclude that
there is a constant C such thatZ

D�

���x
Px�X�t
 hits Qm before exiting �R � Br�
 d��x


� C ��m�n��q
�

�n�n� AvD�
�� �

It is clear now from ���	�
 that if � satis�ed the inequality

���		
 	 � � � ����
���q������ �

then for any 	 � �� � can be chosen su�ciently small so thatZ
D�

���x
Px�X�t
 hits Qm before exiting �R � Br�
 d��x


� 	AvD�
�� �

Suppose now that m satis�es ���	�
 and Nm is the number of cubes Qm

in S with side of length �m� Then from ����
 it follows that

Nm � � ������m�n������
���n�n�� �

Let gm be the function de�ned by

gm�x
 � Px

�
X�t
 hits

	
Qm�S

Qm before exiting �R � Br�

�
�

Then we have

kgmkD��� �
X
Qm�S

C

Z
D�

�m d��x


d�x�Qm


� CNm ��m�n� � C � ���m�n������
���n�n�� �

Now� using the obvious fact that gm�x
 � 	� we have thatZ
D�

���x
 gm�x
 d��x
 � kgmkD��q� k��kD��q

� kgmk��q
�

D���
k��kD��q

� C ���q
�

���m�n��q
���������n�n���q

�

� �n�n� AvD�
�� �



Estimates on the solution of an elliptic equation ���

Letting m� be the minimum integer m such that ���	�
 holds we con�
clude thatZ

D�

���x
Px

�
X�t
 hits

	
Q�S

jQj����n

Q before exiting �R � Br�

�
d��x


�
�X

m�m�

C ���q
�

���m�n��q
���������n�n���q

�

�n�n� AvD�
��

� C � ���q
�

���m��n��q
���������n�n���q

�

�n�n� AvD�
�� �

If we use the inequality ���		
 we have that

���m��n��q
���������n�n���q

�

�n�n� �

��������m��n�	����
���n�n��
��q

������ � ���q
������ �

from the de�nition of m� and ���	�
� The inequality ����
 immediately
follows from this�

Next we wish to consider the case of nontrivial drift b with � � ��

Lemma ���� Let �� be a density on D� with AvD�
�� �� and �� the

density induced on the sphere �B�a�� R��
 by paths of the drift process

Xb�t
 started on D�� Suppose that b � M�
p and kbk��p � �� Then for

any q� 	 � q ��� and su�ciently small �� depending only on p� q one

has� with D� � �B�a�R��
�

AvD�
�� � AvD�

�� � k��kD��q � C�AvD�
�� �

where C� depends only on p� q� ��

Proof� For y � D� let �y be the Dirac � function concentrated at
y� Then it follows from Corollary ��	 that if hy is the density induced
on D� by �y then khykD��q � C�� for some constant C�� provided � is
su�ciently small� Since

�� �

Z
D�

��y
 �y d��y
 �
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it follows that

k��kD��q �
��� Z

D�

��y
hy d��y

���
D��q

�
Z
D�

��y
 khykD��q d��y


� C�AvD�
�� �

The fact that AvD�
�� � AvD�

�� follows simply from the observation
that u�x
 	 	 is a solution of the equation �u�x
 � b�x
 � ru�x
 � ��

Next let GD�x� y
 be the Dirichlet kernel for �� on the domain
�R � Br� � As in Section � we shall be concerned with the integral
operator T on functions with domain �R � Br� which has kernel kT
given by

���	
 kT �x� y
 � b�x
 � rxGD�x� y
 � x� y � �R � Br� �

Lemma ���� There is a universal constant C such that

���	�
 jrxGD�x� y
j � C

jx� yj� � x� y � �R � Br� �

Proof� Let u�x
 � GD�x� y
� We shall show that there is a universal
constant C such that

���	�
 u�x
 � C

jx� yj min
n
	� d

�
x�
���R � Br�


jx� yj
�o

�

where x � �R � Br�nfyg� The estimate ���	�
 follows from ���	�
 by
using the fact that u is harmonic in �R � Br� � fyg and the Poisson
formula� One can easily prove ���	�
 by constructing a barrier function�
Thus let us suppose that d�x� ���R � Br�

 � jx� yj�� and that x� is
the nearest point on ���R � Br�
 to x� Let x� be the point x� � x� �
c jx�yj �x��x
�jx��xj where c � �� Let Ux � fz � jz�x�j � c jx�yjg�
Then it is clear that we may choose c � 	�� in a universal way so that
�R �Br� � Ux and jz � x�j � jx� yj�� if jz � yj � jx� yj��� Let v�z

be the function

v�z
 � 	� jx� � x�j
jz � x�j � z � Ux �
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Thus v is harmonic in the region �R �Br�nB�y� jx� yj��
 and satis�es
the boundary conditions

v�z
 � � � z � ���R � Br�
 �

v�z
 � 	� � c �
	


� z � �B

�
y�

	

�
jx� yj

�
�

On the other hand u�z
 is also harmonic in the region

�R � Br�nB
�
y�
jx� yj

�

�
and satis�es the boundary conditions

u�z
 � � � z � ���R �Br�
 �

u�z
 � C

jx� yj � z � �B
�
y�

	

�
jx� yj

�
�

where C is a universal constant� It follows then by the maximum prin�
ciple that

���	�
 u�z
 � C
v�z


jx� yj � z � �R �Br�nB
�
y�

	

�
jx� yj

�
�

Observing now that

v�x
 � 	� jx� � x�j
jx� x�j

� 	� jx� � x�j
jx� x�j� jx� � x�j

�
jx� x�j

jx� x�j� jx� � x�j

� jx� x�j
jx� � x�j

�
jx� x�j
c jx� yj �

the inequality ���	�
 follows from ���	�
 on setting z � x�
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The estimates in Lemma ��� can be improved when y is close to
���R�Br�
 but a distance from ��R��Br� In fact one can see this by
using the Kelvin transform just as in the proof of Lemma ���� In par�
ticular we have an estimate similar to Proposition �	 for rxGD�x� y

when y is close to D��

Lemma ���� There exist universal constants� c� C such that if d�y�D�

� cR then

jrxGD�x� y
j � C

jx� yj� min
n
	�
d�y� �Br�


jx� yj
o
� x� y � �R � Br� �

Proof� Suppose d�y�D�
 � cR� Then if c is su�ciently small one
can choose 	� � � 	 � 	�� in a universal way such that the harmonic
function u�z
 � rxGD�x� z
 extends to the entire ball B�y� 	jx� yj
�
This follows by using the Kelvin transform� Furthermore� by Lemma
��� there is a universal constant C such that

���	�
 sup
z�B�y��jx�yj�

ju�z
j � C

jx� yj� �

Let y� be the closest point on �Br� to y and suppose that jy � y�j �
	 jx� yj�� Then from the Poisson integral formula and ���	�
 one has
that jru�z
j � C��jx � yj� for all z on the line segment joining y to
y�� where C� is a constant� Since u�y�
 � � if follows from this that
ju�y
j � C� d�y� �Br�
�jx� yj�� The result easily follows�

We use Lemmas ��� and ��� to show that the operator T with
kernel kT given by ���	
 is a bounded operator on a weighted Morrey
space� Let 
 � � be a parameter and de�ne the weight function w
 on
�R � Br� by

w
�y
 �

��
�

d�y� �Br�


R
� if d�y�D�
 � 
R �

	 � if d�y�D�
 � 
R �

and

w
�y
 �
�
� d�y�D�



R

�d�y� �Br�


R
�
�d�y�D�



R
� 	

�
�

if 
R � d�y�D�
 � 
R�
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Lemma ��	� Let Q be an arbitrary cube which intersects �R�Br� and

suppose

d�Q
 � sup fd�x� �Br�
 � x � Qg �
Then there exists a constant C
 depending only on 
 such that

d�y� �Br�


d�Q

� C
 �
�y


k�
k��Q
� y � Q � �R � Br� �

where k�
k��Q denotes the L� norm of �
 on Q�

Proof� Suppose jQj��� � cR for some constant c � �� Hence there are
constants C�� C�� C� such that d�Q
 � C�R� k�
k��Q � C�� w
�y
 �
C� d�y� �Br�
�R� The inequality ���	�
 clearly follows from this and
so we may assume from here on that jQj��� � cR where c � � is an
arbitrarily small universal constant�

Next suppose that for all y � Q one has d�y�D�
 � 
R� In view
of the de�nition of w
�y
 for d�y�D�
 � 
R the inequality ���	�
 im�
mediately follows� Similarly ���	�
 follows if for all y � Q one has
d�y�D�
 � 
R� Hence we may assume that there exists y � Q such
that 
R � d�y�D�
 � 
R� We put 	 � d�y�D�
�
R � 	� whence
� � 	 � 	� Let � � jQj����
R� Then if jQj��� � cR and c � � is small
we have � � � � 	� One has the inequalities

kw
k��Q � �	� 	 � �

d�Q


R
� 	 � � �

w
�y
 � �	� 	 � �

d�y� �Br�


R
� 	 � � �

Suppose now that  � � 	 � 	�  �� Then

w
�y


kw
k��Q
�

�	� 	
 d�y� �Br�


R
�
	


� �	� 	
 d�Q


R
�

� 	



� 	

�

d�y� �Br�


d�Q

�

since d�y� �Br�
 � d�Q
� Next suppose � � 	 �  �� Since � �
C d�Q
�R for some constant C � � we have that

kw
k��Q � �	 � �C

d�Q


R
�
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On the other hand one also has w
�y
 � d�y� �Br�
��R
 if � is su��
ciently small� Hence ���	�
 holds again� Finally� for 	� � � 	 � 	 one
has w
�y
 � 	� for su�ciently small � and hence ���	�
 holds in this
case also�

For 	 � r � q �� we de�ne the weighted Morrey spaceMq
r�w�

��R
� Br�
 as follows� a measurable function g � �R � Br� �� C is in
Mq

r�w�
��R � Br�
 if w
�y


r jg�y
jr is integrable on �R � Br� and there
is a constant C such that

���	�


Z
Q��R�Br�

w
�y

r jg�y
jr dy � Cr jQj��r�q �

for all cubes Q � R� � The norm of g� kgkq�r�w� is de�ned as

kgkq�r�w� � inffC � ���	�
 holds for all cubes Qg �

Lemma ��
� Suppose b � M�
p � 	 � p � �� and r� q satisfy 	 � r � p�

r � q � �� Then there exists a universal constant 
 � � such that

the operator T with kernel kT given by ���	
 is a bounded operator

on the space Mq
r�w�

��R � Br�
� The norm of T satis�es the inequality

kTk � C kbk��p� where the constant C depends only on r� p� q�

Proof� We follow the same lines as the proof of Proposition �	�
De�ne an integer n� by �n��� � �R � �n� and let Q���
 be the cube
centered at � with side of length �n� � It is clear that for � � �R �Br�

then �R � Br� � Q���
� We de�ne an operator TK on functions u �
�R �Br� �� C which have the property that w
�x
u�x
 is integrable�
To do this we decompose K into a dyadic decomposition of cubes Qn

with sides of length �n� n � n�� For any dyadic cube Q � K with
volume jQj let uQ be de�ned by

uQ � jQj��
Z
Q��R�Br�

w
�x
u�x
 dx �

For n � n� de�ne the operator Sn by

Snu�x
 � �n
uQn

kw
k��Qn

� x � Qn �
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The operator TK is then given by

TKu�x
 �
�X

n�n�

jb�x
jSnu�x
 � x � �R �Br� �

It follows now from Lemmas ���� ���� ��� and Jensen�s inequality that
one can choose 
 in a universal way such that for every cube QZ

Q��R�Br�

w
�x

r jTu�x
jr dx

� Cr

j�R � Br� j
Z
�R�Br�

d�

Z
Q��R�Br�

w
�x

r jTQ����u�x
jr dx �

for some universal constant C� Hence it is su�cient to prove the result
of the lemma for the operator TK �

Next we have the analogue of Lemma �	� Thus let Q� � K be an
arbitrary dyadic subcube of K with side of length �nQ� � Suppose r� p
satisfy the inequality 	 � r � p� Then there are constants �� C � �
depending only on r� p such that jQj���	� uQ � jQ�j���	� uQ� for all
dyadic subcubes Q of Q� implies the inequality

Z
Q�

w
�x

r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p jQ�jurQ� �

The analogue of Corollary �	 follows from this last inequality� Thus
we have for any dyadic subcube Q� � K�

Z
Q�

w
�x

r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p
Z
Q�

w
�x

r ju�x
jr dx �

To complete the proof of the lemma we need to show that for any dyadic
subcube Q� � K one has

Z
Q�

w
�x

r
� nQ���X
n�n�

jb�x
jSnu�x

�r

dx � Cr kbkr��p kukrq�r�w� jQ�j��r�q �

for some constant C� This inequality is clear�

Next we prove the analogue of Lemma ��	�
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Lemma ���� Suppose g is a function de�ned on D� and let Pg�x
�
x � �R � Br�� be the function given by the solution of the Dirichlet

problem ����
� Let r� p� q� q� be as in Lemma ��	� Then if g � Lq�D�

the function b � rPg is in the Morrey space Mq�

r�w�
��R �Br�
 for some

universal 
 � � and

kb � rPgkq��r�w� � CR��q��kbk��p kgkD��q �

Proof� The inequality will follow just as in Lemma ��	 if we can show
that

���	�
 w
�x
 jrPg�x
j � CR���P jgj�x
 � kgkD���
 � x � �R � Br� �

where C is a constant depending only on 
� To prove ���	�
 �rst con�
sider the case where d�x�D�
 � 
R� Since the Harnack principle implies
that

d�x� �Br�
 jrPg�x
j � CP jgj�x
 �
the inequality follows� Next suppose d�x�D�
 � 	R� If d�x� ���R �
Br�

 � cR for an arbitrary constant c � � then the Harnack principle
again implies that

w
�x
 jrPg�x
j � C� jrPg�x
j � C�R
�� kgkD��� �

where C� depends on c� Hence we may assume that d�x�D�
 � 
R
and d�x� ���R � Br�

 � cR where c � � can be arbitrarily small� We
proceed now as in the argument of Lemma ���� Thus let x� be the
nearest point on ���R �Br�
 to x and x� � x� � 	R �x� � x
�jx� � xj�
where 	 is to be chosen depending on 
� c� Let Ux � fz � jz � x�j �
	Rg� Then it is clear that we may choose 	 su�ciently small so that
�R � Br� � Ux and jz � x�j � � 	 R if z � D�� Next let v�z
 �
	�jx��x�j�jz�x�j� z � Ux and W be the region W � fz � �R�Br� �
jz�x�j �  	 Rg� Evidently the functions P jgj�z
 and v�z
 are harmonic
in W and there is a constant C depending on 	 such that

P jgj�z
 � C kgkD���
v�z
 � z � �W �

Hence by the maximum principle this last inequality holds for all z �W �
For c su�ciently small x � W and hence there is a constant C such
that

P jgj�x
 � C kgkD���
d�x� ���R � Br�



R
�
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Using the Harnack principle we immediately conclude that

jrPg�x
j � C
kgkD���

R
�

for some constant C� Hence ���	�
 holds in all cases�

Lemma ����� Let �� be a density on D� � �B�a�� R��
 which satis�es

k��kD��q � C�AvD�
��� Let �� be the density induced on D� by the paths

of the drift process Xb�t
 which start on D� with density �� and exit

the region �R � Br� through D�� Then if b �M�
p � kbk��p � � and � is

su�ciently small there are constants C�� c� such that

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

Proof� Let g � Lq�D�
� We consider the operator Q analogous to
����
� de�ned by

Qg�x
 �

Z
�R�Br�

GD�x� y
 �I � T 
�� b � rPg�y
 dy � x � D� �

Then �� � P ��� �Q���� We shall show just as in Proposition ��	 that
for any q� 	 � q ��� and � su�ciently small Q is a bounded operator
from Lq�D�
 to Lq�D�
 and kQk � C kbk��p� The result follows from
this by the same argument as in Section ��

To prove that Q is bounded we use Lemmas ���� ���� Thus if � is
su�ciently small the function

h�y
 � �I � T 
�� b � rPg�y
 � y � �R �Br� �

is in the weighted Morrey space Mq�
r�w�

��R �Br�
 where q� is given by
����
 and 
 � � is universal� Furthermore by Lemma ��� there is the
bound

khkq��r�w� � CR��q��kbk��p kgkD��q �

For 	 � � let W� � fy � �R � Br� � d�y� �Br�
 � 	Rg and W� �
�R � Br�nW�� It is clear that for 	 and 
 su�ciently small there is a
constant C such that

GD�x� y
 � C
w
�y


jx� yj � y �W� � x � D� �

GD�x� y
 � C
w
�y


R
� y � W� � x � D� �
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Hence we have

jQg�x
j � C

Z
W�

w
�y
 jh�y
j
jx� yj dy�

C

R

Z
W�

w
�y
 jh�y
j dy � x � D� �

Now we argue exactly as in Proposition ��	 to see that kQk � C kbk��p�

Proof of Theorem ���� If � � � and C� � � the result is a
consequence of Lemmas ��� and ��	�� Hence it is su�cient for us to
prove that for � � � small and C� �� large then AvD�

�� � cAvD�
��

for some constant c � �� For C� � � we argue as in Lemma ��
using ��� Theorem 	�	�� For � � � we argue as in Lemma ��� and use
Proposition ����

	� Nonperturbative estimates on the exit probabilities from a

spherical shell�

In this section we shall generalize Corollary �� to the nonpertur�
bative case� The main tool we use to do this is the following nonper�
turbative version of Theorem ��	�

Theorem 	��� Let R � �n� n an integer� n � n�� and �� be a density

on D�� Suppose f � M t
r�R

�
 with 	 � r � t� r � p� �� � t � �� Let

�� be the density induced on D� by the paths of the drift process Xb�t

which start on D�� exit the region �R �Br� through D�� and satisfy the

inequality Z 

�

jf j�Xb�t

 dt � C�R
����t kfkt�r �

where C� is a constant� Then for � � �� 	 � q �� and C� su�ciently

large there exist constants � � 	� �� C�� c� � � such that

k��kD��q � C� �
n�n�AvD�

��

implies that there is a function �� on D� such that ���x
 � ���x
 � ��
x � D�� and

k��kD��q � C�AvD�
�� �

AvD�
�� � c�AvD�

�� exp
�
� �

R

Z
�R

V��x
 dx
�
�
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Remark� Theorem ��	 implies Theorem ��	 when ����
 holds by taking
� � �� We can prove Theorem ��	 under the assumption that b � L�

since none of the constants depend on b� In that case when R �
�n and n is su�ciently large we are in the perturbative case and the
theorem follows again from Theorem ��	�

We shall prove Theorem ��	 by induction� In particular we will
prove that if m is an integer� m � n� and if Theorem ��	 holds for
R � �n� n � m� then it also holds for R � �m� The key fact
in reducing the R � �m case to the case R � �n� n � m� is the
following�

Lemma 	��� For x � D�� z � D�� let �x�z�k be the cylinder whose axis

is the line joining x to z and with radius �k� Let V � �R �� R be a

nonnegative potential� Then there is a universal constant C such thatZ
D�

d��x


Z
D�

d��z


Z
�x�z�k��R

V �y
 dy � C
���k
R�

�Z
�R

V �y
 dy �

where d� denotes the normalized euclidean measures on D�� D��

Proof� Let 
x�z�k

be the characteristic function of the set �x�z�k ��R�

For any y � �R either jy � a�j � R� or jy � a�j � R�� Suppose
jy � a�j � R�� Then there is a universal constant C such thatZ

D�


x�z�k

�y
 d��z
 � C
���k
R�

�
� x � D� �

Similarly if jy � a�j � R� we haveZ
D�


x�z�k

�y
 d��x
 � C
���k
R�

�
� z � D� �

The lemma follows easily from these last two inequalities�

Lemma 	��� For x � D� and � � � let Dx � fy � D� � jy � xj � �g�
Suppose 	� q � 	 and kfkD��q � KAvD�

f � Let G be the set

G � fx � D� � d�x� �D�
 �  �� kfkDx�q � K 	AvDx
fg �

Then there is a universal constant C such thatZ
G

AvDx
f d��x
 �

�
	� 	

	
� C

� �
R

���q�
K
�
AvD�

f �
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Proof� We have

AvD�
f �

	

jD�j
Z
D�

f�y
 dy

�
	

jD�j
Z
D�

f�y

	

jD� � B�y� �
j dy
Z
D�


Dx

�y
 dx �

where 
Dx

is the characteristic function of Dx� Letting Hi � fx � D� �

d�x� �D�
 � i �g� i � 	� � � � � � we can rewrite this last expression as

���	


AvD�
f �

	

jD�j
Z
D�nH�

f�y

	

jD� �B�y� �
j dy
Z
D�


Dx

�y
 dx

�
	

jD�j
Z
H�

f�y

dy

jDxj
Z
D�


Dx

�y
 dx �

Next observe that

	

jD�j
Z
H�

f�y

dy

jDxj
Z
D�


Dx

�y
 dx

�
	

jD�j
Z
H�

f�y

dy

jDxj
Z
D�nH�


Dx

�y
 dx���


�
	

jD�j
Z
H�

AvDx
f dx �

We can bound the �rst term in ���	
 as

	

jD�j
Z
D�nH�

f�y
 dy � jD�nH�j��q�
jD�j��q�

� 	

jD�j
Z
D�

f�y
q dy
���q

�
� jD�nH�j

jD�j
���q�

kfkD��q

� 	


C
� �
R

���q�
KAvD�

f �

for some universal constant C� Similarly we can bound the �rst term
in ���
 by

	

jD�j
Z
D�nH�

f�y
 dy � 	


C
� �
R

���q�
KAv f �
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We conclude from these last two inequalities that

	

jD�j
Z
H�

AvDx
f dx �

�
	� C

� �
R

���q�
K
�
Av f �

Next observe that

	

jD�j
Z
H�nG

AvDx
f dx � 	

jD�jK 	

Z
H�nG

kfkDx�q dx

�
	

jD�jK 	

Z
H�nG

� 	

jDxj
Z
Dx

f�y
q dy
���q

dx

� jH�nGj��q�
jD�jK 	

�Z
H�nG

dx

jDxj
Z
Dx

f�y
q dy
���q

�
� jH�nGj
jD�j

���q� 	

K 	

� 	

jD�j
Z
D�

f�y
q dy
���q

�
� jH�nGj
jD�j

���q� 	

K 	
kfkD��q

� 	

	
AvD�

f �

The lemma follows from this last inequality and ����
�

Let us assume now that Theorem ��	 holds for R � �n with
n � m� m � n�� and consider the case R � �m� If ����
 holds the
theorem is correct so we shall assume that ����
 is violated� Put k� � m
and de�ne an integer k� � k� by

����
 k��k� � 
�
� 	

R

Z
�R

V��y
 dy
����

�

where 
� � � is a �xed integer to be chosen later� Since we are assuming
that

����

	

R

Z
�R

V��y
 dy � � �
��m�n��

and m � n� we should choose 
� to satisfy 
� ���� �  to ensure
k� � k��
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Proposition 	��� Suppose that Theorem ��	 holds for n � m � n�
and that for every z � D� the following inequality holds

����

	

�k�

Z
B�z���k� �

V��y
 dy � � �
��k��n�� �

Then Theorem ��	 holds for R � �m�

Proof� From Lemma ��	 we have that

����


Z
D�

d��x


Z
D�

d��z

	

�k�

Z
�x�z�k���R

V��y
 dy

� C ��k��k��
	

R

Z
�R

V��y
 dy

� �
� ��k��k��
�� �

Next for x � D� and f a function on D� let Avx�k�f be the average of
f on the set D� � B�x� �k���
 and kfkx�k��q be the corresponding Lq

norm normalized so that k�kx�k��q � 	� Let  D� be the set of x � D�

which satisfy the following properties�

a
 d�x� �D�
 � �k� �

b
 k��kx�k��q � C� �
k�	��n� Avx�k��� �

c


Z
D�

d��z


�k�

Z
�x�z�k���R

V��y
 dy � �
���  �k��k��
���� �

In view of Lemma �� we have thatZ
�D�

Avx�k��� d��x


�
�
	� 	

�k�	��k�
� C ��k��k���q

�

�k��n� C�

����


� C ��
�����k��k��
����
��q
�

�k��n� C�

�
AvD�

�� �

Observe that the last term in the previous expression is a consequence
of the restriction c
� In fact� in view of ����
 one has

meas fx � D� � c
 is violatedg
jD�j � �
��� ��k��k��
���� �
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Now from ����
� ����
 it follows that

��k��k���q
�

�k��n� � �
��q
�

�� ��� ��
��k��n���� �k��n� �

Hence if we choose � � �
��� and 
� su�ciently large depending on

�� C� we can have

����


Z
�D�

Avx�k��� d��x
 �
	


AvD�

�� �

For x �  D� we de�ne a subset  D� � D� as the set of z � D� which
satisfy

d
 d�z� �D�
 � �k� �

e

	

�k�

Z
�x�z�k���R

V��y
 dy � �
��� ���k��k��
���� �

From c
� e
 and the Chebyshev inequality we have that

���	�

j  D�j
jD�j � 	� �
��� ��k��k��
���� � C ��k��k�� �

for some universal constant C� Evidently the set  D� depends on x �  D��
Let x �  D�� z �  D�� Then we can use the induction hypothesis to

propagate the density �� restricted to D� � B�x� �k���
 through the
cylinder �x�z�k� � To implement it we choose points x�� x�� � � � � xN with
the property that x� � x� xN � z� jxi�xi	�j � �k���� � � i � N � 	�
such that the balls centered at �xi � xi	�
� with radius ��k�	�� are
contained in �x�z�k� � Finally we insist that N � C k��k� for some
universal constant C�

Consider the ball B� centered at �x�� x�
� with radius ��k�	���
Letting Dx � D� � B�x� �k���
 then from b
 and the induction hy�

pothesis �� restricted to Dx can be propagated to a density �
���
� on

Dx� � �Br � B�x�� 
�k���
 where Br is a ball of radius r � 	� �k���

such that x� � �Br� Furthermore �
���
� satis�es the conditions

k����� kDx�
�q � C�AvDx�

�
���
� �

AvDx�
�
���
� � c�AvDx

�� exp
� ��
�k���

Z
B�

V��x
 dx
�
�
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In view of the above inequalities and the induction assumption we may

propagate �
���
� to a density �

���
� on Dx� � �Br � B�x�� 

�k���
 and

continue to do this until we obtain a density �
�N���
� on DxN��

� �Br �
B�xN��� 

�k���
 with the properties

k��N���� kDxN���q
� C�AvDxN��

�
�N���
� ����		


AvDxN��
�
�N���
�

� cN��� exp
� ��
�k���

Z
�x�z�k�

V��y
 dy
�
AvDx

�� ����	


In the inequalities ���		
� ���	
 the constants C�� c�� � are from The�
orem ��	� They are therefore part of the induction hypothesis� To
ensure that these constants continue to hold on the next level up we

use the assumption ����
� Hence in propagating �
�N���
� to �

�N�
� we may

use the perturbative Theorem ��	� Let us denote the constants C�� c�
in Theorem ��	 by C��perturb and c��perturb to distinguish them from
the corresponding constants C�� c� in Theorem ��	� It is clear that by
choosing 
� large enough we have

���	�
 C� � C��perturb �
k�	��n� �

Hence by Theorem ��	 �
�N���
� propagates to a density �

�N�
� on DxN �

D� � B�z� �k���
 which has the properties

k��N�
� kDxN �q

� C��perturbAvDxN
�
�N�
� ����	�


AvDxN
�
�N�
� � c��perturb c

N��
�

� exp
� ��
�k���

Z
�x�z�k���R

V��y
 dy
�
AvDx

�� ����	�


Evidently we can assume c� � 	 and c� � c��perturb� Hence the inequal�
ity ���	�
 yields

AvDxN
�
�N�
� � exp

�
�N log

�	
c �

�
� �

�k���

Z
�x�z�k���R

V��y
 dy
�

�AvDx
��

� exp
�
� C k��k� log

� 	

c�

�
� ��
��� ���k��k��
����

�
�AvDx

�� �
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upon using e
 and the fact that N � C k��k� � Observe now that

C k��k� log
� 	

c�

�
�  � �
��� ���k��k��
����

� � ��k��k��
��

�
�C 
� log

� 	

c�

�
�

���k��k��
�� � ��
��� ��k��k��
����
�
�

In view of the assumption ����
 we can choose 
� dependent only on �
such that

��
��� ��k��k��
���� �
	

�
�

With this choice of 
� and arbitrary c�� � � c� � 	 we can choose � � �
such that

��� C 
� log
� 	

c�

�
���k��k��
�� �

	

�
�

Hence it follows that

���	�
 AvDxN
�
�N�
� � exp

�
� �

R

Z
�R

V��y
 dy
�
AvDx

�� �

We wish to de�ne the density �� on D�� For x �  D� let

	�k�
 � jD� � B�x� �k���
j �
Evidently 	�k�
 is independent of x and 	�k�
 � ��k� � Also

���	�
 ���y
 �
Z
D�

	�k�

�� ���y
Dx

�y
 dx � y � D� �

where 
Dx

is the characteristic function of Dx � D� � B�x� �k���
�

For x �  D�� z �  D� let �x�z� be the density �
�N�
� de�ned above� Thus

�x�z� �y
 �

�
�
�N�
� �y
 � y � DxN �

� � y � D�nDxN �

It follows then from ���	�
 that the density �� induced on D� by �� as
in Theorem ��	 satis�es

���	�
 ���y
 �
Z
�D�

dx

	�k�
 j  D�j

Z
�D�

�x�z� �y
 dz � y � D� �
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From ���	�
 and the above we have that

AvD�
�� � exp

���
R

Z
�R

V��y
 dy
� 	

jD�j
Z
�D�

AvDx
�� dx �

Now if we use the inequality ����
 we conclude that

AvD�
�� � c� exp

���
R

Z
�R

V��y
 dy
�
AvD�

�� �

provided c� is su�ciently small� This last inequality is consistent with
the lower bound on AvD�

�� in Theorem ��	�
It seems reasonable from the previous argument that we shall de�ne

�� by the right hand side of ���	�
� We need to be more subtle than
this in order to keep control of k��kD��q as required by Theorem ��	�
We accomplish this by insisting that the integral of �x�z� is independent
of z �  D�� In view of ���	�
 we may insist that

���	�
 AvDz
�x�z� � exp

�
� �

R

Z
�R

V��y
 dy
�
AvDx

�� � z �  D� �

Then the density �� is de�ned like the right hand side of ���	�
 by

����
 �� �

Z
�D�

dx

	�k�
 j  D�j

Z
�D�

�x�z� dz �

Evidently AvD�
�� satis�es the lower bound of Theorem ��	� To estimate

k��kD��q we use the Minkowski inequality� Thus

���	
 k��kD��q �
Z
�D�

dx

	�k�


��� 	

j  D�j

Z
�D�

�x�z� dz
���
D��q

�

Now we have

��� 	

j  D�j

Z
�D�

�x�z� dz
���q
D��q

�
	

jD�j
Z
D�

� 	

j  D�j

Z
�D�

�x�z� �y
 dz
�q

dy �

Observe next that �x�z� �y
 � � if jz � yj � �k� � whence

�Z
�D�

�x�z� �y
 dz
�q
� Cq ��k��q���

Z
�D�

�x�z� �y
q dz �
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for some universal constant C� Hence

��� 	

j  D�j

Z
�D�

�x�z� dz
���q
D��q

� Cq

jD�j
Z
D�

��k��q���

j  D�jq
dy

Z
�D�

�x�z� �y
q dz

�
Cq ��k��q���

jD�j j  D�jq
Z
�D�

dz

Z
D�

�x�z� �y
q dy

� Cq ��k��q���

jD�j j  D�jq
���


�
Z
�D�

��k� Cq
��perturb

�
AvDz

�x�z�

�q
dz �

If we use now this last inequality together with ���	�
 and ���	
 we
can conclude that

k��kD��q � C C��perturb exp
�
� �

R

Z
�R

V��y
 dy
�
Z
�D�

AvDx
�� dx

�jD�j j  D�jq��
��q
�

It follows from ���	�
 that we can choose 
� su�ciently large depending
only on � so that �jD�j j  D�jq��
��q � jD�j�� In view of ���	�
 we have
that

AvD�
�� � exp

�
� �

R

Z
�R

V��y
 dy
� 	

jD�j
Z
�D�

AvDx
�� dx �

We conclude therefore that

����
 k��kD��q � C C��perturb AvD�
�� �

where C is a universal constant� Theorem ��	 follows then if we have
C C��perturb � C�� This inequality is consistent with the inequality
���	�
 provided we choose 
� large enough�

Remark ���� The assumption ����
 is only used in concluding ����
�
If we did not assume ����
 then the constant in ����
 would be C C�

and we obviously cannot conclude that C C� � C� if C � 	�

Proof of Theorem ���� The idea is to extend the argument of
Proposition ��	 until a perturbative situation holds at the boundary of
D�� This will require introduction of further cylindrical decompositions
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until we are in a situation where ����
 holds� We begin as in Proposition
��	 by de�ning k� � m� k� by ����
 and assume that ����
 holds� To
simplify notation we shall refer to the set D� from here on in this proof
as E�� and the density �� on D� as ��

The set  D� is de�ned exactly as in Proposition ��	 by a
� b
� c

following ����
� For x� �  D� we de�ne a subset  E� � E� which depends
on x� similarly to the set  D� of Proposition ��	� Thus we de�ne it by
the conditions d
� e
 following ����
 but we also impose the requirement
����
� Thus z� �  E� if

d���
 d�z�� �E�
 � �k� �

e���

	

�k�

Z
�x��z��k���R

V��y
 dy � �
��� ���k��k��
���� �

f���

	

�k�

Z
B�z����k��

V��y
 dy � � �
��k��n�� �

The set  F� � E� is de�ned as the set of z� � E� for which d���
�
e���
 above hold but not f���
� The inequality ���	�
 yields therefore the
inequality

����

j  E�   F�j
jE�j � 	� �
��� ��k��k��
���� � C ��k��k�� �

Evidently if 
� is su�ciently large depending on � the right hand side
of the above inequality is strictly positive�

Now for x� �  D�� z� �  E� we can as in Proposition ��	 propagate
the density � restricted toD��B�x�� 

�k���
 to a density �x��z� on E��
B�z�� 

�k���
 whose average value and �uctuation we can control ex�
actly as in Proposition ��	� Next suppose z� �  F�� Then we may use the
induction hypothesis to propagate � restricted to E��B�z�� 

�k���
 to a
density �x��z� which is concentrated on a set D� � �Br �B�x� �k���

and x has the property that B�x� �k���
 � B�z�� 

�k���
 � �R but
has no intersection with B�z�� 

�k���
� The density �x��z� on D� cor�

responds to �
�N���
� in Proposition ��	 and can be controlled by the

inequalities ���		
 and ���	
�

For z� �  F� we de�ne k� by

k��k� � 
�
� 	

�k�

Z
B�z����k��

V��y
 dy
����

�
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Thus k� has the same relationship to k� as k� has to k�� but now it
depends on the variable z� �  F�� Let E� � B�z�� 

�k���
 � E� and
de�ne  D� in analogy with  D�� Thus  D� � D� and x� �  D� if

a���
 d�x�� �D�
 � �k� �

b���
 k�x��z�kx��k��q � C� �
k�	��n� Avx��k��x��z� �

c���


	

jE�j
Z
E�

dz�
�k�

Z
�x��z��k��B�z���

�k��

V��y
 dy

� �
��� �k��k��
���� �

By ���		
 we have that k�x��z�kD��q � C�AvD�
�x��z� � In analogy

to the derivation of ����
 we have that

	

jD�j
Z
�D�

Avx��k��x��z� dx� � AvD�
�x��z�

�
�
	� 	

�k�	��n�
� C ��k��k���q

�

C�����


� C ��k��k����q
�

C�

�
�

For x� �  D� we de�ne a subset  E� � E� in analogy to E�� Thus z� �  E�

if

d���
 d�z�� �E�
 � �k� �

e���

	

�k�

Z
�x��z��k��B�z���

�k��

V��y
 dy � �
��� ���k��k��
���� �

f���

	

�k�

Z
B�z����k��

V��y
 dy � � �
��k��n�� �

The subset  F� � E� is the set of z� � E� for which d���
 and e���

hold but not f���
� In analogy with ����
 we have the inequality

j  E�   F�j
jE�j � 	� �
��� ��k��k��
���� � C ��k��k�� �

For x� �  D�� z� �  E� we use Proposition ��	 to propagate the density
�x��z� restricted toD��B�x�� 

�k���
 to a density on E��B�z�� 
�k���
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whose average value and �uctuation we can control� This density is de�
noted by �x��z��x��z� � Just as previously if z� �  F� we use the induction
hypothesis to propagate �x��z� restricted to D� � B�x�� 

�k���
 to a
density �x��z��x��z� concentrated on a set D� � B�x� �k���
 � �Br�
The point x is to be chosen similarly to before� Thus we require that
B�x� �k���
 is contained in B�z�� 

�k���
��R but has no intersection
with B�z�� 

�k���
�
Evidently we may continue this process by induction� Thus we ob�

tain densities �x��z� � �x��z��x��z� � � � � � �x��z��x��z������xr�zr����� where �x��z� is

de�ned for x� �  D� � D�� z� �  E��x�
 � E�� The function �x��z��x��z�
is de�ned for x� �  D� � D�� z� �  F��x�
 � E�� x� �  D��x�� z�
 �
D��x�� z�
� z� �  E��x�� z�� x�
 � E��z�
� Here we have shown the de�
pendence of the sets  E��  E� etc� on the variables x�� x�� z�� z�� More
generally the density �x��z�����xr �zr is de�ned for x� �  D� � D�� z� �
 F��x�
 � E�� � � � �

xr�� �  Dr���x�� z�� � � � � xr��� zr��
 � Dr���x�� z�� � � � � xr��� zr��
 �

zr�� �  Fr���x�� z�� � � � � xr��� zr��� xr��
 � Er���zr��
 �

xr �  Dr�x�� z�� � � � � xr��� zr��
 � Dr�x�� z�� � � � � xr��� zr��
 �

zr �  Er�x�� z�� � � � � xr��� zr��� xr
 � Er�zr��
 �

Letting � be the density � propagated to E�� it is clear by analogy with
���	�
 that we have

� �
Z
�D�

dx�
	�k�


Z
�E�

dz�

j  E�   F�j
�x��z�

�

Z
�D�

dx�
	�k�


Z
�F�

dz�

j  E�   F�j

Z
�D�

dx�
	�k�


�
Z
�E�

dz�

j  E�   F�j
�x��z��x��z�����


� � � ��
Z
�D�

dx�
	�k�


Z
�F�

dz�

j  E�   F�j
� � �
Z
�Dr

dxr
	�kr


�
Z
�Er

dzr

j  Er   Frj
�x��z������xr�zr

� � � � �
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where 	�k
 � ��k� Observe that the previous sum is �nite� In fact kr
is de�ned by

����
 kr�kr�� � 
�
� 	

�kr��

Z
B�zr����

�kr���

V��y
 dy
����

�

and one also has the inequality

	

�kr��

Z
B�zr����

�kr���

V��y
 dy � � �
��kr���n�� �

Since we may assume b � L��R�
 this last inequality cannot hold for
arbitrarily large kr��� whence r is bounded since kr � kr�� � 	� The
last two inequalities imply that

kr�kr�� � 
��� �
��kr���n��
��� �

and hence

����
 kr � n� �
�
	 �

��

�

�
�kr�� � n�
 � 	 �

if we choose 
� to satisfy 
����� � � Thus kr � n� is increasing
exponentially fast as a function of r� Next we shall show that the
di�erence kr � kr�� actually decreases� To see this observe that

	

�kr

Z
B�zr ���kr �

V��y
 dy

� 	

�kr

Z
�xr�zr�kr�B�zr����

�kr���

V��y
 dy

� �
���
� 	

�kr��

Z
B�zr����

�kr�� �

V��y
 dy
������

� �
����� �
��kr���n��
�����

	

�kr��

Z
B�zr����

�kr���

V��y
 dy �

Here we have used the de�nition ����
 of kr and the condition e�r�

corresponding to e���
� Hence from ����
 we have the inequality

��kr���kr�
�� � �
����� �
��kr���n��
����� ��kr�kr���
�� �
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It follows that we may choose 
� large enough depending only on � such
that

����
 kr�kr�� � 	

r
k��k� �

We shall use ����
� ����
� ����
 to get a lower bound on AvE���
Suppose x� �  D�� z� �  F�� x� �  D�� z� �  F� � � �xr�� �  Dr��� zr�� �
 Fr��� xr �  Dr� Then in analogy to ���	
 we have from the induction
hypothesis that if zr �  Fr�Z

Dr��

�x��z������xr�zr �y
 dy

�
Z
Dr�B�xr ���kr���

�x��z�����xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� �

�kr

Z
�xr�zr�kr�B�zr����

�kr���

V��y
 dy
�
�

Using now the condition e�r�
 corresponding to e���
 we conclude

Z
Dr��

�x��z������xr�zr �y
 dy

�
Z
Dr�B�xr ���kr���

�x��z�����xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� � �
��� ���kr�kr���
����

�
�

�����


Similarly if zr �  Er then

Z
E�

�x��z����� �xr�zr �y
 dy

�
Z
Dr�B�xr ���kr���

�x��z�����xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� � �
��� ���kr�kr���
����

�
�
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Consequently we have that

Z
�Dr

dxr
	�kr


�Z
�Fr

dzr

j  Er   Frj

Z
�Dr��

�x��z������xr�zr �y
 dy

�

Z
�Er

dzr

j  Er   Frj

Z
E�

�x��z������xr�zr �y
 dy
�

�
Z
�Dr

dxr
	�kr


Z
Dr�B�xr���kr���

�x��z������xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� � �
��� ���kr�kr���
����

�
�

Next observe that in analogy to ����
 we have

Z
�Dr

dxr
	�kr


Z
Dr�B�xr���kr���

�x��z�����xr���zr���y
 dy

�
Z
Dr

�x��z������xr���zr���y
 dy

�
�
	� 	

�kr	��n�
�C ��kr�kr����q

�

C��C ��kr�kr�����q
�

C�

�
�

It is clear from ����
 that there is a constant a � 	 such that

����	

	

�kr	��n�
� C ��kr�kr����q

�

C� � C ��kr�kr�����q
�

C� �
	

ar
�

r � 	� � � � � � From the last three inequalities and ����
 we conclude
that

Z
�Dr

dxr
	�kr


�Z
�Fr

dzr

j  Er   Frj

Z
Dr��

�x��z������xr�zr �y
 dy

�

Z
�Er

dzr

j  Er   Frj

Z
E�

�x��z������xr�zr�y
 dy
�

�
�
	� 	

ar

�Z
Dr

�x��z������xr���zr���y
 dy

� exp
�
� C

r
k��k� log

� 	

c�

�
� � �
���

C����

��r��
���k��k��
����

�
�
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for some constant C depending only on �� We may apply the previous
inequality inductively to ����
 to obtainZ

E�

��y
 dy �
�Y
r��

�
	� 	

ar

�Z
D�

��y
dy

� exp
�
� C k��k� log

� 	

c�

� �X
r��

	

r

� � �
���C���� ���k��k��
����
�X
r��

	

��r��

�
�

Now we argue exactly as in Proposition ��	 to verify that AvE�� is
bounded below as the induction hypothesis requires�

Just as in Proposition ��	 we cannot de�ne �� by the right hand side
of ����
 since we cannot then control the �uctuation of �� in terms of its
average value� We proceed as in Proposition ��	 by generalizing ���	�
�
Thus we prescribe the averages of the densities �x��z� � �x��z��x��z����� �
First we modify ���	�
 by insisting that

����


Z
E�

�x��z��y
 dy � e���
Z
D��B�x����k����

��y
 dy � z� �  E� �Z
D�

�x��z��y
 dy � e���
Z
D��B�x����k����

��y
 dy � z� �  F� �

where �� is a constant which satis�es

�� � C k��k� log
� 	

c�

�
� � �
��� ���k��k��
���� �

In view of �����
 this is clearly possible� More generally� let x� �  D��
z� �  F�� x� �  D�� z� �  F�� � � � � xr �  Dr Then from �����
 we can insist
that Z

E�

�x��z������xr�zr �y
 dy

� e��r
Z
Dr�B�xr ���kr���

�x��z������xr���zr���y
 dy � zr �  Er �

Z
Dr��

�x��z������xr�zr �y
 dy

�����


� e��r
Z
Dr�B�xr ���kr���

�x��z������xr���zr���y
 dy � zr �  Fr �
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where �r is a constant satisfying the inequality

�r � C

r
k��k� log

� 	

c�

�
� � �
���

C����

��r��
���k��k��
���� �

for some constant C depending only on �� Now we de�ne �� by altering
the right hand side of ����
 to

�� �

Z
�D�

dx�
	�k�


Z
�E�

dz�

j  E�   F�j
�x��z� exp

�
�

�X
j��

�j

�

� � � ��
Z
�D�

dx�
	�k�


Z
�F�

dz�

j  E�   F�j
� � �
Z
�Dr

dxr
	�kr


�
Z
�Er

dzr

j  Er   Frj
�x��z������xr�zr exp

�
�

�X
j�r	�

�j

�
� � � � �

We consider the problem of estimating k��kE��q by writing �� as

�� �

Z
�D�

dx�
	�k�


Z
�E�� �F�

dz�

j  E�   F�j
�x��z� �

in analogy with the representation ����
 of proposition ��	� We argue
now as in Proposition ��	� using the Minkowski inequality to obtain the
bound

�����
 k��kE��q �
Z
�D�

dx�
	�k�


��� Z
�E�� �F�

dz�

j  E�   F�j
�x��z�

���
E��q

�

Since �x��z��y
 � � if jz� � yj � �k� we have just as in ���
 the
inequality

�����


��� Z
�E�� �F�

dz�

j  E�   F�j
�x��z�

���
E��q

� C ��k��q
�

j  E�   F�j
�Z

�E�� �F�

k�x��z�kqq dz�
���q

�

where 	�q � 	�q� � 	� C is a universal constant and k�x��z�kq is the
unnormalized Lq norm on E�� Now

�x��z� � exp
�
�

�X
j��

�j

�
�x��z� � z� �  E� �
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whence

k�x��z�kqq � exp
�
� q

�X
j��

�j

�
k�x��z�kqq

� exp
�
� q

�X
j��

�j
�
�k��q���Cq Cq

��perturb

�Z
E�

�x��z��y
 dy
�q

� exp
�
� q

�X
j��

�j

�
�k��q���Cq Cq

��perturb

�
�Z

D��B�x����k����

��y
 dy
�q
�

by ����
 where C is a universal constant� Let us assume now that for
z� �  F� there is a universal constant C such that

�����


k�x��z�kqq � exp
�
� q

�X
j��

�j

�
�k��q���Cq Cq

��perturb

�
�Z

D�

�x��z��y
 dy
�q

� exp
�
� q

�X
j��

�j
�
�k��q���Cq Cq

��perturb

�
�Z

D��B�x����k����

��y
 dy
�q
�

Then we have that�Z
�E�� �F�

k�x��z�kqq dz�
���q

� j  E�   F�j��q exp
�
�

�X
j��

�j
�

� �k��q� C C��perturb

Z
D��B�x����k����

��y
 dy �

It follows now from �����
� that

k��kq �
Z
�D�

	

j  E�   F�j��q�
exp

�
�

�X
j��

�j

� dx�
	�k�
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�C C��perturb

Z
D��B�x����k����

��y
 dy�����


� C C��perturb

jD�j��q� exp
�
�

�X
j��

�j
�Z

D�

��y
 dy �

by making the ratio of jD�j to j  E�   F�j close to unity� This can be
arranged in view of d���
� e���
 by choosing 
� large� It follows from
this last inequality that

�����
 k��kE��q � C C��perturb exp
�
�

�X
j��

�j
�
AvD�

� �

where C is a universal constant�

We shall show now that the inequality �����
 holds in general� To
do this we shall prove by induction that �����
 holds� Thus for x� �  D��
z� �  F�� � � � � xr �  Dr� zr �  Er�

�x��z������xr�zr � exp
�
�

�X
j�r	�

�j
�
�x��z������xr�zr �

For x� �  D�� z� �  F�� � � � � xr �  Dr� zr �  Fr�

�����


�x��z������xr�zr �

Z
�Dr��

dxr	�
	�kr	�


�
Z
�Er��� �Fr��

dzr	�

j  Er	�   Fr	�j
�x��z������xr���zr�� �

We now make the inductive assumption that for zr	� �  Fr	��

k�x��z�����xr���zr��kqq � exp
�
� q

�X
j�r	�

�j

�
	�kr	�


��q���Cq Cq
��perturb

�
� Z

Dr��

�x��z������xr���zr���y
 dy
�q�

	 �
	

ar	�

�
������


where a � 	 is some number to be speci�ed and C is universal� To
verify the assumption for �x��z������xr�zr � zr �  Fr� we argue as before
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using �����
� Thus

k�x��z������xr�zrkqq �
�Z

�Dr��

dxr	�
	�kr	�


�
���Z

�Er��� �Fr��

dzr	�

j  Er	�   Fr	�j
�x��z������xr���zr��

���
q

�q

�
�Z

�Dr��

dxr	�

	�kr	�
��q j  Er	�   Fr	�j

�
�Z

�Er��� �Fr��

k�x��z������xr���zr��kqq dzr	�
���q�q

�

Now for zr	� �  Er	� we have

k�x��z������xr���zr��kqq � exp
�
� q

�X
j�r	�

�j

�
k�x��z������xr���zr��kqq

� exp
�
� q

�X
j�r	�

�j
�
	�kr	�


��q���Cq
��perturb

�
�Z

E�

�x��z������xr���zr���y
 dy
�q

� exp
�
� q

�X
j�r	�

�j

�
	�kr	�


��q���Cq
��perturb

�
�Z

Dr���B�xr����
�kr�����

�x��z������xr�zr �y
 dy
�q
�

by �����
 and Theorem ��	� From the induction assumption �����
 and
�����
 we have that if zr	� �  Fr	� then

k�x��z������xr���zr��kqq � exp
�
� q

�X
j�r	�

�j

�
	�kr	�


��q���Cq Cq
��perturb

�
�Z

Dr���B�xr����
�kr�����

�x��z������xr�zr �y
 dy
�q

�
�
	 �

	

ar	�

�
�
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It follows then from these last three inequalities that

k�x��z������xr�zrkqq � exp
�
� q

�X
j�r	�

�j

�
Cq Cq

��perturb

�
	 �

	

ar	�

�

�
�Z

�Dr��

dxr	�

	�kr	�
 j  Er	�   Fr	�j��q�

�
Z
Dr���B�xr����

�kr�����

�x��z������xr�zr �y
 dy
�q
�

We have now thatZ
�Dr��

dxr	�

	�kr	�
 j  Er	�   Fr	�j��q�

�
Z
Dr���B�xr����

�kr�����

�x��z������xr�zr �y
 dy

� Cr 	�kr

���q�

Z
Dr��

�x��z������xr�zr�y
 dy �

where we need

Cr �
� 	�kr


j  Er	�   Fr	�j
���q�

� xr	� �  Dr	� �

From d�r	��
� e�r	��
 it is clear we can choose a � 	 so that

� jEr	�j
j  Er	�   Fr	�j

�q��
�

	 �
	

ar

	 �
	

ar	�

� Cq
r �

We conclude that

k�x��z������xr�zrkqq � exp
�
� q

�X
j�r	�

�j

�
	�kr


��q���Cq Cq
��perturb

�
� Z

Dr��

�x��z������xr�zr �y
 dy
�q�

	 �
	

ar

�
�

Thus we have veri�ed the induction hypothesis �����
 at the next level
down� Setting r � 	 in this last inequality yields �����
�
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The proof of the theorem will be complete if we can show that

����	
 AvE��� � c exp
�
�

�X
j��

�j

�
AvD�

� �

where the constant c is independent of the constant C� in the statement
of Theorem ��	� We can prove this in an exactly similar way to the proof
of �����
� Our induction assumption here is that for zr	� �  Fr	��Z

E�

�x��z������xr���zr���y
 dy

� exp
�
�

�X
j�r	�

�j
��

	� 	

ar	�

�Z
Dr��

�x��z������xr���zr���y
 dy �

If we use now �����
� �����
 and ����	
 we can verify the induction
hypothesis on the next level down� The �uctuation bound on �� in
Theorem ��	 follows from �����
 and ����	
 if we choose the constant
C� in the induction assumption su�ciently large�

We will use Theorem ��	 to obtain estimates on the exit proba�
bility from a spherical shell� To do this we use the function a��n�s�p�x

de�ned in �	��
 in terms of the number of nonperturbative cubes in�
side the sphere of radius �n centered at x� Let us suppose now that
a��n���s�p��
 � 	 so that we are in the nonperturbative situation and
a��n���s�p��
 � n��n� n� � n� If we de�ne V� by ���
 then we have�

Lemma 	��� Suppose � � � � s � � Then there is a constant C�
depending only on � such that

	

�n

Z
B�����n�

V��x
 dx � C� a��n���s�p��

� �

Proof� Clearly there is a universal constant C such thatZ
B�����n�

V��x
 dx �
�X

m�n�

��m�n�� �mNm �

where Nm is the number of dyadic cubes with side of length �m con�
tained in the ball B��� �n	�
 such that ���	
 holds� In view of the fact
that

Nm � �m�n����s� a��n���s�p��

s � �m�n����s� �n��n�s �
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it follows thatZ
B�����n�

V��x
 dx � �n ��n��n�
�X

m�n�

�m�n����	��s�

� C� 
�n a��n���s�p��


s�

since � � s� �

Theorem 	��� Let f be a density on the sphere jxj � �n� Suppose the
drift process started on jxj � �n with density f induces a density f� on
the sphere jxj � �n	� when it exits the spherical shell f�n�� � jyj �
�n	�g� Then there exist constants C�� C� such that if 	 � q �� and

kfkq � C�Av f there is a density f� on jxj � �n	� with � � f� � f�
such that kf�kq � C�Av f� and

Av f� � exp ��C� a��n���s�p��

Avf �

provided a��n���s�p��
 � 	� The Lq norm here is normalized so that

k�kq � 	�

Proof� For jxj � �n� jzj � �n	� we consider cylinders �x�z�k with
k de�ned by

k�n � 
� a��n���s�p��
 �

De�ning n� by a��n���s�p��
 � n��n� it follows that k � 
� � n��
Letting D� � fjxj � �ng� E� � fjxj � �n	�g it follows from Lemma
��	� ��� that

	

jD�j
Z
D�

dx

jE�j
Z
E�

dz

�k

Z
�x�z�k�B�����n���

V��y
 dy

� C n�k
� 	

�n

Z
B�����n���

V��y
 dy
�

� C n�k ��n��n� � C ��
� k�n �

We follow now the lines of the proof of Proposition ��	 and use Theorem
��	 to propagate the drift process through the cylinder� Let D�

� be the
set of x � D� such that

����


	

jE�j
Z
E�

dz

�k

Z
�x�z�k�B�����n���

V��y
 dy

� �
��� �k�n�
�� �
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It follows by Chebyshev from the last two inequalities that

jD�
�j

jD�j � 	� C �
��� �

Next we have by the argument of Lemma �� thatZ
D�nD�

�

dx

��k

Z
D��B�x���k���

f�y
 dy � �C �
���
��q
�

C�AvD�
f �

For x � D� let kfkx�k be the Lq norm on D� �B�x� �k��
 normalized
so that k�kx�k � 	� Let D��

� be the set of x � D� such that

kfkx�k � C��thm �k�n� Avx�kf �

where C��thm denotes the constant C� of Theorem ��	 and � is the same
constant as in the statement of the theorem� We choose 
� su�ciently
large so that C� � C��thm�

k�n� � Since 
� � k � n� this is certainly

possible� Setting  D� � D�
� � D��

� � we conclude on taking 	 � 	� in
Lemma �� thatZ

�D�

dx

��k

Z
D��B�x���k���

f�y
 dy � 	

�
AvD�

f �

provided 
� is su�ciently large�
Next for x �  D� let  E� be the set of z � E� such that

	

�k

Z
�x�z�k�B�����n���

V��y
 dy � �
��� �k�n�
�� �

It follows from ����
 that

j  E�j
jE�j � 	� �
��� �

Now we use Theorem ��	 to propagate the density f restricted to D� �
B�x� �k��
 through the cylinder �x�z�k to E� � B�z� �k��
� Let fx�z
be this propagated density� In view of �����
 we can arrange for this
density to satisfyZ

E��B�z���k���

fx�z�y
 dy � e��
Z
D��B�x���k���

f�y
 dy �
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where � � C k�n for some constant C� Theorem ��	 also yields an
estimate on the �uctuation of fx�z� Thus

kfx�zkq � C��thmAv fx�z �

The propagated density f� is de�ned now by

f� �

Z
�D�

dx

��k

Z
�E�

fx�z dz �

We can argue now exactly as in Proposition ��	 to conclude that

AvE�f� � exp ��C k�n
AvD�
f �

kf�kq � C��thmAvE�f� �

The result follows by taking C� � C��thm�


� Proof of Theorem ����

Here we follow closely the argument of ��� Section ��� In fact we
shall repeat the entire argument of ��� Section �� with the function
an�p�x
 given in �	��
 replaced by the function a��n�s�p�x
� s �  de�ned
in �	��
� Our �rst lemma is identical to ��� Lemma ��	�� In the following
we shall denote the function a��n�s�p simply by an�

Lemma 
��� Let Q� be a cube containing �R with side of length �n� �
R� Suppose for some integer m � �� the drift b satis�es the inequality

���	


Z
Q

jbjp dx � �p jQj��p�� �

on all dyadic subcubes Q � Q� with side of length �n� n � m � n��
Let u be the solution of the Dirichlet problem �	�	
� �	�
� Then if � is

su�ciently small� depending on p � 	� s � � there exist constants C�

depending only on p� q� r and C� depending only on p � 	� s � � such
that

kuk� � C�R
����q kfkq�r sup

x��R

exp
�
C�

mX
j��

an�	j�x

�
�
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Proof� We consider the function ��x
� x � �R� given by

��x
 � Ex

h
exp

�
� 	

�

Z 

�

jf j�Xb�t

 dt
�i

�

where � is the time for the drift process Xb�t
 to exit Q�� By ���	

the ball B�x� �m
 is perturbative for the drift b� We need now an
obvious generalization of Theorem ��� Thus let �n be a density on the
sphere jx � yj � �n and �n�� be the density induced on the sphere
jx� yj � �n	� by paths of the drift process which satisfy

���


Z n��

�

jf j�Xb�t

 dt � C �n�����q��� �n�� kfkq�r �

where �n�� is the �rst hitting time on jy � xj � �n	�� C is a positive
constant and � � � �  � ��q� Suppose now that an���x
 � � � ��
It follows from Section � that for any t� 	 � t � �� C can be chosen
su�ciently large so that k�nkt � CAv �n implies that �n�� � �n�� � ��
k�n��kt � CAv �n�� and

����
 Av �n�� � Av �n exp ��K�an���x

 �

where K� is a constant depending on �� If an���x
 � � and � is
su�ciently small then we are in the perturbative situation described
in Section �� Now �n�� is the density induced on jx � yj � �n	� by
paths which avoid nonperturbative cubes and such that ���
 holds� By
examining the proofs of Proposition ��� Proposition ��� and Lemma
��� we see that on choosing q su�ciently close to � depending on s � �
one has

����
 Av �n�� � �	� � ��n�n���
 �	� C� an���x

Av�n �

where the constant � � � can be made arbitrarily small and C� is
independent of �� It follows from ���
� ����
� ����
 that

��x
 � �

�
exp

�
� 	

�

�X
n�n�

C �n�����q��� �n�� kfkq�r
�

� exp
�
�K

mX
j��

an�	j�x

�
�
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If we choose now � � �n������q� kfkq�r we can conclude that

��x
 � 	


exp

�
�K

mX
j��

an�	j�x

�
�

The result follows from this last inequality and ��� Lemma ��	��

Next we consider the analogue of ��� Lemma ����

Lemma 
��� For n � Z let �n be the spherical shell �n � fx � R� �
�n�� � jxj � �n	�g� For x � �n let Px be the probability that the

drift process started at x exits �n through the sphere jyj � �n	�� Let

� be a number satisfying � � � � ��� Then if jxj � �n there is a

constant C depending only on � � ��� p � 	� s �  and � such that

Px � � exp ��C an����

 �

Proof� Observe that if b 	 � then

Px �
�

�

�
	� �n��

jxj
�
�

Hence if jxj � �n then Px � ��� It follows that for �xed x� with
jx�j � �n then

����
 Px � 	



�
� �



�

�
�

for x in the set

����
 B �
n
x � jx� x�j � �n�� � �


� �� �


o
�

Consider next the case when b �	 �� and let us �rst assume that we
are in the perturbative case so that an����
 � � and � is small� For
x � R� � m� k integers with k � m let Nm�k�x
 be the number of dyadic
cubes with side of length �k contained in the ball fy � jx� yj � �ng
which satisfy ���	
� Then from the de�nition of an����
 we have that

����
 Nn���m��
 � �s �m	��n����s� � m � n�  �



��� J� G� Conlon and P� A� Olsen

Let X�t
 be an arbitrary continuous path with X��
 � x�� X�t
 � B�
t � � � and X��
 � �B� Let s� satisfy  � s� � s� We claim that
there are constants C�� � depending only on s� s�� such that C� � ��
� � � � 	� and a point x � X�t
 for some t� � � t � � � satisfying

�����
 Nm�k�x
 � C� �
s�m�n �k�m����s�� � k � m � n �

To prove this inequality we assume its negation and obtain a contradic�
tion� Thus for each x on the path X there exists integers m�x
� k�x

such that ����
 is violated when m � m�x
� k � k�x
� Now the balls
B�x� �m�x�
 form an open cover for the compact set X� Hence there
exists a �nite subcover � � fDj � 	 � j � Ng for some integer N � For
each integer m � n� let �m be the subset of � consisting of balls with
radius �m� Let D be an arbitrary ball and  D the ball concentric with
D but with three times the radius� Then there exists a subset  �m � �m
of disjoint balls such that

	
D��m

D �
	

D���m

 D �

For k � m let  �m�k be the subset of  �m consisting of balls D �
B�x� �m
 such that k�x
 � k� Since the balls in �m�k are disjoint
it follows from ����
� ����
 that

j �m�kjC� �
s�m�n �k�m����s�� � �s �k	��n����s� �

whence

j �mj �
�X
k�m

j �m�kj � C C��
� ���m�n� �m�n����s� �

for some constant C depending on s� � s� We choose � � 	 now so
that

��s

�
�  �

This is possible since s � � It is clear that for any point x on the path
X�t
� � � t � � � one must have the inequality

jx� x�j � �
�X

m�n

�m j �mj � A
�n

C�
�
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for some constant A depending on s� s�� Since X��
 lies on the boundary
of the ball B in ����
 this last inequality is violated for x � X��

provided C� is chosen su�ciently large� Hence we have a contradiction�

We may therefore assume that an x � X�t
 exists such that ����

holds� Now from Section � it follows that the Brownian particle at x
can be propagated to the sphere of radius �n centered at x with a
loss of density which can be made arbitrarily small as � �� �� The
density on the sphere of radius �n is approximately uniform� Again
from Section � the probability of exiting the outer sphere fjyj � �n	�g
starting from �B�x� �n
 with approximately uniform density can be
made arbitrarily close to the probability for Brownian motion b 	 � by
choosing � su�ciently small� In view of ����
 the result of the lemma
follows if an����
 � � and � is su�ciently small�

Next we turn to the nonperturbative case� We can assume now
that there exists � � � and an����
 � �� Let n� be the unique integer
such that

n�	� �
an����


�
� n� �

Hence� analogously to ����
 we have

����
 Nn���m��
 � �s s sn� �m	��n����s� � m � n�  �

We shall show� in analogy to ����
� that there exists x � X�t
 for some
t� � � t � � � satisfying

���	�
 Nm�k�x
 � C� �
s s

�n��m�n �k�m����s�� �

with k � m � n�� m � n� To see this we argue exactly as in the
perturbative case� Thus from ���	�
� ����
 the cardinality of the set
 �m�k satis�es

j �m�kjC� �
s s

�n��m�n�k�m����s�� � �s s sn� �k	��n����s� �

whence

j �mj �
�X

k�m	n�

j �m�kj � C C��
� ���m�n� �m�n����s� �

for some constant C depending on s� � s�
Now for x which satis�es ���	�
 we see from the argument of

Lemma ��� and Theorem �� that the Brownian particle at x can be
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propagated to the sphere of radius �n centered at x with a decrease
in density by a factor

exp
�
�A

�X
m�n

�m�n n�
�
�

for some constant A� Now this density on the sphere of radius �n

centered at x can be propagated to the outer sphere fjyj � �n	�g
with a further decrease in density by at most a factor

exp ��A� n�
 �
for some constant A�� Hence the total decrease in density from x� to
the outer sphere is by a factor

exp ��A�� n�
 �
for some constant A���

The proof of the theorem follows now exactly as in ��� Section ���
To prove �	��
 we need to prove the analogue of ��� Proposition �����

Proposition 
��� Suppose � � �� Then there exists a constant C
depending on �� � and a universal constant c such that

�X
n���

an�x
H
�
an�x
� �

� � C Nc ��b
 �

where H�t
 is the Heaviside function�

H�t
 �



	 � if t � � �

� � if t � � �

Proof� We have
�X

n���

an�x
H�an�x
� �
 � 	

�s��

�X
n���

an�x

s �

Letting Nm�n�x
 be the number of non perturbative dyadic cubes with
side of length �m� m � n� contained in the ball jx� yj � �n we have
from the de�nition of an�x
 that

�X
n���

an�x

s �

�X
n���

�X
m�n

Nm�n�x


�m�n����s�
�

�X
m���

mX
n���

Nm�n�x


�m�n����s�
�
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Let Nm be the number of nonperturbative cubes with side of length
�m in R� � Then it is clear there is a constant C such that

mX
n���

Nm�n�x


�m�n����s�
� C Nm �

It follows that

�X
n���

an�x

s � C

�X
m���

Nm � N �

whereN is the total number of nonperturbative cubes in R� � Finally� we
use the result of Fe�erman ��� that N � C Nc ��b
 for suitable universal
constants C� c�

Appendix A� Brownian motion conned to a cylinder�

In this section we give a new proof of ��� Theorem 	�	�a
�� To do
this we shall use a result concerning Brownian motion con�ned to a
cylinder� For 
 � � let D
 be the disc of radius 
 in R� �

D
 � fx � �x�� x�
 � r
� � x�� � x�� � 
�g �

Then for m � � the set

D
� ��m
�m

 � fx � �x�� x�� x�
 � �x�� x�
 � D
� x� � ��m
�m

g

is a cylinder in R� � We are interested in studying Brownian motion
con�ned to the cylinder when m� 	� In particular let X�t
 be Brown�
ian motion in R� started at the origin and � be the �rst exit time from
the cylinder� We shall consider Brownian motion under the constraint
that jX��
�j � m
� Thus the paths must exit the cylinder through one
of the discs D
 �fm
g or D
�f�m
g� For m� 	 this is an unlikely
event� Hence Brownian motion under this constraint behaves very dif�
ferently to the standard Brownian motion� In fact it appears to behave
ballistically on length scales much larger than 
� As a consequence one
has

�A�	
 E �� � jX��
�j � m
� � m
� � m� 	 �



��� J� G� Conlon and P� A� Olsen

One of our main goals here will be to prove �A�	
� We shall need
something more general to prove ��� Theorem 	�	�a
�� In fact we have
the following�

Theorem A��� Let V be a nonnegative potential on D
� ��m
�m

�
Then if m � 	 there is a universal constant C such that if X��
 is

uniformly distributed on a crosssection D
 � f�g�

E
h Z 

�

V �X�t

 dt � jX��
�j � m

i
� C




Z
D���m
�m
�

V �y
 dy �

We recall ��� Theorem 	�	�a
�� Thus let V be a nonnegative poten�
tial on the ball �R and for n � ���	��� � � � � x � �R let an�x
 be the
functions

an�x
 � n
Z
jx�yj���n

V �y
 dy �

��� Theorem 	�	�a
� is then given by�

Theorem A��� For x � �R and Brownian motion X�t
 started at x�
let � be the �rst exit time from �R� Then there is a universal constant

C � � such that

Ex
h
exp

�
�
Z 

�

V �X�t

 dt
�i
� exp

�
�C

�X
n�n�

min
�
an�x
� an�x


���
��

�

x � �R� where n� is the unique integer which satis�es the inequality

R � �n� � �R�

Proof� We de�ne a subset S of Brownian paths started at x� For
n � n� de�ne mn� 
n by

mn � an�x

��� � mn
n � �n �

For a Brownian path X�t
 started at x let �n be the �rst hitting time
on the sphere jx � yj � �n� Thus �n	� � �n� The set S is then all
Brownian paths started at x which for �n	� � t � �n are contained
within the cylinder centered at X��n	�
 with axis given by the vector
X��n	�
 � x and with radius 
n� n � n�� It is clear that there is a
universal constant c � � such that if mn � c there is no constraint on
the Brownian path for �n	� � t � �n�
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We have now from Jensen�s inequality that

�A�


Ex
h
exp

�
�
Z 

�

V �X�t

 dt
�i

� Ex

h
exp

�
�
Z 

�

V �X�t

 dt
�
� S
i

� P �S
 exp
�
�E

h Z 

�

V �X�t

 dt � S
i�

�

It is obvious from the proof of Theorem A�	 that

�A��
 P �S
 � exp
�
� C

�X
n�n�

mnH�mn � c

�
�

where C� c are universal constants and H is the Heaviside function�
H�t
 � 	� t � �� H�t
 � �� t � �� We can write now

E
h Z 

�

V �X�t

 dt � S
i
�

�X
n�n�

E
h Z n

n��

V �X�t

 dt � S
i
�

By symmetry X��n	�
 is uniformly distributed on the sphere jy� xj �
�n��� Hence if mn � c one has

E
h Z n

n��

V �X�t

 dt � S
i

� 	

�� ��n��

Z
jx�yj���n��

dy

��

Z
jx�zj���n

V �z
 dz

jy � zj�A��


� Kan�x
 �

for some universal constant K� Formn � c we use Theorem A�	 � Thus

E
h Z n

n��

V �X�t

 dt � S
i

� 	

�� ��n��

Z
jx�yj���n��

C dy


n

Z
�y��n�fjx�zj���ng

V �z
 dz �

where �y�
n is the cylinder centered at y with axis y�x and radius 
n�
Arguing now as in Lemma ��	 we have that

	

�� ��n��

Z
jx�yj���n��

dy

Z
�y��n�fjx�zj���ng

V �z
 dz

� C �
n
n
�

Z
fjx�zj���ng

V �y
 dy �
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for some universal constant C� Hence by the previous two inequalities
we have

�A��
 E
h Z n

n��

V �X�t

 dt � S
i
� C
n 

n an�x
 � Can�x

��� �

for some universal constant C� The result follows now from �A�
� �A��
�
�A��
� �A��
�

Remark� It is possible to prove Theorem A� after the fashion of the
proof of Proposition ��	� avoiding the use of the Jensen inequality in
�A�
 and Theorem A�	� This would on a technical level be a simpler
proof� Our main purpose here is to draw a comparison between the
proof of Theorem A� above and the proof in ���� In the latter proof
Jensen�s inequality was combined with restricting to Brownian paths
under a time constraint� In the former� Jensen is combined with re�
stricting to Brownian paths under a topological constraint� Thus in
some sense time constraints on Brownian paths are equivalent to topo�
logical constraints�

Next we turn our attention to the proof of Theorem A�	� First we
shall prove �A�	
� In order to do this we need to examine the behavior
of �dimensional Brownian motion on D
 at large time�

Lemma A��� For x� y � D
� t � �� let GD�x� y� t
 be the Green�s

function for the heat equation D
 with Dirichlet boundary conditions�

Then there is a universal constant C � � such that

�A��


Z
jyj�


GD�x� y� t
 dy � C

Z
jyj�
��

GD�x� y� t
 dy �

for all x � D
� t � 
��

Proof� It follows easily from the semi�group property of GD that it
will be su�cient to prove �A��
 when t � 
�� Evidently one has

�A��


Z
jyj�


GD�x� y� 

�
 dy � Px��
 � 
�
 �

where �
 is the �rst exit time from D
 of �dimensional Brownian mo�
tion Y �t
 started at x � D
� By the Chebyshev inequality we have
that

�A��
 Px��
 � 
�
 � 
��Ex��
� � 
�� u�x
 �
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where u�x
 satis�es the equation


 ��u�x
 � 	 � jxj � 
 �

u�x
 � � � jxj � 
 �

It is easy to see that the solution of this equation is given by

�A��
 u�x
 �
	

�
�
� � r�
 � r � jxj �

Hence �A��
� �A��
� �A��
 yield an upper bound on the left hand side
of �A��
�

Next we look for a lower bound on the right hand side of �A��
�
Let � satisfy � � � � 	� We shall show that there is a positive constant
C� depending only on � such that

�A�	�


Z
jyj�
��

GD�x� y� 

�
 dy � C� � jxj � �
 �

To see this let G�z� w� t
 be the heat kernel in R� �

G�z� w� t
 �
	

��t
exp

�
� jz � wj�

� t

�
�

Then for jzj� jwj � �
� � � � there is a density ��t� z�
� � � t � �
��
jz�j � 
 such that

G�z� w� �
�
 � GD�z� w� �

�
 �

Z
jz�j�


dz�
Z �
�

�

��t� z�
G�z�� w� t
 dt �

The density ��t� z�
 evidently satis�es the inequality

Z
jz�j�


dz�
Z �
�

�

��t� z�
 dt � 	 �

Suppose now that jzj� jwj � �
� jz � wj � �	� �

�� Then it is clear
that for � su�ciently small� depending only on � one has

G�z�� w� t
 � 	


G�z� w� �
�
 � jz�j � 
 � � � t � �
� �
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Hence from the last three inequalities we have that

GD�z� w� �

�
 � 	


G�z� w� �
�
 � jzj � jwj � �
 � jz � wj � �	� �




�

provided � � � is su�ciently small� The inequality �A�	�
 follows from
this last inequality by constructing paths from x to jyj � 
� in time
steps of length �
� and using the semi�group property of GD�

In view of the fact that the left hand side of �A��
 is bounded
above by 	� the inequality �A��
 follows for t � 
� and all x satisfying
jxj � �
� � � 	� from �A�	�
� Our main problem then is to deal with
the case jxj �� 
 since the right hand side of �A�	�
 converges to zero
as � �� 	� Let U� be the set

U� � fy � D
 � 
� � jyj � 
g �

Then for x � U� we have

Z
jyj�
��

GD�x� y� 

�
 dy

� Px
h
Y �t
 exits U� through the boundary fy � jyj � 
�g �

jY �t
j � 
 � � � t � 
� � jY �
�
j � 




i
� Px

h
Y �t
 exits U� through the boundary fjyj � �
g

in time �

�



i�A�		


� inf
jyj�
�

��s�
���

Py

h
jY �t
j � 
 � � � t � 
� � s � jY �
� � s
j� 




i
�

It is clear from what we have just done that

inf
jyj�
�

��s�
���

Py

h
jY �t
j � 
 � � � t � 
� � s � jY �
� � s
j � 




i
� c� � � �

where c� is a constant depending only on � � 	� Thus we are left to
estimate the �rst probability in the �nal expression of �A�		
�
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We do this by using the inequality

Px
h
Y �t
 exits U� through the boundary fjyj � �
g in time �


�



i
� Px�Y �t
 exits U� through the boundary fjyj � �
g�� 


�
Ex�� � �

where � is the �rst exit time from U�� If we put w�r
 � Ex�� �� jxj � r�
then w satis�es the boundary value problem

��
�
�d�w
dr�

� 	

r

dw

dr
� 	 � �
 � r � 
 �

w��

 � w�

 � � �

The solution of this boundary value problem is given by

w�r
 �
	

�
�
� � r�
� 	

�

� �	� ��


log
�

r

�
log
� 	
�

� �

If we put v�r
 to be the probability that Brownian motion started at x�
jxj � r� exits U� through the boundary fy � jyj � �
g then v satis�es
the boundary value problem�

��
�
�d�v
dr�

� 	

r

dv

dr
� � � �
 � r � 
 �

v��

 � 	 � v�

 � � �

The solution of this last boundary value problem is given by the formula

v�r
 �
log
�

r

�
log
� 	
�

� �

Now consider the expression�

v�r
� 


�
w�r
 �

	


��� ��


log
�

r

�
log
� 	
�

� � 	



�
	� r�


�

�
�
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It is clear that if � is su�ciently close to 	 there is a constant k� � �
such that

v�r
� 


�
w�r
 � k�

�

�
	� r�


�

�
� k�

u�r



�
�

Thus by �A��
� �A��
� �A��
 we conclude that �A��
 holds with t � 
�

if jxj � �
 with constant C � �k�c�

�� provided � is su�ciently close

to 	�
We have proved therefore that �A��
 holds for all x � D
 and

t � 
�� The result follows�

Lemma A��� Let �� � � be the minimum eigenvalue of �� on the

unit disc with Dirichlet boundary conditions� Let GD�x� y� t
 be the

Dirichlet Green�s function for the heat equation on D
� Then for any

�� � � � � 	� there exist positive constants c�� C� depending only on �
such that

�A�	
 c� exp
�
� �� t


�

�
�
Z
D�

GD�x� y� t
 dy � C� exp
�
� �� t


�

�
�

with t � �� provided jxj � �
�

Proof� Let ���x
 be the eigenfunction on the unit disc corresponding
to the eigenvalue �� of ��� Then ���x
 is a positive C� function for
jxj � 	� and continuous on jxj � 	 with ���x
 � �� jxj � 	� By scaling
we have that

�A�	�


Z
D�

GD�x� y� t
��

� y



�
dy � exp

�
� �� t


�

�
��

�x



�
�

Hence it follows thatZ
D�

GD�x� y� t
 dy � exp
�
� �� t


�

����x



�
k��k� �

Now the �rst inequality in �A�	
 follows from this last inequality by
taking

c� � inf
n ���z


k��k� � jzj � �
o
� � �

We use Lemma A�	 to prove the upper bound in �A�	
� Thus from
�A�	�
 we have

exp
�
� �� t


�

�
��

�x



�
� inf

n
��

� y



�
� jyj � 




oZ
jyj�
��

GD�x� y� t
 dy

� c

Z
jyj�


GD�x� y� t
 dy �
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for some universal constant c � � provided t � 
�� The upper bound
in �A�	
 clearly follows from this last inequality provided t � 
�� The
inequality for t � 
� is trivial by choosing C� to satisfy C� exp ����
 �
	�

Remark� The inequality �A�	
 has already been proved in a much
more general context ��� ���� for divergence form operators in domains
with Lipschitz boundary�

Next we wish to prove the formula �A�	
�

Proposition A��� Let � be the time taken for ��dimensional Brownian

motion X�t
 � �X��t
� X��t
� X��t

 started at the origin to exit the

cylinder D
� ��m
�m

� There are universal constants C� c � � such

that

cm
� � E �� � jX���
j � m
� � Cm
� �

provided m � 	�

Consider one�dimensional Brownian motion X��t
 starting at the
origin and let �� be the �rst hitting time on the boundary of the interval
��m
�m
�� and ��t
� t � �� be the probability density for ��� Next
consider �dimensional Brownian motion starting at the origin and let
�� be the �rst hitting time on the boundary of D
� Then

�A�	�
 E �� � jX���
j � m
� �

Z �

�

P ��� � t
 t ��t
 dtZ �

�

P ��� � t
 ��t
 dt

�

Now from Lemma A� it follows that there are universal constants
C� c � � such that

�A�	�
 c Im � E �� � jX���
j � m
� � CIm �

where

Im �

Z �

�

exp
�
� �� t


�

�
t ��t
 dtZ �

�

exp
�
� �� t


�

�
��t
 dt

�
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We have now that for � � ��Z �

�

e��t��t
 dt � E� �exp �����
� � 	

cosh �
p
� m



�

Di�erentiating this last expression with respect to � we obtain

Z �

�

e��t t ��t
 dt �
m
 sinh �

p
� m




p
� cosh��

p
� m



�

If we take now � � ���

� and we use the last two formulas it follows

that

Im �
m
�


p
��

tanh �m
p
��
 �

The result follows from this last formula and �A�	�
�

Proof of Theorem A��� Let Gm��� �� t
 be the Dirichlet Green�s
function of the interval ��m
�m
�� Then if GD is the Green�s function
for D
 as in Lemma A� it follows that the Dirichlet Green�s function
for the cylinder D
 � ��m
�m

 is given by

GD�x� y� t
Gm��� �� t
 � x� y � D
 � �m
 � � � � � m
 � t � � �

For x � D
� � � ��m
�m

 let u�x� �
 be the probability that Brownian
motion started at �x� �
 exits D
 � ��m
�m

 through D
 � fm
g or
D
 � f�m
g� If we de�ne w��
 by

w��
 �
	

jD
j
Z
D�

u�x� �
 dx � � � ��m
�m

 �

it follows from the argument of Proposition A�	 that there are positive
universal constants C� c � � such that

�A�	�
 cE�
h
exp

�
� ����


�

�i
� w��
 � CE�

h
exp

�
� ����


�

�i
�

where �� is the �rst exit time of Brownian motion started at � from the
interval ��m
�m

� Furthermore there is the identity

�A�	�
 E�
h
exp

�
� ����


�

�i
�

cosh
��p��




�
coshm

p
��

�
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We have now that if X�t
 denotes Brownian motion started uniformly
on the cross section D
 � f�g� then

E
h Z 

�

V �X�t

 dt � jX��
�j � m

i

�
	

jD
j
Z
D�

dx

Z �

�

dt

Z m


�m


Z
D�

GD�x� y� t
Gm��� �� t


� u�y� �
V �y� �

dy d�

w��

�

�A�	�


It follows from Lemma A� thatZ
D�

dx

Z �

�

GD�x� y� t
Gm��� �� t
 dt � C

Z �

�

exp
�
� �� t


�

�
Gm��� �� t
 dt

� CG��� �
 ��A�	�


where G is the Green�s function which satis�es��
�
�
� d�

d��
�
��

�

�
G��� �
 � � �� � �
 � �m
 � � � m
 �

G��� �
 � � � j�j � m
 �

We can solve this boundary value problem to obtain the explicit formula

G��� �
 � 
 sinh
�p��



�m
� �


� sinh
�p��



�m
� �


�
p
�� sinh �m

p
��


�

if � � �� and

G��� �
 � 
 sinh
�p��



�m
� �


� sinh
�p��



�m
� �


�
p
�� sinh �m

p
��


�

if � � �� It follows now from this last identity and �A�	�
� �A�	�
 that
there is a universal constant C such that

G��� �
w��
 � C 
w��
 � �m
 � � � � � m
 �

Hence from this last inequality and �A�	�
� �A�	�
 we have that

E
h Z 

�

V �X�t

 dt � jX��
�j � m

i
� C




Z m


�m


Z
D�

u�y� �


w��

V �y� �
 dy d� �
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for some universal constant C�
It is obvious from Lemma A� that there is a universal constant C

such that u�y� �
 � C w��
� y � D
� � � ��m
�m

� The result follows
from this and the last inequality�

Appendix B� A di�erential inequality�

Here we prove the inequality �����
� Consider the solution u�r� �

to the Sturm�Liouville problem�

�B�	


�����
����

��r

d�u

dr�
� ���r


du

dr
� � ��r
u � 	 � r � R �

u�	
 � 	 �

u�R
 � � �

where ��r
 � �� ���r
 � �� 	 � r � R� We shall show that

�B�

�

�r

�

��

�u�r� �
p
�

�
� � � 	 � r � R � � � � �

This implies the inequality �����
 on taking ��r
 � r� The inequality
�B�
 is sharp in the sense that the power of �� i�e� ���� in the de�
nominator cannot be improved� To see this consider for � � �� the
function

w��r
 �
�

��

� u

��

�
�

	

��

��u
��

� �
u

�

�
�

Now it follows easily from the maximum principle that the function u
decreases as a function of r� The function w��r
 � �u��� satis�es the
boundary conditions w��	
 � w��R
 � �� It follows from the maximum
principle again that w��r
 � �� 	 � r � R� Hence there exists a
minimum �� � � such that

dw�
dr

� � � 	 � r � R � � � �� �

We can explicitly compute �� in the exactly solvable case when � 	 	�
Thus for � 	 	� we have

u�r� �
 �
sinh

p
� �R� r


sinh
p
� �R� 	


�
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whence

	p
�

�u

�r
�
� cosh

p
� �R� r


sinh
p
� �R� 	


�

�

��

� 	p
�

�u

�r

�
�

	


p
�

�r � 	
 � �R� r
 cosh
p
� �r � 	


sinh�
p
��R� 	


�

Hence if � � � � 	� we have

dw�
dr

�
	

 ��

� �r � 	
 cosh
p
� �R� 	
 cosh

p
� �R� r


sinh�
p
� �R� 	


�
�R� r
 cosh

p
� �r � 	


sinh�
p
� �R� 	


�

�

�	

� �

�
��	���

cosh
p
� �R� r


sinh
p
� �R� 	


�

It is clear from this last identity that by choosing r � 	 and R large
we will have dw��dr � � at r � 	 for any � � 	�� Thus �� � 	� is
optimal in this case�

To prove �B�
 we �rst construct the Dirichlet Green�s function for
�B�	
� Let v�r
 be the solution of the equation �B�	
 with the boundary
conditions v�	
 � �� v�R
 � 	� Then the Dirichlet Green�s function
G�r� r�
� 	 � r� r� � R� can be written as

�B��
 G�r� r�
 �



c�r�
u�r
 v�r�
 � 	 � r� � r �

c�r�
u�r�
 v�r
 � r � r� � R �

The constant c�r�
 is determined by the jump discontinuity of �G��r
at r � r��

lim
r
r�	

�G

�r
�r� r�
� lim

r
r��

�G

�r
�r� r�
 �

	

��r�

�

Thus if W �r�
 denotes the Wronskian�

W �r�
 � u��r�
 v�r�
� u�r�
 v��r�
 � 	 � r� � R �

we have that

c�r�
 �
	

��r�
W �r�

�
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Now using the fact that

W �r�
 � ���	
 v
��	


��r�

� 	 � r� � R �

we conclude that

�B��
 c�r�
 � � 	

��	
 v��	

� 	 � r� � R �

It is clear that the function w�r
 � w����r
 satis�es the equation

�������
������

��r

d�w

dr�
� ���r


dw

dr
� � ��r
w�

� up
�
�

w�	
 � � 	

 ����
�

w�R
 � � �

Hence w has the representation

w�r
 �
�u�r

 ����

�

Z R

�

G�r� r�

��r�
u�r�
p

�
dr� �

Using the formulas �B��
� �B��
 we have then

w�r
 �
�u�r

 ����

� 	

��	
 v��	


Z r

�

u�r
 v�r�

��r�
u�r�
p

�
dr�

� 	

��	
 v��	


Z R

r

v�r
u�r�

��r�
u�r�
p

�
dr� �

On di�erentiating the above identity we have then

dw

dr
�
�u��r

 ����

� u��r


��	
 v��	
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��r�
u�r�
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�
dr�

� v��r


��	
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��r�
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�
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It follows that dw�dr � �� 	 � r � R� if we can show that

�B��
  � v��r


Z R

r

��r�
u�r�
� dr� � ���	
 v��	
u��r
 � 	 � r � R �
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We have now that

�B��


�

Z R

r

��r�
u�r�
� dr� �

Z R

r

u
d

dr�

�
��r�


du

dr�

�
dr�

� �
Z R

r

��r�
u��r�
� dr� � ��r
u�r
u��r
 �

Next we show that

�B��
 � u�r�
� � u��r�
� � 	 � r� � R �

To see that �B��
 holds observe that

d

dr�
�� u�r�
� � u��r�
�
 � u��r�
 ��u�r�
� u���r�



� u��r�

���r�


��r�

u��r�
 � � � 	 � r� � R �

We conclude from this that

� u�r�
� � u��r�
� � � u�R
� � u��R
� � �u��R
� � � �

whence �B��
 follows�
From �B��
� �B��
 it follows that

 �

Z R

r

��r�
u�r�
� dr� � ���r
u�r
u��r
 �

Hence the left hand side of �B��
 is bounded above by

�v��r
 ��r
u�r
u��r
 �
Thus �B��
 holds if we can show

��	
 v��	
 � v��r
 ��r
u�r
 � 	 � r � R �

since u��r
 � �� 	 � r � R� This last inequality follows from the fact
that

v��r
 ��r
u�r
 � ��r
 �u��r
 v�r
�W �r



� ��r

�
u��r
 v�r
 � ��	


v��	


��r


�
� ��	
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 �
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since u��r
 � �� v�r
 � �� 	 � r � R�
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